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Ionization of hydrogen atoms by fast electrons
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We study ionization of atomic hydrogen by fast electrons using asymptotically correct two-center wave
functions to describe the scattering system both initially and finally. For the final state, we employ the
well-known product wave function of Redmond, which treats all three two-body Coulomb interactions exactly,
albeit independently. This ‘‘3C’’ wave function is the leading term of the exact scattering wave function,
regardless of howslow the three particles are, if any two particles have large relativeseparation@Y.E. Kim and
A.L. Zubarev, Phys. Rev. A56, 521 ~1997!#. Here we extend the analysis of Qiuet al. @Phys. Rev. A57,
R1489~1998!# to show that the 3C wave function is the leading term of the exact scattering wave function,
regardless of howclosethe three particles are, if any two particles have large relativespeed. Whereas Brauner,
Briggs, and Klar@J. Phys. B22, 2265~1989!#, using the above wave function, demonstrated the importance of
final-state two-center effects, we have shown thatinitial-state two-center effects must also be included to
obtain accurate results at lower energies@S. Jones and D.H. Madison, Phys. Rev. Lett.81, 2886,~1998!#. Here
we consider three different two-center approximations for the initial state, which yield nearly identical results
for impact energies above 250 eV. For lower energies, the model that uses the eikonal approximation for the
initial state emerges as the most accurate one, just as is observed in the case of ion impact.

PACS number~s!: 34.80.Dp, 34.10.1x, 03.65.Nk
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I. INTRODUCTION

Electron-impact ionization of atoms has been a topic
considerable interest for the last three decades. Ten y
ago, Brauner, Briggs, and Klar@1#, using the three-body
product wave function of Redmond@2,3#, showed that any
accurate theoretical calculation based upon first-order pe
bation theory would have to include the final-state electr
electron interaction in the formation of the final-state wa
function. Recently, we demonstrated that first-order per
bation theory could be extended to still lower energies
also including the initial-state electron-electron interaction
the formation of the initial-state wave function@4#. Here we
study the role of initial-state correlation in more detail
comparing three different methods of including this corre
tion that have been proposed in the literature and by con
ering a wider range of energies than in our previous pa
@4#. The wave functions considered for the initial state a
the continuum distorted wave~CDW! approximation of
Cheshire@5#, the ‘‘two-Coulomb wave’’~TCW! approxima-
tion of Dewangan@6#, and the eikonal approximation o
Glauber@7#. In all cases, the CDW~3C! wave function of
Redmond@2,3# is used for the final state. By comparing th
above results with those neglecting initial-state interactio
the effects of these interactions become clear. A further i
of the accuracy of these models is gained by compari
with nonperturbative close-coupling calculations@8,9#.

We limit the scope of this study tofastelectron-hydrogen
collisions, so that a perturbative approach is appropriate.
regard a collision as fast if the projectile is faster~initially
and finally! than any target electrons that participate in t
collision. The 3C wave function is ideal for studying fa
collisions since, as we will show, it is leading term of th
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f
ars

r-
-

r-
y

-
d-
er
e

s,
a
n

e

exact scattering wave function in the entire coordinate sp
if any two particles have large relative speed.

Absolute experimental data for the triply-differential ion
ization cross section are available at impact energies of 5
150, and 250 eV@10,11#, and provide the basis for th
present study. Atomic units~a.u.! are used throughout thi
work unless stated otherwise.

II. THEORY

In the distorted-wave formalism, the post form of the e
act transition matrix (T matrix! element is given by the two
potential formula of Gell-Mann and Goldberger@12#:

Tf i5^x f
2uWf

†uC i
1&1^x f

2uVi2Wf
†ub i&. ~1!

Here C i
1 is the exact scattering wave function develop

from the initial state satisfying exact outgoing-wave~1!
boundary conditions andx f

2 is a distorted wave develope
from the final state satisfying exact incoming-wave~2!
boundary conditions, but is otherwise arbitrary (Wf is the
corresponding perturbation!.

