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Phase-matched high-order harmonic generation in the nonadiabatic limit
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~Received 2 March 2000; published 17 August 2000!

Our calculations show that nonadiabatic effects dominate phase-matched high-order harmonic generation
with few cycle laser pulses. The nonadiabatic behavior is a direct consequence of the large ionization rate
realized with few-cycle laser pulses, which introduces a nonlinear growth of the harmonic phase with propa-
gation distance. The deviation from linear growth has two striking consequences. On the one hand the nona-
diabatic effect drastically reduces the efficiency of conventional phase-matching mechanisms, such as quasi-
phase-matching, and on the other hand, it is responsible for a novel phase-matching mechanism, termed
nonadiabatic self-phase-matching that is predicted to make high-order harmonic generation in the x-ray regime
possible.

PACS number~s!: 42.65.Ky, 41.50.1h, 42.50.Hz, 42.65.Re
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I. INTRODUCTION

Although the optimization of high-order harmonic gene
tion ~HHG! has made rapid progress during recent ye
@1–3#, the efficiency is still too low for many potential ap
plications. The two major limitations of HHG are absorptio
losses@4,5# and free electron induced dephasing@6–9#. Laser
pulse duration and harmonic wavelength determine which
the two mechanisms presents the dominant limitati
Whereas control of the absorption losses is an unso
problem up to now, there exist a number of proposals for
realization of phase matching@10–14# and experimenta
demonstrations in the wavelength range above 10 nm@5,15–
17#.

All previous studies of phase-matched HHG, such
phase matching in a plasma waveguide@10#, phase matching
by difference frequency mixing@11#, quasi-phase-matchin
@12–15#, and phase matching by using the contribution
bound electrons to the refractive index@16,17#, have one
thing in common. They are based on the ‘‘adiabatic’’ a
proximation that the change of the free electron density d
ing one optical cycle may be neglected. Under this assu
tion the phase mismatch grows linearly with propagat
distance, and perfect phase matching may be achie
Throughout this paper, schemes relying on this approxim
tion are referred to as adiabatic phase-matching mechani
As HHG is inextricably linked to ionization, the adiabat
assumption is never exactly fulfilled. The variation of t
free electron density during an optical period strongly
creases with decreasing pulse duration. As a result, ultras
laser pulses experience subcycle modifications of the l
field, which in turn lead to a nonlinear change of the h
monic phase with propagation distance@18#. These ‘‘nona-
diabatic’’ effects @19–21# do not play a role in the long
wavelength regime of HHG, where the absorption los
present the dominant limitation to phase-matched harmo
growth @4,5#. However, in the sub-10-nm range, where a
sorption losses are negligible, nonadiabatic effects determ
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the efficiency of phase-matched HHG and may no longer
neglected.

The goal of this article is the theoretical analysis of t
influence of nonadiabatic effects on phase-matched HH
Our calculations reveal two major results.

~i! The nonadiabatic and adiabatic phase contributions
opposite in sign and can compensate, resulting in pha
matched growth. We have dubbed this mechanism nona
batic self-phase-matching~NSPM! @18#. Our calculations
predict that NSPM enhances HHG above 1 keV by four
ders of magnitude thus making HHG in the soft x-ray regim
possible. In order to estimate absolute photon numbers
calculations are adjusted by a constant factor obtained fro
comparison to experiments@3#. The corrected calculation
predict that HHG in helium with 1 kHz, 5 fs Ti:sapphir
pulses and a peak intensity of the order of 1016W/cm2 will
yield '104 photons/s at a photon energy of 1.5 keV in a 5
bandwidth.

~ii ! As a representative of adiabatic phase-match
mechanisms we investigate quasi-phase-matching~QPM! in
a periodic gas-vacuum structure. It should be stressed
the conclusions derived from our numerical analysis do
depend on the choice of a particular mechanism, but appl
adiabatic phase-matching schemes in general. We find
the nonadiabatic behavior drastically reduces the efficie
of conventional~adiabatic! phase-matching mechanisms.

