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We have theoretically explored the behavior of a coherently purdfped —J=0—J'=1 isotropic cavity
laser and compared it with the behavior of other related laser systems involving atomic or molecular levels
with angular quantum numbers 0 and 1. It is shown that at low and moderate pumping strengths it behaves
very differently from the)”=0—J=1—J"=0 laser exhibiting no pump-induced gain anisotropy and allow-
ing for linearly polarized(LP) solutions with arbitrary azimuth and circularly polariz&@P) solutions, de-
pending on the values of the molecular relaxation rates. Above the instability threshold, a variety of dynamic
regimes involving the polarization degree of freedom can be found, including LP states with rotating azimuth
(as in incoherently pumped=0—J'=1 or J=1—J'=0 laser$, antiphase dynamics, and full polarization
chaos.

PACS numbgs): 42.55.Lt, 42.60.Mi, 42.25.Ja, 42.55.Ye

I. INTRODUCTION been devoted to lasers with incoherent pumping. The influ-
ence of the vectorial degrees of freedom on the behavior of
The dynamical behavior of lasers is markedly different inlasers with coherent pumping has been less well studied
two large classes distinguished by their pumping methodd.7-11], although it is evident that polarization freedom
One method involves incoherent proceséasch as, for in-  should greatly affect their behavior.
stance, electrical discharge or light from conventional Until recently, theoretical studies of vectorial coherently
lamps9, whereas the other one is based on a coherent pumpumped lasers have been restricted to the simplest case
ing process(typically by means of the light from another which permits full vectorial behavior. In particular, this is the
lased in which the pumping and lasing transitions share thecase in which the gain medium is modeled by three-level
common upper level. Two fundamental differences betweed”=0—J=1—J"=0 atoms with the pumping acting on the
coherently (optically) and incoherently pumped lasers areJ”=0—J=1 transition which is adjacent to the lasef (
known. First, since a laser is generally a source of polarized=1—J’=0) transition. The Zeeman structure of the upper
emission, a polarized pumping beam can break the cylindrimanifold (J=1) enables one to take into account the vecto-
cal symmetry of the optically pumped laser, even in the caséial degrees of freedom for both pumping and emitted fields.
of a perfectly isotropic cavity. Second, coherent pumpingStrong gain anisotropy that favors emission with polarization
induces two-photoriRaman processes which are absent in identical to that of the pump field?], polarization switching

an incoherently pumped laser. [8], and even full polarization cha¢8,10] have been found
The dynamic behavior of these types of lasers has beenia such a system.
subject of extensive investigatiofts—3]. However, the prob- However, one may wonder whether the interesting polar-

lem was typically simplified by the assumption that the laselization phenomena encountered in the coherently pumped
field had fixed polarization, reducing the vector problem to daser are specific to the particular atomic configuration con-
scalar one. This simplification was justified by the fact thatsidered, i.e., thd”=0—J=1—J"=0 level scheme, or are
many lasers were fabricated with Brewster's angle windowsnore general, i.e., weakly sensitive on the particular values
or other anisotropic elements which imposed a fixed polaref the atomic level quantum numbedsJ’, J”. This is an
ization state. interesting question that arises naturally in the case of, for
Recently, the situation has changed. The benefits of thastance, optically pumped far-infrared molecular lasers.
polarization(or vectoy degrees of freedom for solving dif- Most of these lasers are coherently pumped by means of a
ferent fundamental and applied problems has renewed th€O, or N,O laser[with wavelengths ranging in the midin-
interest in vector systems in general, and in laser systems ifnared (\\ ~10 wm)] and their emission wavelength lies in
particular[4—6]. A large amount of work has already been the range 56 500 um [12]. With, for instance, the Nkl
devoted to different aspects of the static and dynamic behavaser(one of the most efficient far-infrared lasgriendmark
ior of vector laser systems, although most of the work hagontributions to nonlinear dynamics have been achieved in
the past, in particular the first experimental demonstration, in
science, of the dynamics of the paradigmatic Lorenz model
*Permanent address: Institute of Molecular and Atomic Physics[13]. The dynamics of this laser, however, are strongly sen-
National Academy of Sciences, F. Skarina Ave., 70, 220072 Minsksitive to the quantum numbers of the molecular levels in-
Belarus. volved in the pumping-lasing procef®r instance, Lorenz-
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type behavior has only been found in the 8in (**NH,) Levelo  W=0>

and 153um (**NHj;) laser emissions but not in the 374n ©

(*>*NH;) emission[2,13-15]. At this moment it is not B o

known yet whether these differences in behavior are a direc o

consequence of the differences in the angular momentun B W0 0,10 y

guantum numbers of the molecular levels involved, or if they :

are due to other possible causes such as differences in th >

molecular relaxation ratd4.5]. oL> ¢ \ o> 128
A direct analysis of the specific molecular configurations o> U e\

involved in all these experiments of Refd.3,14] would be € nl? o ITR>

very difficult, because the corresponding angular momenturr I2R> Level 1. V=1

guantum numbers are higk=@Q). However, we think that a Level 2. Tl |

significant insight into the influence of the angular momen-
tum quantum numbers on the laser dynamics can be gained FIG. 1. Level scheme and field components for the coherently
by investigating molecular configurations with smaller angu-pumped laser in “circular” basis for atomic states and fields. The
lar momentum quantum numbers. In this paper, we investisublevel§2L) and|2R) as well as the sublevel4L) and|1R) are
gate in detail the configuratiaif =1—J=0—J"=1, where  degenerate if no magnetic field £ 0) is applied. 3 and 2x are
a linearly polarizedLP) pump field acts on the first transi- the Rabi frequencies for the pump and Ia_Lser fields, respectively.
tion (J”=1—J=0) and the laser field acts on the second?2.i: Y2L1R: Y2ra » ANdYyr g are relaxation rates for two pho-
transiton =0-J'=1) of the A-type atomic scheme. ton coherences coupling sublevels of distinct manifolds, whereas
Comparison of the results that will be presented here witr}”L'ZR and yy. 1g are for the sublevel coherences inside each mani-
) . old. The fields propagate in thedirection.

those obtained in recent years on tHe=0—J=1—J3'=0
configuration[8—10), as well as with those obtained for an jnstapility threshold both systems display different dynamic
incoherently pumped=1—J’=0 laser{16], will shed light  polarization states.
on the problem of the possible dependence of the dynamic we also find that the coherently pumped laser here con-
behavior on the angular momentum quantum numbers.  sidered can exhibit some features of a scalar three-level op-