In the second term of Eq.~1!,

b i5fki
~ra!c1s~rb! ~2!

is the unperturbed initial state, wherec1s is the wave func-
tion for the hydrogen atom,k i is the wave vector for the
incident electron, and

fk~r !5~2p!23/2exp~ ik•r !. ~3!
©2000 The American Physical Society01-1
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The vectorsra andrb are the coordinates of the two electro
relative to the nucleus, which we take to be infinitely ma
sive. The initial-state channel interactionVi in Eq. ~1! is
given by

Vi52
1

r a
1

1

r ab
. ~4!

Here r ab5urabu, whererab5ra2rb .
For the final state, we use the CDW wave function~in

electron-atom literature, this is usually called the 3C wa
function! @1–3,13,14#:

x f
25cka

2 ~ra!ckb

2 ~rb!C2~1/kab ,mkab ,rab!. ~5!

Here ka and kb are the wave vectors for the two final-sta
electrons andkab5ka2kb . The reduced mass of two elec
trons is denoted bym51/2. The wave functions

ck
6~r !5fk~r !C6~21/k,k,r ! ~6!

are continuum states of the hydrogen atom. They satisfy

S 2
1

2
¹22

1

r Dck
6~r !5

1

2
k2ck

6~r !. ~7!

Distortion effects of the Coulomb potential are contained
the function

C6~a,k,r !5N6~a!1F1~7 ia,1;6 ikr 2 ik•r !. ~8!

Here 1F1 is the confluent hypergeometric function an
N6(a)5G(16 ia)exp(2pa/2), where G is the gamma
function.

The perturbationWf in Eq. ~1! is determined from the
Schrödinger equation

~H2E!x f
25Wfx f

2 , ~9!

where

H52
1

2
¹ ra

2 2
1

2
¹ rb

2 2
1

r a
2

1

r b
1

1

r ab
~10!

is the full Hamiltonian and

E5
1

2
ka

21
1

2
kb

2 ~11!

is the total energy. Substitutingx f
2 @the CDW ~3C! wave

function of Eq. ~5!# into the Schro¨dinger equation~9!, we
obtain ~previously obtained by Klar@15,16#! @17#

Wf5Kab•m~Ka2Kb!, ~12!

where

Ka[K ~21/ka ,ka ,ra!, ~13!

Kb[K ~21/kb ,kb ,rb!, ~14!

Kab[K ~1/kab ,mkab ,rab!, ~15!
04270
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and where

K ~a,k,r ![
1F1~11 ia,2;2 ikr 2 ik•r !

1F1~ ia,1;2 ikr 2 ik•r !
~ k̂1 r̂ !, ~16!

wherek̂ and r̂ are unit vectors in the directions ofk and r ,
respectively.

The perturbation ~12!, a complex scaler, is a six
dimensional three-body interaction of shorter range than
Coulomb interaction. It represents interactionsbetweentwo-
body subsystems since the distortion effects of each t
body Coulomb potential have been treated exactly, but in
pendently, inx f

2 .
Kim and Zubarev@18#, building on work by Alt and

Mukhamedzhanov@19# and Mukhamedzhanov and Liebe
@20#, showed that the CDW~3C! wave function~5! is asymp-
totically correct in all asymptotic domains of coordinat
space. This means that the above wave function is the le
ing term of the exact scattering wave function if any tw
particles are far apart.

Qiu et al. @21#, on the other hand, studied the behavior
the 3C wave function in theentire coordinate space. The
wrote the following high-energy ansatz for the exact scat
ing wave function developed from the final state:

C f
25cka

2 ~ra!ckb

2 ~rb!C~rab!, ~17!

where theck(r ) are given by Eq.~6! andC(rab) is a function
to be determined. SubstitutingC f

2 ~17! into Schrödinger’s
equation, (H2E)C f

250, one obtains the following equa
tion for C(rab):

F¹ rab

2 1~ ikab1Kb2Ka!•“ rab
2

1

r ab
GC~rab!50, ~18!

whereKa and Kb are given by Eqs.~13! and ~14!, above.
Qiu et al. @21# considered the case wherekab@1 and ka
@kb . For largekab , Eq. ~18! reduces, to leading order in
1/kab , to

F¹ rab

2 1 ikab•“ rab
2

1

r ab
GC~rab!50, ~19!

since the functionsKa and Kb are bounded in the entire
coordinate space@21#. Equation~19! is just the usual equa
tion for the confluent hypergeometric function; thus

C~rab!5C2~1/kab ,mkab ,rab!, ~20!

