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Predictive data-based exposition of 5s5p 1,3P1 lifetimes in the Cd isoelectronic sequence
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Experimental and theoretical values for the lifetimes of the 5s5p 1P1 and 3P1 levels in the Cd isoelectronic
sequence are examined in the context of a data-based isoelectronic systematization. Lifetime and energy-level
data are combined to account for the effects of intermediate coupling, thereby reducing the data to a regular
and slowly varying parametric mapping. This empirically characterizes small contributions due to spin-other-
orbit interaction, spin dependences of the radial wave functions, and configuration interaction, and yields
accurate interpolative and extrapolative predictions. Multiconfiguration Dirac-Hartree-Fock calculations are
used to verify the regularity of these trends, and to examine the extent to which they can be extrapolated to
high nuclear charge.

PACS number~s!: 32.70.Cs, 32.30.Jc
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I. INTRODUCTION

Recent comprehensive studies of experimental and th
retical values for the lifetimes ofns2-nsnp resonance and
intercombination transitions in the Be@1#, Mg @2#, and Zn@3#
isoelectronic sequences~as well as preliminary studies of th
Cd @4# and Hg@4,5# sequences! have revealed useful predic
tive regularities. A parametric reduction has been formula
that uses spectroscopic energy-level data to remove the
fects of intermediate coupling from measured line stren
data. This permits the transition probabilities of both t
resonance and intercombination transitions to be accura
predicted through many stages of ionization on the basis
few accurate measurements near the neutral end of the
electronic sequence.

Here we extend and refine this formulation through ap
cation to the Cd isoelectronic sequence, using a genera
tion of the method that includes not only exchange and s
orbit effects, but also spin-other-orbit interaction a
differences between the singlet and triplet radial wave fu
tions. Multiconfiguration Dirac-Hartree-Fock~MCDHF! the-
oretical calculations@6# have also been made to test the rig
of the linearities that have been exhibited empirically.

The semiempirical~SE! formulation used here param
etrizes the effects of intermediate coupling by combin
energy-level and lifetime data in an exposition that exhibit
smooth and slowly varying isoelectronic variation. Th
regularity allows inconsistent measurements to be expo
and eliminated, and data for the entire sequence to be st
tically combined through weighted least-squares fitting p
cedures. In this manner, interpolative and extrapolative p
dictions are made that can be more accurate than
individual measured values.

II. SEMIEMPIRICAL FORMULATION

The nsnp configuration consists of four levels, denote
here by the standardLS coupling spectroscopic symbo
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3P2 , 3P1 , 1P1 , and 3P0 . For a purensnpconfiguration in
intermediate coupling, the wave functions can be written
terms of two normalized singlet-triplet mixing amplitude
that can be characterized by a single parameter, the sin
triplet mixing angleu. This quantity specifies the splitting
among the fournsnpenergy levels, the lifetimes of the tw
nsnp J51 levels, and the magneticg factors of theJ.0
levels. Under these conditions, the physicalJ51 levels can
be described by the wave functions

u3P18&5u3P1&cosu2u1P1&sinu, ~1!

u1P18&5u3P1&sinu1u1P1&cosu. ~2!

The primes indicate the fact that theLS notation for the
physical states is only nominal.

A. Mixing angles deduced from energy-level data

The physical energy levels are specified by the Slater
rameters E0 ~the electron-nucleus and direct electro
electron energies!, G1 ~the exchange electron-electron e
ergy!, and m1 and m2 ~the diagonal and off-diagona
magnetic energies! through the relationships@7# ~with the
measured energy levels denoted here by their spectrosc
symbols!

3P25E02G11m1/2, ~3!

1P18 , 3P185E02m1/46D, ~4!

3P05E02G12m1 , ~5!

where

D[A~G11m1/4!21m2
2/2. ~6!