The configuration)”=1—J=0—J"=1 here studiedas tically pumped lase[17,18, which show up at large pump-
well as other lowd three-level configurationscould in fact  ing strengths when the ac Stark splitting of the upper laser
be directly implemented in coherently pumped far-infraredlevel dominates and leaves the laser field out of resonance.
lasers by technically modifying the pumping IR laser in or-One consequence of this is that with increasing pumping
der to enlarge its tunability domain. On the other hand, itstrength, laser emission eventually disappears, either through
could also be implemented in an atomic amplification me-2 pitchfork or an inverse Hopf bifurcation.
dium such as, for instance, Ne atoms with their three-level The remainder of this paper is the following. In Sec. I,
configurations &,(J"=1)—2p;(J=0)—1s,(J'=1) [11]  the model for an optically pumpelf =1—J=0—J"=1 la-
or 2p;(3'=1)—254(J=0)—2p,(J'=1). In this case, S€ris pre_sented and its general features are dlscussed_. Sec-
on Il A is devoted to the study of the off state and its

however, Doppler broadening should be taken into accourifon A e . .
unless an atomic beam is used stability in the simplified laser model for a perfectly isotropic

As will be shown below, in spite of the apparently small [Igser' c;?wty W'tr]l tEe laser lmledlum p'umped r?y g hp fleld.f
differences between the configuratial =1—sJ=0—J’ e influence of the material properties on the behavior o
—1 here investigated and the already knod=0—J=1 f[he laser steady states is |nvest|_g_ated in Se_c. Il B. Sectlo_n v

, . . . . . is devoted to numerical stability analysis of the lasing
—J'=0 configuration, dramatic changes in the dynamic bey,,4e5 Finally, in Sec. V the main conclusions are summa-
havior are found. It is demonstrated, for instance, that thg;,oq
strong gain anisotropy typical of th#=0—J=1—J"=0
configuration disappears and the linearly polarizédP) Il. LASER MODEL
modes of the laser with a perfectly isotropic cavity become
degenerate in the transverse plane, i.e., with respect to the In an optically pumped)”=1—J=0—J'=1 homoge-
polarization direction. In other words, axial symmetry in this neously broadened atomior moleculay system, a pumping
system is preserved in spite of the presence of a strong armkam drives the first transition and a laser beam is generated
polarized pumping field. On the other hand, we also findon the second transition. The scheme of the atomic levels
emission of circularly polarizedCP) fields, just as in con- under consideration is depicted in Fig. 1. The pump level is
ventional incoherently pumped=1—J'=0 [16] or J=0 denoted as 2 and the upper and lower laser levels are denoted
—J'=1 two-level lasers, in spite of the differences betweenas 0 and 1, respectively. The pumping and emitted fields are
these systems. In particular, four Raman coherences, twaken as superpositions of right and left CP fields which are
one-photon coherences induced by the pumping field, andoupled with the corresponding atomic sublev@lg. 1).
relaxation processes in the pump-lev&l€ 1) manifold dis- The states on thd”=1 and J'=1 manifolds are ex-
tinguish this laser from an incoherently pumpéd 0—J’ pressed as linear combinationsMf= + 1,0, and—1 states.
=1 laser(see Fig. 1 These differences mean that above theFor theJ’ =1 manifold, they will be denoted d4L), |10),
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and|1R), respectively. Similar notations are used to denotescribe the variation of the azimuth angle of the pumping field
the states on thd’=1 manifold, i.e.t|2L), |20), and|2R).  vector in the case of pump polarization modulation, and
These six states, plus thé=0) state, form the atomic basis. ¢, (r) and ¢, (gy(t) are the phases of the pump and laser
In the semiclassical theory adopted here, the s{@@sand fields in the absence of any modulation of the pumping field,

|10) are not radiatively coupled with any other state by therespectively, so thabz+¢zL(R)(t) and w; + ¢1L(R)(t) rep-
interaction Hamiltoniartif the pump and laser fields are as- resent the instantaneous pump and laser field frequencies.
sumed to propagate in tieedirection and are only coupled ¢.c. denotes complex conjugate. Thus note that both the am-
through the collisional relaxation process and spontaneousiitude ay (r)(t) and phase of the generated laser field can be
emission, therefore the density matrix has the following reltime-dependent, in a dynamic regime.
evant elements: seven sublevel populations, which will be |t js convenient to extract explicitly the frequencieg
denoted ay . pro, prr (k=1,2), andpg, four induced  and phasesp (r) of the laser and pumping fields from all
dipole moments(or one-photon coherendepi o, piro,  complex elements of the density matrix, leaving the same
paLo, @ndpyro, two intersublevel coherencgs ;r and  notations for the new density-matrix elements. After that, the
paL2r, and four Raman coherencpsgz , p1r2rs P12t Maxwell-Bloch equations for the laser can be written, in the
and py ,r. The decay rates for the one-photon coherencegsual rotating-wave and slowly varying envelope approxima-
pi o Will be denoted ag;, withi=1L, 1R, 2L, and R, and tions, in the circular basis, and in their most general form
the decay rates for the Raman coherenggswill be de-  which allows for the possible presence of cavity anisotropies
noted asy; j, with i,j=1L, 1R, 2L, and R. To take cor- and a longitudinal magnetic field, as
rectly into account the relaxation mechanisms of the level
populations and the intersublevel coherenf®3,16], it is po=2a, IMpy o+2arIMpiro
assumed that the decay rates for the different moments of the ' '
triplets 2 and 1 can be different. Specifically, we adopt decay
rates Ykp, Yks=YkbT Yk3» and ¥kc=Yint Yic for the fol-
lowing quantities associated with tlié=1 (k=1) andJ”
=1 (k=2) manifolds: total population® + pro+ Pkr, o _ / -~
magnetic dipolep,, —pkr, and “atomic electric quadru- pu="Tippu=Tampirt 7icp1d3~2ar IMpa 0¥ Nar
pole” py +pkr—2pKo @S well as intersublevel coherence - ,
prLkr, respectively. Incoherent pumping of sublevigs), — PIR™ ~ Fippir=Tampa+ ¥1cp103—2ar 1M p1roT Mg,
|kR), and|0), which, in the absence of pumping and emitted
laser fields, brings the level populations into a stationary
thermal-equilibrium state, is taken into account through the
corresponding rates, , kg, Mko» @andXg. paL=—T2ppoL —Tomport Y2cp20/3—2BL(IM py o COSH
We define the pump and laser field components, in the
usual plane-wave uniform-field limit, as

+2BL(Im py ocOSO. —Repy oSinb,)

+2Br(IM pag 0 COSOr— Repor 0SIN ) — Yopot+ Ao,

p10= — (Y10 271/ P10t Yic(p1L+ p1r)/3+ N 1o,

—Repy oSING) + Ay,

p2r=—T2pp2r— ' 2mp2L T Y2cp203— 2BR(IM por 0 COSOR

Exr(zt) =€ (r) BL(r) expli[ —koz+ wot

HaL®) —ReprSiNbr) + AR,

+oaw(b]+c.c,

D

ElL(R)(th):éL(R) ayry(tyexpli[ —kyz+ gt

M1L(R)
+ o (r(D]}+c.c,

respectively, wheree_ = (,—i€,)y2 and eg=—(e+ie,)\2

are the corresponding unit polarization vectqus gy and

M1 (r) are the electric-dipole matrix elements which can be
taken real 8 (r) anday (g)(t) are one-half of thérea) Rabi
frequenciesk, (k;) is the pump(lasey field wave number,
and w, and w, are the reference frequencies for the pump
and laser fields, respectively. In the following we consider
that the pump field is LP, i.e8 =B, and that its ampli-
tude within the laser cavity is constant and uniform. Thus we

neglect pump depletion, which is moderate in gas lasers.