whereC2(a,k,r ) is given by Eq.~8!. As a result,C f
2 re-

duces to the 3C wave function~5! for ka→` and finitekb .
Obviously, the same result is also obtained ifkab@1 and
kb@ka , or if all three momenta are large. This leaves on
the case whereka@kab andkb@kab ~not considered by Qiu
et al. @21#!. In this limit, Ka ~13! vanishes as 1/ka and Kb
~14! vanishes as 1/kb , so we still obtain the 3C wave func
tion. This follows from the asymptotic form ofK (a,k,r )
@22#:
1-2
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IONIZATION OF HYDROGEN ATOMS BY FAST ELECTRONS PHYSICAL REVIEW A62 042701
K ~a,k,r ! ;
k→`

k̂1 r̂

ikr ~11 k̂• r̂ !
. ~21!

Equation~21! is, of course, not valid in the singular directio
k̂52 r̂ . In this case, we have to consider the fullK (a,k,r )
given by Eq.~16!, which is identically zero fork̂52 r̂ . Thus
the exact scattering wave function developed from the fi
state reduces to the CDW~3C! wave function~5! in the full
coordinate space for high energiesE, no matter how this
energy is shared between the two final-state electrons.

It is instructive to rewrite the exactT-matrix element~1!
in an alternative form:

Tf i5^x f
2uVi ub i&1^x f

2uWf
†u~C i

12b i !&. ~22!

The first amplitude in Eq.~22! is the 3C approximation o
Brauner, Briggs, and Klar@1# and the second term contain
all higher-order corrections to this approximation since
sum of the two terms is exact. The 3C approximation
obtained from the exactT-matrix element~22! by approxi-
mating the exact scattering wave functionC i

1 by the unper-
turbed stateb i ~the Born approximation!. In the present ap-
proach,C i

1 is approximated by a two-center wave functio
containing electron-electron correlation. From Eq.~22!, we
see that this correlation introduces physical effects conta
in higher-order terms of a 3C perturbation series. In the
lowing, we discuss in detail three different methods propo
in the literature for including this correlation.

A. CDW approximation

The CDW approximation was introduced by Cheshire@5#
for ion-atom charge exchange and extended to ion-atom
ization by Belkić@13#. In the CDW approximation, the CDW
~3C! wave function~5! describes the final state, while th
exact scattering wave function in Eq.~1! is approximated by
the initial-state CDW wave function@the analog of the 3C
wave function~5!#:

C i
1'cki

1~ra!c1s~rb!C1~1/ki ,mk i ,rab!m
2 i /ki. ~23!

The factorm2 i /ki is needed here so that the wave functi
~23! asymptotically goes over to the unperturbed initial st
~2!.

The primary flaw of the CDW initial-state wave functio
~23! is that it ignores the binding energy of the atomic ele
tron @23# ~by treating it as a continuum electron with ze
energy when calculating the electron-electron Coulomb
distortion factor!. For sufficiently high impact energies, th
binding energy can be ignored. For lower energies we fo
that neglecting binding causes the cross sections corresp
ing to binary collisions to be grossly overestimated, as o
might expect. A possible remedy is to ‘‘bind’’ the atom
electron to the nucleus by adding the nuclear mass to
atomic-electron mass when calculating the initial-st
Coulombic-distortion factor for the electron-electron intera
tion. If we do this, we obtain Dewangan’s ‘‘two Coulom
waves’’ ~TCW! wave function@6#.
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l

e
s

d
l-
d

n-

e

-

-

d
nd-
e

e
e
-

B. CDW-TCW approximation

Dewangan and Bransden@24#, studying proton-hydrogen
excitation, showed that the use of the CDW wave funct
for the initial state almost, but not quite, yields a fully clos
second-Born term when the scattering amplitude is evalua
using the Born approximation for the final state. Accor
ingly, Dewangan@6# proposed a ‘‘two Coulomb waves’
~TCW! approximation for the initial state that does lead to
fully closed second-Born term. For the case of electrons c
liding with hydrogen atoms it is given by

C i
1'cki

1~ra!c1s~rb!C1~1/ki ,k i ,rab!. ~24!

We label the choice~5!, together with the approximation
~24!, the CDW-TCW approximation~CDW final state, TCW
initial state!.

