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Quantum theory of amplified total internal reflection due to evanescent-mode coupling
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We present a quantum theory of the amplification of light undergoing a total internal reflection. We show
that the light amplification is due to the stimulated emission of evanescent-mode photon from the active region
of the interface. Our theoretical results are in good agreement with experimental observations and provide
deeper understanding of the quantum-mechanical characteristics of the evanescent wave. A corresponding
triplet-mode laser theory is also presented.

PACS number~s!: 42.50.Ct, 42.55.2f, 03.70.1k
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I. INTRODUCTION

Light amplification by indirect coupling to an active me
dium through an evanescent wave has been used as a
lasing method, in particular in waveguide optics@1–9#. It has
been observed experimentally that when the light wa
propagating in a passive dielectric medium is totally
flected at the planar interface between the dielectric an
pumped active medium, the reflectance can be greater
unity. This means that the amplification of light is possib
even though the light beam propagates only in the pas
medium@10–12#. There have been several previous attem
to explain this enhanced internal reflection~EIR! @11,13–15#.
Many authors have commonly introduced a complex refr
tive index having a negative imaginary part for the act
medium to explain the phenomenon. A similar approach w
also used to describe the amplification process in a wa
guide having an active-cladding region@16,17#.

However, these classical theories using macroscopic c
stants are rather phenomenological, and even provide a
range of values for the optical gain. Therefore, an exact
full quantum theory is needed to understand the EIR proc
at a microscopic and fundamental level. There has been
speculation that the EIR may be possibly due to the stim
lated emission of photons from the active region where
evanescent wave is present. One difficulty in understand
the EIR phenomena is related to the question of how
photon emitted by the stimulated process follows the dir
tion of the reflected wave instead of that of the incide
wave. A simple model of incident plane wave having a de
nite momentum vector and the subsequent tunneling of
incident photon into the active medium is not enough to g
a satisfactory answer. We intend to show that it is possibl
explain the EIR phenomenona by using a quantized tri
mode @18#, using a proper form of the Hamiltonian for th
atom–evanescent-field interaction.

In this paper, we present a full quantum-mechanical
scription of light amplification by the stimulated emission
the evanescent-mode photon in the EIR process. In par
lar, we show that the cavity QED effect, which is absent
the classical theory, plays an important role in the corr
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description of the EIR or the evanescent-field amplifi
~EFA! in general. We also present a lasing theory that
cludes the evanescent wave coupled to the atomic sys
which has not been treated in the usual text books, and
culate the optical gain for two sample systems. Our the
offers a deeper understanding of the photon concept in
atom–evanescent-field interaction.

II. TRIPLET-MODE QUANTIZATION

In 1971, Carniglia and Mandel presented a quantizat
theory of the electromagnetic waves including the evan
cent wave throughout all the region with a half space fill
with a homogeneous dielectric medium@18#. They consid-
ered a space filled with a passive medium having a unifo
refractive indexn to the left of the planez50 (z,0), and
the empty space to the right of the plane (z.0). Triplet
modes consisting of incident, reflected, and transmit
waves were introduced and it was shown that the trip
modes form a set of orthogonal modes. The triplet modes
classified by the left~L! and right~R! modes depending on
the incident-wave directions, and by the polarizations@trans-
verse electric~TE! and transverse magnetic~TM! compo-
nents#.

Carniglia et al. @19# then verified experimentally the va
lidity of the triplet-mode theory by performing a measur
ment of light absorption and emission mediated by the e
nescent wave. Here we present only a brief summary of t
results needed to develop our theory. First, the refrac
index functionn(r ) is given by

n~r !5H n for z,0

1 for z.0.
~1!

We denote byk andK , respectively, the wave vector in th
left-hand ~dielectric! and right-hand~vacuum! half space
with their components given by

k15K1 , k25K2 , k5nK, ~2!

k356A~nK!22k1
22k2

2, ~3!

K356AK22K1
22K2

2. ~4!
©2000 The American Physical Society05-1
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In particular, for incident waves from the left-hand space,
have

k35nK cosu, ~5!

K35KA12n2sin2u, ~6!

where u is the angle of incidence. Consequently,K3 is
imaginary as the angle of incidence exceeds the critical a
uc5sin21(1/n), so that the triplet mode contains the evan
cent wave in that case.

The electric field operator in the triplet-mode represen
tion is then obtained as

Ê5(
k

(
s
A2p\vk

V
@ âL,k,sEL,k,s~r !e2 ivkt1H.c.#

1(
K

(
s
A2p\vK

V
@ âR,K ,sER,K ,s~r !e2 ivK t1H.c.#.

