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Phase-matched high-order harmonic generation in an ionized medium
using a buffer gas of exploding atomic clusters

John W. G. Tisch
Laser Consortium, Blackett Laboratory, Imperial College, London SW7 2BZ, United Kingdom

~Received 10 April 2000; published 13 September 2000!

Calculations are presented of the time-dependent dispersion of a cluster medium interacting with an intense,
femtosecond laser, where the clusters are ‘‘exploding’’ on the time scale of the laser pulse. It is shown that the
dispersion of the clusters can transiently compensate~or buffer! the dispersion of free electrons to dramatically
improve the phase matching of water-window high-order harmonic generation in the presence of strong
ionization. A practical implementation of this phase-matching scheme is described.

PACS number~s!: 42.65.Ky, 36.40.Vz, 42.65.Re
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The nonlinear interaction of intense laser pulses w
gases can result in the production of very high odd harm
ics of the laser frequency, allowing coherent, short-pu
soft-x-ray generation using short-pulse, high-power, tab
top lasers. The fundamental obstacle for widespread app
tion of this unique radiation source is the very low conv
sion efficiencyh of laser energy into harmonic energy for th
highest orders. Using sub-30-fs, mJ and sub-mJ laser pu
high-order harmonic generation~HHG! has been demon
strated in the 2–4-nm ‘‘water window’’ withh;10214/
harmonic order at;2.5 nm @1,2#. A very large increase in
the efficiency is required in this wavelength range to ena
applications.

For maximum-efficiency HHG, the wave numbers of t
harmonic field and its source, the nonlinear polarization
the harmonic frequency, must be equal. In practice, a num
of factors result in a finite wave-number mismatch~or simply
phase mismatch!, Dk, that prevents the achievement of th
phase-matched condition. To achieve very high harmonic
ders, a laser intensity close to the ionization saturation in
sity for the nonlinear medium must be used. Under typi
experimental conditions,Dk then becomes large, dominate
by the dispersion of free electrons in the interaction regi
Whether or notDk is the limiting factor in the efficiency of
HHG depends on the harmonic wavelength range and
laser pulse duration. For wavelengths greater than;10 nm,
and ultrafast lasers~,10-fs pulses!, the process appears to b
limited by the reabsorption of the harmonic radiation in t
generating medium~i.e., absorption length is less than cohe
ence length!, as demonstrated experimentally in Ref.@3#.
However, for wavelengths below 10 nm, including the im
portant water-window range, the free-electron dephasin
viewed as the fundamental limitation to the conversion e
ciency of HHG, since other known contributions toDk that
arise from focusing of the laser in the nonlinear medium@4#
can, in principle, be reduced to an acceptable level by us
extremely weak focusing, or by choosing a focusing geo
etry that minimizes these contributions@5#. This Rapid Com-
munication is therefore focused on the free-electron prob
for harmonics below 10 nm, although the other contributio
to Dk are addressed.

A great deal of work has been carried out in an attemp
increase the intensity of harmonic radiation. A variety
schemes to improve the phase matching have been expl
such as quasi-phase-matching@6#, high-order frequency mix-
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ing @7#, and phase matching in gas-filled hollow fibers@8#,
but no scheme has been proposed that is applicable to
monic wavelengths well below 10 nm, femtosecond lase
and high free-electron densities (.1018 cm23!. A method is
proposed here that is applicable to this difficult parame
regime using the dispersion of a gas of atomic clusters i
manner reminiscent of the ‘‘buffer-gas’’ method, we
known to low-order nonlinear optics@9#.

Atomic clusters (;102– 105 atoms! are a form of matter
lying between molecules and bulk solids. Their response
strong, short-pulse laser fields has been studied extens
in recent years, both experimentally@10,11# and theoretically
@12#. However, little has been published on their linear op
cal properties at high laser intensity, properties that are
portant in the understanding of short-pulse laser propaga
in cluster media and the phase matching of nonlinear opt
processes, such as HHG in clusters. Kimet al. @13# have
derived an expression for the refractive index of a partia
ionized cluster medium and shown theoretically that
transverse distribution in the degree of cluster ionization t
occurs in a laser focus can give rise to the guiding of
intense laser pulse over a distance of more than 6 Rayl
lengths. The present findings, concerning the potential
phase-matched HHG in a cluster medium, independe
corroborate the results of the only other work that exami
the optical properties of clusters at high intensity—the wo
of Tajima et al. @14#. They formulated a dispersion relatio
for the laser-cluster interaction, assumingstatic cluster pa-
rameters. In contrast to the present work, they did not t
into account the explosion of clusters that occurs at h
laser intensity that gives rise to rapidly varying cluster p
rameters and a hence a dispersion for the cluster medium
varies on the femtosecond time scale. The group velo
dispersion~GVD! of the cluster medium, which is not dis
cussed by Tajimaet al., is also considered here.