We note that the difference between the CDW wave fu
tion ~23! and Dewangan’s wave function~24!, is that the
latter effectively replaces the two-electron reduced masm
51/2 with unity in the electron-electron correlation functio
of Eq. ~23!. This is equivalent to adding the nuclear mass
the atomic-electron mass, as discussed above. Thus, in D
angan’s wave function, the relative wave vector betwe
projectile and atom determines the extent of electron
electron Coulomb distortion, whereas in the CDW wa
function ~23! of Cheshire@5#, it is the relative wave vector
betweentwo free electronsthat determines this distortion.

C. CDW-EIS approximation

Crothers @25#, using the time-dependent theory, h
shown that the CDW initial-state wave function is not pro
erly normalized.~We believe this normalization problem
stems from the neglect of atomic binding energy.! To over-
come this problem, Crothers and McCann@26# employed the
eikonal approximation@7# for the initial state. For electrons
colliding with H(1s), the eikonal approximation to the exa
scattering wave functionC i

1 is given by

C i
1'c̃ki

1~ra!c1s~rb!C̃1~1/ki ,mk i ,rab!m
2 i /ki. ~25!

Here

c̃k
6~r !5fk~r !C̃6~21/k,k,r ! ~26!

is the asymptotic form of a Coulomb wave@Eq. ~6!# and

C̃6~a,k,r !5 exp@7 ia ln~kr6k•r !# ~27!

is the asymptotic form of a Coulombic-distortion factor@Eq.
~8!#. Since the eikonal approximation affects only thephase
of the unperturbed wave function~2!, there can be no nor
malization problems. The choice~5!, together with the ap-
proximation ~25!, is called the CDW-EIS approximation
~CDW final state, eikonal initial state!. It has been hugely
successful in the case ofion-impact ionization of atoms@26–
28#. Recently we showed that this approximation leads
considerable improvement over the 3C approximation
Brauner, Briggs, and Klar@1# in the case ofelectron-impact
ionization of hydrogen at intermediate energies@4#.
1-3
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III. RESULTS AND DISCUSSION

We evaluate the scattering amplitude~1! by direct six-
dimensional numerical~Gauss-Legendre! quadrature@22#.
Spherical coordinates are used forrb and cylindrical coordi-
nates are used forra , with the z axis taken along the direc
tion of the momentum transferq5k i2ka . We estimate that
our numerical uncertainty is less than 2% at the peak val

For the kinematics considered here, the effects of elec
exchange are small and are neglected. Therefore we ref
the faster final-state electron as the scattered electron an
the slower final-state electron as the ejected electron.
triply differential cross section~TDCS! measurements
@10,11# fix the energy and angle of the scattered electr
thus fixing the energy of the ejected electron which is o
served over the full range of experimentally accessi
angles in the scattering plane. In the angular distribution
the ejected electrons, two peaks are found: a binary p
centered near the direction of the momentum transferq and a
recoil peak approximately in the opposite direction.

In order to make a meaningful comparison with the ab
lute experimental data, it is necessary to understand
there are two independent sources of experimental erro
error for the internormalization of data points~for the shape
of the angular distribution! and error for the overall normal
ization of the data points~for putting the relative data on a
absolute scale!. Experimental TDCS for different angles o
the outgoing electrons are internormalized to610%. TDCS
for different energies of the outgoing electrons arenot inter-
normalized and therefore must be put on an absolute s
independently. For impact energies of 150 and 250
Ehrhardtet al. @10# put their relative TDCS on an absolu
scale (615%) by extrapolating the corresponding gener

FIG. 1. Scattering-plane triply differential cross section~TDCS!
for an impact energy of 250 eV vs the angle~clockwise from for-
ward direction! of the slower~5 eV! electron. Circles are absolut
experimental data of Ehrhardtet al. @10#. The fixed observation
angle~counterclockwise! for the faster electron is~a! 3° or ~b! 8°.
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ized oscillator strengths to zero momentum transfer a
comparing with known photoionization results. The relati
TDCS for 54.4-eV impact energy@29#, on the other hand
was brought on absolute scale (635%) directly by measure
ment@11#. In the first part of this section we study the role
initial-state correlation and in the second part we comp
with close-coupling calculations and make a detailed co
parison between theory and experiment.