P =0 (rt+da(r), OL=01+6(t), and Ogr=—16,

— 6(t), where the parametd, is the relative orientational
angle between the polarization plane of the pumping field
and the reference direction, the paramefér) would de-

P20=— (Y20t 2v2c/3) P20t Yac(p2L + p2r) I3+ N oo,

pio=—"iA (D +etyi)p1 o~ iladon — arpi R

— BLpaL,2 eXPi0L) — Bre1L 2r EXHI OR) ],

p1ro= —1(A1r(t) — &+ y1R)p1r 0~ I[ @rUo 1R~ @ P1R 1L

—BLpira EXPi 6L) — Brp1r2r XA OR) ],

sz,oz —i(Ag te+ya)pa o~ i[BLdoa expif,)

— @ Py 1~ ARP2L IR BRP2L 2R expifr) ],

b2R,O= —i(Agr— &+ Y2r)P2r 0~ i[ Brdo = EXHi OR)

—a@LPor LT ARP2RIR™ BLP2R2L expifoy)],

blL,lR: —i[A () —A4r(t)+2e]py 1r—i(aLpo1r

- aRplL,O) ~ Y1cP1iL1R>
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paLor=—1(A— Agr+2¢8) o sr—i[ BLpor €XP(I 6L)
— BrP2L,0 X —10R) | — YacPaL 2R
blR,zL: —i[AR(t) Ay —2e]pira —i[ a@rpoa
—BLPiro XN —10)]— Y1ir2LP1R 2L »
blR,ZRz —i[AR(1) _AZR]le,ZR_ i [aRPo,m

— BrP1ro€XN —10R) |~ Y1R 2RP1R 2R s
PiLa=— i[Aq(D)— AZL]plL,ZL_ if | Po2a— BLPlL,O
Xexp(—i600)]— i Pz

blL,ZR: —i[Aq (1) —Axrt 28]P1L,2R_ [ [a’LPo,ZR_,BRPlL,o

)

Xexp —i6r) 1= Y1L 2rP1L 2R
dL: - KaL_gL Im plL,O+ K,’_a,_-i- aR(gll? COSs ZI)
+ {isin 200),
C-YR: - KaR_gR |m le’0+ KIIQCYR'F aq_(é’,'_ COoS Zq)
+ ¢! sin 200),
b1.=(A1 — A+ &])+9. Repy ol e + ar({k cos 2D
—{Rsin20)/ay ,
b1r=(A1g—Ac+ kR) +grRepir ol agt a (] cos 2D
+¢[ sin2®)/ ag,

where T'ip=yip + ¥{c/6+ v{3/2 and Ty = y/c/6—¥{;/2 (i
=1,2); dox=(po—pk) and doxr=po—pPkr; A1 (r)(1)

=A;+ ¢1L(R)(t); Ay=wy—wgyo are the detunings of the

pump k=2) and laser k=1) fields with respect to the

atomic resonances)g ;0 and wq 5o are the frequency separa-

tions between the level=0 and the lower subleveld’
=1M=0 andJ'=1M=0, respectively(Fig. 1); A.= w,
— wp 10 IS the cavity detuning & is the empty-cavity reso-
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is the speed of light in vacuunmL is the optical length of
the cavity. Parameterp, , are the amplitude transmissions
of the cavity for the laser field polarized in thxeandy di-
rections; i.e., they are quantities within the raf@el]. Their
maximum values, i.ep,=py=1, correspond to the absence
of anisotropic absorption in the cavitgbviously, the cavity
can havesotropiclossesk). Any anisotropy(in the x andy
directiong reduces these quantities leading to negative val-
ues for parameterg, and ;. ParameterA is the cavity
linear phase anisotropy which is measured in radidos
example, there is no phase anisotropy wien0, whereas
A= /4 corresponds to a quarter wave pjate

Since the present model can be applied to far-infrared
lasers, which are class-C las¢ts2,20, we cannot introduce
drastic simplifications in the laser equations such as, for in-
stance, adiabatic elimination of the one-photon or Raman
coherences or the population inversiather less fundamen-
tal simplifications, however, will be introduced belpwDn
the other hand, our model in principle only applies to mo-
lecular or atomic configurations. It would hardly apply to a
solid-state laser medium, where the energy levels of the ac-
tive ions are often broadened by coupling with phonons and
by the crystal field and they can be affected by orbital angu-
lar momentum quenching, or to a semiconductor laser me-
dium, where the electronic states form bands rather than dis-
crete states, the dispersive effects are described by the so-
called « factor [21], and the dipole relaxation rate is very
large (it might apply to a quantum-well laser system, but
there the dominating angular momenta take other values, and
these lasers still keep to a certain degree the specific features
of semiconductor materigls

Several important features can be extracted from the full
set of laser equation@). First, the global laser-field phase
o=, + P15 does not appear in the equations, as occurs in
general in autonomous laser systeimste, however, that our
laser system becomes nonautonomous when the pump field
polarization vector is modulated, since the parameigi@nd
fr become time-dependenSecond, in the absence of cav-
ity anisotropies the laser equatiof® are insensitive to the
phase difference between the CP harmonics of the laser field.
In other words, neither the material dynamics nor the polar-
ized pumping field fix the polarization azimuth of the total
laser field. This results in sharp contrast with what is found

nance frequengy IL(R) is th_e unsaturated gain parameterin the case of an optically pumpelf =0—J=1—J"=0
and the parametex is the cavity decay rate. Cavity anisotro- |aser studied in Ref§7—10], where the polarization state of
pies are additively taken into account in the field equationghe emitted field is always uniquely determined. However,

through complex directk, (g =x| g +ix{(r and cross
{Lr={l (R Ti{l (R losses of the leftright) CP harmonic of
the laser field, withb =( ¢, — ¢1r)/2 being the polarization
azimuth of the emitted field. The parametet ugG, |B|/%
(where ug is the Bohr magneton an@, the Landefactor,

the present result is similar to what was found in the case of
an incoherently pumped=1—J'=0 laser[16] in which

the polarization azimuth is free to diffuse if the laser cavity is
perfectly isotropic(only cavity anisotropies could break the
axial symmetry and fix the polarization azimutirhis pre-

assumed for simplicity to be equal for both lower leyels liminary analysis suggests that the behavior of our laser sys-

describes the modulus of the shift of the levéds) and|kR)

tem will have features similar to that found in the incoher-

that would appear upon introduction of a longitudinal mag-ently pumped laser.