A mixture of clusters and a collisionless monomer plas
with plasma frequencyVp is considered. The linear susce
tibility of the mixture is x5xc1xm , where ~in Gaussian
units!

xc5ncS «21

«12D r 3 ~1!

is the linear susceptibility of the cluster medium@13# and

xm52Vp
2/~4pv2! ~2!
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is the free-electron susceptibility of the monomer plasma
Eq. ~1!, nc is the density of clusters,r is the cluster radius
and « is the dielectric function of the cluster. Assuming
nanoplasma model of the ionized cluster@12#, the Drude
model is used for the dielectric function:

«512
vp

2

v~v1 in!
, ~3!

wherev is the laser frequency, andvp andn are the plasma
frequency and the electron-ion collision frequency in t
cluster nanoplasma, respectively. It is assumed that the
source of free electrons is from the monomer medium, si
numerical modeling shows that the cluster electrons
largely confined to the nanoplasma in the time interval
interest here.~In the general case, a free-electron density
DNe from the clusters is compensated for by reducing
monomer plasma density given below byDNe .) Ignoring
collisions to begin with~i.e., n50!, substituting Eq.~3! into
Eq. ~1!, and adding to Eq.~2! gives the complex refractive
index of the mixture,

h5~114px!1/25S 12
4pvp

2r 3nc

3v22vp
2 2

Vp
2

v2 D 1/2

, ~4!

or, in terms of the electron densities,

h5S 12
4pner

3nc

3ncrit2ne
2

Ne

ncrit
D 1/2

, ~5!

where Ne , ne are the electron densities of the monom
plasma and the cluster nanoplasma, respectively,
ncrit@cm23#53.1310210(v@s21#)2 is the critical electron
density for the laser wavelength. Onlyn(v)5Re(h) is con-
sidered, since the discussion here will be limited to ca
whereNe!ncrit and to laser and harmonic frequencies w
away from the Mie resonance atv5vp /A3 (ne53ncrit).

For frequencies above the Mie resonance (v.vp /A3),
both xc and xm are negative and son,1. However, for
frequencies below the resonance (v,vp /A3), xc is positive
while xm is negative, so it becomes possible to control

FIG. 1. Calculated time dependencies of the cluster nanopla
electron densityne ~solid line! and radiusr ~dashed line! for a
2-nm-radius Ar cluster interacting with a 30-fs, 800-nm laser pu
at a peak intensity of 1016 W/cm22.
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value ofn in this frequency range to achieve phase matchi
using, e.g., the monomer plasma density as the adjust
parameter. Ifvp /A3 lies in the ultraviolet or visible range
between the laser and harmonic frequencies, then the spe
region over whichn can be controlled covers near-infrare
laser wavelengths~including Ti:sapphire at;800 nm!. Con-
sidering only the dispersion contribution to the phase m
match to begin with, the general phase-matching condit
for qth-order HHG is

Dkdisp[2pq@n~qv1!2n~v1!#/l150, ~6!

wherev1 andl1 are the laser frequency and vacuum wav
length, respectively. For largeq, n(qv1)'1, so for the
cluster/monomer mixture the phase-matching condition is

Vp
2

v1
2 5

4pvp
2r 3nc

vp
223v1

2 ~7!

or, in terms of the monomer plasma density,

Ne

ncrit
5

4pr 3nc~ne /ncrit!

ne /ncrit23
. ~8!

The inclusion of collisions (nÞ0) does not change this con
dition significantly, even for the maximum expected col
sion frequency in the nanoplasma~5v @12#!, providedv1
and qv1 are far from resonance.~However, collisions are
included in the numerical dispersion model, described
low.!

A practical implementation of the preceding ideas is n
described. A mixture of clusters and single atoms can
produced in the gas jet from the standard type of pul
valve used for HHG by backing the valve with a mixture
gases, one that clusters readily and one that does not.
cifically, the dispersion of a high-density medium compr
ing argon clusters and monomer helium is examined. T
mix can be produced by backing the valve with argon a
partial pressure high enough for argon cluster formation
using the partial pressure of the helium~which does not clus-
ter! as the control parameter. A single femtosecond la
pulse at a peak intensity of;1016 W cm22 is then used both
to ionize the media to create the required plasmas an
generate high-order harmonics.

