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Maxwell-Bloch modeling of x-ray-laser-signal buildup in single- and double-pass configurations

O. Larroche*
CEA DIF, Boı̂te Postale 12, 91680 Bruye`res le Chaˆtel, France

D. Ros, A. Klisnick, A. Sureau, C. Mo¨ller, and H. Guennou
LSAI, Universite´ de Paris–Sud, Baˆtiment 350, 91405 Orsay Cedex, France

~Received 8 October 1999; revised manuscript received 22 February 2000; published 19 September 2000!

A theoretical model of soft x-ray lasers in hot laser-produced plasmas using a Maxwell-Bloch formalism has
been developed and implemented in a numerical code~COLAX!. First simulation results in the case of Ne-like
Zn from solid targets are presented, including spontaneous emission generation and amplification, refraction,
saturation, and coherence properties. A detailed simulation is presented of the effect on amplification and
coherence of double-passing the radiation in the amplifying medium by using a half-cavity mirror.

PACS number~s!: 42.55.Vc, 42.50.Ar, 52.25.Nr, 42.25.Kb
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I. INTRODUCTION: MOTIVATION AND AIM
OF THIS STUDY

Several experiments have now demonstrated the pote
of using x-ray lasers as a source for exciting solids@1# and
for imaging surfaces@2# or dense matter@3–5#. The unique
properties of x-ray lasers, as compared with other h
brightness x-UV sources, include an exceptionally high nu
ber of coherent photons per pulse. In the developmen
applications where the x-ray laser beam is relayed by on
several optical components~focusing mirror, interferometer
. . .! it will be necessary to improve the quality and control
its optical properties, in particular of its coherence. Accou
ing for the coherence build-up requires detailed modeli
going beyond simple gain estimates relying on Einstein
efficients and radiation transfer arguments, such as thos
Ref. @6#. Such refined modeling is expected to reproduce
time-dependent build-up of the x-UV signal including wa
coherence properties with an accurate description of ref
tion and saturation on the inverse-linewidth time scale.

Moreover, in connection with the experiments carried o
at LSAI, the model has to include the possibility of using
mirror for double-pass amplification@7,8#. This feature has
been shown in experiments to dramatically improve both
output intensity and the coherence properties of x-ray las
and this paper presents a detailed simulation of these eff
Optimizing this so-called ‘‘half-cavity’’ setup, summarily il
lustrated in Fig. 1, for the highest coherence, involves sim
taneously fine-tuning several geometrical paramet
namely, the radius of curvature of the mirror, its orientati
with respect to the plasma axis taking into account the
flection of the x radiation due to refraction inside the plasm
and the position of the mirror with respect to the target. O
code can be of great help in speeding up that optimiza
process, while reducing the number of trial-and-error cyc
in the experimental work, and hence saving laser shots
more productive results.

The active medium of x-ray lasers is a hot plasma wit
short life duration, which precludes the large number of c
ity round trips typical of visible lasers. X-ray lasers rath
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work in the so-called ‘‘amplification of spontaneous em
sion’’ ~ASE! mode, with possibly a small number of refle
tions off low-reflectivity x-ray mirrors. Hence the tempor
coherence of the x radiation cannot be arbitrarily increas
The spatial coherence, on the other hand, can only be stu
through a detailed description of the ASE mechanism and
wave properties.

Previous studies along these lines~see, e.g., Refs.@9–12#!
have considered Maxwell-Bloch equations with various lim
tations. In Ref.@9#, paraxial Maxwell equations were numer
cally solved taking into account a phenomenologically sa
rated, frequency-independent gain coefficient, th
discarding all time dependencies of atomic quantities on
scale of the inverse linewidth. The more refined model
Ref. @12# actually makes the same assumption. As a con
quence, spectral gain narrowing of the line is absent, and
spectral-temporal structure of the signal is not quantitativ
accurate. References@10,11# properly take into account al
time dependencies~as well as inhomogeneous line broade
ing in Ref. @11#!, but are restricted to the linear small-sign
limit where population inversion is unaffected by the x-r
field. An extensive review of theoretical and experimen
work on coherent radiation generation in x-ray lasers can
found in Ref.@13#.

In this work we improve over Ref.@12# by retaining the
complete time dependency of the density matrix for the
per and lower states of the transition in the Bloch equatio
and also by using a detailed system of population equat
for all levels involved in the pumping mechanism. The ra

FIG. 1. A schematic of the experimental setup used
LSAI/LULI ~see Refs.@7,8# for more detail!; also shown is the
orientation of thex, y, andz axes of the theoretical and numeric
model.
©2000 The American Physical Society15-1
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required can be obtained from a realistic and quantita
simulation of the atomic physics and hydrodynamics of
system @14#. Our model also takes into account the ha
cavity mirror discussed in Ref.@7#. First simulation results
are presented in the case of a neonlike Zn laser at 21.2 nm
massive targets.

In this paper we will discuss in detail, in Sec. II, th
physical Maxwell-Bloch model used, along with approxim
tions allowed by the orders of magnitude relevant to
x-ray laser case. Some fundamental facts about coher
are gathered in the Appendix. A more detailed accoun
coherence theory can be found in a basic optics textb
~such as Ref.@15#! or in the review paper of London@16#
which also presents a broad overview of existing work
that field. Estimating coherence properties implies a kno
edge of the wave electric field, and not only the wave int
sity, which makes it necessary to solve Maxwell’s equatio

Section III will give a brief account of the numerica
methods used in discretizing the physical model, and in S
IV simulation results from this code will be presented. Th
is an ongoing work, for which foreseeable development
rections are accounted for in Sec. V.

From the experimental point of view, an x-ray laser c
herence measurement has been obtained by Trebeset al.
@17#. The equivalent source size found was 5 times as la
as that calculated with the model of Feit and Fleck@9#. This
disagreement might be due to the fact that the measurem
was time-integrated while the equivalent source position w
changing in the course of time, or to refraction effects n
taken into account in the simulation. The complex cohere
factor profiles obtained did not depend on plasma len
when the latter was increased beyond the saturation thr
old.