~7!

Here vk5cuku/n,vk5cuK u, and s denotes the polarization
direction~TE or TM mode!. âL,k,s andâR,K ,s are the annihi-
lation operators of the left-hand and right-right mode, resp
tively. The explicit forms of the mode functionsEL,k,s , etc.
are given in Appendix A, and the relevant orthogonality
lation is obtained by integrating over all the space with
weight functionn2(r ) as

1

VE EA,k,s* ~r !•EA8,k8,s8~r !n2~r !d3r 5dAA8dkk8dss8 , ~8!

whereA andA8 stand for theL andR modes.

III. SPONTANEOUS DECAY RATE

Since the triplet modes form a set of orthogonal mod
that already include the effect of media given by the Fres
relations, a single triplet mode can be treated as an effec
free electromagnetic-field mode. In the sense that a photo
an excitation of the quantized electromagnetic field, and
the triplet mode already includes the effect of the bound
in the quantization process, the triplet-mode photon sho
be considered to interact with the atom in the same way
the conventional plane-wave photon. The interaction of
atom with the triplet-mode photon is then treated as a sm
perturbation. Considering the usual interaction Hamilton
in the dipole approximation

HI52d•E, ~9!

which shows that the interaction is related to the atomic
pole moment and the electromagnetic field amplitude at
location of the atom, one can carry out the calculation for
atomic transition rates by using the triplet-mode electrom
netic field.

The calculation of the spontaneous-emission transi
rate is then straightforward by applying Fermi’s golden ru
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A215
2p

\ (
a

u^1uHI u2&u2d~\va2\v0!. ~10!

Here \v05E22E1 is the transition energy between th
level u2& and u1& of an atom, anda stands for the triplet-
mode index. We use the notationA21 in connection with
Einstein’s theory for the forthcoming discussions. If the ato
is at r5(x,y,z) in the spaceR(z.0), the matrix element
^1uHI u2& is proportional to

2E
z8.0

c1* ~r 82r !@Ea~r 8!•d#c2~r 82r !d3r 8

52Ea~r !•E
z8.2z

c1* ~r 8!dc2~r 8!d3r 8

52Ea~r !•^1udu2&, ~11!

where we have used the dipole approximation, and exten
the integration range into the whole space, since the ato
wave function is well localized in the half space.

Consequently, the transition rate can be written as

A215
~2p!2

\V (
a

vauEa•d12u2d~va2v0!, ~12!

where d125^1udu2&. For convenience, we will used5di

1d'5di1d3ẑ instead ofd12 hereafter. As an illustration
we can obtain alternative representations ofA21 by splitting
the decay rate according to theL andR, TE, and TM,di and
d' modes, as

A215
2

3
Ai1

1

3
A', ~13!

5ATE1ATM , ~14!

5AL1AR , ~15!

where the detailed functional forms of the above quantit
are derived in Appendix B, and the functional dependen
on the atom-boundary separation are presented Fig. 1. N

FIG. 1. Decay rates according to theL and R modes for the
dielectric with refractive indexn51.5. Note thatA21.AL.ATM

.ATE.AR at z50.
5-2
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QUANTUM THEORY OF AMPLIFIED TOTAL INTERNAL . . . PHYSICAL REVIEW A 62 053805
that, from the above expressions, one can see the va
contributions to the modified decay rate, which are import
in calculating the radiation pattern due to spontaneous e
sion.

We find that asn increases, the emission rate into t
left-hand mode decreases. Moreover, whenn→`, AL ap-
proaches zero, whereasAR reduces to that of a perfect con
ductor @20–22#. It is this cavity-QED effect@22,23# that has
been overlooked by previous classical descriptions~this is
not negligible, in particular, for a thin active medium!. Simi-
lar results of the spontaneous emission rate were obtaine
other authors@24# using a different formalism, and our the
oretical results are in good agreement with them. We wan
point out that there is a difference between the spontane
emission rate of theL mode andR mode in their dependenc
on the atom location, as shown in Fig. 1. This can be und
stood as being due to the fact that when we deal with
spontaneous emission into the triplet modes as classifie
the incident wave, theL mode andR mode are distinguished
because of the causality. We can also find the interfere
effect in the emission rate of theR mode.

