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Polarization states and coherent effects in a coherently pumpedJ9Ä1\JÄ0\J8Ä1
isotropic-cavity laser
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We have theoretically explored the behavior of a coherently pumpedJ951→J50→J851 isotropic cavity
laser and compared it with the behavior of other related laser systems involving atomic or molecular levels
with angular quantum numbers 0 and 1. It is shown that at low and moderate pumping strengths it behaves
very differently from theJ950→J51→J850 laser exhibiting no pump-induced gain anisotropy and allow-
ing for linearly polarized~LP! solutions with arbitrary azimuth and circularly polarized~CP! solutions, de-
pending on the values of the molecular relaxation rates. Above the instability threshold, a variety of dynamic
regimes involving the polarization degree of freedom can be found, including LP states with rotating azimuth
~as in incoherently pumpedJ50→J851 or J51→J850 lasers!, antiphase dynamics, and full polarization
chaos.

PACS number~s!: 42.55.Lt, 42.60.Mi, 42.25.Ja, 42.55.Ye
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I. INTRODUCTION

The dynamical behavior of lasers is markedly different
two large classes distinguished by their pumping metho
One method involves incoherent processes~such as, for in-
stance, electrical discharge or light from convention
lamps!, whereas the other one is based on a coherent pu
ing process~typically by means of the light from anothe
laser! in which the pumping and lasing transitions share
common upper level. Two fundamental differences betw
coherently ~optically! and incoherently pumped lasers a
known. First, since a laser is generally a source of polari
emission, a polarized pumping beam can break the cylin
cal symmetry of the optically pumped laser, even in the c
of a perfectly isotropic cavity. Second, coherent pump
induces two-photon~Raman! processes which are absent
an incoherently pumped laser.

The dynamic behavior of these types of lasers has be
subject of extensive investigations@1–3#. However, the prob-
lem was typically simplified by the assumption that the la
field had fixed polarization, reducing the vector problem t
scalar one. This simplification was justified by the fact th
many lasers were fabricated with Brewster’s angle windo
or other anisotropic elements which imposed a fixed po
ization state.

Recently, the situation has changed. The benefits of
polarization~or vector! degrees of freedom for solving dif
ferent fundamental and applied problems has renewed
interest in vector systems in general, and in laser system
particular @4–6#. A large amount of work has already bee
devoted to different aspects of the static and dynamic beh
ior of vector laser systems, although most of the work h
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been devoted to lasers with incoherent pumping. The in
ence of the vectorial degrees of freedom on the behavio
lasers with coherent pumping has been less well stud
@7–11#, although it is evident that polarization freedo
should greatly affect their behavior.

Until recently, theoretical studies of vectorial coheren
pumped lasers have been restricted to the simplest
which permits full vectorial behavior. In particular, this is th
case in which the gain medium is modeled by three-le
J950→J51→J850 atoms with the pumping acting on th
J950→J51 transition which is adjacent to the laser (J
51→J850) transition. The Zeeman structure of the upp
manifold (J51) enables one to take into account the vec
rial degrees of freedom for both pumping and emitted fiel
Strong gain anisotropy that favors emission with polarizat
identical to that of the pump field@7#, polarization switching
@8#, and even full polarization chaos@9,10# have been found
in such a system.

However, one may wonder whether the interesting po
ization phenomena encountered in the coherently pum
laser are specific to the particular atomic configuration c
sidered, i.e., theJ950→J51→J850 level scheme, or are
more general, i.e., weakly sensitive on the particular val
of the atomic level quantum numbersJ, J8, J9. This is an
interesting question that arises naturally in the case of,
instance, optically pumped far-infrared molecular lase
Most of these lasers are coherently pumped by means
CO2 or N2O laser@with wavelengths ranging in the midin
frared (l;10 mm)# and their emission wavelength lies i
the range 502500 mm @12#. With, for instance, the NH3
laser~one of the most efficient far-infrared lasers!, landmark
contributions to nonlinear dynamics have been achieved
the past, in particular the first experimental demonstration
science, of the dynamics of the paradigmatic Lorenz mo
@13#. The dynamics of this laser, however, are strongly s
sitive to the quantum numbers of the molecular levels
volved in the pumping-lasing process@for instance, Lorenz-

s,
k,
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type behavior has only been found in the 81mm (14NH3)
and 153mm (15NH3) laser emissions but not in the 374mm
(15NH3) emission @2,13–15##. At this moment it is not
known yet whether these differences in behavior are a di
consequence of the differences in the angular momen
quantum numbers of the molecular levels involved, or if th
are due to other possible causes such as differences in
molecular relaxation rates@15#.

A direct analysis of the specific molecular configuratio
involved in all these experiments of Refs.@13,14# would be
very difficult, because the corresponding angular momen
quantum numbers are high (>2). However, we think that a
significant insight into the influence of the angular mome
tum quantum numbers on the laser dynamics can be ga
by investigating molecular configurations with smaller ang
lar momentum quantum numbers. In this paper, we inve
gate in detail the configurationJ951→J50→J851, where
a linearly polarized~LP! pump field acts on the first trans
tion (J951→J50) and the laser field acts on the seco
transition (J50→J851) of the L-type atomic scheme
Comparison of the results that will be presented here w
those obtained in recent years on theJ950→J51→J850
configuration@8–10#, as well as with those obtained for a
incoherently pumpedJ51→J850 laser@16#, will shed light
on the problem of the possible dependence of the dyna
behavior on the angular momentum quantum numbers.

The configurationJ951→J50→J851 here studied~as
well as other low-J three-level configurations! could in fact
be directly implemented in coherently pumped far-infrar
lasers by technically modifying the pumping IR laser in o
der to enlarge its tunability domain. On the other hand
could also be implemented in an atomic amplification m
dium such as, for instance, Ne atoms with their three-le
configurations 1s4(J951)→2p3(J50)→1s2(J851) @11#
or 2p7(J951)→2s3(J50)→2p2(J851). In this case,
however, Doppler broadening should be taken into acco
unless an atomic beam is used.

As will be shown below, in spite of the apparently sm
differences between the configurationJ951→J50→J8
51 here investigated and the already knownJ950→J51
→J850 configuration, dramatic changes in the dynamic
havior are found. It is demonstrated, for instance, that
strong gain anisotropy typical of theJ950→J51→J850
configuration disappears and the linearly polarized~LP!
modes of the laser with a perfectly isotropic cavity beco
degenerate in the transverse plane, i.e., with respect to
polarization direction. In other words, axial symmetry in th
system is preserved in spite of the presence of a strong
polarized pumping field. On the other hand, we also fi
emission of circularly polarized~CP! fields, just as in con-
ventional incoherently pumpedJ51→J850 @16# or J50
→J851 two-level lasers, in spite of the differences betwe
these systems. In particular, four Raman coherences,
one-photon coherences induced by the pumping field,
relaxation processes in the pump-level (J951) manifold dis-
tinguish this laser from an incoherently pumpedJ50→J8
51 laser~see Fig. 1!. These differences mean that above t
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instability threshold both systems display different dynam
polarization states.