Another measurement performed at LSAI@18# showed a
coherence increase when a mirror was used as indicate
Fig. 1. This work also presented some records of the t
dimensional structure of the x-ray beam in the transve
plane and the dependency of that structure on the mi
settings. These results suggest that a full three-dimensi
simulation of the system would be needed for really qua
tative predictions, but unfortunately present-day compu
only allow us two-dimensional calculations if we want
obtain some useful information in a reasonable amoun
computing time.

Reference@19# shows an increase of the transverse coh
ence length as a function of the radiation amplification d
tance in a discharge plasma produced inside a capillary
opposed to Ref.@17#, these authors found good agreement
their experimental results with numerical calculations ba
on the model of Ref.@9#.

II. PHYSICAL MODEL

In the case of a localized source, consisting of pointl
elements in vacuum~or in a medium with a constant refrac
tion index!, observed from a large distance, elementary c
siderations about coherence yield an estimation of cohere
properties in the radiation utilization region, through the V
Cittert-Zernike theorem~see, e.g., Ref.@15#!. In the case of
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an x-ray laser the situation is more involved since the
ementary~spontaneous! radiation is amplified, undergoes re
fraction, and in addition radiation from different source e
ments is not independently amplified as soon as the sys
enters the saturation regime. To estimate the complex co
ence factor~defined in the Appendix! in the utilization re-
gion, it is thus necessary to calculate the electromagn
field in a more general way. This implies two types of pro
lems, namely, on one hand, the calculation of the radiat
propagation and amplification in an active and inhomo
neous medium, and on the other hand, the description of
initial generation of radiation from elementary sources w
correct statistical properties.

A. Evolution of the electromagnetic field

In the limit of a linear polarization along a direction o
symmetryz of the problem, the propagation of radiation
governed by the wave equation for the field componentEz
deduced from Maxwell’s equations, expressed here in
units,

21

c2

]2Ez

]t2 1
]2Ez

]x2 1
]2Ez

]y2 5
4p

c2

] j z

]t
1S,

wherey labels the main propagation direction,x is the trans-
verse direction along which there is an inhomogeneity, anz
is the transverse direction of problem symmetry~see Fig. 1!.
The polarization chosen is the one for which the equati
are the simplest to justify rigorously. It will be assumed th
the other polarization does not lead to fundamentally diff
ent effects, although its governing equations actually disp
several additional terms with respect to those treated h
The right-hand side has been split into a coherent term
volving the current densityj z and a noise source termS.

The current densityj z includes contributions from the
motion of free as well as bound electrons~ions are assumed
at rest!:

j z5 j z
( f )1

]Pz

]t
,

wherePz is the dipolar moment density of bound electrons
the directionz. In the linear limit, and if the bulk motion of
the plasma can be neglected, the free electron current ca
expressed in a simple way as a function of the electric fi

4p

c2 S ] j z
( f )

]t
1n j z

( f )D 5
vp

2

c2 Ez ,

wheren is an effective collision frequency of free electron
with plasma ions and

vp5S 4pnee
2

m D 1/2

is the plasma frequency (ne is the electron density!.
5-2
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B. Evolution of atomic quantities

The quantum states of the system will be split into tw
sets.

~i! On one hand, a few states whose populations are
preciably affected by population variations on the upper a
lower states of the lasing transition considered; the temp
evolution of the populations of these states will be explici
calculated.

~ii ! on the other hand, the set of all other levels, who
populations will be assumed to change little on time scale
the order of the typical radiation evolution time, even wh
the populations of the upper and lower states of the transi
undergo large variations~due, for example, to intensity
variations of the corresponding radiation field!. The evolu-
tion of those levels will thus be satisfactorily described by
standard collisional-radiative model in the frame of t
quasistationary approximation.

The evolution of atomic quantities is thus described
equations governing the density matrix elements for the
per and lower states of the transition considered, toge
with evolution equations for the populations of states wh
are strongly coupled to those two main states. In the pre
case, only two states are involved in the stimulated emiss
process since we consider linearlyz-polarized radiation on
the J502J51 line, and a single state of theJ51 level is
coupled to theJ50 state. These equations read

]P

]t
52gP2 ivDE1G, ~1!

]r i

]t
5~d ib2d ih!

1

2\
Re~ iPE* !1g i j r j1Ri , ~2!

where

D5
d2

\v
~rh2rb!. ~3!

In the above equationsE andP are the slowly varying com-
plex amplitudes of the electric field and the polarization d
sity, respectively, Ez5Re@E(t)e2 ivt# and Pz
5Re@P(t)e2 ivt#, d is the reduced matrix element of th
transition dipolar moment,r i is the population of statei in
particles per cm3; summation over indexj is implied in the
evolution equation forr i . Indicesh and b label the upper
and lower transition states, respectively, andD is a dimen-
sionless quantity proportional to the population invers
rh2rb . v is the transition frequency andg is the dephasing
rate of the transition atomic dipole~caused by both elasti
and inelastic collisions undergone by bound electrons!.

In lack of a better description, and according to comm
practice, the latter quantity will be estimated by the electr
ion Coulomb collision frequency given by

g5nei5
4pe4Zne ln Lei

me
1/2~kBTe!

3/2
5n,
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whereZe is the ion charge,Te is the local electron tempera
ture, and lnLei is the Coulomb logarithm defined, e.g.,
Ref. @20#. It has been checked in the case of germani
laser-produced plasmas that the Stark broadening du
neighboring ions and electron impact, calculated numeric
according to Ref.@21#, is negligible for the 3p-3s transitions
in Ne-like Ge221 ions @22#. It is then quite reasonable t
assume the same result to apply to Ne-like Zn201 ions. The
dephasing rateg should also take into account the finite life
time of the states involved, but this contribution was check
to be numerically negligible.

Theg i j ’s are the rates~in s21) of collisional and radiative
processes which couple states together, except absor
and stimulated emission processes which are taken into
count in a detailed way by the first term of the evolutio
equation forr i . TheRi ~in cm23 s21) are population fluxes
due to collisional and radiative processes involving all oth
levels of the system. The quantitiesg i j and Ri will be pro-
vided by the standard collisional-radiative model previou
mentioned, since the ratesg i j only depend on intrinsic
atomic quantities and slowly varying hydrodynamic quan
ties~electron density and temperature, etc.!, and the fluxesRi
depend on the populations of levels belonging to the se
levels which have been assumed to be slowly varying.