The mixing angle can be expressed in terms ofG1 , m1 , and
m2 as @7,8#

cot 2u5~4G11m1!/A8m2 . ~7!
©2000 The American Physical Society13-1
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In the simplest formulation@7,8#, the diagonal and off-
diagonal magnetic parameters are both set equal to the
dard spin-own-orbit energyz5m15m2 . However, it has
been shown@7,9–11# that allowingm1 andm2 to vary sepa-
rately generalizes the parametrization to include the effe
of both the spin-other-orbit interaction energy~as first pro-
posed by Wolfe in 1932@10#! and slight differences betwee
the radial wave functions for the singlet and triplet states~as
first proposed by King and Van Vleck in 1939@11#!.

The three parametersG1 , m1 , and m2 comprise an
equivalent recharacterization of the measured spectrosc
data, since they are uniquely specified by the measu
energy-level data for any three independent level splittin
e.g.,

a[1P1823P18 , ~8!

b[3P223P18 , ~9!

c[3P223P0 ~10!

of the four levels. It can be seen from Eqs.~3!–~6! that the
remapping is given by

G15~a22b1c!/2, ~11!

m152c/3, ~12!

m25A2~b22c/3!~a2b12c/3!. ~13!

An empirical fitting function of the form

cot 2u>D1E/~Z2C!p ~14!

has been found@12# to accurately describe the isoelectron
variation of the mixing angles for the Be, Mg, Zn, Cd, a
Hg sequences. HereD, E, andC are least-squares adjuste
fitting constants. The power law yieldsp>1 for the Zn, Cd,
and Hg sequences, andp.1 for the Be and Mg sequence
and the fitted value ofC is close to the numberN of closed
core electrons (N546 here!. In the simplest formulation
where the diagonal and off-diagonal magnetic energiesm1
andm2 are equated, they cancel as they become large c
pared to the electrostatic exchange energyG1 for large Z,
and Eq.~7! yields D→1/A8. Sincem1 and m2 here are al-
lowed to vary freely, the quantityD will be left as a fitting
parameter.

B. Reduced line strengths deduced from lifetime data

The line strengths for these unbranchedJ5021 transi-
tions can be deduced from the measured lifetimest and
wavelengthsl using

S53@l~Å!/1265.38#3/t~ns!. ~15!
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For the singlet-singlet resonance~Res! and singlet-triplet in-
tercombination~Int! transitions these quantities can be fre
of the effects of singlet-triplet mixing by defining the re
duced line strengthsSr

Sr~Res![S~Res!/cos2 u, ~16!

Sr~ Int![S~ Int!/sin2 u, ~17!

which, in the nonrelativistic approximation, involve only fa
tors of the radial matrix elements. Empirically, it has be
found that the isoelectronic behavior of these quantities
often accurately represented by the fitting function

Z2Sr>S01B/~Z2C!, ~18!

whereZ is the nuclear charge, andS0 , B, andC are least-
squares adjusted fitting constants. For the Mg, Zn, and
sequences, it has been observed that the fitted value of q
tity S0 ~the asymptotic value of the reduced line strength
infinite Z! is often very close to the corresponding nonre
tivistic hydrogenic value@13# ~with a factor 2 for the equiva-
lent electrons in the ground state!

SH→9n2~n221!/2. ~19!

For the Cd sequence withn55, this yieldsSH52700. Simi-
larly, the fitted value ofC has been found to be approx
mately equal to the number of core electronsN beneath the
valence shell, which for the Cd sequence isN546.

III. THEORETICAL CALCULATIONS

Ab initio theoretical calculations can provide a useful te
of the persistence to higherZ of the regularities in this pa-
rameterization exhibited by the existing data base. With
creasing ionicity, the behavior of the Cd isoelectronic s
quence@14# will be increasingly affected by configuratio
interaction and relativistic effects. MCDHF calculations i
troduce both additional configurations and the possibility
a significant dependence uponJ of the radial transition ele-
ments, and can reveal whether these effects can be
equately characterized by the effective values for the mix
angles and reduced line strengths deduced from this pa
eterization.

However, there are also limitations to this approach, si
the MCDHF code treats contributions important at very hi
Z ~e.g., the Breit interaction and quantum electrodynam
corrections! only perturbatively. Thus the ‘‘infinite-Z limit’’
should be regarded only as a useful fiducial point for e
trapolation of low-Z results to high intermediate values forZ,
and not as an actual prediction for the behavior at very h
Z.

