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Quantum topological phase of an electric dipole circulating around a ferromagnetic wire
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~Received 8 February 2000; published 19 October 2000!

The quantum topological phase of electric dipole circulating around the line of magnetic charges~mono-
poles! is discussed. We propose to mimic the line of magnetic monopoles using a ferromagnetic wire in which
the magnetization is parallel to the wire and the magnitude of magnetization changes linearly along the wire.
The phase shift in the proposed scheme is within the reach of present experimental techniques and may be
observed in atomic or molecular interferometry.

PACS number~s!: 03.65.Bz, 14.80.Hv, 39.20.1q
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In the famous work of Aharonov and Bohm~AB! it was
predicted that a charged particle circulating around
magnetic-flux line should accumulate a quantum topolog
phase that should not depend on the particle path@1#. The
experimental confirmation of the AB effect was first o
tained in Ref.@2# and later in a series of experiments culm
nating in Ref.@3#. Twenty-five years after the AB prediction
Aharonov and Casher~AC! showed that a magnetic dipol
circulating around an electric charged straight line also ac
mulates a quantum topological phase@4#. The AC effect was
observed in a neutron interferometer@5# and in a neutral
atomic Ramsey interferometer@6#.

Recently He and McKellar and independently Wilke
~HMW! predicted the existence of a topological phase for
electric dipole circulating around the line of the magne
charge@7,8#. As there are no magnetic monopoles in natu
Wilkens proposed to mimic the line of magnetic monopo
using a magnetic sheet with two parallel edges. These e
effectively realize two oppositely charged lines of magne
monopoles. Close to one of the edges a small hole is
Then an interferometric path that passes through this h
and encircles only one of the edges experiences the topo
cal phase shift. This incited the discussion between Wilk
and Spavieri around the question of whether or not the p
posed schemes should work even in principle@9# ~see also
Refs.@10,11#!. As a result of this discussion Spavieri derive
a quantum topological phase that differs from that propo
by Wilkens by the presence of the extra term~see Eq. 6!. Just
this difference was the subject of debate.

The authors of paper in Ref.@12# derived the quantum
phase accompanying a neutral particle moving in the a
where a nonuniform electric field and uniform magnetic fie
are simultaneously applied. In particular they considered p
ticles circulating around charged wire in the uniform ma
netic field parallel to the wire. The difficulties associat
with the 1/r 2 interaction of the neutral particle with
charged wire was also the subject of discussion in Ref.@13#.
In the Wei et al. reply it was explained that the difficultie
with negative 1/r 2 potential are purely of a theoretical natu
and come from the assumption of an infinitely thin charg
wire. Actually, the wire has a finite radius. It was shown th
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the atoms with a large velocity do not get to the region of
wire and collision between the atoms and the wire is w
avoided. In connection with the paper in Ref.@12# let us note
the papers in Refs.@14–16# where the scattering of neutra
atoms on charged wire was studied.

As was shown in Ref.@17# the topological quantum phas
is a generic feature of any multipole moment moving in
electromagnetic field. Note also a very recent paper@18#
where the Maxwell electromagnetic duality relation betwe
the AB, AC, and HMW topological phases was discuss
and the description of all three phenomena was unified.

The aim of the present paper is to calculate the quan
topological phase for electric dipole circulating around a f
romagnetic wire and to consider some questions posed in
discussion between Wilkens and Spavieri. The latter aut
obtained an additional term in the quantum phase, compa
to that obtained by Wilkens. Wilkens argues that this ad
tional term is not physical. Note, that in order to calcula
this term explicitly it is necessary to know the vector pote
tial. But the calculation of the vector potential for Wilken
configuration is a difficult problem. Therefore we propose
mimic the line of magnetic monopoles using a ferromagne
wire, with the magnetization parallel to the wire and t
magnitude of magnetization changing linearly along it. F
this configuration it is possible to calculate the vector pot
tial explicitly. We will show that for our configuration the
phase derived by Wilkens coincides with the phase deri
by Spavieri, i.e., in our case the additional term derived
Spavieri is equal to zero. This of course does not reso
completely the original issues debated by Wilkens a
Spavieri. Nevertheless we think that it is important that,
our configuration, the phase derived by Wilkens coinc
with the phase derived by Spavieri.

We will also show that the phase shift in the propos
scheme is within the reach of the present experimental te
nique and may be observed in atomic or molecular int
ferometry. Recently we showed that a ferromagnetic w
can be used for trapping and guiding the laser cooled neu
atoms@19#.

Spavieri proposed a simple way to derive the quant
phase for the dipole directly from the AB phase consider
the electric dipole as composed of two charges6e @10,11#.
The AB phase reads

fAB5
e

\cE A~r !•dr . ~1!
©2000 The American Physical Society12-1
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Then the phase for an electric dipole consists in summing
AB phase for two charges6e

fS5
e

\cE A~r 8!•dr 82
e

\cE A~r !•dr , ~2!

wherer is the radius vector of the charge2e, r 85r1a is
the radius vector of the charge1e, anda is the small vector
between the6e charges. In the dipole approximation~linear
approximation overa! the quantum phase can be written
follows

fS5
1

\cE ~d•¹!@A~r !•v#dt, ~3!

whered5ea is the electric dipole moment that is constant
our casedd/dt50, v is the velocity of the particle, and th
vector potentialA5A(r ) is a function of r and does not
depend on the timet.