During the interaction with the laser pulse, it is know
that the cluster parametersr, ne , and n evolve on a time
scale considerably shorter than the laser pulse, as the cl
plasma is heated and ionized in the laser field. Figure
shows the calculated time evolution ofne ~solid curve! andr
~dashed curve! for a 2-nm Ar cluster interacting with a 30-fs
800-nm laser pulse at a peak intensity of 1016 W cm22. Ow-
ing to the initial near solid density of the cluster,ne reaches
a value of;60ncrit near the peak of the laser pulse (ncrit
51.731021 cm23 at l5800 nm! before the cluster begins t
explode. According to Eq.~8!, this indicates that for realistic
cluster parameters (r'231027 cm, nc'231016 cm23! a
monomer electron density ofNe;231023ncrit is required
for phase matching, which is easily achieved in a gas
Owing to the femtosecond time evolution of the free-electr
density and cluster parameters, the buffered region pro
gates through the nonlinear medium with the laser and h
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monic pulses. This ‘‘traveling-wave phase matching’’ is b
lieved to be a new scheme in the context of HHG.

These time-dependent cluster calculations were p
formed using a numerical code based on a nanopla
model of the laser-cluster interaction@10# which is able to
reproduce accurately many experimentally observed feat
of the interaction@15#. This code is used to calculatene(t),
r (t), andn(t) for chosen laser pulse parameters. The cal
lations are repeated for a number of cluster sizes withi
realistic log-normal distribution. These time-dependent d
are input into a dispersion code that calculatesh(t) for the
cluster/monomer mixture at any desired frequency,v. The
cluster linear susceptibility is obtained by integratingxc over
a distribution of cluster sizes for a given preclustered ato
density. Ne(t) is calculated for a chosen initial monom
~He! density~the control parameter! using tunnel-ionization
rates@16#. From the dispersion ofh(t), Dk(t) and the co-
herence lengthLcoh(t)5p/Dk(t) can be calculated for an
harmonic order. The coherence length is that length o
which the harmonic field grows coherently and so, for ca
where it is smaller than the absorption length, sets an up
limit on the useful interaction length. The harmonic conv
sion efficiency, in the absence of saturation, scales as
square ofLcoh.

Figure 2 shows the results of dispersion calculations fo
30-fs, 800-nm laser pulse at a peak intensity of 1016 W cm22

interacting with a mixture of He atoms and Ar clusters. T
He density is 3.8531018 cm23 ~chosen to optimize the
phase matching!, while the density of Ar clusters isnc
52.2531016 cm23 with a log-normal size distribution with
a mean size of 840 atoms~^r &5231027 cm!, which is also
the half-width of the distribution@17#. The time-dependen
coherence length for the harmonicq5265 ~wavelength of 3
nm, which is in the middle of the water window! is plotted
for the Ar-cluster-He mix~solid curve! and for He alone
~dashed curve!. Note that since only the free-electron dispe
sion is included, the coherence lengths are initially infin

FIG. 2. Calculated coherence lengths~considering dispersion
only! for the 265th harmonic generation driven by a 30-fs, 800-
laser pulse at a peak intensity of 1016 W/cm22, for He alone
~dashed line—refer to left axis!, and for the same density of H
mixed with Ar clusters~solid line—refer to left axis!. The dotted
line ~refer to right axis! is the calculated free-electron density no
malized to the initial He density. The dot-dashed line is the norm
ized laser intensity profile.
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when the electron density is zero. The dotted curve is
normalized free-electron density arising from tunnel ioniz
tion of He, while the dot-dashed curve is the laser pulse.

For He alone,Lcoh(t) drops rapidly as the free-electro
density increases, flattening out at a value of;1.0 mm near
the peak of the laser pulse, much shorter than the mm-s
interaction lengths available, highlighting the inefficiency
HHG in a strongly ionized medium. For the Ar-cluster–H
mixture, Lcoh(t) exhibits two main peaks where the pha
matching is dramatically improved owing to the bufferin
action of the clusters. To ensure a relatively uniform fre
electron density distribution in the focus~in r and z! direc-
tions, the experimental parameters were chosen to sync
nize the first phase-matching peak with the saturation of H1

ionization that occurs at;531015 W cm22 at t'215 fs.
This increases the volume of the region where the ph
matching is improved~the cluster explosion dynamics ar
relatively insensitive to intensity above;1015 W cm22

@15#!. The second phase-matching peak occurs after the s
ration of He1 ionization~i.e., fully stripped He!, and is thus
of no interest here. Three very narrow~,1-fs duration! sub-
peaks are visible whereLcoh(t) reaches a maximum value o
several cm. Averaging over these, the width of the peak
;5 fs with a peak coherence length of;1 mm, comparable
to the maximum high-density interaction length possible i
standard gas jet. During this peak, generation of the 26
harmonic from the clusters and the He1 ions is phase-
matched over the interaction length, provided there is ne
gible group-velocity walkoff between the laser and harmo
pulses, which is a requirement of traveling-wave pha
matching. While HHG has been observed in cluster me
attention is focused on HHG from He1 ions. He1 has a pre-
dicted cutoff @18# at aroundq5645 ~1-keV harmonic pho-
tons! for an intensity of 531015 W cm22, so q5265 would
be in the plateau of the He1 harmonic spectrum. For a give
intensity the ion polarizability is lower than for the atom
however, the ionic dipole can be driven much harder bef
ionizing, so the maximum dipole emission strength is e
pected to be comparable to neutral He, but extended
higher orders@19#. By buffering the interaction with clusters
it thus seems that the previously intractable problem of fr
electron dispersion may be overcome, and the potentia
ions for high-order HHG realized.