IV. EVANESCENT-MODE GAIN AND LASER THEORY

Let us begin with the basic steps of the first-princip
laser theory described in@25#. Since the direction of the re
flected wave is predetermined in the triplet mode, the dir
tion of the stimulated emission is also determined acco
ingly. Therefore, we only have to calculate the strength
the atom-photon interaction in the triplet-mode represen
tion, as in the ordinary case of no interface. This is an
vantage of employing the triplet mode for the description
the amplification process due to the stimulated emission
the evanescent-mode photon. Now we first calculate the
duced absorption rate using Fermi’s golden rule for a giv
evanescent modea5(k,TE),

G1→25B21U 2k3eiK 3z

n~k31K3!
U2 na\va

V
d~va2v0!. ~16!

Here B2154p2ud12u2/3\2 is the ordinary EinsteinB coeffi-
cient in free space and we obviously assumeiK 3,0 and the
nondegeneracy of levels. Note that theA andB coefficients
are not simply related as in the thermal equilibrium ca
since we are dealing with the nonisotropic distribution
radiative energy density.

Moreover, if we consider broadband light, we may a
proximate

na\va

V
d~va2v0!→E dwaW0~va!d~va2v0!, ~17!

whereW0(v)dv is the ordinary incident beam energy de
sity in the range@v,v1dv#. For the description of the in
teraction of atom and triplet-mode photon, we now defin

W~va ,r !5n2~r !uEa~r !u2W0~va!, ~18!
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as the real spectral energy density in the triplet-mode re
sentation. Then the corresponding transition rate can be w
ten as

G1→25B21W~va ,r !, ~19!

in a similar way to the usual case. Note that the rate is p
portional to the mode functionuEa(r )u2, which was con-
firmed by the absorption experiment of Carnigliaet al. @19#.

We also find that the total electromagnetic energy in
triplet-mode description is equivalent to the sum of total ph
ton energies, as in the ordinary case:

1

VE d3rE dvaW~va ,r !5E dvaW0~va!5
1

V (
a

na\va ,

~20!

where we have used Eq.~8!. Consequently, we can reach th
conclusion that although there are definiten photons per
single mode, the atom experiences different energy den
due to the factoruEa(r )u2, and hence the atom exhibits di
ferent transition rates depending on its position. Based on
calculations of A21 and G1→2, the general stimulated
emission transition rate in the presence of dielectric interf
can be calculated in a similar way, using the triplet mod
approach.

Now, if we assume that the atom placed above the die
tric is a simple three-level system~Fig. 2!, we obtain the
following steady-state value of the population inversion:

N22N15
R~A102A21!

A10~A201A21!1B21W~A101A20!
, ~21!

whereNi is the i th level’s population density such thatN1
1N21N351, R is the pumping rate, andAi j is the decay
rate from u i & to u j &. Assuming that the reflected beam is
plane wave in the far zone, one can obtain the amplifi
energy per unit of time, which will be added to the reflect
beam, resulting from the stimulated emission by the exci
atoms atr above the dielectric as

FIG. 2. Three-level lasing system. Lasing occurs betweenu2&
and u1&, andu0& is the ground state. Each letter denotes the app
priate transition rate.
5-3
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LEE, KIM, NOH, AND JHE PHYSICAL REVIEW A62 053805
~N22N1!F~v!dvB21W~v,r !\vrA~r !d3r

5dI incrdvScosu, ~22!

whereF(v) is the line-shape function of the atom andrA is
the atomic density. HeredI incr is the increased spectral in
tensity of the reflected beam andS is the area of the interfac
between the dielectric medium and the active medium (S is
infinite in the case of the plane wave, but it will be elim
nated later!.

Finally, an expression for the gain is obtained as

I a /I a
0511E

z.0
Ga dz, ~23!

whereI a
0(I a) is the incident~reflected! beam intensity for a

single-mode field and

Ga5
R~A102A21!

A10~A201A21!

rA~r !B21\vaF~va!

c cosu

3
uEa~r !u2

11~ I 0 /I s!uEa~r !u2
. ~24!

Here we have usedI a
05cW0(va)/n and defined the satura

tion intensity as

I s5
A10~A201A21!

~A101A20!

c

nB21
. ~25!

Since the gain medium is not in the propagating region
the light wave, the integration in Eq.~23! is not performed
over the propagation distance of the wave but over the ac
medium’s depth. Thus the gain formula does not have
usual exponential form even for the case where the incid
beam has sufficiently low intensity. Moreover, even if t
incident beam~intensity I a

0) is strong enough to saturate th
gain medium in the ordinary case, the evanescent-wave c
acteristics of exponential decay (uEa(r )u2) indicates that the
penetrated beam is not strong far from the boundary, so
the gainGa shows a different saturation behavior with r
spect to the ordinary laser. It is these facts that make
difference between this and the usual lasing theory. Note
the single-mode gain is explicitly given in Eq.~23! in terms
of the microscopic properties of an active medium. The sa
formula can be applied to the atomic gas, or a single im
rity atom in a dielectric solid, and the amount of gain w
depend strongly on the location of the atom. Note also tha
is the square of the evanescent field that determines
amount of gain, so that a connection to the semiclass
theory can be established.