A. Role of initial-state correlation

The 3C, CDW, CDW-TCW, and CDW-EIS results a
compared with the absolute experimental measurements@10#
for an impact energy of 250 eV in Fig. 1. The first thing
note from Fig. 1 is that the CDW, CDW-TCW, and CDW
EIS results are nearly identical. All of these calculations ha
3C as the first term and involve different approximations
the higher-order terms of a 3C perturbation series. If
assume that these higher-order terms have beenaccurately
approximated, then the small differences between these
sults and the 3C results means that the higher-order term
a 3C perturbation series are small at 250 eV. Nevertheles

FIG. 2. Scattering-plane triply differential cross section~TDCS!
for an impact energy of 150 eV vs the angle~clockwise from for-
ward direction! of the slower~3 eV! electron. The solid circles are
absolute experimental data of Ehrhardtet al. @10#. The fixed obser-
vation angle~counterclockwise! for the faster electron is~a! 4°, ~b!
10°, or ~c! 16°.
1-4
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IONIZATION OF HYDROGEN ATOMS BY FAST ELECTRONS PHYSICAL REVIEW A62 042701
is seen that the higher order terms increase the magnitud
the binary peak, decrease the magnitude of the recoil p
and shift the recoil peak to a smaller angle between the
outgoing electrons. As we will see, these same effects sim
become more pronounced for lower energies.

Figures 2–4 contain the same comparison for 150-eV
cident electrons and ejected-electron energies of 3, 5, an
eV. At 150-eV impact energy, the CDW-EIS and CDW
TCW results remain very similar but are now more notic
ably different from the 3C results, which neglect initial-sta
correlation. Although the larger binary peak predicted
CDW is in better agreement with the experiment at 150 e
the following comparison at 54.4 eV strongly suggests t
this agreement is fortuitous.

For 54.4-eV incident electrons, similar results are sho
in Fig. 5. As the incident energy is lowered, more noticea
differences between the theories become evident. Neve
less, the general trend of the 3C being smaller for the bin
peak, and larger and shifted to larger angles between
electrons for the recoil peak remains. At this energy, it
clearly seen that the position of the recoil peak as predic
using the higher-order terms of a 3C perturbation series i
better accord with experiment than that predicted by the
term. When the higher-order calculations are compared,
seen that the magnitude of the binary peak predicted by
CDW calculation is much too large as compared to exp

FIG. 3. Same as Fig. 2 for a slow-electron energy of 5 eV.
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ment@11#, particularly for larger momentum transfer. This
because the CDW approximation, as discussed in the pr
ous section, neglects the binding energy of the atomic e
tron. Overall, CDW-EIS is in best accord with the absolu
experimental data@11# at 54.4 eV. Therefore we use CDW
EIS in the following detailed comparison with close
coupling calculations and experiment.

B. Comparison with close-coupling results

The CDW-EIS results are compared with a very rec
convergent close-coupling~CCC! calculation @9#, labeled
CCC99, for 250-eV incident electrons in Fig. 6. It is se
that the two very different approaches yield almost identi
results and that where experiment@10# and theory differ, the
two theories are in better agreement with each other t
with experiment. The CCC results should be accurate
sufficient number of terms are included in the expansion
the wave function and the CDW-EIS results should be ac
rate if the important physical effects are included to all co
tributing orders of perturbation theory. As described in t
theory section, the CDW-EIS calculation contains contrib
tions from all orders of a perturbation series that has the
approximation as the first term. When a close-coupling c
culation and a perturbation series calculation yield the sa
results, this suggests that the close-coupling calculation
included a sufficient number of terms in the expansion of

FIG. 4. Same as Fig. 2 for a slow-electron energy of 10 eV.
1-5
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S. JONES AND D. H. MADISON PHYSICAL REVIEW A62 042701
wave function and the perturbation series has the impor
physical effects contained to all contributing orders. T
closeness of the present CDW-EIS and CCC calculati
thus strongly suggests that theory has converged and

FIG. 5. Scattering-plane triply differential cross section~TDCS!
for an impact energy of 54.4 eV vs the angle~clockwise from
forward direction! of the slower~5 eV! electron. Circles are abso
lute experimental data of Ehrhardt and Ro¨der @11#. The fixed obser-
vation angle~counterclockwise! for the faster electron is~a! 4°, ~b!
10°, ~c! 16°, or ~d! 23°.

