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Theory of the coherent population trapping maser: A strong-field self-consistent approach
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The phenomenon of coherent microwave stimulated emission in a cavity is analyzed for the case of alkali
atoms such as Cs and Rb under coherent population trapping~CPT! in a L scheme. The calculations are made
in transient and in continuous operation within the framework of a three level model. The coupling of the
atoms to the microwave field generated inside the cavity by the atomic ensemble, is fully taken into account;
it introduces radiation damping and an imbalance in the populations of the ground-state hyperfine levels,
decreasing the intrinsic symmetry of theL scheme. The effect leads also to a broadening and to a frequency
shift of the microwave emission profile. A comparison is made with the optically pumped alkali atom maser,
allowing a deeper understanding of the CPT stimulated emission phenomenon.

PACS number~s!: 32.80.Wr, 06.30.Ft, 31.15.Ne, 42.50.Md
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I. INTRODUCTION

The emission of coherent microwave radiation in a cav
at the hyperfine frequency of the ground state of alkali-me
atoms has been demonstrated for an atomic ensemble
mitted to coherent population trapping~CPT! @1–3#. It was
also shown that the microwave radiation is produced by
oscillating magnetization created in the atomic ensemble
the strong coherence generated by theL scheme excitation
@4#. The phenomenon, as its name indicates, also has
property of trapping all atoms in the ground state. This tr
ping is responsible for the creation of a dark state in
ensemble, causing a dark line in the fluorescence spec
@5#. Beside the fundamental physics interest of the CPT p
nomenon, applications have been proposed in many fi
such as atom cooling@6#, lasing without inversion@7#, mag-
netometery@8#, and atomic frequency standards@9–11#.

The characteristics of the microwave emission have b
examined both theoretically and experimentally in Ref.@4#,
in view of the possible realization of a new atomic frequen
standard: the ‘‘CPT maser’’@3#. The theoretical analysis wa
done in the limit of low feedback~low cavity Q and/or low
number of atoms! causing a negligible reaction of the micro
wave field on the atomic ensemble itself. However,
analysis showed that the coherent microwave emission c
be interpreted as a stimulated emission process similar to
observed in hydrogen and rubidium masers@12,13#.

In the present paper we develop a self-consistent theor
the CPT maser when the effect of the microwave field on
state of the atomic ensemble is not negligible relative
other relaxation and pumping mechanisms. The analys
done in a self-consistent approach in which the effect of
field, amplitude and phase, calculated from the field eq
tion, is introduced directly in the density-matrix rate equ
tions. Several conclusions are drawn in connection to
presence of radiation damping, light shifts, power shifts, a
cavity pulling. The calculation is extended also to the case
the intensity optically pumped maser~IOP maser! @14,15#.
The analysis provides a natural transition from the CPT
the IOP maser. It is shown that the two types of mas
1050-2947/2000/62~5!/053402~11!/$15.00 62 0534
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although rather different relative to physical characteristi
are natural extensions of each other when the laser op
pumping scheme evolves from CPT to IOP or vice versa

II. RATE EQUATIONS AND POWER OUTPUT

The analysis is done for the general energy-level sche
shown in Fig. 1, representing two ground statesm and m8
and an excitedm of an atomic ensemble connected by tw
coherent laser radiation fields. In particular our interest
focused on the case of an optically thin alkali atomic vap
~Cs, Rb, and Na! contained in a cell with buffer gas. Th
conceptual physical arrangement used in the analysi
shown in Fig. 2. Collisions of the alkali atoms with th
buffer gas atoms cause homogeneous broadening of the
cited P1/2 and P3/2 states. The excited-state decay rateG*
takes into account spontaneous emission and those c

FIG. 1. Three-level system considered in the analysis~the D1

transition of 87Rb is reported as an example!. v1 and v2 are the
laser angular frequencies andvm8m/2p is the hyperfine frequency
shifted by various static perturbations described in the text.G* is
the decay rate from the excited state to the ground-state levelsg1

