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Bell-state analyzer with channeled atomic particles
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Recent advances in cooling and trapping of atomic particles has opened up the possibility of building
microscopic networks of tubelike traps. As possible applications, we describe how a quantum controlled-NOT

gate and a Bell-state analyzer could be implemented using atomic particles, which propagate through the
system of channels and interact with the device potential and each other.

PACS number~s!: 03.67.Hk, 03.75.2b
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I. INTRODUCTION

Recently there has been considerable experimental in
est in cooling and controlling atomic motion very accurate
Our motivation for this work is the possibility to make the
atom traps very small@1#, in the form of channels which
guide the atoms. By arranging a network of miniaturiz
particle traps on a surface, one might construct quantum
parata for processing information and performing compu
tions. An equivalent point of view has been expressed
Schmiedmayer in@2#, who has discussed the possibility
fabricating quantum dots and quantum wires for atoms. N
tral atoms trapped in optical lattices might be used to achi
entanglement, conditional logic, and to perform compu
tions @3–6#. In our previous work@7–9#, we have investi-
gated some aspects of how networks of matter wave gu
might be used, and employed wave packet calculation
verify the operation of these devices.

Another reason why microscopic traps are of interes
the possibility of performing fundamental tests of quantu
mechanics. Most tests have so far been performed using
tons, but it is of interest to conduct experiments also w
material particles, which display particle interactions and
ergy dispersion. Moreover, both bosons and fermions
readily available. Similar experiments are in principle po
sible with electrons. Here, it is straightforward to fabrica
the devices using semiconductor heterostructures, but it i
less trivial to launch single conduction electrons in well co
trolled states. The advantage with an atomic environmen
that the input states are easier to control. Yamamoto’s gro
however, has been able to show quantum correlations
electrons in an experiment which is the analog of a be
splitter for photons@10#. Buks et al. studied dephasing o
interference by a ‘‘which-path’’ detector in an interferomet
for electrons@11#.

One way of trapping and guiding neutral atoms is to co
bine evanescent wave mirrors@12,13# or magnetic mirrors
@14# with charged structures@2#. These structures can readi
be fabricated on top of the mirrors using standard nano
rication technology, which implies precision in the desig
Another possibility is to use purely magnetic guidance@15–
19#. The guides may be fabricated on a surface to form a
optical elements, e.g., beam splitters@20–23#. The ultimate
goal is to reach truly microscopic dimensions; to confine
particles to a region of the size of a few nanometers or e
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less. An alternative way of achieving guided motion and p
sibly controlled interactions between atoms is to utilize h
low optical fibers with evanescent waves trapping the ato
to narrow channels at the center of the fiber@24–27#. These
can eventually be fused to provide couplers similar to th
used for optical signal transmission in fibers. Also the pu
atomic wave guide achievable by the use of hollow la
modes may be used@28#. Atoms may be trapped in optica
lattices@29#; these might also be used to store and mani
late atomic qubits@3–6#.

In the following section, we consider the different mech
nisms that contribute to coupling in the devices; tunnel
from one channel to another and particle-particle interacti
In Sec. III, we briefly review some formalism concernin
beam splitters and interferometers that will be needed to
scribe the quantum apparata we consider in Sec. IV. A
first example of a possible application for quantum inform
tion processing with particle networks, in Sec. IV A, we d
scribe a controlled-NOT gate, an essential building block of
quantum computer. The second example, in Sec. IV B, c
siders the construction of a Bell-state analyzer. The ability
perform Bell measurements is of great importance, since B
states, i.e., orthogonal, maximally entangled states of
two-level systems, appear in many applications of quant
information theory and quantum communication. It was
cently shown that a Bell measurement may not be effec
using linear elements only@30#. In our scheme, the nonlinea
ingredient is provided by the particle-particle interaction.

II. COUPLING MECHANISMS

The devices we envisage consist of potential groo
which steer the particles and let them interact with the dev
potential and each other, thus effecting, e.g., logical ope
tions and information processing. If two wave guides a
brought close to each other, they are coupled by tunnel
which allows us to implement a beam splitter in a fashi
completely analogous with an optical coupler. Moreover
two particles are close to each other, they experience a
pling due to their interaction. This interaction enables us
effect conditional logical operations.

A. Tunneling between channels

Two channels close to each other can be thought o
forming a double-well potential, where particles will tunn
©2000 The American Physical Society11-1
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back and forth from one channel to the other. A wave pac
in a one-dimensional double-well potentialU(x) will tunnel
across the barrier with a rate

T;expH 2E A2m@U~x!2E#dxJ , ~1!

where we have put\[1, and the integral should be evalu
ated over the potential barrier separating the two wells.
making this potential barrier higher or lower, we can cont
the tunneling between the two channels.