In a recent theoretical study@15# of the Cd isoelectronic
sequence, Bie´mont et al. used the MCDHF method to com
pute the oscillator strengths for the resonance and interc
bination transitions in theZ range 48–57. The present wor
extends the study of Ref.@15# to higher values of nuclea
charge, and focuses on the qualitative isoelectronic tre
3-2
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TABLE I. Data base of the energy levela ~in cm21! and lifetime~in ns! measurements. Parentheses den
quoted uncertainties in the experimental lifetimes.

Z ion 3P0
3P1

3P2
1P1 t res t int

48 Cd 30 114.02 30 657.13 31 827 43 692.47 1.66~5!b 2390~40!c

49 In 42 275 43 349 45 827 63 033.81 0.79~5!d 440~40!e

50 Sn 53 548 55 196.4 59 228.6 79 911.3 0.47~3!f

51 Sb 64 435 66 700 72 560 95 952 0.38~4!g

52 Te 75 110.4 78 025 86 006.3 111 708 0.275~20!h, 0.260~25!i 40~10!i

53 I 85 666 89 262 99 686 127 424 0.215~12! j, 0.25~3!k 24.4~12!k

54 Xe 96 139.7 100 451.5 113 674.1 143 260.9 0.15~1!h, 0.18~1!l 14.0~7!l

55 Cs 106 573 111 631 128 032 159 327
56 Ba 116 991 122 812 142 812 175 711
57 La 127 392 134 019 158 052 192 481

aEnergy-level data forZ548– 53 are from sources quoted in Ref.@14# and those forZ554– 57 are from Ref.
@16#.
bLurio and Novick@17#.
cReference@18#.
dAnsbacheret al. @19#.
eReference@20#
fReference@21#
gPinningtonet al. @22#.
hPinningtonet al. @23#.
iPinningtonet al. @24#.
jAnsbacheret al. @25#.
kO’ Neill et al. @26#.
lKernahanet al. @27#.
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rather than the quantitative predictions of oscilla
strengths.

The multiconfiguration expansion was designed to qu
tatively capture both valence and core-valence correla
(V1CV) effects. For the even-parity states, the expans
was obtained by single and double excitations of the e
trons from the reference set$4d105s2,4d105p2,4d105d2J
50% to an active set of orbitals$5s,5p,5d,s,p, f ,g%, with the
constraint of creating at most one hole in the 4d subshell.
The expansion for the odd-parity states was generated
similar manner, starting with the reference s
$4d105s5p,4d105p5dJ50,1,2%, and using the same activ
set of orbitals as in the case of the even-parity states.
resulting multiconfiguration expansion contained 468 ev
parity relativistic configuration state functions~CSFs! of to-
tal angular momentumJ50, and 3553 odd-parity CSFs wit
J50, 1, and 2.

The radial orbitals were generated using the optimal le
model. The even-parity level selected for targeting hads2

as its dominant eigenvector component. The odd-pa
states were treated using the extended optimal level mo
four levels ~one J50, two J51, and oneJ52) were tar-
geted under the requirement that the dominant eigenve
component of each selected level be the~nonrelativistic!
CSF 5s5p. All four levels were assigned equal weights
the energy functional. All the spectroscopic radial orbit
and the 5d correlation orbitals were determined by simult
neous optimization in a smaller valence-correlation calcu
tion that included the even-parityJ50 levels of
$5s2,5p2,5d2%, and the odd-parityJ50,1,2 levels of
05251
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$5s5p,5p5d%. In the V1CV calculation, the orbitals up to
5d were taken from this smaller calculation, and kept froz
in the variational procedure to determine the correlation
bitals s,p,f,g.

IV. DATA SOURCES

The energy-level data base is listed in Table I. These v
ues were taken forZ548– 53 from the primary source
quoted in Ref.@14#, and for Z554– 57 from the measure
ments of Kaufman and Sugar@16#. For extrapolative predic-
tions of the transition wavelengths forZ>58 the values
given in Ref. @14# ~which are based on a combination
semiempirical andab initio methods! were used.