and g2 are the ground-state relaxation rates of the population
ference and of the coherence, respectively, andD0 is the lasers
detuning from the optical resonance.
©2000 The American Physical Society02-1
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sions. When nitrogen is used as buffer gas, the decay t
place without fluorescence. This so-called quenching ef
prevents a loss of coherence, which would be caused by
fluorescence radiation creating random optical pumping.
the buffer gas pressures considered in this paper, the re
ing optical broadening is of the order of the excited-st
hyperfine splitting. In practice, pumping is done by means
one of the twoP states~D1 or D2 radiation!. This state is
approximated by the single levelm shown in Fig. 1. The
buffer gas is also used to reduce the ground-state hype
resonance broadening due to the transit time of the at
across the laser beams and to inhibit Doppler broadenin
the microwave frequency by means of the Dicke effect@16#.
The ratesg1 and g2 are, respectively, the population an
coherence relaxation rates of the alkali atoms in the gro
state, taking into account perturbations such as s
exchange collisions, buffer gas collisions, and collisions
the atoms with the cell walls.

As shown in Fig. 2, a static magnetic inductionB0 is
applied to the system and provides a quantization axis. T
magnetic field splits the ground-state Zeeman levels and
couples them to the extent that they can be considered
lated. The two hyperfine levels in the ground state are th
represented in Fig. 1 asm and m8, respectively. Static dis
placements of the energy levels due to the buffer gas c
sions and the applied magnetic field are included in the d
nition of the various resonance frequencies. The c
containing the alkali atoms and the buffer gas is placed
side a microwave cavity operating in the TE011 mode. The
cell is sufficiently small as to allow approximations in co
nection to the homogeneity of the microwave field over
volume. The transitions from the two ground-state hyperfi

FIG. 2. Conceptual arrangement used in the theoretical anal
The cavity operates in the mode TE011 resonates at the hyperfin
frequency of the alkali-metal atom chosen.Pout is the microwave
output power.
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levels to theP state are excited by means of coherent rad
tion fields that can be obtained in practice from either t
phase-locked lasers or two sidebands of a single laser m
lated at a subharmonic of the hyperfine frequency@10#. A l/4
plate shown produces circular polarization of the incom
laser beam, required by the selection rules encountered in
excitation process of the CPT phenomenon@17#.

A. Rate equations

The analysis is done as in Ref.@4# in the density-matrix
formalism starting with the master equation describing
atomic ensemble~Liouville equation!. The laser excitation is
represented by the Rabi frequenciesvR1 andvR2 defined as

vR152~E01/\!^muer "elum&, ~1!

vR252~E02/\!^m8uer "elum&, ~2!

where E0i is the laser field amplitude exciting transition
from either levelsm or m8, and the terms within brackets ar
the dipole matrix elements of the transitions withel being
the polarization vector. A microwave field is present in t
cavity and is assumed to have the form

Bmw~r ,t !5 ẑBz~r !cos~v12t1f!, ~3!

where Bz(r ) is the microwave field amplitude,v12 is the
frequency difference between the two laser fields (v1
2v2), andf is the phase of this field, whose meaning w
be made clear in the analysis. The Rabi frequency associ
with this field is defined as

b~r !52mzm0Hz~r !/\, ~4!

wheremz is the atom’s magnetic moment andHz is Bz /m0 ,
m0 being the permeability of free space. In the case of alk
atoms for them50,Dm50 transition mz5mB , the Bohr
magneton. We make the long wavelength and the rota
wave approximations and assume for the off-diagonal e
ments of the density matrix, solutions of the form

rmm85dmm8e
i ~v12v2!t,

rmm5dmmeiv1t,
rm8m5dm8meiv2t.

~5!

It is assumed that the laser interaction is relatively weak
that at all times the population of the excitedP state is small
in comparison to that of the ground state. We obtain
following set of rate equations describing the response of
atomic ensemble to the applied fields:

is.
rmm1rm8m8'1, ~6!

ṙmm1G* rmm5vR1 Im dmm1vR2 Im dm8m , ~7!

Ḋ1g1D52b Im~e2 ifdmm8!2vR2 Im dm8m1vR1 Im dmm , ~8!
2-2
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ḋmm81~g21 iVm!dmm852 i
b

2
eifD2 i

vR1

2
dmm81 i

vR2

2
dmm , ~9!

ḋmm1S 1

2
G* 1 iD0D dmm5 i

vR1

4
~12D!1 i

vR2

2
dmm8 , ~10!