Finally, our calculations indicate a surprising trend. In t
absence of adiabatic phase-matching mechanisms, the m
mum harmonic yield in the sub-10-nm wavelength regime
achieved with few-cycle driver pulses. This maximum ha
monic yield cannot be further increased by applying an
ditional adiabatic phase-matching mechanism. Our findin
a direct consequence of the presence of nonadiabatic eff
which on the one hand limit the efficiency of adiaba
phase-matching schemes and on the other hand are res
sible for NSPM.

II. THEORETICAL MODEL

HHG in an atomic ensemble is modeled by a solution
the coupled propagation equations for the fundamental
harmonic fields in one space dimension. The nonlinear eat
©2000 The American Physical Society17-1
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lution equation for the fundamental field in an ionizing m
dium in Gaussian units is given by@22#

]jEl~j,t!52
1

2cE2`

t

vp
2~j,t8!El~j,t8!dt8

2
2pI p

c

]tn~j,t!

El~j,t!
, ~1!

where the moving coordinate framej5z andt5t2z/c was
introduced,]j ,]t represent the respective partial derivative
and t is the time. The electric fieldEl is assumed to propa
gate in thez direction and to be polarized in thex direction.
Further, vp

2(t)54pe2n(t)/m is the plasma frequenc
squared at timet, c is the vacuum velocity of light,e is the
electron charge,m is the electron mass, andI p is the atomic
ionization potential. The density of electrons set free by t
nel ionization is determined by

n~j,t!5n0F12expS 2E
2`

t

dt8w$E~j,t8!% D G ~2!

with n0 the initial density of neutral atoms. The ionizatio
ratew is calculated by using the exact static ionization ra
given in Ref. @23#. The generation and evolution of high
order harmonic radiation is governed by the wave equa
~in Gaussian units!

]jEh~j,t!52
2p

c
]tD@El~j,t!#, ~3!

where Eh denotes the electric field of the high-order ha
monic radiation. In the wavelength regime investigated he
absorption losses experienced by the harmonic radiation
small and may be neglected@5#. The atomic dipole momen
for HHG is given byD5n0kd1c.c., whered is the single-
atom dipole moment in atomic units andk52.542
310218esu cm is the conversion factor between atomic a
cgs units. The single-atom dipole moment is determined b
generalized Lewenstein model@24–26# and can be expresse
as a product of three probability amplitudes,

d~t!5(
tb

1

Ai
aion~tb!apr~tb ,t!arec~t!. ~4!

The three probability amplitudes are given by

aion~tb!5Adn~tb!

dt
, ~5!

apr~tb ,t!5S 2p

t2tb
D 3/2~2I p!1/4

El~tb!
exp@2 iS#,

S~tb ,t!5E
tb

t

dt8$@p~tb ,t!2Al~t8!#21I p%, ~6!

arec~t!5
p~tb ,t!2Al~t!

$I p1@p~tb ,t!2Al~t!#2%3
, ~7!
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whereaion andarec are real andapr is a complex quantity.
Further,n(t) is the free electron density as given by Eq.~2!,

p~tb ,t!5
1

t2tb
E

tb

t

dt8Al~t8!, ~8!

andAl is the vector potential of the fundamental laser fie
The three probability amplitudes can be related to the in
vidual processes involved in HHG@27#. The electron is cre-
ated by tunnel ionization (aion) at timetb , is accelerated in
the electric field (apr), and recombines to the initial stat
upon return to the parent ion at an instantt. The instant of
creationtb as a function of the timet is determined by the
solution of the algebraic equationp(tb ,t)2Al(tb)50.
Note that for the calculation of the single-atom dipole m
ment the full electric field of the laser pulse is used, i.e.,
original model @24# is generalized to account for nonadi
batic effects. Further, the original model is also improved
replacing the Keldysh ionization rate with accurate sta
ionization rates and by allowing for ground-state depletion
Eq. ~5! @25#.