In the above description of the polarization density@Eqs.
~1!–~3!#, the frequency detuning due to the thermal moti
of the ions is not taken into account. As a consequence, o
homogeneous line broadening can be treated in this mo
Although both homogeneous~namely, lifetime and colli-
sional! broadening and inhomogeneous~thermal! broadening
are generally expected to come into play in hot-plasma ba
x-ray lasers, in the specific case treated in this paper it ca
checked from simple order of magnitude estimates that th
mal broadening is not expected to be dominant. Measu
intrinsic linewidths@23# for these systems lie in the 50 mÅ
range, and the expected Doppler width for Zn with an i
temperature around 100 eV~taken from the simulation re
sults @8,24# that we used as described below! is of the order
of 15 mÅ. In addition, some experimental results@23# in a
very similar case involving neonlike Se (Z534) instead of
neonlike Zn (Z530) show that the behavior of the linewidt
as radiation is amplified into the saturation regime is actua
more faithfully described by a Lorentzian homogeneou
broadened line profile, with no rebroadening seen in
strongly saturated regime as should be the case for inho
geneous broadening. Only part of this discrepancy can
accounted for by a refined, mixed-broadening model such
that presented by Pert@25#. From these facts, it seems re
sonable to use a homogeneous broadening formalism
first step in the description of these systems, with inhomo
neous broadening expected to come into play as a correc
only. Taking that correction into account in our code i
volves a substantial extension of the physical model, an
thus left over for future work, as stated in Sec. V.

The only stimulated transition accounted for in this d
scription is between the chosen statesi 5b and i 5h. It is
hence assumed that stimulated transitions involving ot
levels appearing in the above system have negligible ra
This hypothesis is actually not fully valid in the case of t
5-3
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O. LARROCHEet al. PHYSICAL REVIEW A 62 043815
neonlike ion x-ray laser scheme, in which two transitio
namely, aJ502J51 line and aJ522J51 line, sharing
the same lower level, are simultaneously amplified with
non-negligible gain. However this situation might still b
dealt with through a detailed treatment~by the Maxwell-
Bloch system! of one transition while the effect on popula
tions of the other transition would be more summarily d
scribed, through a radiation transfer equation. This will
investigated in future work.

The inhomogeneous term involvingG in the equation for
P is a fluctuation term with a very short correlation tim
used to model spontaneous emission. Such terms shoua
priori be included in the right-hand side of the equations
the populationsr i , but their effect is assumed small wit
respect to that of the corresponding term in the equation
P. One still has to be aware thatstricto sensuthis might in
some cases violate a property of the density matrix whic
necessary to ensure population positivity in the numer
code~see Sec. III!.

C. Reduced equations

The wave equation for the electric field given in Sec. II
is transformed into paraxial envelope equations by settin

Ez~y,x,t !5Re@E1~y,x,t !e2 ivt1 iky1E2~y,x,t !e2 ivt2 iky#

where E1 and E2 are the complex amplitudes of wave
propagating in the positive and negative directions resp
tively along they axis.E1 andE2 are slowly varying func-
tions of their three arguments, andk satisfies the dispersio
relation of electromagnetic waves in vacuumv5kc. The
polarization densityP and noise termsS and G are trans-
formed in the same way. We finally obtain

2iv

c S 1

c

]E6

]t
6

]E6

]y D1
]2E6

]x2 52
v2

c2 ~eRE614pP6!1S6 ,

~4!

where

eR5
2vp

2

v~v1 in!
. ~5!

eR is the residual part of the dielectric constant

e511eR . ~6!

The first part of the full dielectric constante has been in-
cluded in the definition of the envelope approximation. T
equations for the polarization density and the atomic po
lations read

]P6

]t
52gP62 ivDE61G6 ~7!

]r i

]t
5~d ib2d ih!

1

2\
Re@ i ~P1E1* 1P2E2* !#1g i j r j1Ri ,

~8!
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d2

\v
~rh2rb!.

The same approximation for neglecting terms involving tim
derivatives of the slowly varying envelope of the bound ele
tron polarization density has been made as in the case o
free electron current~for a general discussion of this poin
see, e.g., Ref.@26#!.

When the system evolves slowly with respect to the
verse linewidth, the polarization term in the wave equat
can be treated by an adiabatic approximation, which fina
yields ~see Ref.@27#!

4pP65xE6

with

x5
Q

v2vR1 ig
,

where Q is a real quantity depending on the atomic phys
of the problem, and\vR is the energy separation betwee
the upper and lower levels of the transition considered. Ho
ever, in our case~ASE instead of the evolution of a cavit
mode!, this is nota priori justified and time-dependent equ
tions for matter quantities have to be solved. Using an ad
batic dependency ofP6 on E6 is only valid if the line pro-
file is much narrower than the gain profile or the intrins
spontaneous emission line profile. Then there must be a
of determining the frequency detuningv2vR . The arbi-
trariness in this choice is removed in the usual case o
cavity mode, but in ASE lasers there is no cavity to selec
narrow frequency interval, and the model should be able
determine the radiation spectrum from first principles wi
out any arbitrary choice. Actually, the radiation spectrum
expected to spread over a frequency interval of width co
parable to that of the gain profile, and taking into accou
gain-narrowing–rebroadening effects is thus needed to
the correct amplification factor even if one is only interest
in the frequency-integrated radiation intensity, as in the c
of Ref. @12#.

D. Orders of magnitude and dimensionless equations

Equations~4!–~8! will be numerically solved in a rectan
gular domain modeling the active region of the plasma, w
dimensions of the order of a cm in length and a hundredmm
in the transverse direction. The x radiation wavelengthl is
of the order of ten nm, and the anglea between the propa
gation direction and they axis is a few mrad. The field varia
tion scale length in the transverse directionL' is then of the
order of

L''
l

a
'a few mm.

On the other hand, we know@16# that the longitudinal coher-
ence length is of the order of a hundredmm, which yields the
5-4
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minimum variation scalelength of the field envelopesE1 and
E2 in that direction, taking into account a minimum grow
length of the order of a mm:

L i'100 mm.

This implies a numerical grid with at least a few hundr
cells in each direction.