The coupling can also be understood in terms of
eigenfunctions of the double well potential. The ground st
is symmetric,cS , with energyES , and the first excited stat
antisymmetric,cA , with energyEA . We define the tunnel-
ing frequency 2V according to

EA5Ē1\V,
~2!

ES5Ē2\V.

The time evolution of any initial state can easily be fou
using the eigenstates. We are interested in where the pa
is localized; thus we form the states

wL5
1

A2
~cS1cA!,

~3!

wR5
1

A2
~cS2cA!,

where the subscriptsL (R) denote left~right! localization.
Starting fromwL at time t50, we obtain

C~ t !5exp~2 iHt /\!wL

5
1

A2
exp~2 iĒt/\!~eiVtcS1e2 iVtcA!

5exp~2 iĒt/\!~cosVt wL1 i sinVt wR!, ~4!

which shows that the particle is oscillating back and fo
between the two wells. For example, if

Vt5
p

4
, ~5!

the two coupled wells act as a 50/50 beam splitter.
The idea we have in mind is particles trapped in any ty

of ‘‘neutral atom quantum dots,’’ and moved to interact wi
each other by allowing for a time dependence in the pot
tial. It also is easy to imagine that two coupled channe
where the particles move forward at a steady pace, will
have in the same fashion. A wave packet tunnels when
channels are close to each other and is split between
guides. By varying the distance between the channels,
length of the coupling region~i.e., the coupling time! and the
height of the potential barrier between the guides, one is a
to tune the device to perform, e.g., 50/50 beam splitting
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this case, the tunneling frequencyV will obviously depend
on the position along the channels, since the energy le
depend on the potential. It turns out, however, that one
describe the behavior of the two-channel system quite ac
rately using the simplified treatment above by defining a c
stant effectiveV and a constant effective coupling timet
@7#.

B. Phase shift due to interaction

Two particles which are brought close to each other
the channels of the device will perturb each other’s ene
levels due to their mutual interaction. If we assume the
teraction to be weak, i.e., the interaction energy to be m
less than the level spacing of the modes in the guide, then
shape of the particle wave functions will essentially rem
unchanged due to the interaction, and the only result will
a phase shift for the two-particle state. This approximation
reasonable since neutral atoms interact very weakly, w
scattering lengths usually of the order of a few nm. If t
energy shift due to the interaction is denoted byDEint , the
perturbative expression for this additional phase shift is

Df int'
1

\E dt DEint , ~6!

whereDEint obviously depends on how close the two pa
ticles are at each time instant.

The fact thatDf int is large if two particles are found clos
to each other gives us a way of implementing conditio
logic. This has been used by Calarcoet al. @5# to suggest a
realization of a phase gate for two atoms trapped in tim
dependent optical lattices. In their case, the cold atoms
allowed to collide and undergo interaction conditioned
their internal states. In principle, the calculations in our pa
are valid both for fermions and bosons. The dominant co
sional interaction, however, is thes-wave scattering, which
for identical atoms in the same internal state occurs only
bosons. The interaction may also be provided by las
induced dipole-dipole interactions, as discussed by Bren
et al. @3#.

In our previous publication@7#, we verified that the effect
of particle interactions on a beam splitter such as the
considered in Sec. II A, is to change the effective coupl
constant of the device. A device which acts as a 50/50 be
splitter for a single particle, will no longer perform this a
tion when two particles are incident simultaneously, o
through each input. This can easily be understood in
language of Sec. II A, since the effect of the interaction is
change the energy levels of the two-particle system, so
the effective couplingV is changed. This effect occurs whe
DEint is of the same order of magnitude as the splitting b
tween the symmetric and antisymmetric eigenfunctions
the two wave guidesDE. One can, however, adjust the po
tential so that the splitting is 50/50 for two incident particl
~in which case the action will obviously not be 50/50 spl
ting for a single particle!.
1-2
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III. BEAM SPLITTERS AND INTERFEROMETERS

When particles are directed into the incoming modes o
symmetric beam splitter, they are piloted into the outgo
modes according to the relations

Faout
†

bout
† G5F t* r *

r * t* GFain
†

bin
† G , ~7!

wheret and r are the beam splitter transmission and refl
tion coefficients, obeying

ur u21utu251, rt * 1tr * 50; ~8!

see, for example, Ref.@31#. In particular, for a 50/50 beam
splitter, we are allowed to chooset51/A2 andr 5 i /A2.