Figure 3 shows the dispersion curve~refractive index ver-
sus vacuum wavelength! for the Ar-cluster–He mix during
the phase-matching peak~solid curve!, showing that the re-
fractive index at the laser wavelength is near unity as
quired for phase matching the high-order harmonics (q.
;101). The dashed line shows the strong free-electron
persion of the He1 plasma without the clusters, while th
dotted line represents the dispersion of the Ar clusters in
absence of the He1 plasma. GVD calculations for the buff
ered case indicate that there is only a small amount of gro
velocity walkoff between the laser and harmonic pulses~;5
fs over a 1-mm interaction length! and negligible GVD
broadening of the laser pulse~,0.1 fs!.

The other contributions toDk arising from the focusing of
the laser are now considered, namely, those from the G
phase of the laser,DkGouy, and from the intensity-dependen

l-
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dipole phase,Dkdipole @20#. DkGouy has the same sign a
Dkdisp ~i.e., positive! and is much smaller thanDkdisp for the
parameter values considered here, and so it can be buff
by the cluster dispersion, provided it has an approxima
constant value along the interaction length~z axis!. This con-
dition is met if the laser waist is centered in the nonline
medium ~of length L! and b.;5L, where b is the laser
confocal parameter. Then, the maximum Gouy phase m
match isDkGouy'2q/b'34p/mm for q5265 andb55 mm
~corresponding to a diffraction-limited Gaussian focal sp
radiusw0525 mm atl15800 nm, so;3 mJ of laser energy
in a 30-fs pulse are required for a peak intensity
1016 W cm22! compared toDkdisp'730p/mm for the unbuf-
fered case above. As expected, phase-matching simula
with Dk5Dkdisp1DkGouy show an identical phase-matchin
peak to Fig. 2 at a slightly reduced He density of 3.
31018 cm23. Dkdipole is more difficult to quantify, since cal
culations for ions at intensities around 1016 W cm22 have not
been made. But extrapolating exist-ing data@21# to higher
intensity suggests a linear dependence of the dipole p

FIG. 3. Calculated dispersion during the phase-matching p
occurring at215 fs ~see Fig. 2! for the Ar-cluster–He mix~solid
line!, for the Ar clusters alone~dotted line!, and for the He plasma
alone~dashed line!.
t.
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with laser intensity I according to w@rad#'22
310213I @W/cm22#. Therefore, from thez dependence ofI
for a Gaussian focus, in the loose-focusing limit,Dkdipole has
a value that varies along the interaction length according
Dkdipole'8wz/b2 ~essentially independent ofq!, and so can-
not be buffered effectively using the cluster dispersion. Ho
ever, forb55 mm andI 5531015 W cm22, the correspond-

ing coherence length@defined as*
0
Lcoh

dipole

Dkdipole(z)dz5p] is
Lcoh

dipole'140 mm. This is considerably smaller than the buf
ered coherence length above~'1 mm! in the absence of
Dkdipole, but the overall coherence length is still;1203 the
unbuffered value. Obviously,Dkdipole could be reduced by
using focusing looser thanb55 mm, laser energy permit
ting.

In conclusion, these are, to our knowledge, the first c
culations of the time-dependent dispersion of a cluster m
dium at high laser intensity in which the individual cluste
are exploding on the time scale of the femtosecond la
pulse. The time dependencies of the cluster parameters
enter into the dispersion calculations are obtained from
tested numerical nanoplasma code. The results of these
persion calculations predict that for an intense, femtosec
laser pulse interacting with a mixture of a monomer and
cluster medium~with a realistic cluster-size distribution!, the
dispersion of the free electrons~and the Gouy phase mis
match in most cases! can be transiently compensated in ce
tain spectral ranges by the dispersion of the cluster na
plasmas. Calculations were presented for a mix of Ar clus
and He, showing a large increase~factor of ;104) in the
coherence length for a water-window harmonic compared
the unbuffered case. For the extended, high-density inte
tion lengths made possible, reabsorption of the harmonic
diation in the cluster medium may become the limiting fa
tor. Cluster plasma x-ray absorption calculations are a to
for future work.

The author was financially supported by EPSRC. Ass
tance with the nanoplasma simulations from E. Springate
fruitful discussions with J. P. Marangos, R. A. Smith, and
H. R. Hutchinson are gratefully acknowledged.
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