ḋm8m1S 1

2
G* 1 iD0D dm8m5 i

vR2

4
~11D!1 i

vR1

2
dm8m . ~11!
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The r i i are the fractional populations of the various leve
D5rm8m82rmm , and thed i j are the coherences in the inte
action representation. We have defined

Vm5~v12v2!2vm8m ~12!

andD0 the detuning between the lasers and the excited s
~see Fig. 1!. Equations~6!–~11! have been obtained intro
ducing the following approximations widely satisfied in th
usual experimental conditions:

Vm!G* , b!G* , vR1,2!G* . ~13!

The system of rate equations~6!–~11! has been analyzed i
Ref. @18# in the caseb50, leading to the explanation of th
dark line observed in the fluorescence spectrum. The sys
has also been analyzed in Ref.@4#, by means of a perturba
tion approach in which the oscillating magnetic field, a
though giving rise to stimulated emission of radiation,
small enough as not to affect the atomic ensemble popula
and coherence. In the present paper we will solve the ab
system of equations in a self-consistent approach in wh
the microwave field is not negligible and causes import
effects on the behavior of the atomic ensemble.

B. Field equation

1. Determination of the phase of the microwave field

The oscillating magnetic field in the cavity and the osc
lating magnetizationM (r ,t) created in the ensemble by th
CPT phenomenon@4#, are coupled through the equation:

H~r !5
2 iQL

11 i2QL~Dvc /v12!
Hc~r !E

Vc

Hc~r !"M ~r !dV,

~14!

where Hc is the cavity field orthonormal mode,Vc is the
cavity volume,QL is the loaded cavity quality factor, an
Dvc is the cavity detuning fromv12. M (r ) acts as the
source term and its value is obtained from the relation

^M ~r ,t !&5Tr~Mopr!, ~15!

whereMop is the quantum-mechanical operator represen
the total magnetic moment and the symbol^ & means an av-
erage over the ensemble represented byr. Using the rotating
wave approximation and keeping only the resonant te
M (r ,t) is calculated as
05340
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M ~r ,t !dV52~1/2!nmBdm8me2 iv128dV, ~16!

wheredV is a volume element andn is the atomic density.
On the other hand, the resonant component of the field,
cording to Eq.~3!, may be written as

H~r !5uH~r !ue2 if. ~17!

We write explicitly the hyperfine coherence asdmm85d mm8
r

1 id mm8
i , and by simple algebraic manipulations of th

above equations we obtain

f51
p

2
1tan21 2QL

Dvc

v12
1tan21

d mm8
i

d mm8
r . ~18!

This expression sets the phase of the field in the rate e
tions ~6!–~11!. It is noted that in@4#, the phase was set equ
to p/2, and that the other terms were not considered in
analysis since the effect of the field on the atomic ensem
population and coherence was neglected.

2. The field amplitude and the Rabi frequency

The energy dissipated in the cavity near resonance (Dvc
!vm8m/2QL) is given by@19#

Pdiss5
vm8mm0

2QL
E

Vc

uH„r …u2dV. ~19!

On the other hand, following the computations reported
Ref. @4#, the power given by the atoms is

Pdiss5
~1/2!\vm8mkNu2dmm8u

2

114QL
2~Dvc /vm8m!2 , ~20!

wherek is the so-called gain factor or the number of micr
wave photons emitted by an atom in 1 s. It is defined as

k5
m0mz

2h8QLN

\Va
, ~21!

whereVa is the effective volume of the cell containing th
alkali atoms that are exposed to the radiation fields,N is the
total number of atoms equal tonVa and h8 is the filling
factor given by
2-3
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h85
Va^Hcz~r !&a

2

Vc^Hc
2~r !&c

. ~22!

The symbolŝ & i represent a space average over the volu
in question. The Rabi frequency is evaluated in a s
consistent approach in which the energy dissipated in
cavity is made equal to the energy given by the atoms. Eq
tions ~19! and~20! and the definition ofb lead to the funda-
mental relation

b52kudmm8u. ~23!

The ambiguity on the sign ofb, resulting from this power
self-consistent approach, has been removed by making
field consistent with its definition through Eqs.~3! and~14!.
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3. Maser master equations

For simplicity of presentation, we will divide the follow
ing analysis in two parts for two conditions realized in pra
tice. Using the adiabatic approximation where the opti
coherences are assumed to evolve much faster than
ground-state coherence, and using the results derived ab
the system of equations~6!–~11! can be reduced to a syste
of two equations describing entirely the phenomenon
stimulated emission in a self consistent approach. In the
lowing paragraphs we will discuss only this reduced set
equations.