III. NONADIABATIC SELF-PHASE-MATCHING

To test our model of HHG, in Fig. 1 numerical results a
compared to experimental data obtained from the setup
scribed in Ref.@3#. The harmonic spectrum was generated
helium at a pressure of 500 Torr after an interaction len
j5125 mm for the following Ti:sapphire laser pulse param
eters: full width at half maximum pulse durationt f'5 fs,
center wavelengthl0'800 nm, peak intensityI 0'4
31015 W/cm2, pulse energy 0.3 mJ at a repetition rate o
kHz. For these parameters the shortest harmonics were
erated so far. Excellent agreement between experiment
theory is obtained, corroborating the reliability of our mod

Plot ~i! in Fig. 1~a! reveals a rapid decrease of the ha
monic spectrum with increasing order. The wavelength
pendence comes from the fact that the maximum spec
intensity of theNth harmonic depends quadratically on th
coherence length@8#,

L5
2pcv0

Nvp
2~t!

}
1

Nn~t!
. ~9!

The strong increase of the free electron densityn(t) with
increasing harmonic orderN is mainly responsible for the
rapid drop of the harmonic spectrum.

The harmonic spectrum~ii ! in Fig. 1~a! corresponds to a
higher peak intensityI 051.531016 W/cm2. In contrast to
plot ~i!, the decrease of harmonic intensity forN.300 is
significantly reduced, and the spectrum remains nearly c
stant at the high energy end, indicating that the cohere
length L is no longer a correct measure of the harmo
growth. This anomalous behavior originates from NSP
which will be explained below in detail. A remarkable co
sequence of NSPM is that harmonics up to orderN51200
are generated, corresponding to a photon energy close
keV. The efficiency of HHG in the keV regime can be es
mated from a comparison of our calculations to experime
7-2
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Estimation of the absolute photon number for the experim
tal data in Fig. 1 yields that'107 photons/s were generate
at the 300th harmonic in a 5% bandwidth@3#. Comparison of
the energies contained in a 5% bandwidth of spectra~a! @~b!#
at N5300(1000) in Fig. 1 yields a ratio of'1023 and re-
veals that'104 photons/s in a 5% bandwidth at 1.5 keV ca
be generated.

Figure 1~b! shows the single-atom dipole moment for t
parameters of plot~ii ! in Fig. 1~a! at the entrance of the ga
cell and after a propagation distance of 15mm. In contrast
to the cutoff of the propagated signal, the single-atom dip
moment exhibits several cutoffs atN51800, N51500, and
N5900, corresponding to electron trajectories returning
the nucleus at the pulse peak, one half cycle before, and
half cycles before the pulse peak, respectively. The first
off corresponds to an intensity of 731015 W/cm2, where
98% of the first electron of He is ionized. At such high las
intensities the ionization rate is so strong that, in spite
ground-state depletion, HHG beyond the first cutoff can ta
place, but with a rapid drop of efficiency between subsequ

FIG. 1. ~a! shows the spectral intensity of harmonic radiati
generated in He~500 Torr! versus harmonic order for a Ti:sapphi
pulse withl0'0.8 mm, t f55 fs, I 05431015 W/cm2, and 0.3
mJ pulse energy at a repetition rate of 1 kHz@plot ~i!, full line#, and
I 051.531016 W/cm2 @plot ~ii !, dotted line#. The open squares de
note the experimentally measured values for the parameters of
~i!. A constant parameter was introduced in the calculations to
tain optimum agreement between experiment and theory.~b! shows
the single-atom dipole spectrum for the parameters of plot~ii ! in ~a!
at the entrance of the gas cell~dotted line! and after a propagation
distance of 15mm ~full line!.
03381
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half cycles. The single-atom cutoffs undergo significa
shifts during propagation that arise from changes of the la
pulse due to plasma dispersion and nonlinearity. Af
15 mm propagation distance the cutoff is shifted fromN
51500 toN51200. ForN51250~see Fig. 6 below! NSPM
does not take place within the first 15mm, explaining the
cutoff found for the propagated signal.

In Fig. 2~a! the harmonic spectrum~dotted line! is plotted
for the parameters of plot~ii ! in Fig. 1~a!, and is compared to
the harmonic spectrum~full line! generated by a pulse with
pedestal@see Fig. 2~b!#. At very high peak intensities signifi
cant ionization takes place in the pulse pedestal so that
first electron of He is to a great extent ionized before NSP
can take place. This shows that efficient NSPM requi
high-quality pump pulses, making cleaning of the leadi
pulse front necessary.