V. SAMPLE CALCULATION

With the practical assumption thatA20'0, A21!A10, the
gain coefficient formula given in Eq.~24! simply becomes,
neglecting the saturation effect,
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0

A21

uEa~r !u2

cosu
, ~26!

where G0 is the ordinary unsaturated gain coefficient of
laser system. This approximate expression is obtained in
three-level system, but it can be also applied to more gen
systems as long as the spontaneous-decay rate of the
laser transition is much smaller than the others. Note tha
principle, the value ofG0 can be calculated from Eq.~24! if
the experiment details, such as the pumping rate, are kno

In explaining the experimental results of the puls
~broadband! laser by Koganet al. @10# where the active me-
dium was rhodamine-6G mixed with nitrobenzene in eth
alcohol, Callary and Carniglia@14# used a complex ampli-
tude reflectance whose absolute value is greater than
and could estimate a gain coefficient ofg50.000 15, which
was obtained by taking into account the known emiss
cross section of the dye, the molar concentration, and
thickness of the active mediumd5250l in the experiment.
This gain coefficientg, which includes the experiment de
tails, is related to the ordinary laser-gain coefficientG0 by
G054pg/l. Accordingly, we findG054.73103m21 for
the experiment of@10# and consequently we obtain the ga
.25, which agrees well with the phenomenological theo
as well as the experimental result.

Let us consider another example where a laser beam
a narrow linewidth is used and the active medium above
dielectric is a Doppler-broadened He-Ne gas, assuming
it is an effective three-level system. For a typical He-Ne la
tube,G050.15 m21 @26# and therefore we can estimate th
optical gain when the active medium is a typical gas la
system. Since the optical gain for a gas laser is small
general the evanescent wave gain is also calculated to b
small as about 0.0001.

In Fig. 3, we have plotted the He-Ne gain coefficient@Eq.
~26!# for the TE mode with respect to the incident angle
z5l. As can be observed, the gain coefficient reaches
peak value near the critical angle of the internal reflect
~refer also to Fig. 4!. In Fig. 4, the He-Ne gain coefficient
versusz at several incident angles are also presented. N
that the atom-location dependence of the gain changes
idly as the incident angle approaches the critical angle. T

FIG. 3. He-Ne gas gain coefficient for TE mode with respect
the incident angle atz5l.
5-4
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QUANTUM THEORY OF AMPLIFIED TOTAL INTERNAL . . . PHYSICAL REVIEW A 62 053805
reason the gain due to the atom near the interface is red
when the light incidence angle is close to the critical angle
that the spontaneous decay rate is increased as the
moves closer to the boundary. This quantum effect is d
cult to find in the classical theory.

VI. CONCLUSION

We have derived the spontaneous-emission and
stimulated-emission transition rates for an atom near a
electric medium using the quantized triplet modes of
electromagnetic field. To the best of our kowledge, it is
first time that a full quantum theory of stimulated emissi
from an atom coupled to the evanescent field has been e
lished. The nature of the stimulated emission of
evanescent-mode photon is characterized with the help o
quantized triplet-mode concept. Although the spontaneo
decay rate can also be calculated using the linear resp
theory @22#, we have obtained a simple expression for t
decay rate showing explicitly the dependence of the de
rate on the atomic dipole moment, the location of the ato
and the emission direction.

The quantum-mechanically-derived induced-transit
rate, showing a functional behavior similar to that of t
classical theory, provides clearer and more direct insig
supported by the quantum-optical viewpoint. We also ha
shown that the quantum effect shows up when the atom
located close to the interface, which affects the amplificat
gain significantly.

Moreover, using the transition rates, which depend se
tively on specific parameters such as the active mediu
thickness, atomic dipole moments, atom density, and the
cident angle of the light, we have formulated a laser the
for the propagating light coupled to the nonpropagation
gion. This amplification concept is common to all EFA sy
tems, hence our model may also be applied to, especi
waveguide optics.
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FIG. 4. He-Ne gain coefficients for TE mode versusz at incident
angles ofu580°, 70°, 60°, 50°,uc from the bottom. Note that the
gain coefficient atu5uc becomes smallest atz50 due to the larg-
est decay rate at the boundary.
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APPENDIX A: TRIPLET-MODE WAVE FUNCTIONS

The classical mode functions are given only in the rig
hand space (z.0) needed for our theory and we have rewr
ten those into more convenient forms as

EL,k,TE~r !5EL,k,TE
(T) ~r !5 «̂

1

n

2k3

k31K3
eiK•r

5~K̂ i3 ẑ!
1

n

2k3

k31K3
eiK•r,

~A1!

