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Localization in a random phase-conjugating medium
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We theoretically study reflection and transmission of light in a one-dimensional disordered phase-
conjugating medium. Using an invariant imbedding approach a Fokker-Planck equation for the distribution of
the probe light reflectance and expressions for the average probabilities of reflection and transmission are
derived. A new crossover length scale for localization of light is found, which depends on the competition
between phase conjugation and disorder. For weak disorder, our analytical results are in good agreement with
numerical simulations.

PACS numbse(s): 42.65.Hw, 78.20.Ci, 71.55.Jv, 72.15.Rn

Over the last two decades scattering of light from random 52 ,
optical media has received a lot of attentidr. In passive —2+k8 [1+e(X)] Y
random media many interesting multiple-scattering effects IX
were discovered, such as enhanced backscattering of light 92 )
[2], intensity correlations in reflected and transmitted waves Y —2+k8 [1+e(X)]
[3], and Anderson localizatiop#]. Also absorbing or ampli- 2
fying random optical media have been investigated. In the @
latter, the combination of coherent amplification and con-
finement by Anderson localization leads to amplified sponta-

o _ _ .
neous emission and laser action without using mirrors, whicf'#ere Kp,c=(wo* 9)/c and W(X)_(SP(X)"S:(X))’ with

have been observed in laser dylgg and semiconductor Ep(x) and £ (x) the slowly varying amplitudes of the probe

powders[6], respectively. These being linear random media,and conjugate electric fields, respectively. The off-diagonal

it is interesting to ask what happens innanlinear active ~ Parametery= 709'¢:(6w3/6002)X(S)5152 is the pumping-
random medium, such as a disordered phase-conjugating m@duced coupling strength between the probe and conjugate
dium (PCM). A PCM consists of a nonlinear optical medium Waves in the PCM, witt€,, &, the electric-field amplitudes
with a large third-order susceptibility®; see Fig. 1. The ©f the two pump beams. The disorder is modeled by a ran-
medium is pumped by two intense counterpropagating las omly fluctuating park(x) in the relative dielectric constant

11].
beams_of_fre_quency)o. When a_probe beam of frequ_ency In order to calculate the reflection and transmission coef-
wpt 8 is incident on the material, a fourth beam will be

ted due to th i larizati £ th di ficientsr,, r¢, t,, andt;, we use an invariant imbedding
generated due 1o the nonlinear polarization ot the me 'umapproaci"[lz,l?ﬂ. Following Ref.[13] we obtain the evolu-

This conjugate wave has frequeney— 6 and travels with o equations for the probe and conjugate waves in the me-
the reversed phase in the opposite direction to the probg;,m

beam[7]. The medium thus acts as a “phase-conjugating

mirror.” Depending on the characteristics of the PCM, the

reflected beam is either stronger or weaker than the incoming @

one, while the transmitted probe beam is always amplified pump
[8]. It has been shown that phase conjugation also occurs in

W (x)=0.

disordered x® media [9]. This raises several interesting A+ . — @+ |
guestions with respect to reflection and transmission of light tp «—— s .t +5

at such a disordered mediurtl) How are the amplifying -5 T @ . L 1
properties of a transparent PCM affected in the presence of t, «----- * e . e -3
disorder?(2) What are the fundamental similarities and dif- * e ke
ferences between a nonlinear random phase-conjugating me- L 0

dium and a linear amplifying or absorbing random medium? pump

(3) Is there a regime in which Anderson localization occurs,

and what are the requirements for observing this? These

questions and their answers form the subject of this paper. FIG. 1. A 1D disordered phase-conjugating medium, as de-
Our starting point is the wave equation describing a onescribed in the text. Soliddashed horizontal lines denote probe

dimensional(1D) disordered PCM10] (conjugat¢ beams.
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IEL ) (%) ik W W
p.(c) . : p )
T—|k0+|A(L)+B(L)+Te(L)egf(C)(x), 2 7:Rp(l—Rp)zﬁ+{1—2[3+|\/|(L)]Rp+5R,’§}
p
. oW
with xﬁ—2[1+M(L)—2Rp]W, W(0)=48(Ry). (6)
p
S\ 8%+ A
AMEfz—yo, (3 HereW=(Q), I=L/é, M(L)=£B(L), and£; '=1gkd’,
o+ COSZ(EL) the inverse localization length in the absence of phase con-
jugation. In deriving Eq.(6) we have neglected angular
2 o variations of W, the random-phase approximatigRPA),
L L
B(L)Eﬁyo Sm(f )cos B ), (4) which applies to the situation of weak disorder whén
8%+ ygcos(BL) >1/B. Equation(6) is of the same form as the equation for