FIG. 6. Scattering-plane triply differential cross section~TDCS!
for an impact energy of 250 eV vs the angle~clockwise from for-
ward direction! of the slower~5 eV! electron. The solid circles are
absolute experimental data of Ehrhardtet al. @10#. The calculations
labeled CCC99 are from Bray@9#. The fixed observation angle
~counterclockwise! for the faster electron is~a! 3° or ~b! 8°.
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results are accurate. Following this logic, one would co
clude that theory is probably more accurate than the exp
ment at this energy.

For 150-eV incident electrons~Figs. 7–9!, the present
CDW-EIS results are compared with two different CCC c
culations. The older results, labeled CCC94@8#, incorporated
higher target orbital angular momentum than that us
within the close-coupling equations. The newer CCC99 c
culations @9#, which are believed to be more accurate, a
based only on the target angular momentum actually reta
in these equations. From Figs. 7–9, it is seen that the CC
calculations are in significantly better agreement with
CDW-EIS results than the CCC94 calculations, which are
much as 23% larger than CCC99 for the binary peak.

Although the agreement between CDW-EIS and CCC
is excellent at 150 eV, the agreement between theory
experiment does not appear so good, and a more ca
analysis is needed. In Tables I–III, we have listed the heig
of the experimental@10# and theoretical~CDW-EIS and
CCC99! binary peaks at 150 eV as well as the ratio of ea
theory to experiment at these peaks. This ratio is just

FIG. 7. Scattering-plane triply differential cross section~TDCS!
for an impact energy of 150 eV vs the angle~clockwise from for-
ward direction! of the slower~3 eV! electron. The solid circles are
absolute experimental data of Ehrhardtet al. @10#. The calculations
labeled CCC99 are from Bray@9# and those labeled CCC94 ar
from Bray et al. @8#. The fixed observation angle~counterclock-
wise! for the faster electron is~a! 4°, ~b! 10°, or ~c! 16°.
1-6
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IONIZATION OF HYDROGEN ATOMS BY FAST ELECTRONS PHYSICAL REVIEW A62 042701
scaling factor that experiment would need to be multipl
by to agree with the theory for the height of the binary pe
From Table I~ejected electrons with an energy of 3 eV!, the
scaling factors for CCC99 are 0.91, 0.73, and 0.75 for s
tering angles of 4°, 10°, and 16°, respectively. The med
of these three scaling factors is 0.82~18% less than unity!
and the range of deviation about this median value is60.09,
which is611% of the median value. Thus, as far as CCC
is concerned, the overall normalization of experiment is 1
too large and the internormalization error is 11%. These
rors are just slightly outside the experimental limits of
and 10 %, respectively and therefore we would argue
CCC99 is in quantitative agreement with the experimen
binary peak for an impact energy of 150 eV and an eject
electron energy of 3 eV. Making the same analysis
CDW-EIS, we get scaling factors of 0.8060.10 (612%);
that is, a 20% overall error and a 12% relative error, which
very similar to what CCC99 predicts.

Now we should also include the recoil peak in the abo
analysis; however, in Fig. 7~b!, the experimental recoil pea
is about a factor of 2 larger than theory, which is clearly w
outside acceptable limits. Nevertheless, in this case the
very good agreement between CDW-EIS and CCC99
therefore we believe theory is more accurate than exp
ment. Furthermore, at 150 eV, the recoil data is rather no
for the larger scattering angles and therefore would req

FIG. 8. Same as Fig. 7 for a slow-electron energy of 5 eV.
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smoothing to sensibly determine the necessary scaling
tors.

The largest difference between CCC99 and CDW-EIS
150-eV impact energy lies in the recoil peak for an eject
electron energy of 3 eV and a scattering angle of 4°@Fig.
7~a!#, where the CCC results are larger and closer to
experimental data. It is odd that the two theories should d
agree for this particular case since an eikonal approxima
would be expected to be most accurate for small scatte
angles. Nevertheless, CDW-EIS is smaller relative to exp

FIG. 9. Same as Fig. 7 for a slow-electron energy of 10 eV.