Phase~3! can be transformed to the following form

fS5
1

\cE ~d•“ !A•dr5
1

\cE “~d•A!•dr1fW , ~4!

wherefW is the quantum phase derived by Wilkens in R
@8#

fW5
1

\cE @B3d#•dr , ~5!

whereB5rotA is the magnetic field. Equation~4! gives the
relation between the phases derived by WilkensfW and by
SpavierifS .

Note that a measurable quantity is the phase shiftDf that
is given by the closed contour integral. Then from Eq.~4! we
have the relation between phase shiftsDfS andDfW

DfS5
1

\c R “~d•A!•dr1DfW , ~6!

whereDfS andDfW are given by Eqs.~3!, ~4!, ~5!, in which
* is replaced byr. Just the difference betweenDfS and
DfW and the question of whether or not the schemes p
posed by Wilkens should work even in principle, was t
subject of the debate between Wilkens and Spavieri@9# ~see
also Refs.@10,11#!.

In the present paper, in order to avoid the problem of
Wilken’s configuration, we propose to mimic the line
magnetic monopoles using a ferromagnetic wire with
magnetization parallel to the wire, and the magnitude
magnetization changing linearly along it. We will calcula
explicitly the vector potential and magnetic field and w
show that in our caseDfS5DfW .

Let us consider the wire directed along thez axis with the
magnetization parallel to the wire. The magnitude of the l
magnetizationM is a linear function ofz and is given by

M ~z!52qz, ~7!
05211
e
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-
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e

where2dM(z)/dz5q can be treated as a linear density
the magnetic charge. Each end of the wire contains
chargeQ52qL/2 (L being the length of the wire! so the
full magnetic charge of the wire is obviously equal to ze
When the wire is sufficiently long, the magnetic field in th
region around the central part of the wire is

B5
2q

r
nr , nr5

r

r
, ~8!

wherer5xi1yj is the two-dimensional vector in thex2y
plane. Here we considerr!L and the contribution of the
magnetic field in the region around the central part of
wire created by the charges placed on the ends of the wi
of the order ofQ/(L/2)252q/L. Therefore its contribution
can be neglected.

Inside a thin ferromagnetic wire the magnetic field can
written as follows

Bz524pqzd~x!d~y! ~9!

and can be treated as that of ‘‘Dirac strings’’ that conn
opposite magnetic charges. Including this field guarant
that rB•dS50.

Now let us calculate the vector potential of a ferroma
netic wire. It can be done considering the latter as compo
of magnetic dipoles. Then summing the vector potentials
magnetic dipoles along the wire we obtain

Ax52q
yz

r2 , Ay522q
xz

r2 , Az50. ~10!

We can easily check that this vector potential gives the m
netic field ~8!, and~9!.

It is important to note that in our case the vector poten
is a monovalued function. Rewriting the contour integral
Eq. ~6! in the formr¹(d•A)•dr5rd(d•A) we see that for
the monovalued vector potentialA, this contour integral is
equal to zero. Therefore, the first term in Eq.~6! is equal to
zero and thus it follows thatDfS5DfW .

FIG. 1. Schematic configuration for quantum topological pha
of electric dipoled circulating around and parallel to the ferroma
netic wire. The ferromagnetic wire with the magnetization para
to the wire and the magnitude of magnetization changing linea
along it, is used to mimic the line of magnetic charges~monopoles!.
The magnetization of the wire is denoted by vertical arrows. Va
ous sizes of arrows show that the magnetization changes alon
wire. The magnetic charges are denoted by ‘‘1.’’ In the interfer-
ometer experiment two split coherent beams encircle the wire.
2-2
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For the electric dipoled circulating around and parallel t
the ferromagnetic wire~which mimics the line of magnetic
charge with the linear densityq) ~Fig. 1! the quantum topo-
logical phase reads

Df5DfS5DfW52
4pqd

\c
. ~11!

This phase shift can be observed in an interferometer
periment~Fig. 1!. The incoming beam is split before reac
ing the ferromagnetic wire into two coherent beams with
same dipoles and travelling on the opposite sides of the w
The particles moving on the opposite sides of the wire ac
mulate the opposite phases and the phases of outco
beams are shifted by the observableDf.

In order to calculate the phase shift, let us consider
dipole momentd5ueua0 (e is the charge of electron,a0 is
the Bohr radius! circulating around a ferromagnetic wir
with the following parameters. The radius of the wire isr,
the length of the wire isL, the mean distance between th
do

r,

ys

05211
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magnetic atoms isa, and the magnetic moment of the atom
m f . Let us suppose that the line magnetization changes
linear way from Mmax on the left end of the wire to
2Mmax on the right end of it. Then the phase shift can
represented in the following form

Df524pa2p
m f

m0
S a0

a D 2 r 2

La
, ~12!

where a is the fine-structure constant andm0 is the Bohr
magneton. Note that some atom interferometers can de
the phases of 0.1 rad@20# and atomic beam splitters ma
reach the supermillimeter range@21,22#. For the iron ferro-
magnetic wire with the radiusr 50.2 mm and the lengthL
50.1 m, we obtainDf.20.14p. Thus we can conclude
that the phase shift in the proposed scheme is within
reach of the present experimental technique and may be
served in atomic or molecular interferometry.
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