the probability distribution of the reflectance at a linear ac-
ko=wo/c, and B=/8?+ y2/c. Using the boundary condi- tive random mediun14], with the important difference that
tions from Fig. 1 ak=0 andx=L then yields in the latter casd/ (L) is anL-independent constant, propor-

tional to the imaginary part of the dielectric constant. Using

K0 this analogy, our phase-conjugating medium alternates be-
—P_ ik0+iA(L)+B(L)+—pe(L)(1+I’p) (1+1,) tween a linear amplifyingfor M(L)<0] and linear absorb-
dL 2 ing [for M(L)>0] random medium. FoM (L) =0 the well-
—ikg(l—rp), rp(0)=0 (589  known Fokker-Planck equation for a passive random
medium W/ dl = a/ dR,[ Ryd/ IRy(1—Rp)*W] [15] is re-
10 trieved.
d_I_C: iko+iA(L)+ B(L)+7pe(L)(1+rp) le Multiplying both S|des_ of Eq(6)_ by RY and integrating by
parts leads to a recursion relation for the moments of the
B probe reflectance,
—|kcrc—|?, r.(0)=0 (5b)
d _
_ . _ gi(RY=n*(Ry"H)=2n[n—M(L)IRY)+n*Ry™ ). (7
dt ik
a0 = |TkoHIAL) +B(L) + P e(L)(L+rp) |tp, - _ .
. ] Forn=1 and setting R;)~(R,,) [16], integration of Eq(7)
t,(0)=1 (50 vyields for the average probe reflectance
dt, -_k AL B iK? D )-t (Rp)=[C+a?y§cod2BL)+2aBv5sin(25L)
——=|ikoti + +—= +r ,
ac | 2 BTl ~(C+atye U[CH (4% a?) oot 26L)],

In the absence of phase conjugation, g0, Eqs.(58 and  with C=(48%+ a?)(26+ y3) and a=1/£,. In the absence
(5¢) reduce to the well-known embedding equations for aof phase conjugation, this reduces(lap)zl—e*”go [17]

linear random mediurfil3], andr.=t;=0. In the absence of and in the absence of disordgR,)=0, as for a transparent
disorder, Egs(5b) and(5c¢) reduce to the evolution equations pcwm. Using Eqgs(5a and (5b), one can directly obtain an

forrc andt, in a transparent PCM, and=t.=0. Equations  evolution equation for the averagk, ,=(RIRY), which is
(5) satisfy the energy conservation laR,+T,—R:~T¢  given by

=1, with Ry=|r |* the probe reflectance, etc. They form the

basis of all our results here. We first derive a Fokker-Planck ¢

(FP) equation for the probability distribution dt,. We set 57 Znm=n(m+ N)Zps1m—[20%+m(n+1)]Z,
M= Rpe'(“)p, substitute this intg5a), and subsequently into

the Liouville equation +N°Zy_ 1t 2(M+N)M(L)Z, m+2mM(L), (9)
Fle) 9 dRp} P o, and is equivalent to Eq7) for m=0. Solving Eq.(9) for the
—=—— Q| == Q—}, conjugate reflectance yields
aL IR, T dL | 90, ~ dL

. . . . 52+ 'yé

whereQ(R,,0,) is the density pf pointsR, ,®p). in phase _ R)=—1+ zz—e—aL+<Rp>_ (10)

space, and average over the disorder. Assuming a Gaussian 8%+ y5cog(BL)

distribution for e(L), with {e(L))=0 and (e(L)e(L"))
=gd(L—L"), where pointed brackets denote an averageSimilarly, one obtains for the probe transmittance from Eqgs.
over disorder, yields (5a) and(5c) [18]
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FIG. 2. Probe and conjugate reflectance and transmitténce FIG. 4. Same as Fig. 3, but fai= 10's™%. The thick dotted
eraged over 10000 realizations of the disoyder a disordered Ccurves denot¢R;) and(T,) in the absence of phase conjugation.
phase-conjugating medium as a function of the lergn units of Figure 2 shows how the periodic behavior @.) and
the lattice spacingl) of the medium. The dashed curve dendfgs

T,) that is characteristic of a transparent PCM becomes
in the absence of disorder. Parameters useddard0'°s 1, 4, {Te) b

=4x10Ys"! and e(x) e[ — 0.05,0.09, corresponding to a local-
ization lengthg,=1.2 m.