We also find that the coherently pumped laser here c
sidered can exhibit some features of a scalar three-level
tically pumped laser@17,18#, which show up at large pump
ing strengths when the ac Stark splitting of the upper la
level dominates and leaves the laser field out of resona
One consequence of this is that with increasing pump
strength, laser emission eventually disappears, either thro
a pitchfork or an inverse Hopf bifurcation.

The remainder of this paper is the following. In Sec.
the model for an optically pumpedJ951→J50→J851 la-
ser is presented and its general features are discussed.
tion III A is devoted to the study of the off state and i
stability in the simplified laser model for a perfectly isotrop
laser cavity with the laser medium pumped by a LP fie
The influence of the material properties on the behavior
the laser steady states is investigated in Sec. III B. Section
is devoted to numerical stability analysis of the lasi
modes. Finally, in Sec. V the main conclusions are summ
rized.

II. LASER MODEL

In an optically pumpedJ951→J50→J851 homoge-
neously broadened atomic~or molecular! system, a pumping
beam drives the first transition and a laser beam is gener
on the second transition. The scheme of the atomic lev
under consideration is depicted in Fig. 1. The pump leve
denoted as 2 and the upper and lower laser levels are den
as 0 and 1, respectively. The pumping and emitted fields
taken as superpositions of right and left CP fields which
coupled with the corresponding atomic sublevels~Fig. 1!.

The states on theJ951 and J851 manifolds are ex-
pressed as linear combinations ofM511,0, and21 states.
For theJ851 manifold, they will be denoted asu1L&, u10&,

FIG. 1. Level scheme and field components for the cohere
pumped laser in ‘‘circular’’ basis for atomic states and fields. T
sublevelsu2L& andu2R& as well as the sublevelsu1L& andu1R& are
degenerate if no magnetic field («50) is applied. 2b and 2a are
the Rabi frequencies for the pump and laser fields, respectiv
g2L,1L , g2L,1R , g2R,1L , andg2R,1R are relaxation rates for two pho
ton coherences coupling sublevels of distinct manifolds, wher
g2L,2R andg1L,1R are for the sublevel coherences inside each ma
fold. The fields propagate in thez direction.
8-2
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POLARIZATION STATES AND COHERENT EFFECTS IN . . . PHYSICAL REVIEW A62 033818
and u1R&, respectively. Similar notations are used to den
the states on theJ951 manifold, i.e.,tu2L&, u20&, andu2R&.
These six states, plus theuJ50& state, form the atomic basis
In the semiclassical theory adopted here, the statesu20& and
u10& are not radiatively coupled with any other state by t
interaction Hamiltonian~if the pump and laser fields are a
sumed to propagate in thez direction! and are only coupled
through the collisional relaxation process and spontane
emission, therefore the density matrix has the following r
evant elements: seven sublevel populations, which will
denoted asrkL , rk0 , rkR (k51,2), andr0, four induced
dipole moments~or one-photon coherences! r1L,0 , r1R,0 ,
r2L,0 , and r2R,0 , two intersublevel coherencesr1L,1R and
r2L,2R , and four Raman coherencesr1R,2L , r1R,2R , r1L,2L ,
and r1L,2R . The decay rates for the one-photon coheren
r i ,0 will be denoted asg i , with i 51L, 1R, 2L, and 2R, and
the decay rates for the Raman coherencesr i , j will be de-
noted asg i , j , with i , j 51L, 1R, 2L, and 2R. To take cor-
rectly into account the relaxation mechanisms of the le
populations and the intersublevel coherences@19,16#, it is
assumed that the decay rates for the different moments o
triplets 2 and 1 can be different. Specifically, we adopt de
ratesgkb , gkJ[gkb1gkJ8 , and gkC[gkb1gkC8 for the fol-
lowing quantities associated with theJ851 (k51) andJ9
51 (k52) manifolds: total populationsrkL1rk01rkR ,
magnetic dipolerkL2rkR , and ‘‘atomic electric quadru-
pole’’ rkL1rkR22rk0 as well as intersublevel coherenc
rkL,kR , respectively. Incoherent pumping of sublevelsukL&,
ukR&, andu0&, which, in the absence of pumping and emitt
laser fields, brings the level populations into a station
thermal-equilibrium state, is taken into account through
corresponding rateslkL , lkR , lk0, andl0.

We define the pump and laser field components, in
usual plane-wave uniform-field limit, as

E2L(R)~z,t !5êL(R)

\

m2L(R)
bL(R) exp$ i @2k2z1v2t

1w2L(R)~ t !#%1c.c.,
~1!

E1L(R)~z,t !5êL(R)

\

m1L(R)
aL(R)~ t !exp$ i @2k1z1v1t

1f1L(R)~ t !#%1c.c.,

respectively, whereêL5(êx2iêy)A2 and êR52(êx1iêy)A2
are the corresponding unit polarization vectors,m2L(R) and
m1L(R) are the electric-dipole matrix elements which can
taken real,bL(R) andaL(R)(t) are one-half of the~real! Rabi
frequencies,k2 (k1) is the pump~laser! field wave number,
and v2 and v1 are the reference frequencies for the pum
and laser fields, respectively. In the following we consid
that the pump field is LP, i.e.,bL5bR , and that its ampli-
tude within the laser cavity is constant and uniform. Thus
neglect pump depletion, which is moderate in gas las
w2L(R)(t)[uL(R)1f2L(R) , uL5u01u(t), and uR52u0
2u(t), where the parameteru0 is the relative orientationa
angle between the polarization plane of the pumping fi
and the reference direction, the parameteru(t) would de-
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scribe the variation of the azimuth angle of the pumping fi
vector in the case of pump polarization modulation, a
f2L(R) and f1L(R)(t) are the phases of the pump and las
fields in the absence of any modulation of the pumping fie
respectively, so thatv21ẇ2L(R)(t) and v11ḟ1L(R)(t) rep-
resent the instantaneous pump and laser field frequen
c.c. denotes complex conjugate. Thus note that both the
plitudeaL(R)(t) and phase of the generated laser field can
time-dependent, in a dynamic regime.

It is convenient to extract explicitly the frequenciesvk
and phasesfkL(R) of the laser and pumping fields from a
complex elements of the density matrix, leaving the sa
notations for the new density-matrix elements. After that,
Maxwell-Bloch equations for the laser can be written, in t
usual rotating-wave and slowly varying envelope approxim
tions, in the circular basis, and in their most general fo
which allows for the possible presence of cavity anisotrop
and a longitudinal magnetic field, as

ṙ052aL Im r1L,012aR Im r1R,0

12bL~ Im r2L,0 cosuL2Rer2L,0 sinuL!