~a! In the first part we assume that the optical radiati
fields are exactly tuned to the optical transitions, that isD0
50. In that case the rate equations are reduced to
ve
Ḋ1@g11~11b2!Gp#D524kudmm8u
21~12b2!Gp ,

~24!

ḋmm81@g21~11b2!Gp2kD1 i ~Vm2kcD!#dmm852bGp ,

whereb is the ratio of the two optical Rabi frequencies, (vR2 /vR1), Gp5vR1
2 /2G* , andc stands for

c52QL

Dvc

v12
, ~25!

which has been assumed to be!1.
~b! In the second case we assume that the cavity is exactly tuned, that is,Dvc50 and the two optical Rabi frequencies ha

the same intensity. We obtain

Ḋ1@g112Gp /~11d0
2!#D524kudmm8u

214Gpd mm8
i d0 /~11d0

2!,

~26!

ḋmm81@g22kD12Gp /~11d0
2!1 iVm#dmm852Gp /~11d0

2!2 iGpDd0 /~11d0
2!,
he

e
e in
he
em
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ime
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whered0 stands forD0 /(G* /2).
These two systems~24! and ~26! describe, in a self-

consistent approach, most of the behaviors of the atomic
semble of alkali atoms placed inside a microwave cavity
is also possible to write a system forD andd that takes into
account all the possible parameter variations, but it beco
way less transparent to analytical interpretation.

C. Stimulated emission and the difference between
CPT and IOP masers

The above set of equations will now be applied to vario
cases encountered in experimental situations.

1. Dynamical solutions

The situation whereb51 represents the case of the ide
CPT maser. The coherent pumping rates from each hype
ground-state level are equal. In that case, assuming the c
to be tuned and the laser frequency difference to be equ
the hyperfine frequency, the system~24! become
n-
It

es

s

l
ne
ity
to

CPT maser⇒H Ḋ1~g112Gp!D524k~dmm8
8 !2,

ḋ mm8
r

1~g212Gp!d mm8
8 5kDd mm8

r
2Gp .

~27!

It is noted that under the condition of exact tuning of t
laser and of the cavity, the termdmm8 is real. It is interesting
to point out that the pumping rateGp acts as a transvers
pumping rate creating a ground-state hyperfine coherenc
the ensemble without affecting the populations of t
ground-state levels. The analytical solution of the syst
~27! is not known whenGpÞ0. The response of the syste
to a laser pulse~dynamical behavior! is analyzed by numeri-
cal integration. The results are shown in Fig. 3 for a parti
lar set of physical parameters. Radiation damping is pres
in the transient response of the system because of the
tively high gain parameter chosen,k53000 s21. An oscilla-
tion in the switching-on transient and a reduced decay t
in the switching-off transient are observed. For the same
son, the effect of the microwave field is readily observed
2-4
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THEORY OF THE COHERENT POPULATION TRAPPING . . . PHYSICAL REVIEW A62 053402
the relative populations of the two ground-state hyperfi
levels. The population difference becomes negative upon
rise of the coherence, which creates the microwave field
the cavity. In the absence of a cavity, no microwave fi
would be present, and the population would remain eq
(D50) even for large values ofdmm8

In the situation whereb50 ~vR250, vR15vR!, optical
transitions are excited only from the lower ground-state
perfine level and a population inversion is created. This s
ation corresponds to the case of the IOP maser using a
as the source of pumping. System~24! for Dvc andVm both
equal to zero, leads to

IOP maser⇒H Ḋ1~g11Gp!D524k~d mm8
r

!21Gp ,

ḋ mm8
r

1~g21Gp!d mm8
r

5kDd mm8
r .

~28!