netic fieldB (Fig. 1). When only linear amplitude and phase
anisotropies are present, direct and cross losses can be writ-

ten in the form x =xg=c/2nL{(px+ py)COSA—2+i(py
—pysinAjc/2nL and ¢ = {r=c/2nL{(px—py)CcoSA+i(py
+py)sinAjc/2nL, wherenL/c is the cavity round-trip timeq

Ill. SOLUTIONS

We study next the steady-state solutions of the laser sys-
tem and their stability. To make the problem as tractable
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analytically as possible, several approximations will belinearized equationgor the corresponding Jacobian matrix
adopted. We will concentrate on a laser operating at resazan be separated into several subsets, of which only two can

nance[A.=A; =A;g=0; we have checked numerically yield positive eigenvalues
the physical point of view. These subsets correspond to

that in generalA ;=0 impliesAq, (t) =Ax(t) =0, except for

certain time-dependent solutions that are described in Sethe

and are relevant from

Variables {Im plL’O;ReplL’ZL ;ReplL’ZR;aL} and

IV], with no external perturbations such as a magnetic fieldIm p;ro;Repir 2 ;REp1R R @R}, rESPECtively. As can be

(e =0) or a pump-field polarization modulati¢p@(t) =0]. It

seen, the equations for the left and right CP components of

will be assumed that the pumping field is LP along the the laser field belong to distinct subsets, which means that

direction, i.e.,8 = Br=p and 6,=0 (although, for check-

the stability conditions of the off solution with respect to the

ing the dependence of the laser emission on the pump polaperturbation of each of the components are, in general, dif-
ization angle,d, will be retained as a control parameter in ferent. However, in the limit of no linedr.e., independent of
some numerical simulationsThe decay rates of the one- the laser/pump intensityanisotropy, these two matrices are
photon coherences induced by the laser field will be taken tidentical, which means that in such a limit the off solution

be identical and denoted g5 =y, = y;1r. It is also physi-
cally reasonable to assume thab =7yrR=7vs; Yira

=7Y1L,2=7YLph: Y1rR2R= Y1L2r= Yrph- All control param-

will lose its stability at the same parameter values indepen-
dent of the polarization state of the perturbation.
The fourth-degree characteristic polynomial determining

eters will be rescaled with respect to the transverse decaipe stability of the off solutior(see the Appendixis inde-
ratey, . This means, in particular, that, since we are considpendent ofy;, which is a consequence of the fact that the
ering the most general case of a class-C laser, all moleculg@opulations of the sublevel&L) and|kR) in the two mani-

and field relaxation rates will b®(1)—in the specific case

folds 1 and 2 are identicalpg, =p;1g and p, =por). Ac-

of a far-infrared molecular laser the absolute value of theseording to the Hurwitz criterion, the off solution can be de-

relaxation rates is of the order of 48 ! [1,12]. Accord-
ingly, time will be expressed in units qul. We will also

stabilized through either a pitchfork bifurcatigPB) or a
Hopf bifurcation(HB)—see the Appendix. The PB occurs at

assume that the laser cavity and gain are isotropic, i.eRUMp intensity values given by

K (R)= K (R)= {1 (ry = {l(ry=0 andg. =gr=g. And, finally,
incoherent pumping rates of the sublevéid) and |kR)
(k=1,2) in the twoJ=1 manifolds will be taken identical,
i.e., )\kL:)\kRE)\ki while )\10:7\20:0.

A. The off solution and its stability
Under these assumptions, the laser equati@ngield an

off solution with zero intensities «’= a5=0) of the CP
components of a single mode laser field, and
IM po 0=1M poro=¥2cBBo, RepoL r=—28Bo,
po=(4B%y2cBoTNo)/ Y0, p10=2N1(¥1c— Y10)/3¥10V1C
p1L=p1r=N(Y1p+2710)BY1pYic,

pa=par=(N2=2B8%¥2cBo) (Yan+2720)3¥2nY2c

P20=2(N 2= 232 ¥2cBo) (Yac— ¥2b)/3¥2pY2c
P1L(R),0= R€P2L(R) 0= P1L,1r= IM P2l 2R= PR 2L = PR2R
“PL2ATPL2RT 0,

where the coefficienB is given in the Appendix.

2
Brg={— A2+ (| Azl — 24Ky phYRPHY2bY2c Y5 YSPh

X A1A31|A;|)}8KkALYsPh, (4)
where the coefficientd\;, A,, andA; are given in the Ap-
pendix.

Expression(4) shows that the trivial solution can be stable
in two domains of pumping strength. One of these domains
corresponds to low pumping and extends up to a pump value
known as a first laser threshol@yg, which is defined by the
minus sign in Eq(4). The second domain is above a large
pumping thresholdgpg, which is determined by the plus
sign in Eq. (4). Physically, this second domain at large
pumping exists because of the large ac Stark shifting of the
laser levels induced by the strong pumping fi8dl7,18,22
which carries the transition out of resonance.

It is worth pointing out what would occur in the case
when in addition to the coherent optical pumping there is
also a significant source of incoherent pumping described by
the parameteig. In this case, when increases the first
thresholdBpg decreases, and whew= yy(p,. + «/g), the
solution to Eq.(4) corresponding to the minus sign becomes
unphysical B,%B<0), i.e., the PBBpg disappears and thus
the laser will operate for any pumpin®< Bpg, in particular
for B=0, which means that the incoherent pumping itself is

It can be seen that the lower laser level 1 is only popusufficient to switch on the laser system.

lated by the incoherent pumpin@nd it is zero whenm;

Unlike the PB, the Hopf bifurcation is determined by a

=0). Populations of the other two levels are created by botlengthy algebraic expression of the eighth degree with re-

coherent and incoherent pumping. Expressionspfgrand

spect to the pumping strengttvith only odd powers of3).

poo constrain the value of,, which must be greater than or Consequently, an explicit analytical solution to this equation

equal toyy, (note that\ ,— 282y,cBy>0).