An optical interferometer can be obtained using two 50
beam splitters and two mirrors. Using microtrap wa
guides, an interferometer might be implemented as schem
cally depicted in Fig. 1. It is easily seen that a particle in
dent in one of the input channels can be directed into ei
of the output channels by varying the phase difference al
the two paths of the interferometer. We take the incid
state to beuC&5ain

† u0&, which implies that the state after th
first beam splitter is

uC&5
1

A2
~am

† 1 ibm
† !u0&. ~9!

Suppose that particles propagating along the two paths
quire a phase differenceDf ~in the applications below, this
phase difference will arise from the particle-particle intera
tion!. As a result, the state incident on the second beam s
ter is

uC&5
1

A2
~am

† 1 ieiDfbm
† !u0&. ~10!

Thus, the output state of the interferometer is

uC&5
1

2
@aout

† 1 ibout
† 1 ieiDf~bout

† 1 iaout
† !#u0&

5
1

2
@~12eiDf!aout

† 1 i ~11eiDf!bout
† #u0&. ~11!

FIG. 1. Schematic view of an interferometer built of coupl
wave guides. The regions marked ‘‘BS’’ encircled with dash
lines act as beam splitters as described in Sec. II.
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Depending on the phase shift introduced, the particle can
made to exit in either output channel, or, for that matt
coherently be split between the two outputs.

IV. DEVICES WITH CHANNELED PARTICLES

A. Particle detector or CNOT gate

We now turn to consider possible devices built of micr
scopic wave guides for material particles. To start with,
will outline the construction of a particle detector, whic
alternatively could serve as a controlled-NOT ~CNOT! gate. In
the previous section, we were able to obtain a 50/50 be
splitter by coupling two guiding channels. By coupling the
twice, one obtains an interferometer as in Fig. 1. Now, ad
dotlike particle trap close to one of the arms of the interf
ometer as depicted in Fig. 2. The action of the coupling d
to interaction should be to perform a phase shift if partic
are present both in the dot and in the lower interferome
arm, i.e., a phase gate. This phase shift may be obtained
collisional interaction, or alternatively via laser-induce
dipole-dipole interaction as stated in Sec. II B. For a disc
sion of the working mechanisms of such a phase gate in
former case, we refer to Ref.@5#. If necessary, the particle
may here perform a number of complete oscillations betw
the dot and the arm. An important point is then to make s
that the trapped particle does not leak out of the dot into
interferometer. This will require the dot potential to be tem
porarily lowered, or the dot to be moved closer to the int
ferometer arm, only when the interaction is to take place

Suppose that a particle is incident in one of the interf
ometer input arms, say in input modeain . If no particle is
trapped in the dot, it will emerge in output modebout, since
the phase shiftDf in Eq. ~11! is zero. Alternatively, if the
particle is incident in input modebin , it will emerge in out-
put modeaout. The presence of a particle in the dot w
induce an extra phase shift for the part of the wave funct
in modebm . If this phase shift is tuned to bep, we conclude
from Eq. ~11! that the particle incident in the interferomet
input ain would exit in output modeaout instead ofbout;
correspondingly, a particle incident in modebin would exit in
aout. Thus, where the interferometer particle emerges is c

FIG. 2. Particle detector consisting of an interferometer an
dotlike trap. Conditioned on the presence of a particle in the tra
particle incident on the interferometer will exit in different outp
modes, enabling us to detect the trapped particle. The double a
symbolizes the particle-particle interaction, which induces a ph
shift Df int5p if particles are present both in the dot and the gu
denoted byam .
1-3
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ditioned on whether there is a particle trapped in the do
not. This enables us to detect the trapped particle; alte
tively, this particle serves as the control bit which steers
interferometer~data! particle. If the dotlike trap is replace
by a third wave guide, as in Fig. 3, then the control parti
should be injected in this guide at a suitable time to mak
reach the coupling point simultaneously with the data p
ticle. This would correspond to the control bit being equal
one, flipping the data bit. The control bit being equal to ze
simply means that this particle should be injected in so
other wave guide, or delayed with respect to the data bit

B. Bell-state analyzer

A Bell-state analyzer is a component needed to take
advantage of applications such as quantum teleporta
@32–34# and quantum dense coding@35,36#. In principle, if
we are able to perform aCNOT operation, and, in addition to
this, linear one-qubit operations, we are also able to cond
Bell measurements.

Combining two interferometers I1 and I2 as in Fig. 4, w
are able to implement a Bell-state analyzer in a simple
straightforward fashion. The two interferometers should
imagined to lie on top of each other. Again, the arrows in
cate phase gates. The four possible Bell states we will w

FIG. 3. Controlled-NOT gate realized with an interferometer plu
an additional wave guide for the control bit. The data bit inciden
one of the interferometer inputs can be redirected conditioned
the presence of a particle in the control wave guide, due to
additional phase shiftDf int introduced by the particle-particle in
teraction.