In the present case, no coherence is created at the gro
state hyperfine frequency by the laser that acts essential
a longitudinal pumping source. The above system of eq
tions has a trivial solution with the coherencedmm850 at all

FIG. 3. Calculated dynamic response of the hyperfine grou
state coherence~a! and population difference~b! to a laser pulse
width. The parameters are:g25500 s21; k53000 s21; Gp

5500 s21. The laser pulse length is 20 ms.
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times. The population difference then remains equal
Gp /(g11Gp). However, with an initial condition such a
dmm8Þ0, it is possible to find, by numerical integration, no
trivial solutions of the system~28!. A threshold condition
exists for the creation of the coherencedmm8 . The results for
a particular choice of parameters are shown in Fig. 4 for
response of the system to a laser pulse as in the prev
case. A delay in the buildup of coherence in the system
readily observed and depends on the amplitude of initial c
ditions set fordmm8 . The population differenceD, however,
builds up at a rate proportional to the pumping rateGp from
the beginning of the light pulse. Similar effects as those s
above in the CPT maser in connection to radiation damp
and reported in Ref.@20#, are observed in the present case

2. Steady-state solution

Steady-state solutions for the above systems are rea
obtained by setting all time derivatives equal to zero. In
case of the CPT maser, assuming for simplicityg15g2 the
following set of equations are obtained:

-
FIG. 4. Theoretical dynamical behavior of the intensity-pump

maser over threshold.~a! ground-state coherence,~b! population
difference. The parameters are:k53000 s21, g25500 s21, andGp

51000 s21. The laser pulse width is 40 ms.
CPT maser⇒H De52
4k

g212Gp
~d mm8

r
!e

2,

~d mm8
r

!e
31

~g212Gp!2

4k2 ~d mm8
r

!e1
Gp~g212Gp!

4k2 50,

~29!
2-5
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GODONE, LEVI, MICALIZIO, AND VANIER PHYSICAL REVIEW A 62 053402
where the subscripte stands for equilibrium. In the presen
case,d mm8

i
50 at all times becauseVm50, and the cavity

and the lasers are assumed to be tuned exactly to thei
spective resonance. The above system has always only
real solution withDe<0 and (d mm8

r )e<0, which represents a
stationary point of operation of the atomic ensemble coup
to the microwave cavity. The stability of this equilibrium
point may be easily analyzed through the eigenvalues of
Jacobian associated with system~27!: it turns out to be a
stable spiral when

k2~d mm8
r

!e
2,2~g212Gp!2 ~30!

or a stable node in the opposite case. The main phys
properties of the stationary solution provided by Eq.~29! are
~i! no threshold exists for the coherent emission;~ii ! rmm
.rm8m8: the population of the lower level is always larg
than the population of the higher level. In the case of the I
maser, the nature of the pumping introduces a fundame
change in the behavior of the atomic ensemble. At equi
rium the system admits three equilibrium points depend
on the initial conditions. Assuming for simplicity thatg1
5g25g one obtains:

IOP maser⇒P1H De5Gp /~g1Gp!

~d mm8
r

!e50 ,

~31!

P2 ,P3H De5~g1Gp!/k,

~d mm8
r

!e56
1

2
AGp

k
2S g1Gp

k D 2

.

The existence of pointP1 is always possible and represen
an atomic system with inverted population in the grou
state but with no emitted radiation; it is a stable point wh
k,(g1Gp)2/Gp , otherwise it is a saddle point. The seco
and third points P2 and P3 exist only when k.(g
1Gp)2/Gp , since (d mm8

r )e must be real. The choice betwee
the two solutions~6 sign! is defined by the initial conditions
The condition just mentioned is required for free oscillati
of the system. Moreover, fork.4g, there is only a well-
defined range of values ofGp that allows the self-
sustainment of the maser oscillation. This last condition
related to the oscillation condition derived in Refs.@14# and
@21# for ensembles of Rb and Cs alkali-metal atoms. In th
cases, a different mathematical context was used taking
account a more complex ground-state manifold than the
considered in the present calculation. From the phys
point of view we have in this case the following situation:~i!
a threshold exists for a stable coherent microwave emiss
This threshold requiresk.4g; ~ii ! rm8m8.rmm : the ground-
state populations are inverted;~iii ! above threshold there is
well-defined range of pumping rates where maser emis
can be self-sustained. As mentioned previously in the
namic solution, the system does not get into oscillation a
reach the equilibrium pointsP2 or P3 without an external
excitation such as that provided in practice by noise.

The fundamental difference between the CPT and the
masers is made more evident in Fig. 5, which shows
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operating behavior of the two oscillators in theD-d plane: in
the pumped maser no emission takes place until the pop
tion inversionD has reached a significant value, while in th
CPT case coherent emission is present at timest501 where
D;0.

