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Dynamics of atom-mediated photon-photon scattering
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~Received 18 February 2000; revised manuscript received 12 June 2000; published 19 September 2000!

The mediated photon-photon interaction due to the resonant Kerr nonlinearity in an inhomogeneously
broadened atomic vapor is considered. The time scale for photon-photon scattering is found to be determined
by the inhomogeneous broadening and the magnitude of the momentum transfer. This time can be shorter than
the atomic relaxation time. Effects of atom statistics are included and the special case of small-angle scattering
is considered. In the latter case, the time scale of the nonlinear response remains fast, even though the linear
response slows as the inverse of the momentum transfer. Measurements of temporal and angular correlations
show good agreement with theory.

PACS number~s!: 42.50.Ct, 42.65.Hw
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I. INTRODUCTION

Recently there has been experimental and theoretica
terest in the nonlinear optics of confined light@1#. A medium
possessing an optical Kerr nonlinearity and confined withi
planar or cylindrical Fabry-Perot resonator gives rise to n
nonlinear optical phenomena such as soliton filtering a
bilateral symmetry breaking@2,3#. The classical nonlinea
optics of this system is described by the complex Ginzbu
Landau equation~CGLE!,
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~1!

whereE is the electric field envelope,k is the longitudinal
wave number,v5ck/n0 is the field envelope angular fre
quency,A is a mode overlap factor,Dk is the wave-number
mismatch from the linear-cavity response, andG is the field-
amplitude decay rate. The classical dynamics of Eq.~1! de-
scribes the mean-field behavior of a system of interac
photons coherently coupled to an external reservoir. A p
tonic system of this sort is a versatile model system
condensed-matter physics in reduced dimensions@4#, as the
parametersDk, n2 , G, andEd in Eq. ~1! are subject to ex-
perimental control. In particular, an atomic vapor can p
vide a strong Kerr nonlinearity which is tunable both
strength and in sign. In this case the nonlinearity arises fr
the saturation of the linear refractive index, which is a stro
function of the drive laser frequency near an absorption re
nance.

Some of the most interesting proposed experiments
this system, including generation of few-photon bound sta
@5#, direct observation of the Kosterlitz-Thouless transiti
in an optical system@4#, and observation of quantum corre
tions to the elementary excitation spectrum of a o
dimensional~1D! photon gas@6,7#, intrinsically involve pho-
ton correlations. For this reason, it is important to underst
the microscopic~and not just mean-field! behavior of pho-
tons in an optical Kerr medium. We specifically consid
saturation of the resonant electronic polarization of
Doppler-broadened atomic vapor, a medium which has b
proposed for quantum cavity nonlinear optics experime
1050-2947/2000/62~4!/043819~10!/$15.00 62 0438
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and used to observe a nonlinear cavity mode@2#. Thus the
system under consideration involves dispersion, loss, in
mogeneous broadening, and the continuum of transv
modes in an extended resonator.

Sophisticated techniques have been developed for trea
mediated interactions among photons in nonlinear me
One approach is to obtain an effective theory in which
quanta are excitations of coupled radiation-matter modes
canonical quantization of the macroscopic field equatio
@8,9#, or by direct attack on a microscopic Hamiltonian@10#.
This approach has the advantage of generality and is su
to multimode problems, but has basic difficulties with lo
and dispersion near resonance@11–13#. Microscopic treat-
ments include Scully-Lamb-type theory@14,15# and applica-
tion of phase-space methods@16,17#. A strength of these
techniques is their ability to handle relaxation and populat
changes. They are, however, cumbersome to apply to in
mogeneously broadened media and to multimode proble

In this paper we characterize the atom-mediated pho
photon interaction using an accurate microscopic model
perturbation calculations. This allows us to determine
time scale of the mediated photon-photon interaction in
atomic vapor, despite the complexity of the medium. We fi
that the interaction is fast and not intrinsically lossy, even
small momentum transfer. Thus the medium is suitable
quantum optical experiments, including experiments us
the nonlinear Fabry–Perot resonator as a model for the
teracting Bose gas.

II. SCATTERING CALCULATIONS

The complete system is treated as the quantized elec
magnetic field interacting via the dipole interaction with
vapor of atoms of massM. The perturbation calculations ar
performed in momentum space, as is natural for thermo
namic description of the atomic vapor. This also mak
simple the inclusion of atomic recoil effects. The dipole i
teraction term is identified as the perturbation, so that
eigenstates of the unperturbed Hamiltonian are direct pr
ucts of Fock states for each field. In the rotating-wave
proximation, the unperturbed and perturbation Hamiltonia
are
©2000 The American Physical Society19-1
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H05(
k,a

\ckak,a
† ak,a1(

n,p
S \vn1

\2p2

2M D cn,p
† cn,p , ~2!

H852E~x!•d~x!