12bR~ Im r2R,0 cosuR2Rer2R,0 sinuR!2g0r01l0 ,

ṙ1L52G1Pr1L2G1Mr1R1g1C8 r10/322aL Im r1L,01l1L ,

ṙ1R52G1Pr1R2G1Mr1L1g1C8 r10/322aR Im r1R,01l1R ,

ṙ1052~g1b12g1C8 /3!r101g1C8 ~r1L1r1R!/31l10,

ṙ2L52G2Pr2L2G2Mr2R1g2C8 r20/322bL~ Im r2L,0 cosuL

2Rer2L,0 sinuL!1l2L ,

ṙ2R52G2Pr2R2G2Mr2L1g2C8 r20/322bR~ Im r2R,0 cosuR

2Rer2R,0 sinuR!1l2R ,

ṙ2052~g2b12g2C8 /3!r201g2C8 ~r2L1r2R!/31l20,

ṙ1L,052 i „D1L~ t !1«1g1L…r1L,02 i @aLd0,1L2aRr1L,1R

2bLr1L,2L exp~ iuL!2bRr1L,2R exp~ iuR!#,

ṙ1R,052 i „D1R~ t !2«1g1R…r1R,02 i @aRd0,1R2aLr1R,1L

2bLr1R,2L exp~ iuL!2bRr1R,2R exp~ iuR!#,

ṙ2L,052 i „D2L1«1g2L…r2L,02 i @bLd0,2L exp~ iuL!

2aLr2L,1L2aRr2L,1R2bRr2L,2R exp~ iuR!#,

ṙ2R,052 i ~D2R2«1g2R!r2R,02 i @bRd0,2R exp~ iuR!

2aLr2R,1L2aRr2R,1R2bLr2R,2L exp~ iuL!#,

ṙ1L,1R52 i @D1L~ t !2D1R~ t !12«#r1L,1R2 i ~aLr0,1R

2aRr1L,0!2g1Cr1L,1R ,
8-3
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ṙ2L,2R52 i ~D2L2D2R12«!r2L,2R2 i @bLr0,2R exp~ iuL!

2bRr2L,0 exp~2 iuR!#2g2Cr2L,2R ,

ṙ1R,2L52 i @D1R~ t !2D2L22«#r1R,2L2 i @aRr0,2L

2bLr1R,0 exp~2 iuL!#2g1R,2Lr1R,2L ,

ṙ1R,2R52 i @D1R~ t !2D2R#r1R,2R2 i @aRr0,2R

2bRr1R,0 exp~2 iuR!#2g1R,2Rr1R,2R ,

ṙ1L,2L52 i @D1L~ t !2D2L#r1L,2L2 i @aLr0,2L2bLr1L,0

3exp~2 iuL!#2g1L,2Lr1L,2L ,

ṙ1L,2R52 i @D1L~ t !2D2R12«#r1L,2R2 i @aLr0,2R2bRr1L,0

3exp~2 iuR!#2g1L,2Rr1L,2R , ~2!

ȧL52kaL2gL Im r1L,01kL8aL1aR~zR8 cos 2F

1zR9sin 2F!,

ȧR52kaR2gR Im r1R,01kR8aR1aL~zL8 cos 2F

1zL9 sin 2F!,

ḟ1L5~D1L2Dc1kL9 !1gL Rer1L,0 /aL1aR~zR9 cos 2F

2zR8 sin 2F!/aL ,

ḟ1R5~D1R2Dc1kR9 !1gR Rer1R,0 /aR1aL~zL9 cos 2F

1zL8 sin 2F!/aR ,

where G iP5g ib1g iC8 /61g iJ8 /2 and G iM 5g iC8 /62g iJ8 /2 (i
51,2); d0,kL5(r02rkL) and d0,kR5r02rkR ; D1L(R)(t)
5D11ḟ1L(R)(t); Dk5vk2v0,k0 are the detunings of the
pump (k52) and laser (k51) fields with respect to the
atomic resonances;v0,10 andv0,20 are the frequency separa
tions between the levelJ50 and the lower sublevelsJ8
51,M50 and J951,M50, respectively~Fig. 1!; Dc5vc
2v0,10 is the cavity detuning (vc is the empty-cavity reso
nance frequency!; gL(R) is the unsaturated gain paramet
and the parameterk is the cavity decay rate. Cavity anisotro
pies are additively taken into account in the field equatio
through complex directkL(R)[kL(R)8 1 ikL(R)9 and cross
zL(R)[zL(R)8 1 i zL(R)9 losses of the left~right! CP harmonic of
the laser field, withF[(f1L2f1R)/2 being the polarization
azimuth of the emitted field. The parameter«5mBGLuBu/\
~wheremB is the Bohr magneton andGL the Lande´ factor,
assumed for simplicity to be equal for both lower leve!
describes the modulus of the shift of the levelsukL& andukR&
that would appear upon introduction of a longitudinal ma
netic fieldB ~Fig. 1!. When only linear amplitude and phas
anisotropies are present, direct and cross losses can be
ten in the form kL5kR5c/2nL$(px1py)cosD221i(px
2py)sinD%c/2nL and zL5zR5c/2nL$(px2py)cosD1i(px
1py)sinD%c/2nL, wherenL/c is the cavity round-trip time (c
03381
s

-

rit-

is the speed of light in vacuum,nL is the optical length of
the cavity!. Parameterspx,y are the amplitude transmission
of the cavity for the laser field polarized in thex and y di-
rections; i.e., they are quantities within the range@0,1#. Their
maximum values, i.e.,px5py51, correspond to the absenc
of anisotropic absorption in the cavity~obviously, the cavity
can haveisotropic lossesk). Any anisotropy~in the x andy
directions! reduces these quantities leading to negative v
ues for parameterskL8 and kR8 . ParameterD is the cavity
linear phase anisotropy which is measured in radians~for
example, there is no phase anisotropy whenD50, whereas
D5p/4 corresponds to a quarter wave plate!.

Since the present model can be applied to far-infra
lasers, which are class-C lasers@1,2,20#, we cannot introduce
drastic simplifications in the laser equations such as, for
stance, adiabatic elimination of the one-photon or Ram
coherences or the population inversion~other less fundamen
tal simplifications, however, will be introduced below!. On
the other hand, our model in principle only applies to m
lecular or atomic configurations. It would hardly apply to
solid-state laser medium, where the energy levels of the
tive ions are often broadened by coupling with phonons a
by the crystal field and they can be affected by orbital an
lar momentum quenching, or to a semiconductor laser m
dium, where the electronic states form bands rather than
crete states, the dispersive effects are described by the
called a factor @21#, and the dipole relaxation rate is ver
large ~it might apply to a quantum-well laser system, b
there the dominating angular momenta take other values,
these lasers still keep to a certain degree the specific fea
of semiconductor materials!.