A critical selection was made of the lifetime data@17–27#.
It is well known that some of the early lifetime measur
ments made for charged ions by curve fitting methods~prior
to the development of the cascade-correlated analysis of
cay curves method@28,29#! were distorted by cascade re
population@29#. Since these early measurements have n
been repeated using methods that take cascade repopu
into account, we have excluded all measurements
charged ions made prior to 1974 from our compilation@30–
32#. In the case of neutral Cd, we have selected meas
ments utilizing the Hanle effect to determine the resona
transition@17# and optical double resonance methods to
termine the intercombination transition@18#. These 1963
measurements quote accuracies of 3% and 1.7%. The m
surements selected for inclusion in this analysis are liste
3-3
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CURTIS, MATULIONIENE, ELLIS, AND FROESE FISCHER PHYSICAL REVIEW A62 052513
Table I, together with their quoted uncertainties. For p
poses of plotting, a weighted average was taken in ca
where multiple measurements exist.

V. RESULTS

A. Energy levels and mixing angles

The results of the calculations for the energies relative
the 4d105s 2S1/2 ground state, done using valence correlat
only, are presented in Fig. 1. As the nuclear charge increa
plunging configurations that involve 4f orbitals cross the
levels of interest. ForZ.62 the 4f 2 levels become the
ground configuration, so this becomes a transition betw
core excited states@16#. ForZ567– 71, plunging levels from

FIG. 1. Energies relative to 4d105s 2S1/2, with valence correla-
tion only. Many more crossings occur in the (CV1V) calculation
at highZ, as thef correlation orbital becomes the spectroscopicf
in CSF’s such as 4d94 f 5$s,p,d%nl, 4d94 f 25$s,p,d%.

FIG. 2. Theoretical, experimental, and semiempirical values
the 5s2 1S0– 5s5p 1,3P1 energy intervals. Solid lines indicat
MCDHF(CV1V) calculations, O denotes observed values, andL
indicates the semiempirical extrapolations of Ref.@14#.
05251
-
es

o
n
es,

n

the 4f 5d configuration complicate the interpretation thou
extensive configuration interaction, and thereafter lev
from this configuration provide additional decay chann
that cause the lifetime to differ from the reciprocal of the
transition probabilities.

The experimental energy level data base for the 5s5p
levels is given in Table I. These values, together with
extrapolations of Ref.@14#, and the theoretical calculation

r

FIG. 3. Isoelectronic exposition of cot 2u. The symbol O de-
notes the values obtained from the experimental energy levels u
Eqs.~7!–~13!, and the solid line is a fit to these values. The dash
curves trace the amplitudes obtained from the MCDHF calculati
for the singlet~lower curve! and triplet~upper curve! configuration
state vectors. The symbolL denotes thejj limit.

FIG. 4. Reduction of the lifetime data for the Cd sequen
Measured values and source references are given in Table I.
symbolsO and3 denote the values for the reduced line strengths
resonance and intercombination transitions obtained from meas
data in Eqs.~7!–~16!. The solid lines are fits to the measured da
and the dashed curves are reductions of the MCDHF calculat
made here. The symbolL denotes the hydrogenic value.
3-4
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TABLE II. Results for the resonance transition 5s2 1S0– 5s5p 1P1 . Parentheses indicate quoted unce
tainties in the experimental values as propagated from Table I.