EL,k,TM~r !5EL,k,TM
(T) ~r !5~ «̂3K̂ !

2k3

k31n2K3

eiK•r

5S K i

K
ẑ2

K3

K
K î D 2k3

k31n2K3

eiK•r,

~A2!

ER,K ,TE~r !5ER,K ,TE
(I ) ~r !1ER,K ,TE

(R) ~r !

5 «̂eiK•r1 «̂
K32k3

K31k3
eiKR

•r

52
K̂ i3 ẑ

K31k3
@K3cosK3z1 ik3sinK3z#eiK i•r,

~A3!

ER,K ,TM~r !5ER,K ,TM
(I ) ~r !1ER,K ,TM

(R) ~r !

5~ «̂3K̂ !eiK•r1~ «̂3K̂R!
n2K32k3

n2K31k3

eiKR
•r

5
2

K~n2K31k3!
$K iẑ@n2K3cosK3z1 ik3sinK3z#

2K3K̂ i@k3cosK3z1 in2K3sinK3z#%eiK i•r,

~A4!

whereI ,R,T denote incident, and reflected, and transmit
waves,K i is the parallel component ofK5K i1K3ẑ, KR

5K i2K3ẑ is the reflectedwave vector ofK , andK̂ i is a unit
vector in the direction ofK i .

APPENDIX B: VARIOUS DECAY RATES

For real calculations of the decay rates, we convert su
mations into integrations using

(
k

→ V

~2p!3E d3K , (
k

→ V

~2p!3E d3k ~B1!

and we obtain
5-5
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AL,TE
i 5

K0udiu2

4p\ E
k3.0

d3k d~k/n2K0!U 2k3eiK 3z

n~k31K3!
U2

,

~B2!

AL,TE
' 50, ~B3!

AL,TM
i 5

K0udiu2

4p\ E
k3.0

d3k d~k/n2K0!UK3

K

2k3eiK 3z

k31n2K3
U2

,

~B4!

AL,TM
' 5

K0ud'u2

2p\ E
k3.0

d3k d~k/n2K0!UK i

K

2k3eiK 3z

k31n2K3
U2

,

~B5!

AR,TE
i 5

K0udiu2

4p\ E
K3,0

d3K d~K2K0!

3U2K3cosK3z1 ik3sinK3z

K31k3
U2

, ~B6!

AR,TE
' 50, ~B7!

AR,TM
i 5

K0udiu2

4p\ E
K3,0

d3K d~K2K0!

3U2K3

K

k3cosK3z1 in2K3sinK3z

n2K31k3
U2

, ~B8!

AR,TM
' 5

K0ud'u2

2p\ E
K3,0

d3K d~K2K0!

3U2K i

K

n2K3cosK3z1 ik3sinK3z

n2K31k3
U2

, ~B9!

whereK05v0 /c.
ys

pt.

et

-

.

h.

05380
Now we define the decay rates according to the left-ha
and right-hand modes, TE and TM,di andd'

Ai5AL,TE
i 1AL,TM

i 1AR,TE
i 1AR,TM

i , ~B10!

A'5AL,TE
' 1AL,TM

' 1AR,TE
' 1AR,TM

' , ~B11!

ATE5
2

3
AL,TE

i 1
1

3
AL,TE

' 1
2

3
AR,TE

i 1
1

3
AR,TE

' , ~B12!

ATM5
2

3
AL,TM

i 1
1

3
AL,TM

' 1
2

3
AR,TM

i 1
1

3
AR,TM

' ,

~B13!

AL5
2

3
AL,TE

i 1
1

3
AL,TE

' 1
2

3
AL,TM

i 1
1

3
AL,TM

' , ~B14!

AR5
2

3
AR,TE

i 1
1

3
AR,TE

' 1
2

3
AR,TM

i 1
1

3
AR,TM

' , ~B15!

where 2/3 and 1/3 comes from the orientational average w
both di andd' replaced byd.

Also whenn→1, the decay rate reduces to the free-spa
one, i.e.,
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whereA21
0 54K0

3ud12u2/3\ is the ordinary free-space spont
neous emission rate.
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