Several important features can be extracted from the
set of laser equations~2!. First, the global laser-field phas
Fs[f1L1f1R does not appear in the equations, as occur
general in autonomous laser systems~note, however, that ou
laser system becomes nonautonomous when the pump
polarization vector is modulated, since the parametersuL and
uR become time-dependent!. Second, in the absence of ca
ity anisotropies the laser equations~2! are insensitive to the
phase difference between the CP harmonics of the laser fi
In other words, neither the material dynamics nor the po
ized pumping field fix the polarization azimuth of the tot
laser field. This results in sharp contrast with what is fou
in the case of an optically pumpedJ950→J51→J850
laser studied in Refs.@7–10#, where the polarization state o
the emitted field is always uniquely determined. Howev
the present result is similar to what was found in the case
an incoherently pumpedJ51→J850 laser @16# in which
the polarization azimuth is free to diffuse if the laser cavity
perfectly isotropic~only cavity anisotropies could break th
axial symmetry and fix the polarization azimuth!. This pre-
liminary analysis suggests that the behavior of our laser s
tem will have features similar to that found in the incohe
ently pumped laser.

III. SOLUTIONS

We study next the steady-state solutions of the laser
tem and their stability. To make the problem as tracta
8-4
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POLARIZATION STATES AND COHERENT EFFECTS IN . . . PHYSICAL REVIEW A62 033818
analytically as possible, several approximations will
adopted. We will concentrate on a laser operating at re
nance @Dc5D1L5D1R50; we have checked numericall
that in generalDc50 impliesD1L(t)5D1R(t)50, except for
certain time-dependent solutions that are described in
IV #, with no external perturbations such as a magnetic fi
(«50) or a pump-field polarization modulation@u(t)50#. It
will be assumed that the pumping field is LP along thex
direction, i.e.,bL5bR[b and u050 ~although, for check-
ing the dependence of the laser emission on the pump p
ization angle,u0 will be retained as a control parameter
some numerical simulations!. The decay rates of the one
photon coherences induced by the laser field will be take
be identical and denoted asg'[g1L5g1R . It is also physi-
cally reasonable to assume thatg2L5g2R[gb ; g1R,2L
5g1L,2L[gLPh ; g1R,2R5g1L,2R[gRPh. All control param-
eters will be rescaled with respect to the transverse de
rateg' . This means, in particular, that, since we are cons
ering the most general case of a class-C laser, all molec
and field relaxation rates will beO(1)—in thespecific case
of a far-infrared molecular laser the absolute value of th
relaxation rates is of the order of 106 s21 @1,12#. Accord-
ingly, time will be expressed in units ofg'

21 . We will also
assume that the laser cavity and gain are isotropic,
kL(R)8 5kL(R)9 5zL(R)8 5zL(R)9 50 andgL5gR5g. And, finally,
incoherent pumping rates of the sublevelsukL& and ukR&
(k51,2) in the twoJ51 manifolds will be taken identical
i.e., lkL5lkR[lk , while l105l2050.

A. The off solution and its stability

Under these assumptions, the laser equations~2! yield an
off solution with zero intensities (aL

25aR
250) of the CP

components of a single mode laser field, and

Im r2L,05Im r2R,05g2CbB0 , Rer2L,2R522b2B0 ,

r05~4b2g2CB01l0!/g0 , r1052l1~g1C2g1b!/3g1bg1C ,

r1L5r1R5l1~g1b12g1C!/3g1bg1C ,

r2L5r2R5~l222b2g2CB0!~g2b12g2C!/3g2bg2C ,
~3!

r2052~l222b2g2CB0!~g2C2g2b!/3g2bg2C ,

r1L(R),05Rer2L(R),05r1L,1R5Im r2L,2R5rR,2L5rR,2R

5rL,2L5rL,2R50,

where the coefficientB0 is given in the Appendix.
It can be seen that the lower laser level 1 is only po

lated by the incoherent pumping~and it is zero whenl1
50). Populations of the other two levels are created by b
coherent and incoherent pumping. Expressions forr10 and
r20 constrain the value ofgkC , which must be greater than o
equal togkb ~note thatl222b2g2CB0.0).

The stability of this off solution is governed by the set
eigenvalues of the linearized equations for perturbations
the system variables. Our analysis reveals that the full se
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linearized equations~or the corresponding Jacobian matri!
can be separated into several subsets, of which only two
yield positive eigenvalues and are relevant fro
the physical point of view. These subsets correspond
the variables $Im r1L,0 ;Rer1L,2L ;Rer1L,2R ;aL% and
$Im r1R,0 ;Rer1R,2L ;Rer1R,2R ;aR%, respectively. As can be
seen, the equations for the left and right CP component
the laser field belong to distinct subsets, which means
the stability conditions of the off solution with respect to th
perturbation of each of the components are, in general,
ferent. However, in the limit of no linear~i.e., independent of
the laser/pump intensity! anisotropy, these two matrices a
identical, which means that in such a limit the off solutio
will lose its stability at the same parameter values indep
dent of the polarization state of the perturbation.

The fourth-degree characteristic polynomial determin
the stability of the off solution~see the Appendix! is inde-
pendent ofgJ , which is a consequence of the fact that t
populations of the sublevelsukL& and ukR& in the two mani-
folds 1 and 2 are identical (r1L5r1R and r2L5r2R). Ac-
cording to the Hurwitz criterion, the off solution can be d
stabilized through either a pitchfork bifurcation~PB! or a
Hopf bifurcation~HB!—see the Appendix. The PB occurs
pump intensity values given by

bPB
2 5$2A26~ uA2u224kgLPhgRPhg2bg2CgbgSPh

3A1A3 /uA2u!%/8kA1gSPh, ~4!

where the coefficientsA1 , A2, andA3 are given in the Ap-
pendix.

Expression~4! shows that the trivial solution can be stab
in two domains of pumping strength. One of these doma
corresponds to low pumping and extends up to a pump va
known as a first laser threshold,bPB8 , which is defined by the
minus sign in Eq.~4!. The second domain is above a larg
pumping thresholdbPB9 , which is determined by the plu
sign in Eq. ~4!. Physically, this second domain at larg
pumping exists because of the large ac Stark shifting of
laser levels induced by the strong pumping field@8,17,18,22#
which carries the transition out of resonance.

It is worth pointing out what would occur in the cas
when in addition to the coherent optical pumping there
also a significant source of incoherent pumping described
the parameterl0. In this case, whenl0 increases the firs
thresholdbPB8 decreases, and whenl0>g0(r1L1k/g), the
solution to Eq.~4! corresponding to the minus sign becom
unphysical (bPB

2 ,0), i.e., the PBbPB8 disappears and thu
the laser will operate for any pumpingb,bPB9 , in particular
for b50, which means that the incoherent pumping itself
sufficient to switch on the laser system.