“modulated” by an exponentially decaying envelope in the
presence of weak disorder. Simultaneously, and with the
same periodicity, some probe light is now reflected and some
conjugate light transmitted, due to normal reflections in the
—al (11) disordered medium. When the amount of disorder is in-

' creased, the oscillatory behavior of the reflectances and

transmittances is less and becomes suppressed for llarge

The conjugate transmittance is then given bg)=0, S€€ Fig. 3. The reflected probe and conjugate intensities then
through the conservation lagR,)+(Tp)—(Rg)—(Ty=1. ~ both saturate, with lim..(R;)=lim__.(R,)—1, while

In order to test these analytical predictions we have caréTp) @nd(T) decay to zerdlocalization. For a transparent
ried out numerical simulations. Using a transfer matrixPCM the conservation laW,—R.=1 applies; i.e., for each
method[19], Egs. (1) are discretized on a 1D lattice with PUmPp photon scattered into the forwagtobe beam in the
lattice constand, into which disorder is introduced by letting Medium, a photon from the other pump is scattered into the
e(x) randomly fluctuate from site to site. Figures 2—4 showPackward(phase-conjugajéeam. In the localization regime
the probe and conjugate reflectance and transmittance asCh Fig. 3, on the other hand, the conservation I&i)
function of the length_ of the medium for various values of —(Rc)=1 applies[cf. Eq.(10)]. Hence(Ty) has exchanged

the detunings and disorder. In all cases we todk=10"4m  foles with R, due to disorder: all pump photons that are
and wy=10°s™! and typical PCM parameters. absorbed into probe and conjugate beams are now reflected,

and despite amplification, transmitted intensities are sup-
pressed. This suppression has also been found in linear am-
plifying random medig 20,21. The saturation ofR.) sug-
gests that the phase-conjugate reflected beam arises in the
region into which the probe beam penetrates and that ampli-
fication mostly takes place within a localization length of the
point of incidence. The behavior of the transmitted intensi-
ties with increasing length of the medium is determined by
two competing effects: on the one hand, enhancement occurs
due to increased probability of multiple reflections; on the
other hand, less light is transmitted due to increased prob-
ability of retroreflection of the incoming probe light. For
small L, the latter effect dominategT,) in Fig. 3. AsL
increases, the increasing amplification of probe light due to
multiple scattering takes over, which leads to exponential
increase and a maximum {T,). For larger agaith., most of
L(d) the probe light is reflected, afd,) decreases exponentially

FIG. 3. Same as Fig. 2 but now for larger disordefx)e O Z€ro, as in a normal disordered medi{i®2]. The cross-
[—0.5,0.5, corresponding to a localization lenggh=12 mm. The ~ OVer length scald.. between exponential increase and de-
inset compares the analytic resul® for (R,,) (dashed curyeand ~ Crease is given by the solution of?+ 7’3 cos(BL)
(12) for (Tp) (thick solid curve with the numerical ones. 227/8,850 cos(BL)sin(BL), which for §<y, becomes
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In the opposite limit of6> y, phase-conjugate reflection is
weak (maximum value ofR.=0.16) and we retrieve expo-
nential localization; see Fig. 4. Randomness now dominat

latory behavior ok R,) and(T,).

Comparing the numerical results with the analytic one
from Egs.(8), (10), and(11) we find good agreemeidevia-
tions <5%) for weak disorder, as in Fig. 2, and for stronger
disorder and weak phase conjugation, as in Fig. 4. In th
intermediate regime, fo€,>1/B~cly, results differ con-
siderably; see inset in Fig. 3. There the RPA and the assum
tion (R%)~(R,) are not valid and a different approach is
needed.

In conclusion, we have studied reflection and transmissio
of light at a 1D disordered phase-conjugating medium in th
limit of small disorder, forB¢,>1. The predicted behavior

e
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features similar to those in a linear disordered amplifying
medium. The main difference is the coupling of two waves
in the PCM, which leads to additional interference effects. In
future work we intend tq1) investigate the strong disorder
regime; there the reflection of the pump beams cannot be
glected, and a full nonlinear analysis is requir@jl;study

e
over phase conjugation and has almost washed out the Osi{gf]e distribution of reflection and transmission eigenvalues

and the statistical fluctuations in reflectance and transmit-

dance for a multimode 2D or 3D disordered phase-

conjugating mediunj23]. This is relevant to experiments,
which mostly employ 3D PCM’$24], and interesting in the
gontext of random lasers: in a linear disordered amplifying
medium the average reflectance becomes infinitely large with
éﬁcreasing amplification, upon approaching threstam. It

ould be interesting to investigate whether something simi-
lar occurs in a disordered PCM, this being a “naturally”
r;?1mplifying medium and feasible candidate for nonlinear ran-
dom lasing.