The behavior of the two types of masers is shown in F
6, in which the emitted power, proportional tok(2d mm8

r )e
2, is

plotted as a function of the pumping rate for the two ca
considered in this section. Table I summarizes the main
ferences between the CPT and the IOP masers. Even if
masers emit coherent radiation, the CPT maser has mo
the features of a passive maser.

D. The mixed or intermediate case„0ËbË1 or bÌ1…

So far we have considered the two extreme cases ob
51, corresponding to the pure CPT situation, andb50, de-
scribing the pure IOP maser in the framework of a thre
level model. We now wish to examine the cases 0,b,1
andb.1, which represent an intermediate excitation sche
where both CPT and IOP are present. Assuming again
conditions whereD050, Dvc50, andVm50, Eqs.~24! may
be written as

Ḋ1@g11~11b2!Gp#D524k~d mm8
r

!21~12b2!Gp ,

~32!
ḋ mm8

r
1@g21~11b2!Gp#d mm8

r
5kDd mm8

r
2bGp .

It is clear from these equations that the atomic ensembl
now submitted to both a longitudinal pumping rate
2b2)Gp and a transversal pumping ratebGp . An analysis
of the equilibrium points of Eqs.~32! shows that whenb
>1 only one equilibrium point exists. When 0<b,1 one or
three equilibrium points exist depending on the system g
The stability of the equilibrium points may be again analyz
through the eigenvalues of the Jacobian associated to
system of equations.

FIG. 5. Parametric plot of the coherence versus population
version for the CPT~–! maser and for intensity-pumped~—! maser.
In the second case a symmetric solution~ ! is also possible
~depending on the initial value ofd mm8

r ). The parameters are:k
55000 s21, g25500 s21, andGp51000 s21.
2-6
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A parametric representation, in theD-d plane, of the dy-
namical behavior of the system, is shown in Fig. 7, where
endpoints of the stable spirals describe the equilibri
reached by the atomic ensemble for different values ofb. In
this figure, going from~a! to ~d! the system moves from a
IOP to a CPT configuration. The various spirals in each
the figures correspond to different initial conditions att50
(20.8,D,0.8 and20.4,d mm8

r
,0.4!.

The ‘‘locus’’ of the equilibrium points spanned by th
system in theD-d plane when theb parameter is adiabati

FIG. 6. Calculated emitted power for~a! the CPT maser,~b! the
IOP maser vs the pumping rate; in this case the curves are para
of the equationk(2d mm8

r )e
25Gp2(g21Gp)2/k. Coherence relax-

ation rateg2 is 500 s21.
05340
e

f

cally changed fromb50 to b51, is reported in Fig. 8.
Increasing the value ofb in the upper branch~starting point
b50, pure intensity pumping!, a critical value is reached
(b;0.1) for the set of parameters chosen in Fig. 7, wh
the system undergoes a sudden transition to the lo
branch. On the contrary, changing adiabatically the value
b in the lower branch, the system never jumps to the up
one: the lower branch represents a stable state of the at
system, while the upper branch behaves as a metastable
When the feedback of the cavity is reduced, lowering
value ofk below 4g2 , only the lower stable branch remain

III. LINE SHAPES AND FREQUENCY SHIFTS

In view of applications of the CPT microwave cohere
emission to the field of atomic frequency standards, it
important to examine the emission profile of the CPT ma
in relation to line shape and frequency of its maximum.
the following discussion, we consider only the physical
fects related to the time-dependent perturbation Hamilton
these include the shift caused by the microwave cavity t
ing ~cavity pulling!, the light shift, and the microwave powe
shift. The frequency shifts, which can be taken into acco
in the unperturbed Hamiltonian as time-independent per
bations due to the Zeeman effect, or collisions of alkali
oms with the buffer gas, are not considered here. We will
consider either the light shift caused by off-resonance li
such as sidebands in the laser spectrum~power and qua-
dratic!. These effects have been discussed in Refs.@4# and
@22#.

A. Low feedback

We first examine the case of the emission profile fork
!g2 ~low Q cavity and/or low number of atoms!. From Eq.
~23! this condition impliesb>0. In this case, the system o
equations~6!–~11! is linear and has been examined in Re
@4#. We recall here some useful results for a better und
standing of the effects related to the reaction of the ato
ensemble to the presence of the cavity, effects which will
derived later in this section. Solving the system of Eqs.~6!–
~11! for D050, vR15vR25vR , and Dvc50 one obtains
for the stationary case:

udmm8u
25

Gp
2

~g212Gp!21Vm
2 . ~33!