Unlike the PB, the Hopf bifurcation is determined by
lengthy algebraic expression of the eighth degree with
spect to the pumping strength~with only odd powers ofb).
Consequently, an explicit analytical solution to this equat
cannot be obtained and it must be solved numerically. In
next section graphical results showing the dependence o
pitchfork and Hopf bifurcation thresholds on several las
parameters are shown.
8-5
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B. Lasing steady-state solutions

On resonance~and with no magnetic field,«50, anduL
5uR50) the lasing equations~2! become considerably sim
pler since all of them will be real. Analysis reveals that
contrast to the case of an optically pumpedJ950→J51
→J850 laser, Eq.~2! admit both LP andcircularly polar-
ized (CP) lasing steady states in spite of the presence o
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strong LP pumping field. To obtain tractable exact analyti
expressions for the steady states, we will neglect the sm
incoherent pumping ratesl0 and l1 ~i.e., l05l150), we
will reasonably assume thatg1b5g2b[gb , g1J8 5g2J8 [gJ8 ,
and g1C8 5g2C8 [gC8 ~i.e., that in both manifolds decay rate
of each tensorial component are equal!, and we setl25g0
51 andgb5gLPh5gRPh51.

The intensity of the left CP solution reads
I L[aL
25$kA6Ak2A2236Bgb

2gJgC
2 k~6gbgJgC1gM !%/6kgbgC~6gbgJgC1gM !. ~5!
een

s in
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For the sake of brevity we do not retain here analytical
pressions for the nonzero one- and two-photon cohere
Im r2L,05Im r2R,0 , Rer1L,2L5Rer1L,2R , Im r1L,0 , and
Rer2L,2R . The expressions for the populations as well as
the parametersA, B, andgM are given in the Appendix.

Because of the square root in Eq.~5!, there are in genera
two left CP solutions, with different intensity. Each of the
solutions has a symmetric right CP solution of the same
tensity, which can be obtained with the followin
substitution: aL→aR , Rer1L,2L5Rer1L,2R→Rer1R,2L
5Rer1R,2R , Im r1L,0→Im r1R,0 , andr1L→r1R .

For the LP solution the intensities of its two CP harmo
ics aL

2 andaR
2 are equal and read

aL
25aR

25~kC6Ak2C2272kgb
2gC

2 gPB!/24kgbgCgP ,
~6!

so that the total intensity of the LP solution isI lin5aL
2

1aR
2 . The populations and the parameterC are given in the

Appendix. The other nonzero variables verify Imr2L,0
5Im r2R,0 , Rer1L,2R5Rer1R,2R5Rer1L,2L5Rer1R,2L ,
Imr1L,05Imr1R,0 , Rer1L,1R , and Rer2L,2R .

Similar to the previous case, in general, Eq.~6! admits
two solutions of different intensity. These solutions do n
depend on the decay rategJ . This is a direct consequence o
the fact that the populations of the sublevels of eachJ51
manifold ~levels 1 and 2) are equalrkL5rkR (k51,2) ~see
the Appendix!, which is not the case for CP states. There i
correspondence between the CP and LP solutions, in
sense that whengJ85gC8 ~for which A5CgC) the intensity of
each CP solution coincides with that of a LP solutionI L(R)
5I lin . Note that in the presence of the left~right! CP mode
the sublevel 1R (1L) is always populated provided thatgJ8
.gC8 . Its population takes on a zero value in the radiat
limit ( gJ85gC8 50).

One important feature of the LP solutions~6! is that, as
advanced above, their azimuth can take any value, i.e.,
not determined by the pump-field polarization azimuth n
by the field-matter interaction processes. This is similar
what occurs with the incoherently pumped two-levelJ51
→J850 laser@16# ~in conditions, as here, of isotropic cav
ity!, and is in sharp contrast with the behavior of the op
cally pumpedJ950→J51→J850 laser, for which the
-
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field-matter interaction imposes a strong correlation betw
the pump- and laser-field polarization states@10#.

The mathematical requirement that expressions~5! and
~6! must be real and non-negative determines the domain
the parameter space where the steady states exist. Thes
mains are linked to the domain where the off solution
unstable, which has been discussed in the preceding sub
tion. We discuss next the dependence of these domain
several laser parameters, such asb, gb , gJ8 , andgC8 .

Inspection of these equations shows the following fe
tures.

~i! The coefficientsA andC are generally negative, which
excludes the possibility of the existence of two lasing so
tions in any of these equations; i.e., only one LP and o
couple of CP solutions with opposite helicity are possib
This is strictly valid for 0<gb<(11A2)/3'0.8, for any
value of all the other laser parameters. For largergb @i.e., for
(11A2)/3<gb<1, since in our case, for physical reason
gb cannot be aboveg'#, the coefficientsA andC can become
positive whenevergC8 is above a threshold valuegC(circ)

[gb1gC(circ)8 ~for A) andgC(lin)8 ~for C) given, respectively,
by the conditions

~9gb
2218gJgb

2112gJgb13gb12gJ!gC(circ)
2

1gb~6gb115gJgb15gJ!gC(circ)12gJgb
250,

~7!

gC(lin)8 53gb~3gb
224gb2122A2gb!/~116gb29gb

2!.

The curves representinggC(circ)8 and gC(lin)8 as a function of
gb are depicted in Fig. 2. Clearly, the large values necess
for gC8 indicate that in realistic conditionsA and C will be
negative.

~ii ! When the pump amplitudeb is continuously in-
creased from zero, the coefficientB ~which includes the
pump intensityb2 and the cavity lossesk, among other pa-
rameters! in Eqs. ~5! and ~6! starts with a positive value
~laser off state! and continuously decreases. When it cros
zero, changing from a positive to a negative value, a sin
LP solution @the case of Eq.~6!# or a single couple of CP
solutions with opposite helicity@the case of Eq.~5!# appears,
thus defining the first laser threshold. The value ofb at
8-6
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which this occurs coincides with the value ofbPB8 corre-
sponding to the first PB point of the off solution discussed
the preceding section.

~iii ! Above the first laser threshold, whereB,0, the
modulus of B first increases and next decreases, cross
again zero. This means that the laser intensity first increa
and next decreases, disappearing at a large pump ampl
valueb which coincides with the second PBbPB9 of the off
solution already discussed in Sec. III A. Both pointsbPB8 and
bPB9 are the same for the LP and CP solutions, as pointed
above.

These features~ii ! and ~iii ! can be seen in Fig. 3, whic
shows the emission intensity of the CP and LP solutions
function of the pump-field amplitudeb. The two PB points
bPB8 and bPB9 can be clearly identified, and it is seen th
since gC.gJ the intensity of the LP solution is slightly
larger than that of the CP solution~the contrary would occur
for gC,gJ).

IV. STABILITY OF THE LASING STEADY STATES

Since the first laser thresholdbPB is common for both LP
and CP solutions, what occurs just above threshold is de
mined by the so-called maximum emission principle: on
the branch with larger emission intensity, which forgC

FIG. 2. Values ofgC(lin)8 and gC(circ)8 below which the system
shows only one LP or CP solution, as a function of the populat
relaxation rategb .

