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Scheme for direct measurement of the Weyl characteristic function for the motion
of a trapped ion
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We propose a scheme for the reconstruction of the motional state of an ion trapped in a one-dimensional
harmonic potential. In the scheme the ion is multichromatically excited by three lasers. Then the measurement
of the population of the lower internal state directly yields the Weyl characteristic function for the motional
state. The scheme is easily generalized to the two-dimensional case. The scheme operates in the Lamb-Dicke
limit.
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In recent years there has been much interest in the recoquency and coupling constant characterizing the transition
struction of quantum states. Numerous schemes have be@sr the two-level ion.E+(§<,t) is the positive part of the
proposed for quantum-state measurement for both a cavitylassical driving fields
field [1] and a trapped iof2]. Recently, experimental recon-
struction of the motional quantum state of a trapped ion has
been reportefi3]. However, most of these schemes involve a
complex data analysis. +E. e [(0ot n)t—kox+ ¢pl )

A scheme for direct observation of the Weyl characteristic 2 '
function of a cavity field was proposed by Wilkens and Mey-
stre[4]. In a recent paper, Kiret al.[5] have made a similar whereE;,¢;, andk(I1=0,1,2) are the amplitudes, phases,
proposal applicable to both the cavity field and ion motion.and wave vectors of the driving fields, respectively. The po-
Lutterbach and Davidovicf6] have presented an alternative sition operatorx can be expressed by=1/(2vM)(a
scheme for direct measurement of the Wigner function, again. 31y with M being the mass of the trapped ion.
in both cavity QED and ion traps. More recently, closely | the resolved sideband limit the vibrational frequency
following the scheme for the generation of motional Sehro js mych larger than other characteristic frequencies of the
dinger cat states of a trapped ibfl, Bardroffet al.[8] have  yroplem. Then the interactions of the ion with lasers can be
proposed a simple and fast scheme to measure the motionghated using the nonlinear Jaynes-Cummings mE@ian].

state of a trapped ion. The scheme involves three lasqp, this case the Hamiltonian for such a system, in the inter-
pulses. In this paper we propose an alternative scheme fQ[stion picture, is given by

the direct measurement of the Weyl characteristic function of
the motional state of a trapped ion. Our scheme consists of

E+(§(,t) _ Eoe—i(wot—k0;<+ o) + Ele—i[(wo— V) t—kyX+ pq]

only one laser pulse. Furthermore, our scheme can be easi% 2 S Y —igoatial
generalized to reconstruct two-mode entangled motiona i€ 6| (j1)? (oe”""0a"a
states. The scheme works in the Lamb-Dicke limit.

We consider a two-level ion trapped in a one-dimensional (ing)d+t o R
(1D) harmonic potential and driven by three laser beams +.,(.T)I[Qle*'%aTJaJ*1+Qze*'¢’2a’”“al] st
tuned to the carrier, first lower and upper vibrational side- - '
bands, respectively. In the rotating-wave approximation, the +H.c. 3)

Hamiltonian for this system is given by

where ),=\E, are the Rabi frequencies of the respective
lasers and the Lamb-Dicke parametgris defined by
:k/\IZVM assuming(02k12k2=k.

We consider the behavior of the ion in the Lamb-Dicke

~y - . o regime, »<<1. In this limit we can expand the Hamiltonian
wherea' anda are the creation and annihilation operators

for the vibrational modes* & and? he raising. | H; of Eqg. (3) up to the first order iny. Furthermore, small
0“ evi rgtlona_ mode5™,S™, ands, are the raising, 'ow= ) amb-Dicke parameters lead & 72=1. Then the Hamil-
ering, and inversion operators for the two-level ionis the : e

LD " tonian can be simplified to
vibrational frequency, andy and \ are the transition fre-

H=rva'a+wyS,+[NE*(x,t)S" +H.c], 1)

Hi=(Qoe %o+inQe 1a+inQ,e '%2a")S* +H.c.
*Mailing address. (4)
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We choose the amplitudes and phases of the lasers appropfrom Eq.(15) we obtain
ately so that),=Q,, #,=0, and ¢,+ ¢,=m. Then we
obtain

17

an
x(a)=2Pg(a,O)—1—i[2Pg(a,E) —11.
Hi=0(5"+S"), (5)
Thus a measurement &fy(«,¢) for two phasesp=0,7/2
directly yields the Weyl characteristic function of the initial
(A):Qoﬁ ﬂﬂle_i¢1é—i aneiqSléT_ (6) motional state at the poirt.
In order to detect the electronic state, we employ an elec-
Then the time evolution operator of the system can be extronic V schemg 12,13, where the upper levele) and|r)
pressed in the form of a>22 matrix with respect to the couple to the common ground levig)). |e)—|g) is a weak

where

atomic basig11], electronic transition, whilér)—|g) is a strong one. After
the interaction of the ion with the above mentioned three
- cogOr) —isin(O7) lasers, a laser on resonant with the transitiop—|g) is
U(r)= : (7)  used to detect the fluorescence. The presence of fluorescence