TABLE I. Comparison of the present CDW-EIS results, t
CCC99 results@9#, and experiment~expt.! @10# for an impact energy
of 150 eV and an ejected-electron energy of 3 eV for scatter
angles of 4°, 10°, and 16°. The data are experimental and the
ical values for the height of the binary peak in atomic units and
ratio of theory to experiment at this peak.

4° 10° 16°

CDW-EIS 9.18 2.91 0.74
CCC99 9.36 3.01 0.80
Expt. 10.24 4.12 1.07
~CDW-EIS!/~expt.! 0.90 0.71 0.69
~CCC99!/~expt.! 0.91 0.73 0.75
1-7
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ment by about the same amount here as it is for the bin
peak of Fig. 7~c!. This means that the preceding error ana
sis, which only included binary peaks, would be unaffecte
the recoil peak of Fig. 7~a! were also included in the analy
sis.

For 5-eV ejection energy~Fig. 8 and Table II! we obtain
scaling factors of 0.8660.08 (67%) for CCC99 and 0.83
60.06 (67%) for CDW-EIS. At this point we should men
tion that it is not strictly necessary to take the median sca
factor as the overall scaling factor that determines the dif
ence between theory and experiment for the overall norm
ization. One can take the largest or smallest scaling facto
anything inbetween. For example, in the above case
CDW-EIS, the scaling factors may be written as 0.8660.09
(610%) rather than 0.8360.06 (67%). As aresult, both
CCC99 and CDW-EIS are within the stated experimen
uncertainties for ejected electrons with an energy of 5
Unless stated otherwise, however, the median scaling fa
which minimizes the internormalization error, will be use

For 10-eV ejected electrons~Fig. 9 and Table III!, we
obtain scaling factors of 0.7460.01 (61%) for CCC99 and
0.7660.01 (61%) for CDW-EIS. Thus, CCC99 and CDW
EIS predict that the experimental data is 26% and 24%
large, respectively, which is now fairly large compared to
stated experimental uncertainty of 15%. The closeness o
two theories suggests, however, that theory is more accu
than the experiment and therefore we believe that the ove
experimental normalization is about 25% too large for 10-
ejected electrons.

Figure 10 compares the present CDW-EIS results with
two CCC calculations and the absolute experimental d
@11# for 54.4-eV incident electrons. The newer CCC99
sults do not exhibit the double recoil peak structure that w
present in CCC94. The binary peaks exhibit the same be
ior for 54.4 eV as was seen for the higher energies, w
CCC94 larger than CCC99~as much as 29%! and with

TABLE II. Same as Table I for an ejected-electron energy o
eV.

4° 10° 16°

CDW-EIS 6.37 2.86 0.98
CCC99 6.39 2.87 1.03
Expt. 7.45 3.72 1.10
~CDW-EIS!/~expt.! 0.86 0.77 0.89
~CCC99!/~expt.! 0.86 0.77 0.94

TABLE III. Same as Table I for an ejected-electron energy
10 eV.

4° 10° 16°

CDW-EIS 2.42 1.91 1.17
CCC99 2.31 1.87 1.17
Expt. 3.13 2.58 1.56
~CDW-EIS!/~expt.! 0.77 0.74 0.75
~CCC99!/~expt.! 0.74 0.72 0.75
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CCC99 much closer to CDW-EIS. The difference betwe
CCC99 and CDW-EIS at the binary peak is less than 10%
all cases. The recoil peak is a bit of a mixed bag. CDW-E
is consistently smaller~about 35%! than CCC99 and in half
the cases, CDW-EIS is in better agreement with experim
and in the other half CCC99 is in better agreement. Th
results are summarized in Table IV. Using the binary d
only gives scaling factors of 1.0060.16 (616%) for CDW-
EIS and 1.0860.17 (616%) for CCC99. Clearly, both theo
ries are well within the overall normalization uncertainty
35%. Both theories, however, predict that the internormali
tion error is 16%, rather than 10%. If we include the rec
data as well, we get scaling factors of 0.9560.25 (626%)
for CDW-EIS and 1.3060.39 (630%) for CCC99. Note
that for scattering angles of 4° and 10°, the center of
recoil peak was not accessible in the experiment and th
fore we compare theory and experiment at the angle (210
both cases! where the experimental recoil data is the large
Now both theories predict that the internormalization erro
considerably larger than the experimental estimate of 10
Furthermore, agreement between the two theories is poo
the height of the recoil peak. For these reasons, we belie
is more reasonable to assume that the experiment is m
accurate than either theory for the relative size of the pe
~height of the recoil peak relative to the height of the bina
peak!. If this is indeed the case, then CDW-EIS is under
timating the recoil peak relative to the binary peak by ab
20% for scattering angles of 10° and 16°, while CCC99
overestimating the same by about 36% for 4°, 20% for 1
and 47% for 23°.