FIG. 3. Off solution~off!, full intensity (I L) of the CP solution
~circ!, and half of the intensity (I lin/2) of the LP solution~lin! ~it is
depicted just for the sake of clarity; full intensities of both solutio
would be barely distinguishable! plotted versus pumping strengthb
for gb50.3, gC8 50.5, gJ850.2. Full curves show stable branch
~we note that the total intensity of the stable LP solution is sligh
larger than that of the CP one! of LP and off solutions. Dashed line
represents unstable solutions. Dashed-dotted line shows uns
branch of the off solution.
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.gJ (gC,gJ) is the linearly~circularly! polarized one, is
stable. This is different from what occurs in the case of
coherently pumpedJ950→J51→J850 laser, where this
factor~i.e., the maximum emission intensity! is rapidly coun-
terbalanced by a strong pump-induced anisotropy which
vors a polarization state identical to that of the pump bea

Let us assume thatgC,gJ and analyze numerically the
stability of the CP steady-state solution along all the dom
above the first laser threshold~qualitatively similar results
would be found in the opposite casegC.gJ concerning the
stability of the LP solution!. We will fix some parameters
Dc50, l2L5l2R50.5, g53642.5, andk51.425. This
choice of the cavity lossesk ensures that for small and mod
erate atomic decay rates the laser system will be in the ‘‘
cavity limit’’ @i.e., the conditionk.g i1g' will be fulfilled;
hereg i

215(g0
211gb

21)/2]. Later on, other values ofk will
also be considered. For the rest of the parameters, we
suppose fewer restrictions than in Sec. III B, namely,Dc

5D1L5D1R5D2L5D2R50, g1J8 5g2J8 [gJ8 , g1C8 5g2C8
[gC8 , g2L8 5g2R8 [gb , g1b5g2b[gb , g'51, and gRPh

5gLPh[gPh . We will also allow for the possibility that the
instantaneous laser-field frequency might be different fr
the resonance frequency@i.e., D1L(t) or D1R(t) are different
from 0#.

Figure 4 shows the pump amplitude values at which d
ferent local bifurcations affect the off and CP steady-st
solutions, as a function of the lower-level population rela
ation rategb and for different values of the upper-level pop
lation relaxation rateg0. The dashed lines correspond to th
bPB8 andbPB9 bifurcation thresholds affecting the off solutio

n

ble

FIG. 4. The on (bPB8 , lower dashed lines! and off (bPB9 , upper
dashed lines! thresholds of the static CP mode and the Hopf bifu
cations of the trivial~dashed-dotted lines! and lasing~continuous
lines! states are shown in the subspace (b,gb) for different decay
rates of the upper-level population~given in the figure!. Other pa-
rameters are fixed atl2L5l2R50.5, gb5gPh51, g53642.5, k
51.425, gJ850.5, gC8 50.3, and the remaining parameters are t
same as those adopted in Sec. II. Lasing solution is stable ‘‘belo
the corresponding continuous curves. It exists in between
dashed lines.
8-7
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as described in Sec. III A. Thus, the steady-state solu
exists in the wide domain of pump amplitudes delimited
these two curves. The dashed-dotted line corresponds to
Hopf bifurcation that also affects the off solution at ve
large pump amplitudes~see also Sec. III A!. The continuous
line describes the threshold for another Hopf bifurcat
bHB , which affects the lasing steady-state solution. As c
be seen in the figure, in general this bifurcation is uniq
except for small values ofgb and large values ofg0, where a
second HB can appear at large pump amplitudes. A HB a
appears in related laser systems such as the three-level~sca-
lar! optically pumped laser, the optically pumpedJ950→J
51→J850 laser, and the incoherently pumpedJ50→J8
51 laser, but its origin and pump threshold as well as
dynamic behavior above the bifurcation threshold are v
different in each case. The largest qualitative similarity
with the incoherently pumpedJ50→J851 laser, where
above the HB threshold the modulated state that app
loses very fast its stability and the system falls in gene
onto a state with linear polarization with rotating azimu
~‘‘rotating linear’’ behavior! @16#. In our case, however, th
behavior is not exactly the same and depends on the op
ing conditions, as we show next with some illustrative e
amples.

Figure 5 shows the emission intensity as a function ob
for conditions corresponding to the right-hand part of Fig.
i.e., for largegb (gb50.6 in this case but a similar behavio
is found above this value! and any value ofg0 (g050.5 in
this case!. As indicated in Fig. 4, for this case the laser em
sion threshold is atbPB'0.6531022 and the HB affecting
the steady-state solution~which in the example of Fig. 5 is a
levo CP solution! occurs atbHB511.8. At this value ofb a
small modulation of the output signal occurs. Simul
neously, a dextro CP component of growing amplitude
pears with the same frequency and 100% intensity mod
tion. The combination of both components results in a la
field with intensity and ellipticity oscillating around a mea
value ~which for the ellipticity is11). Unlike this, the azi-

FIG. 5. One-parameter diagram of the field intensities vs pu
magnitudeb for g050.5, gb50.6. Open points~crosses!, dots~tri-
angles!, and squares~rhombuses! show maxima~minima! of the
total intensity, levo, and dextro CP components, respectively. O
parameters correspond to Fig. 4.
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muth ~whose value is arbitrary, as discussed in Sec. II! re-
mains constant while the instantaneous value of the ellip
ity is not equal to11. Each time the ellipticity approache
this value, the azimuth jumps byp/2. Thus the trajectory of
the laser-field polarization state is an arc symmetrically s
ated about the north pole along a meridian on the Poinc´
sphere~Fig. 6, curve 1!. This behavior remains up to a ver
large value ofb (b;22, Fig. 5!, where the system evolve
toward chaos. The~unstable! steady-state solutions disappe
at b5bPB9 526.8 ~Fig. 4!, but as shown in Fig. 5 in the
present case the time-dependent solution remains untb
;30, where the inverse Hopf bifurcation affecting the o
solution occurs. Approaching this value, the chaotic behav
progressively simplifies, transforming first into quasiperiod
and next into regular periodic behavior with modulation fr
quency defined by that of the Hopf bifurcation@17,18#.

In contrast, as indicated above, if in the same conditio
the coherent pumping is substituted by incoherent pump
the behavior is ‘‘rotating linear’’ for any value of the uppe
level incoherent pumpingl0, although for 0.022,l0&0.2 a
second solution exists which is also LP but its total intens
and azimuth strongly oscillate~chaotically forl0,0.043 and
periodically for l0.0.043). The frequencies of its two C
components also oscillate slightly around the resona
value.