In Fig. 3 the growth of energy contained in the spect
window between the 950th and the 1000th harmonic is p
ted versus interaction length for the parameters of spect
~ii ! in Fig. 1~a!. The inset shows the evolution of the ha
monic signal over the first micrometer. The harmonic sig
grows over the coherence lengthL'0.1 mm, and oscillates
for j.L between a maximum and a minimum value. F

lot
b-

FIG. 2. ~a! ~Dotted line! harmonic spectrum for the paramete
of plot ~ii ! in Fig. 1~a!; ~full line! a pedestal is added to the puls
This is done by adding the electric fields of the initial pulse~dotted
line! with t f55 fs and of a sech pulse pedestal witht f530 fs.
The peak intensity of the combined pulse is again chosen to bI 0

51.531016 W/cm2, where the peak intensity of the pedestal
I 0 /10. The overall full width at half maximum pulse durationt f

58 fs is slightly longer than the duration of the pulse witho
pedestal.~b! Intensity envelope and relative ionization yield of th
pulses without~dotted line! and with ~full line! pedestal. The ped-
estal shifts the ionization curve to lower intensities, reduces
ionization rate, and therewith reduces nonadiabatic effects.
7-3
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M. GEISSLER, G. TEMPEA, AND T. BRABEC PHYSICAL REVIEW A62 033817
j@L, NSPM sets in and the harmonic signal exhibits a st
like increase which enhances the energy converted into
monic radiation by four orders of magnitude. The leng
over which NSPM occurs is denoted byLs . During the first
step between 4 and 7mm we find Ls /L'30, and the en-
hancement (Ls /L)2'900 agrees well with the observed si
nal growth by three orders of magnitude, indicating the
herent nature of the emitted radiation. Inspection of
temporal profile of the harmonic spectrum betweenN5950
and 1000 shows that during the first 10mm a single pulse
with a duration of 40 as grows. At longer interaction d
tances the harmonic signal grows at other positions of
laser pulse, which results in the generation of an attosec
pulse train extending over 5 fs.

The calculation in Fig. 3 was repeated for several ot
spectral windows, peak intensities, pulse durations,
noble gases, from which the following general conclusio
can be drawn. As explained above, NSPM does not w
close to the single-atom cutoff. Away from the cutoff, whe
significant ionization takes place, we find that the NSP
induced enhancement, determined by the ratioLs /L, in-
creases for higher harmonic orders. The reason for this
havior is thatL decreases, whereas our calculations show
Ls changes only weakly with increasingN. For example, in
Fig. 1 the strongest increase in harmonic efficiency~4–5
orders of magnitude! is observed in the spectral range b
tweenN5800 andN51200. A comparison of the harmoni
range betweenN5380 andN5400 for the parameters o
plots ~i! and ~ii ! in Fig. 1 shows a NSPM induced enhanc
ment by one order of magnitude~see Fig. 4!. This demon-
strates that NSPM might also be important for HHG arou
the water window~2.3–4.4 nm!, a spectral range that is ver
important for x-ray microscopy and holography.

The NSPM induced gain is strongest for peak intensi
larger than the saturation intensity of ionization, at whi
most of the first electron of helium~98%! is ionized ('7
31015 W/cm2 for a 5 fs Ti:sapphire pulse!. In this param-
eter range the harmonic yield is found to be rather insensi
to variations of the peak intensity, demonstrating that NS
can take place in a significant volume of the fundamen
beam.

The effect of NSPM is strongest for few-cycle las

FIG. 3. Energy of the harmonic signal betweenN5950 andN
51000 versus propagation distance for the parameters of grap~ii !
in Fig. 1~a!. The inset shows the growth of the harmonic over t
first micrometer.
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pulses and decreases rapidly with increasing pulse dura
For a 20 fs pulse with a peak intensity of 1
31016 W/cm2 @for the other parameters see graph~b! in Fig.
1#, the cutoff of the propagated signal is found to be arou
N5500. The signal generated by the 20 fs pulse betw
N5390 and 410 is enhanced due to NSPM by a factor l
than 10.