f

FIG. 10. Scattering-plane triply differential cross secti
~TDCS! for an impact energy of 54.4 eV vs the angle~clockwise
from forward direction! of the slower~5 eV! electron. The solid
circles are absolute experimental data of Ehrhardt and Ro¨der @11#.
The calculations labeled CCC99 are from Bray@9# and those la-
beled CCC94 are from Brayet al. @8#. The fixed observation angle
~counterclockwise! for the faster electron is~a! 4°, ~b! 10°, ~c! 16°,
or ~d! 23°.
1-8
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TABLE IV. Comparison of the present CDW-EIS results, the CCC99 results@9#, and experiment~expt.!
@11# for an impact energy of 54.4 eV and an ejected-electron energy of 5 eV for scattering angles of 4°
16°, and 23°. The data are the experimental and theoretical values for the height of the binary~bin! and recoil
~rec! peaks in atomic units and the ratio of theory to experiment at these peaks.

4° 10° 16° 23°
bin rec bin rec bin rec bin rec

CDW-EIS 0.94 1.83 1.22 0.99 0.91 0.42 0.48 0.14
CCC99 1.01 2.58 1.34 1.51 0.99 0.67 0.51 0.24
Expt. 0.81 1.52 1.21 1.24 1.09 0.61 0.53 0.17
~CDW-EIS!/~expt.! 1.16 1.20 1.01 0.80 0.84 0.69 0.91 0.82
~CCC99!/~expt.! 1.25 1.70 1.11 1.22 0.91 1.10 0.96 1.41
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IV. SUMMARY AND CONCLUSION

In studies of electron-atom ionization, much of the the
retical effort has naturally focused on the use of asympt
cally correct two-center wave functions for the final sta
since the simple Born approximation for the initial state
ready satisfies the asymptotic boundary conditions exac
On the other hand, the important contributions to theT ma-
trix come from intermediate and close range where electr
electron interactions are significant. From this point of vie
one may question the neglect of correlation in the init
channel.

We have examined three different methods of includ
electron-electron correlation in the initial state. Although
three two-center wave functions are valid high-energy
proximations, we found that the use of the eikonal appro
mation yields the best agreement with experiment for low
energies, just as is observed in the case of ion impact@26#. In
our opinion, the CDW-EIS approximation is the most acc
rate first-order perturbative approach currently available
fast collisions between charged particles and atoms.

The role of initial-state correlation was clearly evident
this work. Including initial-state correlation introduces phy
cal effects contained in higher-order terms of a 3C pertur
tion series. These higher-order terms increase the magn
of the binary peak, decrease the magnitude of the recoil p
and shift the recoil peak to a smaller angle between the
final-state electrons. These effects increase in size with
,
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creasing impact energy and are especially important for
pact energies below 100 eV. We note that the above eff
of initial-state correlation are opposite those of final-st
correlation.

When the CDW-EIS results are compared with the rec
CCC99 calculations, it is found that the two theories pred
almost identical binary peaks for impact energies of 54.4
and higher. At 150 and 250 eV, the recoil peaks are a
almost the same except for small ejection energies and s
scattering angles for the projectile, where they differ by up
18%. For an impact energy of 54.4 eV, there is a relativ
large difference between the two theories in the recoil p
region and neither theory is in quantitative agreement w
the experiment for all scattering angles.

It would be hard to find two theoretical approaches
different as CDW-EIS and CCC. Whereas CDW-EIS is
first-order perturbative approach, CCC is a nonperturba
method and whereas CDW-EIS uses a final-state wave fu
tion that satisfies correct asymptotic boundary conditions,
CCC formalism precludes this. For these reasons, we re
the level of agreement between the two theories as enc
aging for both theories.
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