On the left-hand side of Fig. 4~for instance, forgb
50.2) the behavior is more sensitive to the value ofg0. For
g051.0 @Fig. 7~a!# the behavior is ‘‘rotating elliptical,’’ i.e.,
the total intensity and ellipticity are constant in time and t
azimuth rotates. This results in a trajectory on the Poinc´
sphere, which surrounds it along the parallel in the no
semisphere~Fig. 6, curve 2!. The ellipticity is moderate
~since the intensity of the one CP component is much lar
than that of the other component!, and these two CP compo
nents have slightly different frequencies. This solution
stable for any value ofb and chaos never appears@Fig. 7~a!#.
For g050.5 @Fig. 7~b!# the behavior is ‘‘rotating linear’’ just
above the instability thresholdbHB50.018 ~the time-
modulated solution that arises at the HB loses very fast
stability and the system falls onto a rotating linear solutio!,
rotating elliptical with time-dependent ellipticity for 0.8&b
,21, and chaotic forb.21. The rotating elliptical behavio
is different from that of Fig. 7~a!, since now the

p

er

FIG. 6. Trajectory of the laser field polarization state on t
Poincare´ sphere in the cases of Fig. 5~1!, Fig. 7~b! ~2!, and Fig.
7~a! ~3! for b515. s0 , s1 , s2, ands3 are the Stokes parameters,
defined for instance in E. Hecht and A. Zajac,Optics ~Addison-
Wesley, Reading, 1974!.
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intensities of the two CP components strongly oscillate
time; the total intensity, however, is only weakly affected
this oscillation @Fig. 7~b!#, which means that the two CP
components oscillate in ‘‘antiphase’’@23#. Superposition of
these two CP antiphase oscillating solutions of slightly d
ferent frequencies produces time dependence of the ellip
ity and continuous rotation of the polarization azimuth wh
trajectory alternatively visits the north and the south se
spheres near equatorial circumference~Fig. 6, curve 3!. Fi-
nally, for g050.01 @Fig. 8~a!# just above the instability
thresholdbHB50.8431022 the emission is again rotatin
linear ~as in Fig. 7~b! for small b#, but now the system falls
into chaos at quite a small value ofb (b;0.06). We inter-
pret this appearance of chaos at low pumping as a co
quence of the fact that in this case the population relaxa
rates are very small and thus the system is well in the
cavity limit; as it is well known in the standard Lorenz
Haken laser model, for these conditions the appearanc
chaos is more likely. Nevertheless, the chaotic behavior
appears in our case is different from the Lorenz-Haken ch
since here the instability also affects the polarization degr
of freedom, as shown in Fig. 9, and there is a presenc
coherent pumping. Clearly, the ellipticity and azimuth a
also involved in the chaotic evolution@Figs. 9~b!, and 9~c!,
and 9~e!, and 9~f!#. The azimuth shows, in addition,p/2
sudden jumps each time the ellipticity reaches its extre

FIG. 7. The same as in Fig. 5 but for~a! g051.0, gb50.2 and
g050.5, gb50.2.
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values11 or 21. Figure 8~b! shows the same as in Fig
8~a!, but for an incoherently pumped laser. It can be seen
as the upper-level pumping ratel0 is increased, the behavio
is not rotating linear in this case; the polarization is line
but the azimuth, rather than continuously rotating, alterna
at nearly constant evolution with sudden jumps ofp/2 rad, at
the same time that the intensity is deeply modulated in tim
A common feature with the coherently pumped laser of F
8~a!, however, is that chaos also appears at relatively sm
pumping values, although the structure of the chaotic attr
tors has features different from those of the coheren
pumped laser.

It is worth noting that in Figs. 5, 7~b!, and 8, some smal
hysteresis effects have been found due to the coexistenc
periodic or chaotic attractors~generalized bistability!, but
since the width of the hysteresis domains is small and
coexisting attractors involved are qualitatively similar, th
have not been represented in the figures. Furthermore,
jumps between attractors often occur through long transie
of metastable chaos.

Finally, Fig. 10 shows the dependence of the bifurcat
thresholds on the cavity lossesk, for different values ofg0
and gb ~see figure caption!. It is worth noting that the HB
threshold~continuous line! is quite insensitive to the value

FIG. 8. One-parameter diagrams of the field intensities~a! vs
pump magnitudeb for l050 and~b! vs incoherent pumping rate
l0 for b5731024. g050.01, gb50.2. Other parameters, are th
same as in Fig. 4. The notations are the same as in Fig. 5.
8-9
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of k except for the important fact that below a certain thre
old the HB instability disappears. This threshold value fork
is not far from the well known ‘‘bad cavity’’ conditionk
5g i1g' , but is not exactly that value, a fact that we inte
pret again as a result of the influence of the polarizat
degrees of freedom and coherent pumping. The vertical
indicates the value of the cavity losses where the HB and
points affecting the off solution at large pumping values c
incide, defining in this way a codimensional-2 Taken
Boganov bifurcation point.

V. CONCLUSIONS

In this work the results of analytical and numerical stud
of an optically pumpedJ951→J50→J851 isotropic cav-
ity laser have been presented and compared with results
other laser systems. We have demonstrated that the beh
of such a system is dramatically different from that found
the case of a coherently pumpedJ950→J51→J850 laser
@7–10#. In contrast, it exhibits several features of an incoh
ently pumpedJ51→J850 @16# or J50→J851 isotropic
cavity laser and also some features of a scalar three-l
optically pumped laser@17,18#.

FIG. 9. Temporal evolution of the total laser field intensityI ~a!,
the ellipticity parameterj5(aL

22aR
2)/I ~c!, and the polarization

azimuth F5(wL2wR)/2 ~e!. Phase projections of the chaotic a
tractor onto the (I , j) ~b! and (aL , Im r1L! ~d! subspaces.~f! Tra-
jectory of the chaotic field polarization state on the Poincare´ sphere.
Parameters are those as in Fig. 5 andb50.1, g050.01, andgb

50.2.
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In the coherently pumpedJ950→J51→J850 laser,
the behavior of the emitted field and its polarization state
almost fully controlled by the polarization state of the pum
ing field @8#. This is because in that system the pump fie
excites a certain atomic coherence in the upper levelJ51
manifold, which generates a laser field with a well defin
polarization state. This large gain anisotropy is not poss
in our system since the upper level is aJ50 level. Thus, in
our case gain anisotropy can only occur through the mole
lar dynamics in theJ951 andJ851 level manifolds~and
their coupling with the fields! and through the two-photon
~Raman! J951→J851 pumping processes. A first cons
quence of this is that the polarization azimuth~along with
global phase! explicitly disappears from the laser equation
which means that similar to the case of a conventional in
herently pumpedJ51→J850 @16# or J50→J851 isotro-
pic cavity laser, the polarization azimuth in our system w
be subject to diffusion driven by noise in spite of the pre
ence of a strong and polarized pumping field.