If the time step used corresponds to propagation over
one cell in the longitudinal direction, the spontaneous rad
tion generated at one end of the plasma will then take a
hundred iterations to reach the other end, which will occu
a few tens of ps of time. A few thousand iterations will b
needed for a simulation lasting for a typical pump laser pu
duration~a few hundred ps!.

In summary, typical maximum values of discretizatio
steps in time and space are of the order of

dt'100 fs,

dx'1 mm ~ transverse direction!,

dy'30 mm ~ longitudinal direction!.

If we now choose a time unitt0 of the order ofdt and a
distance unitx05ct0, Eq. ~4! can be rewritten in dimension
less form

]E6

]t
6

]E6

]y
5

i

2vt0

]2E6

]x2 1
ivt0

2
~eRE614pP6!

2 i
c2t0

2v
S6 ~9!

or, in the adiabatic limit 4pP65xE6 ,

]E6

]t
6

]E6

]y
5

i

2vt0

]2E6

]x2 1
ivt0

2
~eR1x!E62 i

c2t0

2v
S6 .

~10!

The quantitiesE6 andP6 are normalized to a common re
erence denotedE0, whose value is not significant up to th
point since the equations are linear. In the above equat
the first three terms are of order unity in a typical situatio
The equations governing matter quantities~which are nonlin-
ear! take on the following dimensionless form

]P6

]t
5vt0S 2

g

v
P62 iDE6D1t0G6 , ~11!

]r i

]t
5~d ib2d ih!

vt0

2 S dE0

\v D 2

Re@ i ~P1E1* 1P2E2* !#

1g i j t0r j1
d2Rit0

\v
, ~12!

D5rh2rb . ~13!

In Eqs. ~12! the populationsr i have been adimensionalize
by multiplying them byd2/\v.
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E. Minimal implementation: Quasistationary saturation

A minimal concrete implementation of the code amou
to solving Eqs.~9! and~11! while obtaining the value of the
inversion D ~along with all atomic and/or hydrodynami
quantities! from code modules which in a first stage w
work in the frame of the quasistationary approximation.

In the adiabatic limit, the notion of a linear gain is mea
ingful; for testing purposes, we will estimate below th
population inversion needed to model a given gain val
Inserting the polarization value corresponding to a coher
quasistationary regime for the right-going wave

P152 i
v

g
DE1

in Eq. ~9!, and neglecting diffraction and dispersion effec
we obtain

]E1

]t
1

]E1

]y
52pvt0

v

g
DE1

and thus the energy growth rateG ~in cm21) is such that

Gx054pvt0

v

g
D.

The dimensionless value of the inversionD leading to a gain
value ofG cm21 is thus

D5
g

v

Gl

8p2 ,

wherel is the amplified radiation wavelength in cm. Goin
back to dimensional cgs units, the population invers
needed is

rh2rb~cm23!5
\

8p2d2 gGl

in agreement with Eq.~17! of Ref. @27#.

F. Spontaneous-emission modeling

The source terms in the right-hand side of Eqs.~9! and
~11! are fluctuation terms responsible for energy injecti
into the system. According to the literature about the not
of fluctuation-dissipation in atomic systems interacting w
radiation ~see, e.g., Ref.@28#!, the source term in the field
equation~9! accounts for the effect of a thermal radiatio
bath and Bremsstrahlung by plasma particles, and thu
negligible with respect to the effect of the source term in
polarization equation~11!. This term will consequently be
omitted in the following. In addition, as will be shown fur
ther below, only fluctuations on polarization can yield t
correct spectral behavior of the field so generated~or in other
words, the correct correlation function for the equivale
source term in the field equation!, and ultimately the correc
intrinsic line profile.

To focus on the effect of fluctuations, we will consider th
following simplified system:
5-5
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dE

dt
52dE1aP, ~14!

dP

dt
52bP1S, ~15!

whereS is a fluctuation term with a very short correlatio
time with respect to the time scales considered~namely, 1/b
and 1/d in the above model system!; the correlation function
of S will thus be assumed in the form

^S* ~ t1!S~ t2!&5Fd~ t12t2!. ~16!

The damping term2dE on the right-hand side of Eq.~14! is
intended to model all energy losses, both through electr
ion collisions and through propagation of the field away fro
the region studied, since spatial dependencies are not ex
itly included in this simple model. The correlation functio
of P can then be calculated from a formal solution of E
~15!:

P~ t !5E
2`

t

eb(t82t)S~ t8!dt8

⇒^P* ~ t1!P~ t2!&5
F

2b
e2but12t2u.

We thus check that Eq.~14! will be driven by a source term
P whose correlation time is the inverse of the intrinsic lin
width.

We can now normalize theP fluctuation term so as to ge
the right amount of spontaneous emission inE. To this end,
we compute the average power injected into the field, from
formal solution of Eq.~14! with no damping term:

E~ t !5aE
2`

t

P~ t8!dt8

⇒^uEu2~ t1dt!&2^uEu2~ t !&5uau2
F

b2 dt.

The spontaneous emission rate is given in cgs units by

d

dt

^E 2&
4p

5
E0

2

8pt0

d

dt
^uEu2&5

Nga\vV

8p
,

whereE andt are the electric field and time in cgs units,E is
the dimensionless complex amplitude of the field propag
ing in a definite direction (1 or 2), N is the population of
the transition upper state in particles per cm3, ga is the glo-
bal EinsteinA coefficient~the inverse of the upper state r
diative lifetime! in s21, \v is the energy difference betwee
the upper and lower transition states,V is the solid angle
into which the modeled radiation propagates and a facto
2 in the denominator of the latter expression accounts for
fact thatE is a single linear polarization component of th
field. Comparing the above expressions with one another
inserting the valuesuau52pvt0 from Eq. ~9! and b5gt0
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from Eq. ~11!, we finally obtain the normalization of the
fluctuation term to be applied toP @see Eq.~16!#:

F5S g

v D 2Ngat0\vV

4p2E0
2 .

This procedure leads to the correct spontaneous emission
tistics, assuming the time step to be shorter than the inv
linewidth. In the opposite case~time step longer than the
correlation time of the spontaneous emission driving term
E), a fluctuating driving term can be directly applied toE by
replacing the correlation function forP derived above with
the equivalent delta function. This is consistent with the u
of an adiabatic description, if the evolution times found a
actually longer than the inverse intrinsic linewidth.