cannot be obtained and it must be solved numerically. In the

The stability of this off solution is governed by the set of next section graphical results showing the dependence of the
eigenvalues of the linearized equations for perturbations gpitchfork and Hopf bifurcation thresholds on several laser
the system variables. Our analysis reveals that the full set gfarameters are shown.
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B. Lasing steady-state solutions strong LP pumping field. To obtain tractable exact analytical
expressions for the steady states, we will neglect the small
On resonancéand with no magnetic fields=0, and#,_  incoherent pumping rates, and\; (i.e., \¢g=A;=0), we
= 0r=0) the lasing equation&®) become considerably sim- will reasonably assume that,,= y,,="vp, ¥13= Y2:=7},
pler since all of them will be real. Analysis reveals that inand y;.= y,c= ¢ (i.e., that in both manifolds decay rates
contrast to the case of an optically pump&t=0—J=1 of each tensorial component are equahnd we seb,= v,
—J'=0 laser, Eq(2) admit both LP anctircularly polar- =1 andyz=y pn=yrpr=1.
ized (CP) lasing steady states in spite of the presence of a The intensity of the left CP solution reads

I =af={KkAx \k?A2—36B ¥} v,72x(6¥pYs¥ct Ym) 6K Yo Yc(B Y0 YaYet Yi)- (5)

For the sake of brevity we do not retain here analytical exfield-matter interaction imposes a strong correlation between
pressions for the nonzero one- and two-photon coherenceke pump- and laser-field polarization staf&6].

Imp, o=IMpyro. Repy 3 =Rep; r, IMmpy o, and The mathematical requirement that expressi@Bsand
Rep, ,r. The expressions for the populations as well as for(6) must be real and non-negative determines the domains in
the parameters, B, andy,, are given in the Appendix. the parameter space where the steady states exist. These do-

Because of the square root in E§), there are in general mains are linked to the domain where the off solution is
two left CP solutions, with different intensity. Each of these unstable, which has been discussed in the preceding subsec-
solutions has a symmetric right CP solution of the same intion. We discuss next the dependence of these domains on
tensity, which can be obtained with the following several laser parameters, such@asyy, v}, andy¢.

substitution: « —ag, Repy =Repy r—Repira Inspection of these equations shows the following fea-
=Repir2r, IMp1 g—IMpiro, andpy —pig. tures.
For the LP solution the intensities of its two CP harmon- (i) The coefficientsA andC are generally negative, which
ics af and azR are equal and read excludes the possibility of the existence of two lasing solu-
tions in any of these equations; i.e., only one LP and one
E:aéz(KCi \/K2C2_72K7g7(2:yp|3)/24,(7b7,0yp, couple of CP solutions with opposite helicity are possible.

(6) This is strictly valid for O<yp,<(1++2 \/—)/3~O 8, for any
value of all the other laser parameters. For larggfi.e., for
so that the total intensity of the LP solution Iﬁnzaf (1+/2)/3< vp,=1, since in our case, for physical reasons,
+ azR. The populations and the parame@are given in the 7y, cannot be above, ], the coefficient#\ andC can become
Appendix. The other nonzero variables verify g ,  positive whenevery; is above a threshold valugcgic
=Impsro, Repy r=Repirr=Repy 2 =Repira , =YbT Yc(airg) (for A) andycin (for C) given, respectively,
|mp1|_'0= Imlevo, Repll_’lR, and R@2L,2R . by the ConditionS
Similar to the previous case, in general, E) admits
two solutions of different intensity. These solutions do not 2 2 2
depend on the decay raig. This is a direct consequence of (975~ 187275 12775 % 3%+ 273) Ye(eirg
the fact that the populations of the sublevels of edehl + ¥5(6 b+ 15¥3 %0+ 573) Ye(aig + 273 75=0,
manifold (levels 1 and 2) are equal, =pyr (k=1,2) (see )
the Appendiy, which is not the case for CP states. There is a )
correspondence between the CP and LP solutions, in the Yeqin=37b(376— 475~ 1=22y)/(1+6y,~97}).
sense that whep) = y¢ (for which A=C1y¢) the intensity of
each CP solution coincides with that of a LP solutlggk, The curves representinﬂ'c(circ) and Yé(hn) as a function of
=ljin. Note that in the presence of the léfight) CP mode 4, are depicted in Fig. 2. Clearly, the large values necessary
the sublevel R (1L) is always populated provided tha§  for y( indicate that in realistic conditiona and C will be
>y¢. lts population takes on a zero value in the radiativenegative.
limit (y;=yc=0). (i) When the pump amplitudg8 is continuously in-
One important feature of the LP solutiof®) is that, as creased from zero, the coefficie® (which includes the
advanced above, their azimuth can take any value, i.e., it ipump intensity8? and the cavity losses, among other pa-
not determined by the pump-field polarization azimuth norrameter$ in Eqgs. (5) and (6) starts with a positive value
by the field-matter interaction processes. This is similar talaser off statgand continuously decreases. When it crosses
what occurs with the incoherently pumped two-levet 1 zero, changing from a positive to a negative value, a single
—J'=0 laser[16] (in conditions, as here, of isotropic cav- LP solution[the case of Eq(6)] or a single couple of CP
ity), and is in sharp contrast with the behavior of the opti-solutions with opposite helicitjthe case of Eq(5)] appears,
cally pumpedJ’'=0—J=1—J"=0 laser, for which the thus defining the first laser threshold. The value ffat
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FIG. 2. Values ofygin and ycry below which the system 3
shows only one LP or CP solution, as a function of the population ]
relaxation ratey,, . 104
which this occurs coincides with the value Bfg corre- 7
sponding to the first PB point of the off solution discussed in 10—+

the preceding section. 0.0
(iii) Above the first laser threshold, whe®&<O0, the
modulus of B first increases and next decreases, crossing FIG. 4. The on Big, lower dashed lingsand off (Bpg, upper
again zero. This means that the laser intensity first increasetashed linesthresholds of the static CP mode and the Hopf bifur-
and next decreases, disappearing at a large pump amplituQétiOﬂS of the trivial(dasfhed-dotted lingsand Iasipg(continuous
value 8 which coincides with the second P&, of the off  lines states are shown in the subspagk,) for different decay
solution already discussed in Sec. Il A. Both poipls; and ~ "ates of the upper-level populatiqgiven in the figurg. Other pa-
" . . r?meters are fixed aty =A\,g=0.5, y3=vypp=1, g=3642.5,«

Bpg are the same for the LP and CP solutions, as pointed out . ;L e

above =1.425, y3=0.5, y:=0.3, and the remaining parameters are the

.. N . same as those adopted in Sec. Il. Lasing solution is stable “below”
These fea“%'re_é“) _and ('"_) can be seen in Fig. 3, ,Wh'Ch the corresponding continuous curves. It exists in between the
shows the emission intensity of the CP and LP solutions as gashed Jines.

function of the pump-field amplitudg. The two PB points
Bes and Bpg can be clearly identified, and it is seen that -, (, <, is the linearly(circularly) polarized one, is

since yc>y; the intensity of the LP solution is slightly staple. This is different from what occurs in the case of the
larger than that of the CP solutigthe contrary would occur  coherently pumped”=0—J=1—J'=0 laser, where this

for yc<v,). factor (i.e., the maximum emission intensifig rapidly coun-
terbalanced by a strong pump-induced anisotropy which fa-
IV. STABILITY OF THE LASING STEADY STATES vors a polarization state identical to that of the pump beam.