52(
k,a
A2p\ck

V (
n,m,p

iek,a•mnmcn,p1k
† cm,pak,a1H.c.,

~3!

whereak,a is the annihilation operator for a photon of m
mentum\k and polarizationa, cn,p is the annihilation op-
erator for an atom in internal staten with center-of-mass
momentum\p, E is the quantized electric field, andd is the
atomic dipole field. Polarization plays only a very minor ro
in this discussion so polarization indices will be omitt
from this point forward.

The simplest mediated interaction is photon-photon s
tering, which transfers momentum from one photon to
other by temporarily depositing this momentum in the m
dium. Specifically, photons with momentak,l are consumed
and photons with momentak8[k1q,l8[ l2q are produced.
The lowest-order processes to do this are fourth order, so
look for relevant terms inH84. A parametric process, i.e
one which leaves the medium unchanged, sums cohere
over all atoms which could be involved@18#. Due to this
coherence, the rates of parametric processes scale a
square ofN/V, the number density of atoms. In contra
incoherent loss processes such as Rayleigh and Raman
tering scale asN/V. Thus for large atomic densities, a give
photon is more likely to interact with another photon than
is to be lost from the system.

In this sense, the interaction is not intrinsically lossy,
are some optical Kerr nonlinearities such as optical pump
or thermal blooming. The latter processes require absorp
of photons before there is any effect on other photons.
this reason, they are unsuitable for quantum optical exp
ments such as creation of a two-photon bound state.

One parametric process, photon-photon scattering
single atom, is described by the diagram of Fig. 1. The
evant terms inH84 contain

ca,p
† cd,p1 l8al8

† cd,p1 l8
† cc,p2qalcc,p2q

† cb,p1kak8
† cb,p1k

† ca,pak

~4!

or permutationsk8↔ l8, k↔ l for a total of four terms. Here
p is the initial atomic momentum anda throughd index the
atomic states involved. With the assumption that no ato
are initially found in the upper statesb and d, i.e., nb5nd
50, this reduces to

na,p~16nc,p2q!al8
† alak8

† ak , ~5!

FIG. 1. Photon-photon scattering at a single atom.
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where then are number operators for the atomic modes a
the upper and lower signs hold for Bose and Fermi gas
respectively. The difference for atoms of different statist
reflects the fact that the scattering process takes the a
through an intermediate momentum state which could be
cupied. Occupation of this intermediate state enhances
process for Bose gases but suppresses it for Fermi gase

A thermal average of the relevant terms inH84 gives the
thermally averaged effective perturbation

^Heff8 &5
~2p!3

V (
klk 8 l8

Vl8k8 lkal8
† alak8

† ak , ~6!

where

Vl8k8 lk[(
a
E d3p veff~p,a,c!^na,p&(

c
~16^nc,p2q&!,

~7!

veff~p,a,c!5veff
(1)1veff

(2)1veff
(3)1veff

(4) , ~8!

veff
(1)5

c2Aklk8l 8

~2p!4\
(
bd

~el8•mda!* el•mdc~ek8•mbc!* ek•mba

3@R1
(1)R2

(1)R3
(1)#21, ~9!

and similar expressions are obtained forveff
(224) . ^na,p& is the

average occupancy of the atomic stateua,p&. TheRi
(1) are the

resonance denominators

R1
(1)5c~k1 l 2k8!2

\

M
@p• l81 l 82/2#2vda1 igd ,

R2
(1)5c~k2k8!2

\

M
@2p•q1q2/2#2vca1 ih,

~10!

R3
(1)5c~k!2

\

M
@p•k1k2/2#2vba1 igb .

Here \v i j [\(v i2v j ) is the energy difference betwee
statesi, andj, g i is the inverse lifetime of statei, andh is a
vanishing positive quantity. Here and throughout, the proc
is understood to conserve photon momentum, but for cla
of presentation this is not explicitly indicated.

As described in the Appendix, intensity correlation fun
tions for photon-photon scattering products contain a Fou
transform of the scattering amplitudes,

P~xA ,tA ,xB ,tB!}U E ddk8Vl8k8 l0k0
exp@ icdk8t2#U2

,

~11!

wheredk8 is the output photon energy shift,xA,B and tA,B
are detection positions and times, respectively, andt2[tB
2xB /c2tA1xA /c is the difference in retarded times. Th
expression allows us to determine the time correlations
photon-photon scattering in a number of important cases
9-2
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III. LARGE-ANGLE SCATTERING

The simplest configuration to understand is that of co
terpropagating input beams producing counterpropaga
output photons scattered at large angles. This is also the
convenient experimental geometry.