Calculations for noble gases with lower ionization pote
tials yield a qualitatively similar behavior to that found
He, demonstrating that NSPM does not depend on a part
lar atomic species. This opens the possibility of shifting t
spectral window where NSPM is most pronounced to low
harmonic orders by using a gas with a lower ionization p
tential.

In the following, the mechanism for NSPM is identifie
by investigating the phase growthfN of a selected harmonic
N. Phase-matched growth occurs as long as the harm
phase does not change, i.e.,dfN /dj'0. A schematic of the
laser and harmonic fields generated at two propagation
tancesj1 and j25j11Dj in a frame moving at vacuum
light velocity is depicted in Fig. 5. According to the quas
classical interpretation of HHG@24#, the harmonicN is gen-
erated by an electron that is created by tunnel ionization
time tb and that recombines to the ground state at an ins
t r . The evolution of the electron betweentb and t r is de-
termined by the laser electric field. The phase of the h
monic is obtained from a Fourier transform of the atom
dipole moment, as given by Eq.~4!, which yields

fN5S„tb~j!,t r~j!…2Nv0t r~j!. ~10!

The quasiclassical actionS @24# is determined by the phas
change of the electron wave packet~responsible for genera
tion of the Nth harmonic! during propagation in the lase
field betweentb andt r .

The primary change infN results from a shift oft r in Eq.
~10!. The laser field experiences a blueshift of the frequen
in the presence of ionization@28#. The resulting phase shif
grows linearly with propagation distance. An approxima
solution of Eq.~1! in the adiabatic limit yields for the lase
pulse phase@8,10#

FIG. 4. Energy of the harmonic signal in a 5% bandwid
aroundN5400. Plots~i! and ~ii ! have been calculated for the pa
rameters of plots~i! and ~ii ! in Fig. 1~a!, respectively.
7-4
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f l~j!5
vp

2~t!j

2cv0
. ~11!

In the frame propagating at the vacuum speed of light, wh
is comoving with the harmonic wave, this phase chan
shifts the timet r at which the harmonic is generated
t r(j2)5t r(j1)1f l(Dj)/v0. By virtue of Eq.~10! the shift
of t r causes a change of the harmonic phase.

In the adiabatic limit of many-cycle pulses the change
free electron density during one laser cycle is negligib
henceDn5n(t r)2n(tb)'0. This implies thatt r andtb are

FIG. 5. Schematic of the fundamental fieldEl and the harmonic
field Eh ~generated! at j1 ~full lines! and atj2 ~dotted lines! in the
limits of ~a! adiabatic evolution~many-cycle laser pulse! and ~b!
nonadiabatic evolution~few-cycle laser pulse!. The timestb andt r

are the creation and recombination time of the electron that ge
ates a particular harmonicN. The electric fields are plotted in
retarded frame propagating with vacuum light velocity, in which t
harmonic field does not change with propagation. The phase di
ence of harmonics generated at different propagation distancej1

andj2 comes from the ionization induced modification of the fu
damental field. In the adiabatic limit~a!, the change in free elec
tronsDn5n(t r)2n(tb)'0 and the laser field experiences a pha
shift that is approximately constant in the time interval betweentb

andt r . As the electrons atj1 andj2 experience the same electr
field, the phases of the harmonics generated att r(j1) and att r(j2)
are equal@S(j2)2S(j1)'0#. The adiabatic phase mismatch is i
troduced by a shift of the timet r(j2)2t r(j1) at which the har-
monic signal is generated. The nonadiabatic behavior~b! originates
from a rapidly changing ionization profile (DnÞ0) causing a sub-
cycle variation of the laser electric field. As a consequence,
trajectories of the freed electrons are governed by slightly differ
electric fields. Therefore, the phases of the harmonicEh(j1) gener-
ated att r(j1) and of Eh(j2) at t r(j2) are no longer equal. The
resulting nonadiabatic harmonic phase change@S(j2)2S(j1)Þ0#
is opposite in sign to the adiabatic phase contribution and can
cel it leading to phase-matched growth.
03381
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shifted by the same amount with increasing propagation
tanceDj and that the laser electric field experienced by
electron betweent r andtb remains unchanged, as illustrate
in Fig. 5~a!. As a consequence, the quasiclassical actioS
remains constant. Inserting the resulting phase change
the conditionfN(j2)2fN(j1)5Nf l5p yields the coher-
ence lengthL as given by Eq.~9!.