Let us assume thag-<vy; and analyze numerically the
Since the first laser threshofgbg is common for both LP  stapility of the CP steady-state solution along all the domain
and CP solutions, what occurs just above threshold is deteghove the first laser thresholdualitatively similar results
mined by the so-called maximum emission principle: onlywould be found in the opposite case > vy, concerning the
the branch with larger emission intensity, which fge  stability of the LP solution We will fix some parameters:
ACZO, )\ZL:)\ZRZO'S! 9236425, and k=1.425. ThIS

500 T T choice of the cavity losses ensures that for small and mod-

erate atomic decay rates the laser system will be in the “bad
cavity limit” [i.e., the condition«> |+ y, will be fulfilled;

herey *= (v, '+, 1)/2]. Later on, other values of will

also be considered. For the rest of the parameters, we will
suppose fewer restrictions than in Sec. Ill B, namely,
=01 =A1r=A=A%=0, Y13=Y2=Y), Yic™ Yac
=YC, Ya=7VR=Yg: Y1b=7Y2b=Yp, Y.=1, and ygpp
=vyLpn="Yprn- We will also allow for the possibility that the
instantaneous laser-field frequency might be different from
the resonance frequengiye., Aq, (t) or A;g(t) are different

Intensity

FIG. 3. Off solution(off), full intensity (1) of the CP solution
(circ), and half of the intensityl,/2) of the LP solutior(lin) (it is f 0
depicted just for the sake of clarity; full intensities of both solutions rom 0].

would be barely distinguishablglotted versus pumping strengh Figure 4 shows the pump amplitude values at which dif-
for y,=0.3, y-=0.5, ,=0.2. Full curves show stable branches ferent local bifurcations affect the off and CP steady-state

(we note that the total intensity of the stable LP solution is slightly59|Uti0nSa as a functi_on of the lower-level population relax-
larger than that of the CP opef LP and off solutions. Dashed line  ation ratey, and for different values of the upper-level popu-

represents unstable solutions. Dashed-dotted line shows unstat@lion relaxation ratey,. The dashed lines correspond to the
branch of the off solution. Bpg and By bifurcation thresholds affecting the off solution
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FIG. 6. Trajectory of the laser field polarization state on the
Poincaresphere in the cases of Fig.(%), Fig. 7b) (2), and Fig.
. — 7(a) (3) for B=15. sy, S;, Sy, ands; are the Stokes parameters, as
10 15 20 25 B 30 defined for instance in E. Hecht and A. Zaj&@ptics (Addison-
Wesley, Reading, 1974

FIG. 5. One-parameter diagram of the field intensities vs pump . . . .
magnitudes for y,=0.5, y,=0.6. Open pointécrosses dots(ti- ~ Muth (whose value is arbitrary, as discussed in Secrdt
angle$, and squaregrhombuses show maxima(minima) of the ~ Mains constant while the instantaneous value of the elliptic-
total intensity, levo, and dextro CP components, respectively. Othelty iS not equal to+1. Each time the ellipticity approaches
parameters correspond to Fig. 4. this value, the azimuth jumps by/2. Thus the trajectory of

the laser-field polarization state is an arc symmetrically situ-
as described in Sec. Il A. Thus, the steady-state solutiomted about the north pole along a meridian on the Poincare
exists in the wide domain of pump amplitudes delimited bysphere(Fig. 6, curve 1. This behavior remains up to a very
these two curves. The dashed-dotted line corresponds to tharge value of3 (8~22, Fig. 9, where the system evolves
Hopf bifurcation that also affects the off solution at very toward chaos. Théunstabl¢ steady-state solutions disappear
large pump amplitudetsee also Sec. Il A The continuous at 8= Bpg=26.8 (Fig. 4), but as shown in Fig. 5 in the
line describes the threshold for another Hopf bifurcationpresent case the time-dependent solution remains gntil
Bue, Which affects the lasing steady-state solution. As can~30, where the inverse Hopf bifurcation affecting the off
be seen in the figure, in general this bifurcation is uniquesolution occurs. Approaching this value, the chaotic behavior
except for small values of,, and large values ofy, where a  progressively simplifies, transforming first into quasiperiodic
second HB can appear at large pump amplitudes. A HB alsand next into regular periodic behavior with modulation fre-
appears in related laser systems such as the threetgmzel quency defined by that of the Hopf bifurcatiph7,18.
lar) optically pumped laser, the optically pumpé&t=0—J In contrast, as indicated above, if in the same conditions
=1—-J"=0 laser, and the incoherently pumpée-0—J’ the coherent pumping is substituted by incoherent pumping,
=1 laser, but its origin and pump threshold as well as thehe behavior is “rotating linear” for any value of the upper-
dynamic behavior above the bifurcation threshold are veryevel incoherent pumping,, although for 0.022\,=<0.2 a
different in each case. The largest qualitative similarity issecond solution exists which is also LP but its total intensity
with the incoherently pumped=0—J'=1 laser, where and azimuth strongly oscillaiehaotically for\ ;<<0.043 and
above the HB threshold the modulated state that appeaygeriodically for\;>0.043). The frequencies of its two CP
loses very fast its stability and the system falls in generatomponents also oscillate slightly around the resonance
onto a state with linear polarization with rotating azimuth value.
(“rotating linear” behavioy [16]. In our case, however, the On the left-hand side of Fig. 4for instance, fory,
behavior is not exactly the same and depends on the operat0.2) the behavior is more sensitive to the valueygf For
ing conditions, as we show next with some illustrative ex-y,=1.0[Fig. 7(a)] the behavior is “rotating elliptical,” i.e.,
amples. the total intensity and ellipticity are constant in time and the