A. One-atom process

Scattering amplitudes and rates for right-angle scatte
by the one-atom process are shown in Fig. 2 and Fig
respectively. For the moment we ignore the statistical corr
tion due to thena,pnc,p2q term in Eq. ~7!, which will be
considered separately. The vapor is treated as a gas of
level atoms. The parameters are the Doppler widthdD
[k(kBT/M )1/2, wherekB is Boltzmann’s constant, the radia
tive linewidth gb5AE/2 whereAE is the EinsteinA coeffi-
cient, and the detuningD[ck2vba , in the ratios gb
50.01dD , D52pdD . The amplitude and scattering rate a
scaled by the accidental coincidence rateB, as described in
Appendix A 2.

At this point it is important to note that the duration of th
correlation signal is much shorter than the coherence lifet
of an individual atom, approximatelygb

21 . In fact, the dura-
tion of the correlation signal is determined by the moment
distribution, a property of the medium as a whole. This c
be explained in terms of the coherent summation of am
tudes for scattering processes occurring at different ato
The process is coherent only when it is not possible, eve
principle, to tell which atom participated. This clearly r
quires momentum conservation among the photons, bu
also limits the duration of the atomic involvement. An ato
acting as intermediary to transfer momentumq is displaced
during the time it remains in the statec of Fig. 1. If this

FIG. 2. Right-angle scattering amplitude vs time delay for
single-atom process of Fig. 1.

FIG. 3. Right-angle scattering rate vs time delay for the sing
atom process of Fig. 1.
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displacement is larger than the thermal deBroglie wavelen
L, it becomes possible, in principle, to determine whi
atom participated. This limits the duration of the cohere
process todt;LM /\q. The anticoincidence null at zer
time difference reflects the fact that a single two-level ato
after emitting one photon, is guaranteed to be in an unexc
state, and thus incapable of immediately emitting a sec
photon@19,18#. The oscillations are essentially Rabi oscill
tions, damped by the progressive decoherence due to at
motion and, to a lesser extent, the loss from spontane
emission.

B. Simultaneous scattering

A second parametric process, simultaneous scatterin
described by the diagram of Fig. 4. The relevant terms
H84 contain

ca,p
† cd,p1 l8al8

† cc,p2q
† cb,p1kak8

† cd,p1 l8
† cc,p2qalcb,p1k

† ca,pak

~12!

or permutationsk8↔ l8, k↔ l for a total of four terms. Mak-
ing the same assumption as before, this reduces to

na,pnc,p2qal8
† ak8

† alak . ~13!

This process corresponds to the absorption of each photo
an atom before emission of either, and thus describes a
atom process and is of the same order in the atomic num
density as the Fermi and Bose corrections to single-a
scattering. The kinematic and geometric factors of Eq.~7!
and Eq.~9! are the same for this process, and the resona
denominators are

R1
(2)5c~k1 l 2k8!2

\

M
@p• l81 l 82/2#2vda1 igd ,

R2
(2)5c~k1 l !2

\

M
@p•k1k2/21~p2q!• l1 l 2/2#2vba

1 igb2vdc1 igd , ~14!

R3
(2)5c~k!2

\

M
@p•k1k2/2#2vba1 igb .-

FIG. 4. Two-atom photon-photon scattering.
9-3
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C. Fermi and Bose gases

The statistical correction and two-atom scattering con
butions add coherently to the one-atom scattering amplitu
This alters somewhat the form of the correlation signal. N
tably, the signal no longer falls exactly to zero at zero tim
delay, due to the possibility of simultaneous scattering at
different atoms. Figure 5 shows scattering rates versus d
for Bose and Fermi gases with a phase-space density of
half. Parameters are as for Fig. 2.

D. Ladder process

In atoms with a ‘‘ladder’’ level structure, in which thre
levelsa-c are ordered in energyvc.vb.va and connected
by matrix elementsmba ,mcbÞ0, mca50, an additional pro-
cess described by the diagram of Fig. 6 is possible.
relevant terms inH84 contain

ca,p
† cd,p1 l8al8

† cd,p1 l8
† cc,p1k1 lak8

†

3cc,p1k1 l
† cb,p1kalcb,p1k

† ca,pak ~15!

or permutationsk8↔ l8, k↔ l for a total of four terms. Mak-
ing the same assumption as before, this reduces to

na,pal8
† ak8

† alak . ~16!

This process corresponds to the absorption of both pho
by an atom before emission of either, and thus describe
one-atom process which is of the same order in the ato
number density as one-atom scattering. The kinematic
geometric factors of Eq.~7! and Eq.~9! are the same for this
process, and the resonance denominators are

FIG. 5. Scattering rate vs time delay for Bose~solid! and Fermi
~dashed! gases of phase-space density1

2 .

FIG. 6. ‘‘Ladder’’ process in a three-level atom.
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R1
(3)5c~k1 l 2k8!2

\

M
@p• l81 l 82/2#2vda1 igd ,

R2
(3)5c~k1 l !2

\

M
@p•~k1 l!1uk1 lu2/2#2vca1 igc ,

~17!