Equation ~33!, taking into account Eq.~20!, describes the
emission profile of the system uncoupled from the mic
wave cavity. In that case, the line shape is a Lorentzian c
tered atVm50 ~that is, at the hyperfine frequency! and with
a full width at half-maximum ~FWHM! Dv1/252(g2

las
t.
TABLE I. Main physical differences between the CPT and the IOP masers studied in the tex

Maser type D5rm8m82rmm Threshold vout Pout

CPT ,0 no v12v2 Saturation vs pumping
IOP .0 k/g254 vm8m Maximum vs pumping
2-7
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FIG. 7. Theoretical dynamica
behavior of the atomic ensembl
for the case 0,b,1 ~mixed or
intermediate case!. The param-
eters chosen are:g25500 s21; k
55000 s21; Gp51000 s21. ~a!

b25331026, ~b! b25331023,
~c! b25131022, and ~d! b2

50.4. Each trace corresponds
different initial conditions forD
andd mm8

r as explained in the text
The system evolves from an IOP
maser~b very small;0! in ‘‘a’’
to a CPT maser~b approaches 1!
in ‘‘d.’’ The center of the spirals
correspond to the equilibrium so
lution of Eqs.~32!.
n as

-

he
n

ue
e-

P
ep
12Gp). The cavity pulling shift of the emission profile ca
be calculated from Eqs.~20! and ~33! and is given by

Dv52S QL

Qa
D 2

Dvc , ~34!

FIG. 8. Locus of the equilibrium solutions for the CPT and IO
masers for the parameters chosen in the dynamic response r
sented in Fig. 7.
05340
whereQa is the atomic resonance quality factor defined
Qa5vm8m /Dv1/2. In the more general case, whenD0Þ0
andvR1ÞvR2 , a shift of the emission profile is found solv
ing the system of Eqs.~6!–~11! in the stationary limit and
with b;1, one obtains

DvLS52
~12b2!vR1

2

4 H D0

~G* /2!21D0
2J . ~35!

In the usual experimental conditions,D0!G* /2, and this
shift is also called ‘‘linear light shift.’’ The emission profile
is always a Lorentzian but its maximum is shifted by t
amount given by Eq.~35!. In this case it may also be show
that the population differenceD in the ground state is given
by

D5
Gp~12b2!

g11Gp~11b2!
. ~36!

A partial intensity optical pumping is present in this case d
to the imbalance of the optical radiation fields, which is r
sponsible for the linear light shift reported above.
re-
2-8
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B. High feedback

When the microwave Rabi frequency is not negligib
relative to the relaxation and pumping rates, the followi
effects are present:
~i! microwave broadening: the microwave field of the cav
ity strongly couples the hyperfine levels of the ground st
producing a broadening of the emission profile, a pheno
enon commonly called power broadening@15#;
~ii ! cavity pulling : the dephasing with respect to quadratu
of the generated microwave field versus the oscillating m
netization, as given by Eq.~14! whenDvcÞ0, introduces an
additional shift of the emission profile;
~iii ! microwave shift: the imbalance of the ground-sta
populations~DÞ0, as seen, for example, in Fig. 5!, produced
by the microwave field stored in the cavity even whenvR1
5vR2 , introduces a residual optical pumping that shifts t
emission profile whenD0Þ0 as in the case of the linear ligh
shift.

The first two effects may be made evident from a dir
analysis of system~24!, settingb51:

Ḋ1~g112Gp!D524kudmm8u
2,

~37!

ḋmm81@g212Gp2kD1 i ~Vm2kcD!#dmm852Gp.

From the second equation of system~37! in the stationary
limit ( ]/]t→0) we have
~i! a microwave broadening equal to2kD. It is readily
shown that

2kD5b2/~g112Gp!, ~38!

which is essentially the saturation factor that is encounte
in magnetic resonance and that causes power broadenin
~ii ! a cavity pulling equal tokcD. Using the results derived
previously and Eq.~25! in the case of small cavity detuning
we obtain

FIG. 9. Calculated CPT maser emission profile linewid
~FWHM! as a function of the gain parameterk for two cases of the
pumping rate and forvR15vR2 , D050, andDvc50.
05340
e
-
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e

t

d
.

kcD5
QL

Qa
Dvc~S21!, ~39!

whereS is the ratio of the total power broadened linewid
including all broadening mechanisms,Dn1/2

t , to the line-
width caused only by relaxation and optical pumpingDn1/2

n :

S5
Dn1/2

t

Dn1/2
n 5

4k2udmm8u
2

~g12Gp!2 11. ~40!