—isin(O7)  cogOr) is correlated with the ion being in the electronic sthig,

Assume that the initial density operator of the whole SyS_while the absence of fluorescence is correlated with the ion
tem is in the statee).
We note that the method can be generalized to the two-
p(0)=19)alpm. (8  dimensional(2D) case. Raymeet al. [14] have proposed a

scheme for the reconstruction of a two-mode running field by
wherep,, is the unknown density operator for the ion motion USINg balanced homodyne detection. In a more recent paper,

and|g) is the ground electronic state. Then after an interac/im et al. [15] have suggested a scheme to reconstruct a
tion time 7 the density operator for the whole system is two-mode entangled cavity-field state via the interaction of a
V-type three-level atom with the field displaced by resonant

p(7)=[|g)cog O7)—i|e)sin(O7)] pm classical sources. In a very recent paper, Solenal. [16]
have proposed a scheme for the measurement of the Wigner
X [cogO7)(g|+isinOr)(e]. (9)  function of two trapped ions with center of mass and relative

motion modes along their alignment direction. We show here
We now detect the internal state of the ion. The probabilitynow we can directly measure the two-mode Weyl character-

of measuring the ion in the ground statg is istic function for the 2D motion of a trapped ion.
We consider a two-level ion confined in a 2D trap with
szl + ETr{cos{ZOr);)m}. (10) vil?rationa! freqL_Jenciesx andvy along theX andY a>_(is. We
2 2 drive the ion with three laser beams of frequencigs w,

— vy, andwg+ vy propagating along th¥ axis, and two of
fre_quencieSwo—vy anc_i wot vy propagating. along t_he{

1 1 _ o axis. In the resolved sideband and Lamb-Dicke regime, the
Pyla,¢)= §+ > R e*TH{D(a)pmt], (1)  Hamiltonian, in the interaction picture, is

Substituting Eq(6) into Eq. (10), we obtain

~ . . O —idoy i —id1a i —igoat
whereD(a) is the displacement operator Hi=(Qoe ""o+inddie " "atinde *a

B(a) = e’ -a*a 12 +in,Qze 1 %3b+in, Qe '%b")ST +H.c., (18)
The parameterg and « are given by wherea andb are the annihilation operators for the motional
modes in theX andY axes, 7, and », are the corresponding
=200, (13 Lamb-Dicke parameters, arid; and ¢; (j=0,1,2,3,4) are
B i the Rabi frequencies and phases of the respective lasers. We
a=2nQ,7e'"L (14 choose the amplitudes and phases of the lasers appropriately

SO thathzﬂz, Q3:Q4, and ¢0:O, ¢l+¢2:77, ¢3

For an interaction timer, the parametep is controllable by + u= . We obtain
4_ .

the Rabi frequency,. The modulus ofa is controlled by

)4, and the phase bg,. We can rewrite Eq(11) as n A A A
: P $1 9D Hi=(Qo+inde P1a—inQ.e%1al+in Qe *3b

1 1 . a4
Py(a,¢)=5+ 5 Reex(a)], (15) —i79,Q3e'%b™) (ST +87). (19
with x(a) being the Weyl characteristic function Assume the initial density operator of the whole system is
o |9)(g|pm. Wherep,, is the unknown density operator for the
x(a)=Tr{pD(a)}. (16 2D motion. Following the previous calculations, we obtain
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the probability of finding the ion in the ground electronic the present scheme is not a mere extension of previous ones

state|g) after an interaction time,

1 1 ' A A -
Py(@.B,¢)= 5 + 5 REE“THDH(@)Dy(B)pn} ], (20

whereD (@) andD,(B) are the displacement operators for

modesa andb. The parameterg are given by Eq(13), and
a and B are given by

a=2n0,7€'%1, (21)
B=271,Q37€'%s. (22)

We can rewrite Eq(20) as
Py =5+ 3 Re&x(a )], (23

with x(a,B) being the two-mode Weyl characteristic func-
tion of the initial motional state

x(a,8)=Tr{pnDa(a)Dy(B)}. (24)
From Eq.(23) we obtain
X(a,,B)ZZPg(a,,B,O)—l—i{ZPg( a,,B,g) —1}.
(25

Therefore, a measurement Bf(a,8,¢) for two phasesp
=0,7/2 directly yields the two-mode Weyl characteristic
function of the initial motional state at the point,(B).

and has some advantages. The scheme of[REfises dis-
persive coupling to achieve a rotation, with the coupling
strength between the internal and external degrees of free-
dom proportional to the square of the Lamb-Dicke parameter
7. In the present scheme the coupling strength is propor-
tional to » and thus the time needed to complete the proce-
dure is greatly decreased, which is of experimental impor-
tance in view of decoherence. According to the scheme of
Ref. [5], the Weyl characteristic function is approximately
obtained under the condition that the ion motion is first dis-
placed by a large amount. In this case the probability of the
ion in one certain internal state after a Jaynes-Cummings
evolution oscillates very fast and thus even small fluctuations
in the durations and intensities of the laser fields may cause
fatal errors. This drawback is avoided in the present scheme.
In the scheme of Ref8], when displacement Raman beams
are applied, only the part of the motional state that is corre-
lated with one electronic state is shifted. In order to measure
x(a) at the pointe, we should apply the Raman beams for a
time 7=|a|/(7Q). In the present scheme two parts of the
motional state correlated with the corresponding electronic
states undergo displacements with same amplitudes but op-
posite phases. In this case we need an interaction time
=|al|/(27Q) for obtainingx(a) at the pointa. Therefore,

for the same parametets and () the time needed to com-
plete the procedure is only about half of that required by the
scheme of Ref.8]. Another advantage of the present scheme
is that it can be easily generalized to reconstruct an entangled
state of the 2D motion.

Finally, we make a comparison of the present scheme

with previous ones. Like previous schemgs,6,d), the

present one also works in the Lamb-Dicke limit. However,
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