R3
(3)5c~k!2

\

M
@p•k1k2/2#2vba1 igb .

E. Lorentz-model behavior

It is interesting to consider the case of a ladder atom w
equal energy spacingvcb5vba and matrix elementsumcbu2
52umbau2. In this case the statesa-c are equivalent to the
lowest three levels of a harmonic oscillator, i.e., to a Lore
model, and the medium is effectively linear for two-photo
processes.

The amplitudes for the one-atom process of Eq.~4! and
the ladder process of Eq.~15! partially cancel. The resulting
signal is smaller and lacks oscillations, as shown in Fig.
Parameters are as for Fig. 2.

F. Background events

In addition to the photon-photon scattering process
Rayleigh scattering~and Raman scattering for more comp
cated atoms! will create an uncorrelated coincidence bac
ground. This background is calculated in Appendix A. T
coincidence signal, consisting of both the Lorentz-mo
atom photon-photon scattering signal and the incohe
background, is shown in Fig. 8. The peak coincidence r

FIG. 7. Scattering rate vs time delay for the single-atom~short
dashes!, ladder~long dashes!, and linear~solid! processes.

FIG. 8. Coincidence rate vs time delay for a Lorentz-mod
atomic medium. The constant background is accidental coi
dences due to independent Rayleigh scattering events.
9-4
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DYNAMICS OF ATOM-MEDIATED PHOTON-PHOTON . . . PHYSICAL REVIEW A62 043819
~at dt50) is nearly twice the background, accidental co
cidence rate. In the limit of large detuning, it becomes
actly twice the accidental rate. This can be explained in a
ogy with the Hanbury-Brown-Twiss effect as follows: F
the optimal geometry the drive beams are conjugates of e
otherH(x)5G* (x) and the detectors are in opposite dire
tions. The linear atoms act to create a random index gra
which scatters a chaotic but equal~up to phase conjugation!
field to each detector. As expected for chaotic light@20#, the
fourth-order equal-time correlation function is twice th
product of second-order correlation functions,

^E2~xA ,t !E2~xB ,t !&52^E2~xA ,t !&^E2~xB ,t !&. ~18!

IV. SMALL-ANGLE SCATTERING

Thus far the discussion has involved only large-an
scattering. In the context of cavity nonlinear optics all fiel
are propagating nearly along the optical axis of the cavity
it is necessary to consider scattering processes for ne
copropagating or nearly counterpropagating photons. As
gued above, the temporal width of the correlation sig
scales as 1/q, the inverse of the momentum transfer. This
shown in Fig. 9 and Fig. 10, which show rates for scatter
photons from beams in thex-z plane into the they-z plane.
In all cases the beam directions are 0.1 rad from thez axis.
The coincidence distribution shows oscillations which d
out on the time scale of the inverse Doppler width, and
nonoscillating pedestal with a width determined by the m
mentum transferq.

FIG. 9. Small-angle scattering rate vs time delay for nearly
propagating photons. The dashed curve shows the linear scatt
signal.

FIG. 10. Small-angle scattering rate vs time delay for nea
counterpropagating photons. The dashed curve shows the l
scattering signal.
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The pedestal, however, does not correspond to the d
tion of the nonlinear process in this case. As above, by c
sidering a ladder atom with the energy spacings and ma
elements of a harmonic oscillator we can isolate the lin
optical behavior. This behavior includes the pedestal, but
the oscillations, indicating that the nonlinear optical proce
is still fast, with a time scale on the order of the inver
Doppler width.

V. LIMITATIONS ON SCATTERING ANGLE

Due to the limited width of the atomic momentum distr
bution, the resonance denominatorR2

(1) is small if the input
and output photons are not of nearly the same energy. S
the complete process must conserve photon momentum
put photons with net transverse momentum in the out
photon direction will scatter less strongly. The width of th
resonance is very narrow: a net transverse momentumky

1 l y;kAkBT/Mc2 is sufficient that few atoms will be reso
nant. AsAkBT/Mc2 is typically of order 1026 in an atomic
vapor, this would be a severe restriction on the transve
momentum content of the beams in a cavity nonlinear op
experiment. However, as shown in Fig. 10, the narrow re
nance associated withR2

(1) contributes the linear response
the medium. The nonlinear response, which has the s
resonance character as the ‘‘ladder’’ process, is not limite
this way becauseR2

(3) does not depend upon the output ph
ton energies.

VI. OUTPUT POLARIZATION

The polarization of the output photons depends on
structure of the atom and can produce polarization-entan
photons. For example, if the input photons are propagatin
the 6z directions and arex polarized, the two absorption
events in the above diagram change thez component of an-
gular momentum bydm561. In order for the process to
return the atom to its initial state, the two emission eve
must both producedm561 or bothdm50. For right-angle
scattering with the detectors in the6y directions, the output
photons must therefore be either bothx or bothz polarized. If
both polarizations are possible, the emitted photons are
tangled in polarization, as well as in energy and in mom
tum.