We can now come back to the full Eq.~14! with the
damping term included in the right-hand side, and comp
the correlation function of the field from the following for
mal solution:

E~ t !5aE
2`

t

ed(t82t)P~ t8!dt8.

Inserting the formal solution forP obtained above, the field
correlation function can be explicitly calculated, with the fo
lowing result:

^E* ~ t1!E~ t2!&5
uau2F

2bd~b22d2!
~be2dut12t2u2de2but12t2u!

and since the damping coefficientd models the decrease o
the field due to propagation, we deduce that it should be
the same order of magnitude as the inverse of the chara
istic time scale of the field, or in other words that the equa
d5b should hold. Using this value in the above express
then yields the final result

^E* ~ t1!E~ t2!&5
uau2F

4b3 e2but12t2u

and from the Wiener-Khintchine theorem@15# we are left
with the expected Lorentzian line profile with intrinsic widt
b. In summary, whatever the approximation made, the fl
tuating source terms needed always ultimately reduce to
dom variables with a vanishing correlation time, their cor
lation function being thus in the form of Eq.~16!.

G. Comparison with previous works

In the light of the discussion in preceding sections, we c
now come back in more detail to the works cited in Sec.

Feit and Fleck@9# solved the paraxial envelope equatio
~10! with an adiabatic growth rate and a stochastic sou
term in the right-hand side: this precludes gain narrowing
the laser line since the gain used is frequency independ
Saturation is taken into account in the frame of a quasi
tionary approximation leading to the classical form

G5
G0

11I /I sat
~17!
5-6
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whereG0 is the linear, small signal gain andI sat the value of
the intensityI for which gain is reduced by a factor of 2 wit
respect toG0. This work hence does not describe the pol
ization density dynamics.

Strauss@10# gave a linear treatment of the Maxwell-Bloc
system with a fixed population inversion, including a corre
description of temporal dependencies~through an analytica
solution of the Laplace-transformed problem!. This descrip-
tion applies only as long as the intensity stays away fr
saturation. This is sufficient for the author’s purpos
namely, to show that in a quasi-stationary situation, a cor
microscopic description of the linear regime is equivalent
the macroscopic level to a radiation transfer formalism s
as that of Ref.@6#. However, the consequence of the qua
stationary hypothesis with a fixed population inversion
that all effects involving the atomic dipole dynamics a
ruled out. This is the adiabatic limit described in Sec. II C

Working in the same approximation frame, Hazak a
Bar-Shalom@11# also obtained an analytical solution of th
linear Maxwell-Bloch system~with a fixed population inver-
sion!, while in addition taking into account inhomogeneo
line broadening. This part of their work will be interesting
us in the envisioned sequels of this work~see Sec. V!.

The latter two studies derive analytical results using rat
extensive algebra~particularly in Ref.@11# where the prob-
lem is expanded into eigenmodes at the cost of lengthy
culations!, and their usefulness as a routine experimental
timization tool seems questionable, even though th
fundamental physical content and base formalism is relev

Garrisonet al. @12# follow essentially the same lines a
Feit and Fleck@9# notwithstanding their preliminary discus
sion of the Bloch formalism. They actually end using a s
tionary solution of the equation for the polarization dens
@Eq. ~11! in Sec. II D#, which again leads to a frequency
independent gain. As to saturation, the model of Ref.@12#
leads to a generalization of Eq.~17! above~which is valid in
the stationary limit!, including a time dependency of the in
versionD which is slow with respect to the field evolutio
time scale, in the form

t0

]D

]t
5D02S 11

I

I sat
DD

whereD0 is the weak-signal, unsaturated inversion andt0 is
the characteristic time for relaxation to a stationary state

III. DISCRETIZATION

In this section we will briefly summarize the main fe
tures of the numerical code which has been develope
implement the theoretical model discussed in Sec. II. A m
detailed description of the code will be given elsewhere@29#.

All quantities Q(x,y) are discretized on a regular two
dimensional grid~see Fig. 1 for the coordinate axis position!:

Qji 5Q~x5 j dx, y5 idy!

for

2 j max< j < j max, 1< i< i max.
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The numerical solution of Eqs.~9! and ~10! uses a time-
centered split-step algorithm which separately treats the
vection term

]E6

]t
6

]E6

]y
50 ~18!

and the terms accounting for diffraction and matter and
diation coupling

]E6

]t
5

i

2vt0

]2E6

]x2 1
ivt0

2
~eRE614pP61S6!, ~19!

]P6

]t
5vt0S 2

g

v
P62 iDE6D1t0G6 . ~118!

A scheme which is globally time centered is obtained
successively performing for each time stepdt the following
operations:~1! solution of the advection equation~18! over a
half-time stepdt/2, ~2! solution of the diffraction/coupling
part ~19!/~118! over a full time stepdt; this implies comput-
ing D at the intermediate timet1dt/2, which can only be
performed through an iterative solution of Eqs.~12! coupled
to ~19!/~118!. ~3! solution of the advection equation~18! over
another half-time stepdt/2.

A stable and sufficiently accurate solution of the adve
tion equation is obtained by a shift and cubic-spline interp
lation procedure, with a boundary condition given by t
field in the first cell (i 51 for E1 , i 5 i max for E2). The
diffraction and coupling terms are treated by a Cran
Nicholson scheme@30# with a vanishing boundary condition
the reflections off the edges~for j 56 j max) being suppressed
by means of a numerical damping term inserted in the rig
hand side of Eqs.~9! and ~10!. The fluctuation source term
are calculated using a random function with a Gaussian l

The scheme is derived so as to satisfy needed prope
of the dissipation-free version of the Maxwell-Bloch syste
namely, the energy conservation law, which in dimensionl
units reads

]

]t S D1
uEu2

4p D50

and population positivity ensured by the conservation of
following inequality:

uPu2<4rhrb .

Although the scheme is stable regardless of the value
the timestepdt, it is still necessary thatdt be smaller than
the inverse intrinsic linewidth 1/g to avoid an exaggerate
gain narrowing, and also, obviously, smaller than the am
fication time 2/cG ~where G is the laser gain!; the latter
condition is always true in the case of x-ray lasers for
time-step order of magnitude given in Sec. II D.