Figure 5 shows the emission intensity as a functiorBof azimuth rotates. This results in a trajectory on the Poincare
for conditions corresponding to the right-hand part of Fig. 4,sphere, which surrounds it along the parallel in the north
i.e., for largey, (y,=0.6 in this case but a similar behavior semisphere(Fig. 6, curve 2. The ellipticity is moderate
is found above this valueand any value ofyy (y,=0.5in  (since the intensity of the one CP component is much larger
this case As indicated in Fig. 4, for this case the laser emis-than that of the other compongnand these two CP compo-
sion threshold is aBpg~0.65< 10 2 and the HB affecting nents have slightly different frequencies. This solution is
the steady-state solutigwhich in the example of Fig. 5 is a stable for any value g8 and chaos never appedFsg. 7(a)].
levo CP solutiop occurs atBg=11.8. At this value of8 a  For y,=0.5[Fig. 7(b)] the behavior is “rotating linear” just
small modulation of the output signal occurs. Simulta-above the instability threshold3,z=0.018 (the time-
neously, a dextro CP component of growing amplitude apmodulated solution that arises at the HB loses very fast its
pears with the same frequency and 100% intensity modulastability and the system falls onto a rotating linear solution
tion. The combination of both components results in a laserotating elliptical with time-dependent ellipticity for 083
field with intensity and ellipticity oscillating around a mean <21, and chaotic fo3>21. The rotating elliptical behavior
value (which for the ellipticity is+1). Unlike this, the azi- is different from that of Fig. @), since now the
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FIG. 8. One-parameter diagrams of the field intensif@svs
pump magnitude3 for A\;=0 and(b) vs incoherent pumping rate
No for B=7X10"%. 9,=0.01, y,=0.2. Other parameters, are the
intensities of the two CP components strongly oscillate insame as in Fig. 4. The notations are the same as in Fig. 5.
time; the total intensity, however, is only weakly affected by
this oscillation[Fig. 7(b)], which means that the two CP values+1 or —1. Figure §b) shows the same as in Fig.
components oscillate in “antiphasg23]. Superposition of  8(a), but for an incoherently pumped laser. It can be seen that
these two CP antiphase oscillating solutions of slightly dif-as the upper-level pumping ratg is increased, the behavior
ferent frequencies produces time dependence of the elliptids not rotating linear in this case; the polarization is linear,
ity and continuous rotation of the polarization azimuth whenbut the azimuth, rather than continuously rotating, alternates
trajectory alternatively visits the north and the south semi-at nearly constant evolution with sudden jumpsmé2 rad, at
spheres near equatorial circumfereriEgg. 6, curve 3. Fi-  the same time that the intensity is deeply modulated in time.
nally, for y,=0.01 [Fig. 8@)] just above the instability A common feature with the coherently pumped laser of Fig.
threshold 8,,5=0.84x 10" 2 the emission is again rotating 8(a), however, is that chaos also appears at relatively small
linear (as in Fig. Tb) for small 8], but now the system falls pumping values, although the structure of the chaotic attrac-
into chaos at quite a small value gf (8~0.06). We inter- tors has features different from those of the coherently
pret this appearance of chaos at low pumping as a consgumped laser.
quence of the fact that in this case the population relaxation It is worth noting that in Figs. 5, (D), and 8, some small
rates are very small and thus the system is well in the batlysteresis effects have been found due to the coexistence of
cavity limit; as it is well known in the standard Lorenz- periodic or chaotic attractorgyeneralized bistability but
Haken laser model, for these conditions the appearance sfnce the width of the hysteresis domains is small and the
chaos is more likely. Nevertheless, the chaotic behavior thatoexisting attractors involved are qualitatively similar, they
appears in our case is different from the Lorenz-Haken chaolsave not been represented in the figures. Furthermore, the
since here the instability also affects the polarization degregsimps between attractors often occur through long transients
of freedom, as shown in Fig. 9, and there is a presence aff metastable chaos.
coherent pumping. Clearly, the ellipticity and azimuth are Finally, Fig. 10 shows the dependence of the bifurcation
also involved in the chaotic evolutidririgs. 9b), and 9c), thresholds on the cavity losses for different values ofy,
and 9e), and 9f)]. The azimuth shows, in addition;/2  and vy, (see figure caption It is worth noting that the HB
sudden jumps each time the ellipticity reaches its extreméhreshold(continuous ling is quite insensitive to the values

FIG. 7. The same as in Fig. 5 but f@ y,=1.0, y,=0.2 and
’)/020.5, ’)/b:02
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or 5 B codimensional-2 Takens-Boganov bifurcation. The corresponding
: ik magnitude of the losses«{g) is depicted by the dashed-dotted-
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'Jﬂ D curves.
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In the coherently pumped”=0—J=1—-J"=0 laser,

FIG. 9. Temporal evolution of the total laser field intengigg), ~ the behavior of the emitted field and its polarization state are
the ellipticity paramete=(a?—a?2)/l (c), and the polarization almost fully controlled by the polarization state of the pump-
azimuth® = (¢_— ¢g)/2 (). Phase projections of the chaotic at- ing field [8]. This is because in that system the pump field
tractor onto the I, &) (b) and (@, , Im py,) (d) subspacesf) Tra-  €xcites a certain atomic coherence in the upper Iével
jectory of the chaotic field polarization state on the Poinspteere.  manifold, which generates a laser field with a well defined
Parameters are those as in Fig. 5 g 0.1, y,=0.01, andy, polarization state. This large gain anisotropy is not possible
=0.2. in our system since the upper level id&0 level. Thus, in

our case gain anisotropy can only occur through the molecu-
of x except for the important fact that below a certain threshdar dynamics in theJ”=1 andJ'=1 level manifolds(and
old the HB instability disappears. This threshold value#or their coupling with the fieldsand through the two-photon
is not far from the well known “bad cavity” condition¢ (Raman J"=1—J'=1 pumping processes. A first conse-
=+ v., butis not exactly that value, a fact that we inter- quence of this is that the polarization azimy#iong with
pret again as a result of the influence of the polarizatiorglobal phasgexplicitly disappears from the laser equations,
degrees of freedom and coherent pumping. The vertical linevhich means that similar to the case of a conventional inco-
indicates the value of the cavity losses where the HB and PBerently pumped=1—J'=0 [16] or J=0—J'=1 isotro-
points affecting the off solution at large pumping values co-pic cavity laser, the polarization azimuth in our system will
incide, defining in this way a codimensional-2 Takens-be subject to diffusion driven by noise in spite of the pres-
Boganov bifurcation point. ence of a strong and polarized pumping field.