A similar analysis may be done also for the microwave sh
In that case system~26! is used. The last term in the secon
equation, the imaginary term, is responsible for the mic
wave shift introducing a coupling to the population diffe
enceD.

The results of a numerical integration of the various eq
tions used in the present discussion are shown in Figs. 9
and 11. The broadening of the emission profile given by
~38! is reported in Fig. 9 for two values of the pumping ra
The shape of the profile, Lorentzian fork→0, is not signifi-
cantly modified in the range ofk considered in the figure
The shift of the emission profile maximum with cavity tun
ing for two values of the gain factork is shown in Fig. 10 for
the caseb51 andD050. Finally the shift of the emission
profile maximum as a function of the laser tuningD0 , for
b51 andDvc50, for three values of the gaink, is shown in
Fig. 11. This shift is similar to the linear light shift men
tioned above, but in the present case it is due to the opt
detuning acting through the microwave power, which rea
on the ensemble and alters both the coherence and the p
lations of the ground-state hyperfine levels.

IV. CONCLUSIONS

In this paper we have developed a fully self-consist
theory of the CPT maser, taking into account the feedbac
the microwave cavity field on the atomic ensemble. The c
ity feedback destroys partially the intrinsic symmetry of t

FIG. 10. Calculated frequency shift of the emission profile v
sus 2QLDvC /v12 ~cavity tuning! and for the casevR15vR2 , D0

50.
2-9
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L excitation scheme, resulting in an extra broadening of
emission profile, which we have identified as microwa
broadening. The cavity feedback creates also radia
damping, which is visible under transient operation. We h
also investigated the effect of the cavity feedback on
frequency of the maximum of emission to the CPT mase
has been shown theoretically that the cavity pulling effec
enhanced by the cavity feedback to become linear with
ratio of the cavityQ to the atomic lineQ, (QL /Qa) as in the
active IOP maser at high value of the gain factork. An ad-
ditional shift of the emission profile related to the microwa
Rabi frequency is present whenD0Þ0.

The theoretical calculations were also extended to
case of intensity optical pumping by a simple alteration
the relative intensities of the two excitation radiation fiel
used in the CPT approach. It was shown that the IOP m
and the CPT maser are natural extensions of each other

FIG. 11. Calculated microwave shift~power shift! of the CPT
maser emission profile for three values of the gain parameterk and
for vR15vR2 , Dvc50.
er

.

-

C

05340
e

n
e
e
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that their physical behavior are basically different. The IO
maser is characterized mainly by the presence of an osc
tion threshold in relation to cavityQ, atomic density and
pumping rate creating the population inversion. On the ot
hand, the CPT maser is characterized by the absence
threshold regarding the parameters just mentioned, as we
the absence of population inversion in the ground state. F
thermore, in the IOP maser, emission takes place essen
at the hyperfine frequency although shifted by various p
turbations, while in the CPT maser, coherent emission ta
place at a frequency corresponding to the difference betw
the frequency of the laser radiation fields used in theL
scheme. This last behavior is characteristic of passive ma
although we have shown that the CPT maser, in high-g
situations, behaves in a way very similar to an active ma
in relation to several effects such as radiation damping, c
ity frequency pulling, and power broadening.

The present calculations are in agreement with results
ready published on the IOP Rb maser@14#. In the case of the
CPT maser some preliminary results have been obtaine
the radiation damping effect. A comparison of the theoreti
conclusions here reported with the experimental results i
progress and will be made the object of a future report.

For what concerns the practical realization of an atom
frequency standard, it is worth noting that the CPT ma
allows a better control of the light shift effect and, becau
there is no threshold, a reduction of the cavity pulling effe
The short term stability of the CPT maser is expected to b
little worse that the IOP maser, also because the CPT m
is dominated by white frequency noise (t21/2) instead of
white phase noise (t21), but the long term stability and drif
are on the contrary expected to be significantly lower.
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