The nonadiabatic behavior originates from a strong s
cycle variation of the free electron densityDn and from the
resulting subcycle changes of the laser electric field. A
consequence, the trajectories of the freed electrons are
erned by slightly different electric field evolutions~in time!
at different positions along the propagation direction, as
lustrated in Fig. 5~b!. Therefore, the quasiclassical actionS
changes withj. The nonadiabatic@S(j2)2S(j1)# and adia-
batic phase changes are opposite in sign, reducing growt
the harmonic phasefN . For few-cycle laser pulses the non
diabatic contribution can become strong enough to comp
sate the adiabatic change of the harmonic phase giving
to NSPM ~see Fig. 6!. Between 4 and 7mm dfN /dj'0
~for N5975), and NSPM takes place in accordance w
Fig. 3.

IV. QUASI-PHASE-MATCHING

We have demonstrated that nonadiabatic effects lead
deviation from the linear growth of the harmonic phas
Therfore, it must be expected that conventional pha
matching techniques based on the adiabatic assumption
severely limited by the onset of adiabatic behavior. As
representative of adiabatic phase-matching techniques w
vesitgate the QPM scheme depicted in Fig. 7. A perio
gas-vacuum structure is realized by using an array of
jets. During the interaction of the laser pulse with the g
harmonic radiation is generated, which is always accom
nied by ionization. The presence of the free electrons in
duces a phase mismatch between harmonic contribut

r-

r-

e

e
t

n-

FIG. 6. Evolution of the phase change of the harmonicsN
5975 ~full line! andN51250~dotted line! versus propagation dis
tance for the parameters of Fig. 3. The phase change of the
monic orderN5975 is zero exactly at the position at which NSP
takes place in Fig. 3. For the harmonic orderN51250 NSPM does
not take place within the first 15mm. For distances larger tha
15 mm NSPM cannot take place, as the single-atom cutoff
shifted belowN51250 @see Fig. 1~b!#. This explains the cutoff
position of the propagated harmonic spectrum in Fig. 1.
7-5
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M. GEISSLER, G. TEMPEA, AND T. BRABEC PHYSICAL REVIEW A62 033817
generated at different propagation distances. As a result,
monic radiation can grow only over the coherence len
given by Eq.~9!. In order to achieve QPM, the length of on
gas cell is chosen to be equal toLLg /(L1Lg), whereLg
5pz0 /N is the geometric coherence length determined
the Gouy phase shift,z05pa0

2/l0 is the confocal parameter
a0 is the radius of the laser pulse at the beam waist, andl0
denotes the center wavelength of the laser pulse. For the
of simplicity we assumeLg@L, for which the length of the
cell LLg /(L1Lg)'L. When the vacuum length is equal
Lg , the Gouy phase shift brings laser and harmonic puls
phase again, resulting in a continuation of the coher
growth during the next gas cell. The Gouy shift accumula
during vacuum propagation is incorporated into our o
dimensional model by multiplying the laser pulse by a fac
exp(i tan21(Lg /z0))'exp@iLg /z0#. The last approximation is
valid as long as the interaction length is much shorter t
the confocal parameter. This can always be guarantee
increasing the pulse energy and the beam radius in su
way that the peak intensity remains constant. Finally,
single-atom dipole moment for HHG depends on the pu
intensity, which is changed during propagation due to d
fraction. As a result, the phase of the dipole moment
creases in roughly linear proportional to the intensity, w
propagation also leading to dephasing@29#. However, this
contribution does not scale with the harmonic order a
therefore, for higher harmonics can be neglected as c
pared to free electron induced dephasing.