Aik (ns21)

MCDHFa MCDHFb

Z ion l ~Å! Expt. Coulomb Babushkin Coulomb Babushkin SEc

48 Cd 2289 0.602~18! 0.595 0.617 0.752 0.773 0.611
49 In 1586 1.27~8! 1.36 1.38 1.54 1.58 1.28
50 Sn 1251 2.13~14! 2.22 2.22 2.42 2.39 1.99
51 Sb 1042 2.63~28! 3.19 3.18 3.39 3.33 2.78
52 Te 895 3.72~22! 4.31 4.27 4.58 4.49 3.67
53 I 785 4.55~23! 5.55 5.49 5.86 5.75 4.67
54 Xe 698 6.02~25! 6.94 6.85 7.29 7.14 5.80
55 Cs 628 8.47 8.33 8.86 8.68 7.06
56 Ba 569 10.2 10.0 10.6 10.4 8.46
57 La 520 12.0 11.9 12.5 12.3 10.0
58 Ce 477 14.6 14.3 11.8
59 Pr 439 16.9 16.6 13.8
60 Nd 406 19.4 19.1 16.1
61 Pm 377 22.1 21.8 18.6
62 Sm 349 24.5 24.8 21.6
63 Eu 329 22.4 24.0 24.1
64 Gd 306 30.0 31.1 27.9
65 Tb 287 34.8 35.3 31.9
66 Dy 269 39.5 39.5 36.3
67 Ho 254 44.2 43.7 40.5

aBiémont et al. @15#.
bThis work, theoretical.
cThis work, semiempirical, from fits shown in Figs. 3 and 4 and Eqs.~20! and ~22!.
e
ue
tly

d

te

ed
fro
n
le

tic

th
o

ng
ra

r

to

nts

e

am-
n of
n-
pa-

tive
o
e

Eq.
h-

ran-
made here are shown in Fig. 2. The agreement betw
theory and experiment is close for low to intermediate val
of Z, with a tendency for the theoretical values to fall sligh
below the semiempirical extrapolations forZ.67, where the
formulation is affected by plunging levels.

The measured base of energy level data was use
specify the mixing angles through the use of Eqs.~7!–~13!.
These mixing angles were then isoelectronically parame
ized through the least-squares adjustment of Eq.~14! ~setting
p[1) to obtain D50.298 ~slightly less than 1/A8
50.3535...),C546.41, andE516.628. A plot of cot 2u vs
1/(Z2C) is presented in Fig. 3, indicating the measur
data, the least-squares fit, and the amplitudes obtained
the MCDHF calculation. This fit was used to interpolate a
extrapolate the values of the mixing angle along the isoe
tronic sequence. Note that forZ.60 the MCDHF values also
fall below the trend toward the nonrelativistic asympto
value of 1/A8.

In forming the values for the reduced line strengths of
multiconfiguration theoretical calculations, the existence
more than twoJ51 basis states requires that the mixi
angles be replaced by mixing amplitudes. Thus two sepa
mixing angles were defined, cosu1 and sinu3, corresponding
respectively to the amplitudes of the1P1 basis state in uppe
~nominally 1P1) and lower~nominally 3P1) J51 configu-
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ration state vectors considered. Here cos2 u11sin2 u3 does not
necessarily yield unity, and its value indicates the degree
which other configurations enter the calculation.

B. Lifetimes and line strengths

The critically chosen experimental lifetime measureme
and wavelength data in Table I were inserted into Eq.~15! to
obtain the line strengthsS, and then combined with mixing
angle data using Eqs.~16! and~17! to obtain the reduced line
strengthsSr . These values are scaled byZ2 and plotted vs
1/(Z2C) in Fig. 4, which also displays reductions of th
theoretical calculations presented here.

The use of the Wolfe method@10#, in which m1 and m2

are allowed to vary separately as independent fitting par
eters, made a marked improvement in the representatio
the intercombination transition for the neutral and singly io
ized members of the sequence. The use of three fitting
rameters yielded a somewhat smaller value for the effec
singlet-triplet mixing angle than that obtained using only tw
fitting parameters. This significantly improved the fit for th
intercombination transitions in the region where sinu<0.1.

Weighted least-squares adjustments of these data to
~18! were made. These indicated that the value of the higZ
intercept could be well represented byS05SH . Moreover, it
was found that both the resonance and intercombination t
3-5
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TABLE III. Results for the intercombination transition 5s2 1S0– 5s5p 3P1 . Parentheses indicate quote
uncertainties in the experimental values as propagated from Table I.