FIG. 4. Schematic depiction of a Bell-state analyzer consis
of two interferometers I1 and I2. The encircled regions act as be
splitters. The double arrows indicate phase gates whereDf int

5p/2. Bell states incident on this device will be disentangled
described in Sec. IV B.
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to distinguish with this device are

uC6&5
1

A2
~a1

†b2
†6b1

†a2
†!u0&,

uF6&5
1

A2
~a1

†a2
†6b1

†b2
†!u0&, ~12!

wherea1
† andb1

† are creation operators referring to the tw
modes of interferometer No. 1 in Fig. 4, anda2

† andb2
† are

creation operators for the modes of interferometer No. 2,
u0& denotes the vacuum state.

To demonstrate the operation of the device, we note
the reverse operation of the analyzer would be entang
incident nonentangled states. Let us assume the s
a1,in

† a2,in
† u0& to be incident on the analyzer. After passing t

first pair of beam splitters, this will have evolved into

1

2
~a1,m

† 1 ib1,m
† !~a2,m

† 1 ib2,m
† !u0&. ~13!

The particle-particle interaction will induce a phase shift
the two-particle wave function for the combinationsa1,m

† a2,m
†

andb1,m
† b2,m

† , so that the two-particle state will evolve into

1

2
~eiDf inta1,m

† a2,m
† 1 ia1,m

† b2,m
† 1 ib1,m

† a2,m
†

2eiDf intb1,m
† b2,m

† !u0&. ~14!

After the second pair of beam splitters, the out-going stat
easily seen to be

1

2
@~eiDf int21!a1,out

† a2,out
† 2~eiDf int11!b1,out

† b2,out
† #u0&.

~15!

For Df int5p/2 this is a Bell state

1

2
~11 i !~ ia1,out

† a2,out
† 2b1,out

† b2,out
† !u0&

5
1

A2
eip/4~a1,out

† ã2,out
† 2b1,out

† b2,out
† !u0&

5eip/4uF2&, ~16!

whereã2,out
† 5 ia2,out

† . Similarly, we can check how the inpu
statesa1,in

† b2,in
† u0&, b1,in

† a2,in
† u0&, and b1,in

† b2,in
† u0& are trans-

formed. We conclude that Bell states fed into the analy
will result in outputs according to

uC2&→eip/4a1
†b2

†u0&,

uC1&→ei3p/4b1
†a2

†u0&,

uF2&→e2 ip/4a1
†a2

†u0&,

uF1&→e2 i3p/4b1
†b2

†u0&. ~17!
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With this device we are thus able to disentangle Bell sta
or, for that matter, to entangle two incident particles. O
may note that, when using the creation-annihilation opera
formalism, the quantum statistics is automatically taken i
account through commutation relations. The reason for th
being no apparent difference between fermions and bos
in the schemes considered is that two particles never
incident on the same beam splitter. Thus the familiar qu
tum statistical effect that bosons emerge together and fe
ons at different output ports when two particles are direc
into the two input ports of a beam splitter plays no role. T
difference between fermions and bosons appears only w
it comes to the particle-particle interaction in the phase g
as discussed in Sec. II B.

V. DISCUSSION AND CONCLUSIONS

As potential applications of neutral-atom microtrap n
works, we have considered a controlled-NOT gate and a Bell-
state analyzer. Until now, what has been achieved exp
mentally is the propagation over a few centimeters of ato
clouds with a diameter of approximately 100mm. For the
devices we consider, it is desirable to achieve single-m
coherent transport of individual atoms, and also very prec
timing. To preserve coherence, the various scattering
cesses, depending on the particular realization of the mi
trap, have to be controlled. With present-day technolo
trapping frequencies of a few kHz are readily achieved; e
sc
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frequencies as high as some MHz may be reached. One
operation is completed within a few oscillations; thus
should be feasible to perform a few steps of calculati
These trapping frequencies correspond to ground-s
widths in the nanometer regime. Laser-induced dipole-dip
interactions, on the other hand, require the atoms to be c
fined to relative distances smaller than the optical wa
length.

If the qubits are encoded into the spatial degrees of fr
dom, as suggested in this paper, to perform the readout
has to determine in which output channel an atom is eme
ing. One advantage with the proposed scheme is that
output of the device may be used directly as the input t
subsequent stage of similar physical nature. A possibility
fill the single atom criterion could be to load atoms in optic
lattices and then to combine these with other types of neu
atom guides. In microlens arrays, atoms located in differ
dipole traps may be accessed individually by lasers@37#.
Launching Bose-condensed atoms into microtraps may
prove possible; it will be interesting to follow the develo
ment of the experimental realizations to come.
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