Limitations of QPM become apparent in Fig. 8, where t
harmonic spectrum integrated over a band confined byN
5430 andN5450 is plotted versus propagation distanc
Graphs~a! and ~b! were calculated for a 20fs Ti:sapphir
laser pulse (I 053.531015 W/cm2) in helium ~10 Torr! in
the absence and in the presence of QPM, respectively.
these parameters the single-atom cutoff@27# is atN'445. In
order to compare calculations without and with QPM, t

FIG. 7. Schematic of quasi-phase-matching as realized by a
riodic gas-vacuum structure. The graphs show the evolution of
intensity and of the phase of a particular harmonic (N), respec-
tively. The harmonic grows coherently in the gas region a
reaches a maximum at the~free electron! coherence lengthL, where
dephasing accumulates to a valuep. When the length of the
vacuum cell is chosen to be the geometric coherence lengthLg , the
harmonic is brought in phase again so that coherent growth co
ues in the next gas period.
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vacuum interaction distances were not plotted. Plots~c! and
~d! refer to HHG with a 5 fs Ti:sapphire laser pulse (I 0
56.531015 W/cm2) without and with QPM, respectively
The peak intensities were chosen to saturate ionization a
pulse peak. Let us first inspect QPM for a 20 fs laser pu
QPM works properly over the first 350mm, which corre-
sponds to 35 gas-vacuum periods, and enhances the
monic yield by approximately three orders of magnitud
This corresponds to a nearly quadratic growth of the h
monic signal. For longer propagation distances nonadiab
effects start to play a role and the growth is drastically
duced. Our calculations show that the harmonic gain can
be further increased by using higher laser peak intensit
For 5 fs pulses quasi-phase-matched growth saturate
'150 mm, corresponding to about seven periodic structu
and an increase by a factor of'50. In the absence of QPM
for j>400 mm NSPM @18# sets in. Note that the onset o
NSPM could be shifted to shorter propagation distances
increasing the gas pressure. In the presence of QPM, NS
does not work, so that the harmonic gain without and w
QPM becomes comparable.

Figure 8 in combination with further calculations for var
ous x-ray and uv wavelengths, for different laser peak int
sities and pulse durations, indicates the following conc
sions for the sub-10-nm range of HHG. In the absence
phase matching, the use of few-cycle laser pulses is m
efficient in the sub-10-nm wavelength regime@8#, because
the harmonic radiation is created at a lower electron dens
resulting in a longer coherence lengthL. Due to the presence
of nonadiabatic limitations, adiabatic phase-match
schemes cannot compensate for the significantly lower e
ciency of longer pulses. For few-cycle laser pulses the c

e-
e

d

n-

FIG. 8. Growth of the harmonic signal betweenN5430 and
N5450 in the presence~b!,~d! and absence~a!,~c! of quasi-phase-
matching. In order to make a comparison of calculations with
and with QPM possible, the vacuum interaction distances were
plotted. Consequently, the distance refers to the length propag
in the gas medium. The radius at the beam waist was assumed
a050.5 mm, corresponding to a confocal parameter ofz0

598 cm. The geometric coherence length of the harmonicN
5441 is Lg57 mm. To relax the pulse energy requirements o
could also use smaller confocal parameters for QPM. Calculat
were performed for Ti:sapphire laser pulses (l05800 nm) with
the following two sets of parameters:t f55 fs and I 056.5
31015 W/cm2 ~c!,~d!; t f520 fs and I 053.531015 W/cm2

~a!,~b!. The helium gas density is 10 Torr, which corresponds
coherence lengths (N5441) of L59.5 mm andL531.25mm for
t f55 fs and 20 fs, respectively.
7-6



n
u
th
ia
e

ti
Th
a
s

G
e

co

in
hi
ng

l
th

o

.

er

ro-
ion

ain
es
atic
ll.

n-
ly-
ere
olu-
nd
-
en-
led
nic
me
se-
er

ed
re-
, as
ses
-
ab-
ield

the
not
ing

ulse
on-
g
be

akes
iza-
h a

es-
sz.
nd,
and

he

r-
on

-
im
s
a

PHASE-MATCHED HIGH-ORDER HARMONIC GENERATION IN . . . PHYSICAL REVIEW A62 033817
tributions of adiabatic phase-matching mechanisms and
NSPM are comparable. As a result, the maximum harmo
yield is obtained by HHG with few-cycle laser pulses. O
calculations indicate that it is not possible to surpass
maximum yield in the sub-10-nm range by applying an ad
batic phase-matching scheme relying on a linear chang
the harmonic phase.