Aik (ns21)

MCDHFa MCDHFb

Z ion l ~Å! Expt. Coulomb Babushkin Coulomb Babushkin SEc

48 Cd 3262 0.000418~7! 0.000348 0.000343 0.000449 0.000356 0.00041
49 In 2307 0.0023~2! 0.00212 0.00197 0.00244 0.00210 0.00210
50 Sn 1812 0.00676 0.00606 0.00701 0.00649 0.00614
51 Sb 1499 0.0154 0.0142 0.0158 0.0147 0.0137
52 Te 1282 0.025~6! 0.0304 0.0279 0.0310 0.0290 0.0261
53 I 1120 0.041~2! 0.0535 0.0490 0.0539 0.0509 0.0445
54 Xe 966 0.071~4! 0.0862 0.0793 0.0868 0.0822 0.0702
55 Cs 896 0.132 0.120 0.131 0.125 0.104
56 Ba 814 0.189 0.175 0.189 0.180 0.148
57 La 746 0.256 0.256 0.263 0.251 0.202
58 Ce 688 0.352 0.337 0.268
59 Pr 637 0.460 0.441 0.346
60 Nd 593 0.586 0.563 0.439
61 Pm 554 0.730 0.705 0.547
62 Sm 518 0.866 0.860 0.677
63 Eu 494 0.789 0.869 0.781
64 Gd 465 1.17 1.21 0.950
65 Tb 439 1.45 1.45 1.12
66 Dy 417 1.73 1.70 1.31
67 Ho 401 2.04 1.96 1.47

aBiémont et al. @15#.
bThis work, theoretical.
cThis work, semiempirical, from fits shown in Figs. 3 and 4 and Eqs.~21! and ~22!.
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sition data could be effectively linearized by the same va
of C. Therefore the fits, subject to constraintsS052700 and
C~Res!5C~Int!, yielded C545.73, B~Res!550709, and
B~Int!546274. Summarizing, the predicted line streng
can be specified by

S~Res!5S 27001
50 709

Z245.73D S cosu

Z D 2

, ~20!

S~ Int!5S 27001
46 274

Z245.73D S sinu

Z D 2

, ~21!

cot 2u50.298116.628/~Z246.41!. ~22!

The fitting constants can subsequently be sharpene
additional lifetime and energy level measurements beco
available. However it is significant to note that Eqs.~20!–
~22! summarize, in very economical form, all of the info
mation that is presently known concerning the line streng
of these Cd-like transitions.

The resonance and intercombination transition probab
rates predicted by this semiempirical linearization are ta
lated in Tables II and III for 48<Z<67, together with the
wavelengths and the MCDHF calculations. ForZ.50, the
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results of the present calculation agree with the predicti
of the considerably more elaborate theoretical model of R
@15#. This agreement indicates that the present appro
should be sufficient to characterize the isoelectronic tre
predicted by the MCDHF method at intermediate values
Z; that is, away from the neutral-Z region that is complicated
by extensive electron correlation effects, not yet in t
high-Z region that is complicated by configuration intera
tion resulting from level crossings due to the contraction
the 4f shell. Although the quantitative description of th
high-Z region would require a considerably more thorou
theoretical effort, sharp deviations of our theoretical resu
from the smooth semiempirical isoelectronic trend in t
high-Z region indicate the possible breakdown of the sem
empirical formulation based on the single-configuration a
proach.

VI. CONCLUSIONS

The approximate linearities observed in the measured
through their expositions as cot 2u and Z2Sr vs 1/(Z2C)
~with C optimally chosen! have been verified for the Cd
sequence by MCDHF calculations in the region 48<Z<67.
This confirms the suggestion@4# that a few accurate lifetime
measurements for the 5s5p 1P1 and 5s5p 3P1 levels can be
3-6
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used to make accurate interpolative, extrapolative, and
electronically smoothed predictions for the 5s2 1S0
25s5p 1,3P1 transition probability rates for all members o
the sequence withZ<67. For higher values ofZ, plunging
levels and additional decay channels complicate the si
tion, but further study is warranted when high-Z lifetime
measurements become available.
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