The mirror used in the half-cavity setup is model
through a boundary condition on the left edge of the plas
for the right-going fieldE1 , defined from the retarded out
going E2 field. The reflection off the mirrorper seis ana-
5-7
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FIG. 2. The total radiation in-
tensity is plotted as a function o
distance along~y! and across~x!
the plasma at times~a! 50 ps,~b!
200 ps, and~c! 300 ps. The criti-
cal density for the 1.06mm pump
laser lies at x5250 mm. The
plasma is 2 cm long and a con
cave mirror faces the left side.
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lytically computed from an expansion of the field in vacuu
into a superposition of Gaussian beamlets.

IV. SIMULATION PARAMETERS AND RESULTS

Our numerical codeCOLAX based on the model describe
above is still under development and the coupling to a
drocode for a detailed description of the population kinet
is not yet available. Thus as a first validation of our code,
studied theJ5021 transition in neonlike Zn201 using ana-
lytical profiles for the hydrodynamic quantities and the
version density, as deduced from the results of simulati
relevant to the experimental conditions@8,24#. We also used
a phenomenological saturation intensity as in Refs.@9,12#
instead of solving for the full temporal dynamics of th
population inversion. With such a simplified model our co
is expected to provide more qualitative than accurately qu
titative predictions on the field and coherence evolution. T
purposes of these first simulations were~i! to study the effect
of a half-cavity on the coherence of the double-pass la
beam~see Sec. IV B!, ~ii ! to compare this configuration with
a single-pass operation in a plasma twice as long~see Sec.
IV C!, and~iii ! to show how our code can be used to tune
parameters of an experiment for the highest intensity
largest coherence length~see Sec. IV D!.

Although the fully developed version of the code cou
not be tested yet, a benefit of using analytical profiles of
hydrodynamic and atomic parameters is that it allows fo
more quantitative validation of the code through a comp
son of our results with values which can be estimated b
simple quasi-stationary model using the same analytical
rameters.

A. Simulation parameters

The simulation parameters were extracted from the res
of Refs. @8,24#, which were fitted by temporal and spati
gaussian profiles accounting for the maximum values
widths of the quantities considered. The atomic parame
are as follows~in the reference frame of Fig. 2!. The gain
profile for the neonlike Zn201 line at l521.2 nm has a 12
cm21 maximum value att5200 ps andx5230 mm, 200 ps
FWHM duration and 32mm FWHM transverse width. The
unsaturated upper state population density isrh5531016
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cm23. The global EinsteinA coefficient isA58.73109 s21.
The saturation intensity is 9.83109 W/cm2.

The geometry of the simulated system is as follows: T
plasma length is 2 cm. The 30% reflectivity multilayer m
ror has a 130 mm curvature radius and its center lies atx5
2920 mm, y51121 mm. Thus the distance between t
plasma end facing the mirror and the mirror surface is 9 m
which corresponds to a round-trip transit time of 54 ps.

The hydrodynamic parameters are as follows: The e
tron and ion temperatures used were, respectively,Te5300
eV andTi5100 eV. The electron density profile was mo
eled by the following expression:

ne~x!5nmaxH 12expFminS 0,
x2xc

Ls
D G J

1nc expS 2~x2xc!

Lc
D ,

where nmax51023 cm23 is the solid electron density,nc
51021 cm23 is the critical density for the pump laser,xc5
250 mm is the transverse position of the critical surfac
Ls58 mm and Lc550 mm are the density gradient scale
lengths in the overdense and underdense regions res
tively. This expression accounts for both the quasiexpon
tial expansion corona, and a steepening part in den
regions of the plasma beyond critical density.

All simulations were run for 400 ps, which is long enoug
for radiation to perform a complete round trip in the syste
including propagation to/from and reflection off the mirr
positioned 9 mm to the left of the plasma.

B. Single- and double-pass operation in a 2 cm plasma

Figure 2 displays a map of the total x-ray laser intens
for waves propagating in both directions~i.e., uE1u2
1uE2u2, expressed in W/cm2), in the plasma@i.e., in the
(x,y) simulation space#, at three different times. At earlie
times @ t550 ps, Fig. 2~a!# the intensity is dominated by
spontaneous emission. Temporal microstructures are see
the intensity with typical time scales of a few times th
inverse-linewidth, as expected. Att5200 ps@Fig. 2~b!# am-
plification of spontaneous emission then leads to an enha
5-8
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MAXWELL-BLOCH MODELING OF X-RAY-LASER- . . . PHYSICAL REVIEW A 62 043815
ment of the intensity at the ends of the plasma. Att5300 ps
@Fig. 2~c!# the intensity is dominated by radiation reflect
by the mirror, leading to smoother ‘‘plane-wave-like’’ stru
tures. These structures get amplified and strongly refracte
high-density regions, pointing to the need for an optimizat
of mirror parameters~radius and center position! in experi-
ments. Intensities of the order of the saturation intensity
reached on the edges of the plasma, in agreement with
perimental results as well as simple estimates@8# based on a
radiation transfer formalism, thus validating our modeling
spontaneous emission. The onset of saturation shows u
localized regions of depleted inversion in the (x,y) map of
the normalized inversion densityD in Fig. 3.

Figure 4 shows the mutual intensityJ12(x1 ,x2)
5u^E1(x1 ,t)E1* (x2 ,t)&u ~see the Appendix! of out-going
waves at a distance of 50 cm from the right end of
plasma~i.e., y552 cm!, for the same times as in Fig. 2. Th
quantityJ12(x1 ,x2) quantifies the correlation of the field fo
two transverse positionsx1 andx2 at y552 cm. The angular
brackets stand for time integration~over 25 ps in this case!.
The figures are symmetrical with respect to the diago

FIG. 3. The normalized inversion densityD is plotted as a func-
tion of distance along~y! and across~x! the plasma at 250 ps. In
addition to the smooth maximum of the modeled small-signal
version, localized depleted regions due to the effect of stimula
emission appear toward the left and right ends of the plasma.
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(x15x2) line, which displays the variation of the intensit
along the transverse directionx. The spatial coherence lengt
dxcoh can be measured as the distanceux12x2u over which
the mutual intensity is decreased by a given factor~2 for
example! from its value at a given positionx:

JS x1
dxcoh

2
,x2

dxcoh

2
,t D5

1

2
J~x,x,t !.

At t550 ps@Fig. 4~a!# the coherence length is very small,
relation with the weak amplification exhibited in Fig. 2~a!.
Later at t5200 ps the coherence length becomes app
ciable, although still small~of the order of 700mm!. Finally
the effect of the mirror is a dramatic coherence increase
t5300 ps@dxcoh'3.6 mm, see Fig. 4~c!#. However at that
time the x-ray intensity on the recording plane (y552 cm!
has decreased with respect to the absolute maximum v
recorded att5275 ps. The fact that spatial coherence is la
est after the peak of the x-ray laser emission was also exp
mentally observed in germanium@31#.