A second consequence is that details of the molecular
dynamics in the level manifold) are, as in the incoherently
pumpedJ=1—J3'=0 or J=0—J'=1 lasers, very impor-

In this work the results of analytical and numerical studiestant in determining the polarization dynamics. Unequal re-
of an optically pumped”=1—J=0—J"'=1 isotropic cav- laxation ratesy; and y. (associated with the electric dipole
ity laser have been presented and compared with results froand the magnetic quadrupole, respectivelyithe lower level
other laser systems. We have demonstrated that the behavimanifolds lead to either a preference for L= y;) or CP
of such a system is dramatically different from that found in(y-< ;) emission in agreement with the maximum emis-
the case of a coherently pumpdt=0—J=1—J"=0 laser sion principle. That is, just above threshold the mode having
[7-10Q. In contrast, it exhibits several features of an incoherdarger intensity will be stable. Above the laser threshold a
ently pumped]=1—J'=0 [16] or J=0—J’'=1 isotropic  Hopf bifurcation occurs, which leads to a time-modulated
cavity laser and also some features of a scalar three-leveégime that becomes immediately unstable and transforms
optically pumped las€rl7,18. into a regime with the presence of the two CP components of

V. CONCLUSIONS
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the laser field. For the incoherently pumpée0—J’'=1  might stimulate experimental investigations similar to those
lasers, in most cases, this regime consists of LP emissiodf [11] which involve coherently pumped lasers with atomic
with rotating azimuth, whereas for the coherently pumpedamplifying media such as Newith the configurations
laser it is more sensitive to the values of the molecular repointed out in Sec.)] or further investigations with coher-
laxation parameters and can lead to several regimes witBntly pumped lasers. With respect to these last systems, at
different intensity and polarization dynamié® particular, this moment our resultgtogether with those of Refs.
antiphase intensity dynamics and full polarization chaos [7.8,10) are not yet sufficient to understand the existing ex-
Our laser system keeps also some inherent features @€fimental result§13,14, which were obtained, as pointed
scalar optically pumped lasers. They are the following. First,OUt in Sec. |, with transitions involving a'.‘gu'af momentum
there is an inverse pitchfork bifurcation at large pumping aguantum ”””?befs larger than those considered in the.present
which steady-state emission disappears, which is broungork' In partl_culgr, we still do not_ understand Vfg]y linear
about by the strong pump-induced ac Stark splitting anaoar_allgl polar|zat|on_ is generated in the.i’ﬂm (. NH;)
shifting of the upper level out of the molecular resonance=M'SS10N Wherlias linear orthogonaﬂs polarization is generated
Second, this ac Stark splitting at large pumping can genera the 81um (*NH;) and 153um ("™NH;) emissiong15].
modulated emission, which may last above the inverse pitch- € t.hmk t.hat, :rom the theore,tlcal point of view, at Ieast. the
fork bifurcation, up to an inverse Hopf bifurcation of the off conf|g'urat|o'nJ =1=J=1-J"=1 shoulld be.a'lso conS|_d—
state. And third, these inverse pitchfork and Hopf bifurca—ered ('U spite of the larger mathematical d'ﬁ'cu't_y of its
tions can collide defining a codimensional-2 Takens_study) in order to be able to draw general conclusions vahq
Boganov bifurcation point. for cases qf Iarger angular r_n_omente_l. Also, from the experi-
All these results have been obtained in the limit of a per-mem"jII point of View, transitions .W'th lower an_g.ular mo-
fectly isotropic cavity. Small cavity anisotropies could break MeNta COUId. be mves_tlg_ated, prowdeq the tunability 'domam
the axial symmetry and thus could fix the polarization azi-Of the pumping laser is increased, which can be achieved by

muth. The other polarization dynamics features describeddifying its cavity configuration12].

above, however, Woyld |n_pr|nC|p_Ie be only mo_derately af- ACKNOWLEDGMENTS
fected by small cavity anisotropies, although it would be
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APPENDIX: COEFFICIENTS AND SOME STEADY-STATE SOLUTIONS
1. Off solution
The coefficientB, in Egs.(3) is

B Yoh2Yopt 20N 2Y2c—3NoYapYoc
O_ .
¥2c(12B8%y2c¥20+ 882 Yo Yan T 482 Vac Yo+ 3¥V2c Yo Yab Yg)

The characteristic polynomial describing the stability conditions of the off solution—Bis-is X*+a; X3+ a,X?+azX
+a,=0, where

a1= yspht k+1, ;= (p1.—po)9+ (1+ yspr) k+ 282+ Ysprt YLphYRPh:
a3=(2k+ yspi—29Y2cBo) B2+ ¥spH 9p1L — 9po+ K) + YipnYreH 1+ &),

as=YspH k= 9Y2cBo) B7+ YLphYrPH OP1L— 9P0T K).

Here for the sake of compactness we have introduced the notatioe= v, pnt Yrpeh-
The pitchfork bifurcation threshold is given by the conditep= 0, which leads to expressidd) with coefficientsA,, A,,
andAgs, given by

A1=Y0Y2ct 3Y2bY2cT2%0Y20 s

A= —0(ysprYot 4YLpnYrPn (2Y2ct Y2u) N2t 4y pnYreiAL(P1LO T K)
—4No9YLPnYRPH Y2c T 2Y20) + 3 V20 Y2c YspH NG+ K Y0 Vp),
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Az=07yop1L—Nod+ Kkyo-

Expression(4) is obtained assumind,|>A3, A,<0, andA;>0, which hold for lasers with large gairg (much larger
than other characteristic constants of the sydi2yh7]), as is usually the case for optically pumped lasers.

2. Lasing solutions

Coefficients for the expressions for the intensities of the(®)Rand LP(6) modes are
A=—(4B%yp+3%5¥c) 6y Yave T ym) + 975 ¥eva(166°~ 1),
B=rx(2B%+1)(4B%yp+3yu7c) —69B* (7ot 27c),
C=87&(97— 67— 1) 8~ 32y5(¥p— ¥) B~ 37 ¥c(3ypYc+27p),

YM=3Y%Yct Y3t 2v5vc, andyp=3ypyct2yp+ vc-

Populations of the left CP solution are

1 =601 kypyet+2k[2B%(3ycyo— 40— 27c) — 3¥cvblal +49B%(yp+27c)
Po== ’
9 3ycynlaf+1)+4B8%yp
=2 ST Y2 Ye o TSV I 2Yve o 2vc
T 3Yc Y3709 PR 3Yc Y3709 PP 3ycyg’
 vea{(9—6kB)+g(vetAB Vet 2B%) w2y 2y
PaR™PaL 3ycyp(a+1)+482yp veg | PO 2y P
Populations of the LP solution are

(8yp+4yc—6vcyn) of +3ycyn(28%+1) 5 Yt 2yc 2v¢
= K y = = a K—, T e ,
Po 997¢76 PiL=P1Rr L 397c7b P10 7b+27CplL

4rypal+3ycyo(26fP+K—39)  2y¢
2797%3/% v P20 —7b+27cp2|"

poL=p2r= — (¥t 27c)
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