A second consequence is that details of the molec
dynamics in the level manifold~s! are, as in the incoherently
pumpedJ51→J850 or J50→J851 lasers, very impor-
tant in determining the polarization dynamics. Unequal
laxation ratesgJ andgC ~associated with the electric dipol
and the magnetic quadrupole, respectively! of the lower level
manifolds lead to either a preference for LP (gC.gJ) or CP
(gC,gJ) emission in agreement with the maximum em
sion principle. That is, just above threshold the mode hav
larger intensity will be stable. Above the laser threshold
Hopf bifurcation occurs, which leads to a time-modulat
regime that becomes immediately unstable and transfo
into a regime with the presence of the two CP component

FIG. 10. The meaning of all the curves is the same as in Fig
but the thresholds are plotted in the subspace (b,k) for gb50.9,
gPh50.9, gJ850.2, gC8 50.1, g050.5, and gb50.8 ~1a!. Other
curves are plotted forg050.25 and differentgb given in the figure.
The other parameters are the same as in Fig. 4. Dots mark
codimensional-2 Takens-Boganov bifurcation. The correspond
magnitude of the losses (kTB) is depicted by the dashed-dotted
dotted line. The CP mode is stable ‘‘on the left’’ of the continuo
curves.
8-10
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the laser field. For the incoherently pumpedJ50→J851
lasers, in most cases, this regime consists of LP emis
with rotating azimuth, whereas for the coherently pump
laser it is more sensitive to the values of the molecular
laxation parameters and can lead to several regimes
different intensity and polarization dynamics~in particular,
antiphase intensity dynamics and full polarization chaos!.

Our laser system keeps also some inherent feature
scalar optically pumped lasers. They are the following. Fi
there is an inverse pitchfork bifurcation at large pumping
which steady-state emission disappears, which is brou
about by the strong pump-induced ac Stark splitting a
shifting of the upper level out of the molecular resonan
Second, this ac Stark splitting at large pumping can gene
modulated emission, which may last above the inverse pi
fork bifurcation, up to an inverse Hopf bifurcation of the o
state. And third, these inverse pitchfork and Hopf bifurc
tions can collide defining a codimensional-2 Taken
Boganov bifurcation point.

All these results have been obtained in the limit of a p
fectly isotropic cavity. Small cavity anisotropies could bre
the axial symmetry and thus could fix the polarization a
muth. The other polarization dynamics features descri
above, however, would in principle be only moderately
fected by small cavity anisotropies, although it would
interesting to investigate this point in further detail.

From the results presented in this work we conclude t
in laser systems involving atomic or molecular levels w
low angular momentum quantum numbers, the dynamic
havior is very sensitive to the specific configurations that
be considered, and it can be difficult to draw general conc
sions that might be applied to any system. These res
03381
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might stimulate experimental investigations similar to tho
of @11# which involve coherently pumped lasers with atom
amplifying media such as Ne~with the configurations
pointed out in Sec. I!, or further investigations with coher
ently pumped lasers. With respect to these last system
this moment our results~together with those of Refs
@7,8,10#! are not yet sufficient to understand the existing e
perimental results@13,14#, which were obtained, as pointe
out in Sec. I, with transitions involving angular momentu
quantum numbers larger than those considered in the pre
work. In particular, we still do not understand why line
parallel polarization is generated in the 374mm (15NH3)
emission whereas linear orthogonal polarization is genera
in the 81mm (14NH3) and 153mm (15NH3) emissions@15#.
We think that, from the theoretical point of view, at least t
configurationJ951→J51→J851 should be also consid
ered ~in spite of the larger mathematical difficulty of it
study! in order to be able to draw general conclusions va
for cases of larger angular momenta. Also, from the exp
mental point of view, transitions with lower angular mo
menta could be investigated, provided the tunability dom
of the pumping laser is increased, which can be achieved
modifying its cavity configuration@12#.
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APPENDIX: COEFFICIENTS AND SOME STEADY-STATE SOLUTIONS

1. Off solution

The coefficientB0 in Eqs.~3! is

B05
g0l2g2b12g0l2g2C23l0g2bg2C

g2C~12b2g2Cg2b18b2g0g2b14b2g2Cg013g2Cg0g2bgb!
.

The characteristic polynomial describing the stability conditions of the off solution—Eqs.~3!—is X41a1X31a2X21a3X
1a450, where

a15gSPh1k11, a25~r1L2r0!g1~11gSPh!k12b21gSPh1gLPhgRPh,

a35~2k1gSPh22gg2CB0!b21gSPh~gr1L2gr01k!1gLPhgRPh~11k!,

a45gSPh~k2gg2CB0!b21gLPhgRPh~gr1L2gr01k!.

Here for the sake of compactness we have introduced the notationgSPh[gLPh1gRPh.
The pitchfork bifurcation threshold is given by the conditiona450, which leads to expression~4! with coefficientsA1 , A2,

andA3, given by

A15g0g2C13g2bg2C12g0g2b ,

A252g~gSPhg014gLPhgRPh!~2g2C1g2b!l214gLPhgRPhA1~r1Lg1k!

24l0ggLPhgRPh~g2C12g2b!13g2bg2CgSPh~l0g1kg0gb!,
8-11
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A35gg0r1L2l0g1kg0 .

Expression~4! is obtained assuminguA2u@A3 , A2,0, andA3.0, which hold for lasers with large gain (g much larger
than other characteristic constants of the system@2,17#!, as is usually the case for optically pumped lasers.

2. Lasing solutions

Coefficients for the expressions for the intensities of the CP~5! and LP~6! modes are

A52~4b2gP13gbgC!~6gbgJgC1gM !19gb
2gC

2 gJ~16b221!,

B5k~2b211!~4b2gP13gbgC!26gb2~gb12gC!,

C58gC
2 ~9gb

226gb21!b4232gb~gP2gb!b223gbgC~3gbgC12gP!,

gM53gbgC1gJgb12gJgC , andgP53gbgC12gb1gC .

Populations of the left CP solution are

r05
1

g

26aL
4kgbgC12k@2b2~3gCgb24gb22gC!23gCgb#aL

214gb2~gb12gC!

3gCgb~aL
211!14b2gP

,

r1L5aL
2k

3gCgb1gJgb12gJgC

3gCgJgbg
, r1R5aL

2k
23gCgb1gJgb12gJgC

3gCgJgbg
, r105aL

2k
2gC8

3gCgbg
,

r2R5r2L5
gCaL

2~g26kb2!1g~gC14b2gC12b2!

3gCgb~aL
211!14b2gP

gb12gC

gCg
, r205

2gC8

gb12gC
r2L .

Populations of the LP solution are

r052k
~8gb14gC26gCgb!aL

213gCgb~2b211!

9ggCgb
, r1L5r1R52aL

2k
gb12gC

3ggCgb
, r105

2gC8

gb12gC
r1L ,

r2L5r2R52~gb12gC!
4kgPaL

213gCgb~2kb21k23g!

27ggC
2 gb

2
, r205

2gC8

gb12gC
r2L .
a,

le,

-

s.
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