It should be pointed out that the large coherence incre
induced by the half-cavity mirror which is predicted by th
code cannot be fully accounted for through geometrical c
siderations where the equivalent source is in the image p
of the mirror. This increase of the spatial coherence w
already observed in our experiments with the double-p
21.2 nm zinc laser@32#. Diffraction fringes produced by an
alignment wire could be recorded only when the half-cav
mirror was used.

C. Single-pass operation in a 4 cm plasma

The coherence increase exhibited in Fig. 4~c! is not sim-
ply a consequence of doubling the amplification length
injecting the single-pass radiation back into the plasma.
investigate this point, we performed a simulation using
same parameters as above, except that the plasma length
4 cm and no mirror was included. Figure 5 displays the
tensity map at the time of maximum (t5300 ps!. As com-
pared to the half-cavity case, the intensity reached at the e
of the plasma in this case is about 10 times as high as
absolute maximum reached at 275 ps, and about 100 time
high as the intensity at 300 ps~see Fig. 2!. However, as seen

-
d

e
f
n

-
.
s

FIG. 4. The mutual intensity
J12(x1 ,x2) ~in arbitrary units! for
a 25 ps integration time on a plan
50 cm away from the right end o
the plasma is plotted as a functio
of x1 andx2 at times~a! 50 ps,~b!
200 ps, and ~c! 300 ps. The
plasma is 2 cm long and a con
cave mirror faces the left side
The x-scale origin is the same a
in Fig. 2.
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O. LARROCHEet al. PHYSICAL REVIEW A 62 043815
in Figs. 6~a! and 6~b!, the coherence length remains signi
cantly shorter, even at later times when the intensity
decreased.

D. Optimization of mirror parameters

The simulation tool described in this paper provides u
means of fine-tuning the parameters of an experiment,
ticularly the setup of the half-cavity mirror. In experimen
performed so far, a concave mirror with parameters as
fined in Sec. IV B has been used. We investigated num
cally two types of variation of those parameters, namely
variation of the transverse~x! position of the mirror, other
parameters remaining equal to the values given above, a
variation of the focal length of the mirror. These simulatio
are illustrated in Fig. 7 and Figs. 8,9, respectively.

The variation of the transverse position of the mirror (xM)
yielded a~rather broad! optimum of the x-ray intensity for

FIG. 5. The total radiation intensity is plotted as a function
distance along~y! and across~x! the plasma at time 300 ps. Th
plasma length is 4 cm and no mirror is included.

FIG. 6. The mutual intensityJ12(x1 ,x2) ~in arb. units! for a 25
ps integration time at a plane 50 cm away from the right end of
plasma is plotted as a function ofx1 andx2 at times~a! 300 ps,~b!
350 ps. The plasma length is 4 cm and no mirror is included.
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the above-defined value (xM52920 mm!. In Fig. 7, inten-
sity maps at 300 ps forxM52600mm andxM521100mm
are displayed, to be compared with Fig. 2~c!. The transverse
coherence length at 300 ps, 50 cm away from the plasma
very close~'3.6 mm FWHM at the position of maximum
intensity! for all three cases, and is not shown here.

Various values of the focal length of the mirror we
tried, keeping the auto-collimation angle fixed. In Fig. 8
displayed the case of a concave mirror with a shorter cur
ture radius~23 mm! than above, with its center of curvatur
lying in the region where the main part of the x-ray bea
gets refracted off the higher-density part of the plasma.
though in this case a larger fraction of the radiation is
flected back into the amplifying region, the maximum inte
sity inside the plasma and the transverse coherence leng
50 cm to the right are lower than in the case of a plane~or
quasiplane! mirror @compare with Figs. 2~c! and 4~c!, respec-
tively#. In Fig. 9 are shown the results for a convex mirr
with an 18 mm curvature radius, exhibiting an increase of
maximum intensity inside the plasma as well as a lar
transverse coherence length@'5.8 mm FWHM at the posi-
tion of maximum intensity instead of'3.6 mm in Fig. 4~c!#
with respect to the case illustrated in Figs. 2 and 4.

Further optimization of the experimental setup will b
performed using our code, particularly taking into accou
actual values of mirror parameters and more realistic den
profiles for a better simulation of refraction in higher-dens
regions.

V. SUMMARY AND PROSPECTS

Our Maxwell-Bloch codeCOLAX describing x-ray laser
signal build-up, saturation and coherence using a half-ca
mirror has been successfully tested, and reproduces qua
tively well the coherence increase experimentally obser
in double-pass operation. A more detailed version of
code including coupling to simulations of plasma hydrod
namics and population kinetics will be available soon.

The fully time-dependent description of the polarizati

f

e

FIG. 7. The total radiation intensity is plotted as a function
distance along~y! and across~x! the plasma at time 300 ps, fo
cases where the mirror was displaced in the transverse direc
with respect to that displayed in Fig. 2~c!; here the mirror position
was ~a! 2600 mm and~b! 21100mm.
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FIG. 8. Simulation results are shown at 300 ps for the case of a concave mirror with the following parameters~see diagram at left!: mirror
position:29 mm; position of the curvature center:x5242 mm, y514 mm. On the left is plotted the total radiation intensity as a funct
of distance along~y! and across~x! the plasma, to be compared with Fig. 2~c!; on the right is displayed the mutual intensity for a 25
integration time at a plane 50 cm away from the right end of the plasma, to be compared with Fig. 4~c!.
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density which can be used in the code@Eq. ~7!# leads to local
x-ray intensities which vary by at most a factor of 2 fro
their value in the frame of the commonly assumed adiab
hypothesis, where the instantaneous values ofP and the field
E are directly proportional. The expected effect of that mo
eling feature on spectral properties of the laser output~par-
ticularly gain narrowing! will be studied in the near future
More dramatic effects might arise when the amplification
larger, and thus the inversion density more strongly satura
than in the cases investigated so far.