VII. EXPERIMENT

Here we describe an experiment to directly measure
time duration of the photon-photon interaction in a transp
ent medium. In the scattering experiment, two off-resona
laser beams collide in a rubidium vapor cell and scatter
products are detected at right angles. The process of ph
matched resonance fluorescence in this geometry has
described as spontaneous four-wave mixing@18#, a descrip-
tion which applies to our off-resonant excitation as we
This geometry has been of interest in quantum optics
generating phase-conjugate reflection@21#. Elegant experi-
ments with a barium atomic beam@19# showed antibunching

-
ing

y
ar
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M. W. MITCHELL, CINDY I. HANCOX, AND R. Y. CHIAO PHYSICAL REVIEW A 62 043819
in multiatom resonance fluorescence, but a separation of
scales was not possible since the detuning, linewidth,
Doppler width were all of comparable magnitude.

A. Setup

The experimental setup is shown schematically in Fig.
A free-running 30 mW diode laser at 780 nm was tempe
ture stabilized and actively locked to the point of minimu
fluorescence between the hyperfine-split resonances o
D2 line of rubidium. Saturation spectroscopy features co
be observed using this laser, indicating a linewidthdn
,200 MHz. This linewidth is small compared with the d
tuning from the nearest absorption linedn51.3 GHz. Direct
observation of the laser output with a fast photodiode~3 dB
rolloff at 9 GHz! showed no significant modulation in th
frequency band 100 MHz–2 GHz. The laser beam w
shaped by passage through a single-mode polariza
maintaining fiber, collimated and passed through a scatte
cell to a retroreflection mirror. The beam within the cell w
linearly polarized in the vertical direction. The beam wa
~at the retroreflection mirror! was 0.026 cm30.023 cm~in-
tensity FWHM, vertical3 horizontal!. The center of the cel
was 1.9 cm from the retroreflection mirror, thus within
Rayleigh range of the waist. With optimal alignment, t
laser could deliver 1.95 mW to the cell, giving a maxim
Rabi frequency ofVRabi'23109 s21, significantly less
than the minimal detuning of d52p31.3 GHz

FIG. 11. Experiment schematic.
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583109 s21. For this reason, we have neglected saturat
of the transitions in the analysis.

The retroreflected beam returned through the fiber
was picked off by a beamsplitter. The single-mode fib
acted as a near-ideal spatial filter and the returned po
through the fiber provides a quantitative measure of
mode fidelity on passing through the rubidium cell. Wi
optimal alignment it was possible to achieve a mode fide
~described below! of 36%.

The cell, an evacuated cuvette filled with natural abu
dance rubidium vapor, was maintained at a temperature
330 K to produce a density of about 1.631010 cm23. Irises
near the cell limited the field of view of the detectors. Str
light reaching the detectors was negligible, as were the
tectors’ dark count rates of,100 cps.

With the aide of an auxiliary laser beam, two singl
photon counting modules~SPCMs! were positioned to detec
photons leaving the detection region in opposite directio
In particular, photons scattered at right angles to the incid
beams and in the direction perpendicular to the drive be
polarization were observed. Each detector had a 500mm
diameter active area and a quantum efficiency of about 7
The detectors were at a distance of 70 cm from the cente
the cell. The effective position of one detector could
scanned in two dimensions by displacing the alignment m
rors with inchworm motors. A time-to-amplitude convert
and multichannel analyzer were used to record the tim
delay spectrum. The system time response was measure
ing subpicosecond pulses at 850 nm as an impulse sou
The response was well described by a Lorentzian of wi
810 ps~FWHM!.

Optimal alignment of the laser beam to the input fib
coupler could not always be maintained against therm
drifts in the laboratory. This affected the power of the dri
beams in the cell but not their alignment or beam sha
These were preserved by the mode filtering of the fib
Since the shape of the correlation function depends on b
shape and laser tuning but not on beam power, this reduc
in drive power reduced the data rate but did not introdu
errors into the correlation signal.