The author gratefully acknowledges stimulating discus-

of reflectances and transmittances arising from the interplagions with D. Lenstra. This work was supported by the Neth-
between amplification and Anderson localization displayserlands Organization for Scientific ReseafdtwO).

[1] See, e.g.Scattering and Localization of Classical Waves in
Random Mediaedited by P. ShengWorld Scientific, Sin-
gapore, 1990 Introduction to Wave Scattering, Localization
and Mesoscopic Phenomenedited by P. ShengAcademic
Press, New York, 1995

[2] Y. Kuga and J. Ishimaru, J. Opt. Soc. Am. 1A 831 (1984);

M. P. van Albada and A. Lagendijk, Phys. Rev. Lé&t5, 2692
(1985; P. E. Wolf and G. Maretibid. 55, 2696 (1985.

[3] See A. Gara-Matin et al, Phys. Rev. Lett81, 329 (1998,
and references therein.

[4] A. Lagendijk et al, Physica A140 183 (1986; M. Kaveh,
Philos. Mag. B56, 693 (1987; R. Dalichaouchet al, Nature
(London 354, 53 (199)); A. Z. Genack and N. Garcia, Phys.
Rev. Lett. 66, 1850 (1991); D. S. Wiersmaet al, Nature
(London 390, 671(1997.

[5] N. M. Lawandyet al, Nature(London 368 436 (1994).

[6] H. Caoet al, Phys. Rev. Lett82, 2278(1999.

[7] Optical Phase Conjugatigredited by R. A. FishefAcademic
Press, New York, 1983

[8] The conjugate reflectancdr, (defined as the reflected
conjugate intensity divided by the incoming probe intensity
and probe transmittanceT, are given by [7] R
= sir?(BL)[coZ(BL) +(FA)] and To=[1+(8%
Y2 W[ cof(BL)+(8%+D)], with B=\/8+ ¥Z/c.

[9] V. E. Kravtsov et al, Phys. Rev. B41, 2794 (1990; V. I.
Yudson and P. Reinekeihid. 45, 2073(1992.

[10] D. Lenstra, inHuygens Principle 16961990; Theory and Ap-
plications edited by H. Blok, H. A. Ferwerda, and H. K.
Kuiken (North-Holland, Amsterdam, 1990

[11] In the presence of disorder some of the pump light will be

flected and transmitted intensities are sufficiently small, pump
depletion can be neglected and the pumps may be taken as
constant in the medium.

[12] R. Bellman and G. M. WingAn Introduction to Invariant
Imbedding(Wiley, New York, 1976.

[13] R. Rammal and B. Doucot, J. Phy®arig 48, 509 (1987).

[14] P. Pradhan and N. Kumar, Phys. Rev5& 9644 (1994).

[15] A. A. Abrikosov, Solid State Commur87, 997 (1981); V. I.
Mel'nikov, Fiz. Tverd. Tela(Leningrad 23, 782 (1981 [Sov.
Phys. Solid Stat@3, 444 (1981)].

[16] This is appropriate iR,~0 or Ry~1, in the regime of either
weak disorder or a combination of strong disorder and weak
phase conjugation.

[17] P. W. Andersonet al, Phys. Rev. B22, 3519 (1980; N.
Kumar, ibid. 31, 5513(1985.

[18] Or, more generally, d/dl)Z,, n=(M+n)?Z,, 1 n—[m+2mn
+2n%]Z, n+n?Z,_ pt2(m+n)M(L)Z,,,  with  Z,
=(RyTy). This moments equation generalizes the one ob-
tained by Freilikheet al.[Phys. Rev. Lett73, 810(1994] for
a linear absorbing random medium.

[19] P. K. Dattaet al, Phys. Rev. B47, 10 727(1993.

[20] J. C. J. Paasschees al, Phys. Rev. Bb4, 11 887(1996); S.

K. Joshi and A. M. Jayannavar, e-print cond-mat/0004132.

[21] C. W. J. Beenakkeet al, Phys. Rev. Lett76, 1368(1996.

[22] S. K. Joshi and A. M. Jayannavar, Phys. Rev5@® 12 038
(1997.

[23] The 1D invariant imbedding approach used here can straight-
forwardly be extended to 2D and 3D disordered PCM’s by
decomposing the system into one longitudinal dimengiin
rection of propagationand one or two transverse dimengign

retroreflected, but since the pumps are typically three orders of  (transverse modgs
magnitude stronger than the probe, we neglect this reflectiof24] See, e.g., M. Y. Lanzerotgt al, Appl. Phys. Lett.69, 1199
for weak disorder. Also, as long as probe and conjugate re-  (1996.

041804-4