Future improvements of the code will include taking in
account theJ522J51 line which is also amplified in the
Ne-like scheme, including inhomogeneous broadening
ion diffusion, improving the description of dipole dephasi
through a more satisfactory treatment of elastic collisio
extension to the Ni-like scheme, and some approximate m
eling of the second transverse~z! direction.
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APPENDIX: BASIC NOTIONS ABOUT COHERENCE
USED IN THIS PAPER

We will give here a very brief account of a few points
coherence theory needed to introduce the quantities use
the main part of this paper. More detailed informations c
be found in Ref.@15#.

The degree of coherence of a source can be defined a
ability to produce interference fringes in an experime
where it generates two secondary pointlike sources~for ex-
ample, through diffraction onto the holes in Young’s doub
hole experiment!, whose radiation is superimposed onto
ion
ps
FIG. 9. Simulation results are shown at 300 ps for the case of a convex mirror with the following parameters~see diagram at left!: mirror
position:29 mm; position of the curvature center:x5159mm, y5227 mm. On the left is plotted the total radiation intensity as a funct
of distance along~y! and across~x! the plasma, to be compared with Fig. 2~c!; on the right is displayed the mutual intensity for a 25
integration time at a plane 50 cm away from the right end of the plasma, to be compared with Fig. 4~c!.
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O. LARROCHEet al. PHYSICAL REVIEW A 62 043815
recording device. This notion pertains to the properties
radiation recorded some distance~denoted byL in Fig. 10!
away from the source. The primary source is itself cons
ered as a set of pointlike monochromatic source eleme
with possibly different frequencies, and well-defined ref
ence phases. The more or less incoherent character of s
source arises from the fact that the mutual phase differen
between the source elements of which it is composed
random.

1. Temporal or spatial coherence

Let us denote the positions of the secondary sources brW1

and rW2 ~see Fig. 10!. Depending on the orientation of th

vectorrW22rW1 with respect to the source directionSW r @where

rW5(rW21rW1)/2#, coherence will be qualified as ‘‘longitudi

nal’’ @SW r i(rW22rW1)# or ‘‘transverse’’ @SW r'(rW22rW1)#. From
the point of view of a single pointlike source element, th
means that the phase difference between the waves rec

at points rW1 and rW2 is due to different arrival times or to
different propagation directions respectively; coherence
thus also be qualified as, respectively, ‘‘temporal’’ or ‘‘sp
tial.’’ In the case of a real extended source, this distinction
less sharp, but still significant as long as the distanceL be-
tween the source and the recording region remains large
respect to the source dimensions and the recording p
separationurW22rW1u.

Temporal~or longitudinal! coherence is measured by th
distance over which waves emitted by two source eleme
will get out of phase as a result of their frequency differen
The order of magnitude of this distance isl2/Dl wherel is
the center source frequency andDl its spectral width. In
practice for the case of x-ray lasers, this distance can b
large as several hundredmm @16#; hence it will be assumed
that full temporal coherence is reached is these systems,
other words that these sources can be considered mono
matic for our purposes.

Spatial~or transverse! coherence is defined as the abili
of a source to produce interference fringes in an experim
where it generates two secondary sources lying in a tra
verse plane, as in Fig. 11. The fringe visibility is proportion
to the modulus of the so-called ‘‘complex coherence facto

FIG. 10. Coherence is a property of radiation emitted by

sourceS and recorded in the vicinity of pointsrW1 and rW2.
04381
f

-
ts,
-
h a
es
re

ved

n

s

ith
int

ts
.

as

in
ro-

nt
s-
l
’

m5
G12~0!

@G11~0!G22~0!#1/2
,

whereG12(t)5^E(r 1 ,t)E* (r 2 ,t1t)& is the two-point cor-
relation function of the~linearly polarized! electric field re-
corded at the location of the holes. In the latter express
the angular brackets stand for an average over a macrosc
time scale~in practice, the detector integration time!. The
field E(r ,t) is itself the sum of contributions from all sourc
elements. In the above formula, the valuet50 is used since
source monochromaticity~or full temporal coherence! is as-
sumed, as previously explained; in the opposite case a n
vanishing value oft would account for the different propa
gation times for waves going through holes 1 or 2.

2. Useful quantities related to transverse coherence

The information conveyed by the complex coherence f
tor m just defined can be cast into various forms according
how it is to be used. The simplest of these is the ‘‘mutu
intensity’’ defined as

J12~ t !5J~x1 ,z1 ,x2 ,z2 ,t !5^E~x1 ,z1 ,t !E* ~x2 ,z2 ,t !&,

wherex andz are the transverse coordinates defined in F
1; this is just another notation for the spatial correlation fun
tion of the fieldG12(0) defined in the previous section.

The most relevant quantity in the case of an experim
producing interference fringes is the fringe visibility, propo
tional to the difference between the intensity of bright fring
(I max) and that of dark fringes (I min), defined as

V~x1 ,z1 ,x2 ,z2 ,t !5
I max2I min

I max1I min

5
2u^E~x1 ,z1 ,t !E* ~x2 ,z2 ,t !&u

^uE~x1 ,z1 ,t !u2&1^uE~x2 ,z2 ,t !u2&

5
2J12~ t !

J11~ t !1J22~ t !
.

e FIG. 11. A schematic Young’s holes experiment used to de
transverse coherence.
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Let us recall that in the above expressions, the indices 1

2 refer to the locations of the holes in Fig. 11, whereasI max

and I min are intensities recorded on the screen lying to

right of the hole plane. Geometrical factors accounting
s

e,

ys

,

04381
nd

e

r

intensity variations with respect to the direction of propag
tion from the hole plane to the screen in the diffraction p
cess have been omitted; as a result, the simple express
given above are strictly valid for small propagation ang
only.
,
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