Our analysis reveals the limiting influence of nonadiaba
effects on the performance of phase-matched HHG.
adiabatic solution is strictly speaking only valid as long
the laser pulse experiences a constant free electron den
i.e., Dn5n(t r)2n(tb)'0. This is never the case, as HH
is inextricably linked to ionization. The influence of th
nonadiabatic behavior increases with increasingDn. As the
Gouy phase shift introduced during vacuum propagation
linear, it cannot compensate for the nonadiabatic phase
tributions in Eq.~10! growing nonlinearly withj. As the
change in free electron density over one optical cycle
creases with decreasing pulse duration, the length over w
QPM works is more and more reduced. In Fig. 9 the cha
of the free electron density is plotted for a 5 fs and a 20 fs
pulse. Note that the harmonicN5441 is generated in severa
optical cycles. However, only the electron densities at
timestb andt r in Fig. 9 fulfill the QPM conditions chosen
for the calculations in Fig. 8. The change of the electr
density betweentb andt r for the harmonicN5441 is found
to be a factor of 5 larger for a 5 fspulse (Dn'0.07) than for
a 20 fs pulse (Dn'0.015). This explains the fact that in Fig

FIG. 9. Ionization profile for 20 fs and 5 fs laser pulses for t
parameters of Fig. 8. The arrows indicate the creation (tb) and
recombination times (t r) of the electron, which generates the ha
monic orderN5441 close to the cutoff. The change of the electr
density betweent r and tb for the 5 and 20 fs pulses isDn50.07
and Dn50.015, respectively;DnÞ0 introduces nonadiabatic ef
fects that result in nonlinear growth of the harmonic phase and l
quasi-phase-matching. For a few-cycle pulse the electron den
changes more rapidly than for a multicycle pulse, leading to
earlier saturation of QPM in the case of the 5 fs pulse~see Fig. 8!.
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8 QPM works for a 20 fs pulse over a five times larg
number of gas-vacuum periods than for a 5 fspulse. Finally,
Fig. 9 shows that QPM works best for cutoff harmonics p
duced in the vicinity of the laser pulse peak, where ionizat
saturates andDn is small. For plateau harmonicsDn in-
creases rapidly, which further reduces the maximum g
achievable by QPM. In particular, for few-cycle laser puls
nonadiabatic limitations become so severe that adiab
phase matching of plateau harmonics does not work at a

V. CONCLUSION

In this article phase matching of high-order harmonic ge
eration in the nonadiabatic limit was investigated. Our ana
sis was confined to the sub-10-nm wavelength range, wh
absorption losses may be neglected. The nonadiabatic ev
tion of the laser field in the presence of ionization was fou
to have two effects.~i! It is the source for a self-phase
matching mechanism enhancing high-order harmonic g
eration with few-cycle laser pulses. Our calculations revea
that as a result of self-phase-matching high-order harmo
generation with photon energies above 1 keV could beco
possible. Furthermore, although the efficiency of self-pha
matching is reduced for lower harmonic orders, high-ord
harmonic generation in the water window is still increas
by one order of magnitude. Finally, for the experimental
alization of keV harmonics very clean pulses are required
preionization in the leading pulse wings strongly suppres
phase-matched growth.~ii ! Nonadiabatic effects limit the ef
ficiency of adiabatic phase-matching mechanisms. In the
sence of adiabatic phase matching the highest harmonic y
is achieved with few-cycle laser pulses. As a result of
nonadiabatic effects, this maximum harmonic signal can
be further increased by applying adiabatic phase-match
schemes. This conclusion is independent of the laser p
duration used for adiabatic phase matching. Finally, the n
linear growth of the harmonic phase, ultimately limitin
phase-matched high-order harmonic generation, could
overcome by developing a phase-matching scheme that t
account of the nonlinear contributions. One possible real
tion would be the use of chirped vacuum-gas arrays wit
variable length of the gas cells.
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