B. Experimental results

The time-delay spectrum of a data run of 45 h is shown
Fig. 12. The detectors were placed to collect back-to-b
scattering products to maximize the photon-photon scatte
signal. A Gaussian functionP(tA2tB) fitted to the data has a
contrast@P(0)2P(`)#/P(`) of 0.04660.008, a FWHM of
1.360.3 ns, and a center of20.0760.11 ns. This center
position is consistent with zero, as one would expect by
symmetry of the scattering process. For comparison, a re
ence spectrum is shown. This was taken under the same
ditions but with one detector intentonally misaligned
much more than the angular width of the scattering signa

The angular dependence of the scattering signal was
vestigated by acquiring time-delay spectra as a function
detector position. To avoid drifts over the week-long acq
sion, the detector was scanned in a raster pattern, rema
on each point for 300 s before shifting to the next. Poi
9-6
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were spaced at 1 mm intervals. Total live acquisition tim
was 9 h per point. The aggregate time spectrum from e
location was fitted to a Gaussian function with fixed wid
and center determined from the data of Fig. 12. The posit
dependent contrastC(x,y) is shown in Fig. 13. A negative
value for the contrast means that the best fit had a coi
dence dip rather than a coincidence peak at zero time. T
negative values are not statistically significant. Fitted to
Gaussian function,C(x,y) has a peak of 0.04460.010 and
angular widths ~FWHM! of 1.160.7 mrad and 3.7
60.4 mrad in the horizontal and vertical directions, resp
tively.

These angular widths are consistent with the expected
herence of scattering products@22#. Seen from the detecto
positions, the excitation beam is narrow in the vertical dir
tion, with a Gaussian shape of beam waistwy50.009 cm,
but is limited in the horizontal direction only by the ape
tures, of sizeDz50.08 cm. Thus we expect angular width
of 0.9 mrad and 3.25 mrad, where the first describes
fraction of a Gaussian, and the second describes diffrac
from a hard aperture.

FIG. 12. Observed coincidence rates for right-angle phot
photon scattering. Circles show data acquired with detectors alig
to collect back-to-back scattering products. Squares show data
quired with detectors misaligned by 10 cm'0.14 rad. The solid
line is a Gaussian function fit to the data.

FIG. 13. Signal contrast vs detector displacement. A displa
ment of 1 mm corresponds to an angular deviation of 1.43 mra
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C. Comparison to theory

The photon-photon scattering theory presented above
be applied to the case of scattering in rubidium vapor. F
scattering beams at 780 nm, we treat several lower le
(F51,2 for Rb 87 andF52,3 for Rb 85! and several uppe
levels (F50 – 3 for Rb 87 andF51 – 4 for Rb 85!. The
scattering process is always scattering at a single atom, a
Fig. 1. Other processes are too weak to have a consider
effect either due to the distance from resonance~ladder pro-
cess! or the low degeneracy of the vapor~statistical correc-
tion and two-atom processes!. The predicted scattering sig
nal, including accidental coincidence background but bef
accounting for experimental imperfections, is shown in F
14. The contrast is 1.53 and the FWHM is 870 ps. To co
pare to experiment, we account for the reduction of the s
nal due to experimental limitations. First, beam distortion
passing through the cell windows reduces the photon-pho
scattering signal. Second, finite detector response time
finite detector size act to disperse the signal. None of th
effects alters the incoherent scattering background.

Beam distortion is quantified by the fidelity factor,

F[4
U E d3x G~x!H~x!U2

S E d3x@ uG~x!u21uH~x!u2# D 2 . ~19!

The greatest contrast occurs whenH is the phase conjugat
or time reverse ofG, i.e., whenH(x)5G* (x). In this situa-
tion F51. Under the approximation that the field envelop
obey the paraxial wave equations

d

dz
G5

i

2k
¹'

2 G,

~20!

d

dz
H5

2 i

2k
¹'

2 H,

Green’s theorem can be used to show that the volume i
gral is proportional to the mode-overlap integral,

E d3x G~x!H~x!5DzE dx dy G~x!H~x!, ~21!

-
ed
c-

-
.

FIG. 14. Coincidence rates by photon-photon scattering the
ideal case.
9-7



er
b

f

h

of

nd
n
n
e
y

ow
an
it
r
u
ig

ia
-
t

a
i
a

th
gn
in

cu-
ic

mics
ular

mic
eri-
e of
tem
the

ion
va-

-
ence
tri-
rk
n-
er

ono-

eam

the

ory:
rea.

t the
rate.

M. W. MITCHELL, CINDY I. HANCOX, AND R. Y. CHIAO PHYSICAL REVIEW A 62 043819
where the last integration is taken at any fixedz andDz is the
length of the interaction region. Similarly, the beam pow
are invariant under propagation and the mode fidelity can
expressed entirely in terms of surface integrals as

F54U E dx dy G~x!H~x!U2

3F E dx dy@ uG~x!u21uH~x!u2#G22

. ~22!

The overlap ofG and H also determines the efficiency o
coupling back into the fiber, which allows us to determineF,
as shown in Fig. 15. In terms ofPin , the power leaving the
output fiber coupler, andPret, the power returned throug
the fiber after being retroreflected, this is

F5
4

~11T2!2

Pret

hTPin
, ~23!

whereh50.883 is the intensity transmission coefficient
the fiber and coupling lenses andT50.92 is the transmission
coefficient for a single pass through a cell window. We fi
F50.3660.03. The mode fidelity acts twice to reduce co
trast, once as the drive beams enter the cell and again o
photons leaving the cell. This beam distortion has no eff
on the incoherent scattering background, thus the visibilit
reduced byF2.

The finite time response of the detector system acts
disperse the coincidence signal over a larger time wind
This reduces the maximum contrast by a factor of 0.27
increases the temporal width to 1.62 ns. Similarly, the fin
detector area reduces the maximum contrast by a facto
0.81 and spreads the angular correlations by a small amo
The resulting predicted coincidence signal is shown in F
16, along with the experimental points. Fitted to a Gauss
the final signal contrast is 0.04260.007, where the uncer
tainty reflects the uncertainty inF. This is in good agreemen
with the observed contrast of 0.04460.010.

VIII. CONCLUSION

Time correlations in photon-photon scattering provide
indication of the time scale over which the atomic medium
involved in the interaction among photons in a nonline
medium. It is found that the time scale is determined by
inhomogeneous broadening of the medium and the ma
tude of the momentum transfer. For large-angle scatter
the time scale of involvement isdt;LM /\q, while for
small-angle scattering the time scale isdt;LM /\k. As this

FIG. 15. Geometry for retroreflection measurements.
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time scale is shorter than the atomic relaxation time, cal
lations which contain an adiabatic elimination of the atom
degrees of freedom necessarily overlook the fastest dyna
in this process. We have measured the temporal and ang
correlations in photon-photon scattering mediated by ato
rubidium vapor. We found good agreement between exp
ment and theory. The observed temporal correlations ar
the order of one nanosecond, much faster than the sys
can relax by radiative processes. This is consistent with
prediction that the duration of the photon-photon interact
is determined by the inhomogeneous broadening of the
por.

APPENDIX A: PHOTON CORRELATIONS

1. Detection amplitudes

Unlike a genuine two-body collision process, atom
mediated photon-photon scattering has a preferred refer
frame which is determined by the atomic momentum dis
bution. To calculate the photon correlations, we wo
in the ‘‘laboratory’’ frame and assume the mome
tum distribution is symmetric about zero. We consid
scattering from two input beams with beam shapesG(x)
[V21/2(kg(k)exp@ik•x# and H(x)[V21/2( lh( l)exp@il•x#,
which are normalized as(kug(k)u25( luh( l)u251. We fur-
ther assume that the beams are derived from the same m
chromatic source and are paraxial, i.e., thatg(k) is only
appreciable in some small neighborhood of the average b
directionk0, and similarly forh( l) aroundl0. The geometry
is shown schematically in Fig. 17. For convenience,

FIG. 17. Geometry of collision process.

FIG. 16. Coincidence rates by photon-photon scattering the
adjusted for beam shape, finite detection time, and detector a
Shown for comparison are the coincidence rate data taken a
phase-matching direction, scaled to the average background
Error bars indicate the statistical uncertainty.
9-8
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beams are assumed to each contain one photon, so tha
initial state of the field is

uf~0!&5AG
† AH

† u0&, ~A1!

where the creation operatorsAG
† ,AH

† areAG
† [(kg(k)ak

† and
AH

† [( lh( l)al
† . Scaling of the result to multiple photons

obvious.
We use Glauber photodetection theory to determine

rates at which scattering products arrive at two detectorA
andB at space-time points (xA ,tA) and (xB ,tB), respectively.
We compute the correlation function in the Heisenberg r
resentation,

P~xA ,tA ,xB ,tB!5 z^0uFH
(1)~xB ,tB!FH

(1)~xA ,tA!uf~0!&Hz2,
~A2!

where the photon field operator is

FH
(1)~x,t ![V21/2(

k,a
ak,a~ t !exp@ ik•x#. ~A3!

This field operator is similar to the positive frequency part
the electric field and is chosen so thatF (2)(x,t)F (1)(x,t) is
Mandel’s photon-density operator@23#. To make use of per-
turbation theory, Eq.~A2! is more conveniently expressed
the interaction representation as

P~xA ,tA ,xB ,tB!5 z^0uF I
(1)~xB ,tB!UI~ tB ,tA!

3F I
(1)~xA ,tA!uf~ tA!& I z2

5 z^0uF I
(1)~xB ,tB!F I

(1)~xA ,tA!uf~ tA!& I z2

[uA~xA ,tA ,xB ,tB!u2, ~A4!

whereUI is the interaction picture time-evolution operato
the interaction picture field operator is

F I
(1)~x,t !5V21/2(

k,a
ak,a exp@ i ~k•x2ckt!#, ~A5!

and in passing to the second line we have made the ass
tion that a detection at (xA ,tA) does not physically influence
the behavior of photons at (xB ,tB) although there may be
correlations.

The amplitude of joint detection is

A~xA ,tA ,xB ,tB!5
~2p!3

V2\
(
k8 l8

exp@ i ~k8•xA2ck8tA!#

3exp@ i ~ l8•xB2cl8tB!#

3(
kl

g~k!h~ l!Vl8k8 lk

3
12exp@ ic~k81 l 82k2 l !tA#

c~k81 l 82k2 l !1 ih
.

~A6!
04381
the

e

-

f
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AlthoughVl8k8 lk depends strongly upon the magnitudes
the initial and final photon momenta through the resona
denominators of Eq.~10!, it depends only weakly on thei
directions through the geometrical factors of Eq.~9!. This
and the assumption of paraxial input beams justify the
proximation

(
kl

g~k!h~ l!Vl8k8 lk'Vl8k8 l0k0(kl
g~k!h~ l!dk1 l,k81 l8

5Vl8k8 l0k0
E d3x G~x!H~x!

3exp@2 i ~k81 l8!•x#. ~A7!

We can similarly treat the output photons in the parax
approximation for the case that the detection points are
from the interaction region, i.e., thatxA ,xB@x. Making these
approximations and dropping unphysical portions of the
lution propagating inward from the detectors toward t
source region, we find

A~xA ,tA ,xB ,tB!5
2 i

\cE k8d k8l 8Vl8k8 l0k0

3E d3x
G~x!H~x!

uxA2xuuxB2xu

3exp$ i @k8•~xA2x!2ck8tA#%

3exp$ i @ l8•~xB2x!2cl8tB#%

3u~tA!u~tB!, ~A8!

wherectA,B[ctA,B2xA,B are retarded times.
A final approximation ignores the slow variation ofk8,l 8

relative to that of the resonantVl8k8 l0k0
. Further, we define

G8(x)[G(x)exp@ik0•x#, H8(x)[H(x)exp@il0•x#, and k8
[k081dk8, wherek08 is the value ofk8 which maximizes
Vl8k8 l0k0

subject to momentum and energy conservation. T
gives a simple expression for the correlation function,

A~xA ,tA ,xB ,tB!5
2 ik8l 8

\c
exp@2 ic~k08tA1 l 08tB!#

3E ddk8Vl8k8 l0k0
exp@ icdk8~tB2tA!#

3E d3x
G8~x!H8~x!

uxA2xuuxB2xu

3exp@ i ~k01 l02k082 l08!•x#

3u~tA!u~tB!. ~A9!

This can be interpreted as consisting of a carrier wave
Fourier transform of the scattering amplitude, and a cohe
integration of the contributions from different parts of th
interaction region. The spatial integral enforces phase ma
ing in the photon-photon scattering process.
9-9
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2. Detection rates

The probability for a coincidence detection at two dete
tors of specified area and in two specified time intervals

P5E d2xA d2xBc dtAc dtBuA~xA ,tA ,xB ,tB!u2,

~A10!

where the integral is over the detector surfaces~each as-
sumed normal to the line from scattering region to detec!
and over the relevant time intervals. This is more con
niently expressed in terms of a rateW of coincidence detec
tions in terms of the detector solid anglesdVA , dVB and the
difference in retarded arrival timest2[tB2tA ,

W5c2xA
2xB

2 uA~xA ,tA ,xB ,tB!u2dVAdVB dt2 . ~A11!

Coincidence rate is largest when the detectors are pla
in the directions which satisfy the phase-matching conditi
We assume thatk1 l5k81 l850 and that the detectors ar
small compared to the source-detector distance, i.e.,
dVA,B!1. Under these conditions, the rate of coinciden
events reduces to

Wscattering5
k4

\2
U E ddk8Vl8k8 l0k0

exp@ icdk8t2#U2

3U E d3x G~x!H~x!U2

dVBdVB dt2 .

~A12!

3. Signal contrast

In addition to the photon-photon scattering signal, unc
related Rayleigh and Raman scattering events give a b
ground of accidental coincidences. The rate of scattering
a small solid angledV is
ht,
e
.

e
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WBG5BdVE d3x nk , ~A13!

where

B[(
a,c

E d3p^na,p&~16^nc,p8&!
kf

4c

~2p!3\2

3U(b

~ef•mbc!* ei•mba

ck1vab2
\

M
@p•k1k2/2#1 igb

U 2

~A14!

andnk is the number density of photons propagating in thek
direction.

In terms of the beam-shape functions for two collidin
beams, the rate of accidental coincidences is

Waccidental5B2F E d3xuG~x!u21uH~x!u2G2

3dVAdVB dt2 .

~A15!

The ratio of coincidences due to photon-photon scattering
accidental background coincidences is thus

Wscattering

Waccidental
5

k4

4\2

F

B2
U E ddk8Vl8k8 l0k0

exp@ icdk8t2#U2

,

~A16!

whereF is the mode fidelity factor,

F[4
S E d3x G~x!H~x! D 2

S E d3x@ uG~x!u21uH~x!u2# D 2 . ~A17!
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