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Radiative processes in a confined Fermi sea
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We investigate the combined effects of quantum statistics, resonant dipole-dipole atomic interactions, and
reabsorption of radiation on the spontaneous emission of excited atoms in a confined Fermi sea. Even for dilute
gases, reabsorption may be qualitatively important in determining the rate and angular distribution of emitted
radiation. A temporal crossover behavior in the angular distribution is illustrated, in which the characteristic
signatures of Fermi statistics are qualitatively changed by reabsorption within the gas.

PACS number~s!: 03.75.Fi, 32.80.2t, 32.70.Jz, 42.50.Fx
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Following successful experiments to cool and tr
bosonic alkali metal vapors below the Bose-Einstein cond
sation ~BEC! temperature@1#, there is now a great deal o
interest in the observation of the effects of quantum deg
eracy in trapped fermionic gases@2#. These include the pos
sibility of Cooper pairing and radiative inhibition effec
caused by the Fermi sea@3–5#. In this paper we investigate
some fundamental features of radiative emission into
Fermi sea, including resonant atomic dipole-dipole inter
tions responsible for reabsorption of radiation within t
sample. In the nondegenerate limit, our work relates to
old problems of line broadening, radiation trapping, and c
lective effects@6#, although since we work in the dilute ga
limit, we do not consider Dicke-superradiance effects h
@7#. In recent times reabsorption has been noted as an im
tant limitation on the ability of all-optical cooling methods
achieve BEC@8,9#. In this paper our primary focus is th
qualitative influence of reabsorption effects on the rate
angular distribution of radiation emitted by excited atom
into a Fermi sea of confined ground-state atoms. In the
sence of reabsorption effects the spatially anisotropic Fe
sea produces certain characteristic signatures which hav
cently been considered theoretically@5#.

We consider a gas of fermionic atoms, spatially confin
in a harmonic trap. The atoms are modeled as a two le
system with Zeeman degeneracy, although we will sho
simplify our description. The mutual interaction of the atom
is mediated by the resonant electromagnetic field, and
ignore any other atomic interaction assuming a zero temp
ture spin-polarized sample in whichs-wave fermionic inter-
actions can be ignored as a consequence of the antisymm
of the wave function. The Hamiltonian for the system
interacting atoms and field is given byĤ5Ĥatoms1Ĥphotons

1ĤI , where Ĥatoms and Ĥphotons are the usual free atomi
and electromagnetic field Hamiltonians, respectively. In
electric dipole approximation the interaction Hamiltonian f
the atoms and electromagnetic field is given by

ĤI52
1

eo
E d3r D̂~r !•P̂~r !, ~1!

whereD̂(r ) is the electric displacement operator and the
larization density of the atoms is given by
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P̂~r !5d (
i jMq

C~Jg1Je ;Mq!eq* c i* ~r !f j~r !ĝiM
† êjM 1q1H.c.,

~2!

whereM is a magnetic quantum number,d is the reduced
dipole matrix element,C is a Clebsh-Gordan coefficient, an
$eq ,q521,0,1% are the standard spherical basis vectors. T
annihilation and creation operators for the ground (ĝ)
electronic-vibrational and excited (ê) electronic-vibrational
atomic states, satisfy the usual anticommutation relations
fermions. Here,c i andf j are vibrational eigenfunctions of
trapped atom in the ground and excited electronic states
spectively. We assume for simplicity that the excited ato
experiences the same harmonic trapping potential as
Fermi sea of ground-state atoms@5#. However, as we discus
later, the results are not very sensitive to this assumption
appropriately prepared initial states.

The radiative emission and reabsorption is convenien
treated by master equation methods. For the purpose of
merical calculations it is necessary to simplify to a tw
electronic-state system (M2m50). While the theoretical
derivations can be carried forward including atomic deg
eracy, in order to simplify the presentation we will not do
here. We of course fully expect the simplified model w
preserve the important qualitative features of quantum sta
tics and radiative interactions in a real degenerate atom.

The master equation for the atomic density matrixr(t) is
obtained by standard methods, treating the radiation field
reservoir initially in the vacuum state

ṙ~ t !5~S1J!r~ t !, ~3!

where

Sr~ t !52 i @Heffr~ t !2r~ t !Heff
† #, ~4!

Jr~ t !5GA( Re@G~ i , j ,i 8, j 8!#ĝi 8
† êj 8r~ t !êi

†ĝ j ~5!

and the effective~non-Hermitian! Hamiltonian

Heff52 i
GA

2 ( G~ i , j ,i 8, j 8!êj
†ĝi ĝi 8

† êj 8 , ~6!
©2000 The American Physical Society11-1
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where the summations are taken over the twelve vibratio
quantum numbers labeled byi, i 8, j, j 8. Further, GA

5d2kA
3/3\eop is the single atom spontaneous emission r

and kA5vA /c. The resonant dipole-dipole interactio
among the atoms is mediated by the coupling coefficient

G~ i , j ,i 8, j 8!5F2
3i

2kA
G E d3r E d3r 8

3c i* ~r !f j~r !c i 8~r 8!f j 8
* ~r 8!

3e0•G~r2r 8,kA!•e0 ~7!

the real part of which, Re(G), modifies the radiative coupling
rate, and the imaginary part, Im(G), is the dipole-dipole in-
teraction potential for the atoms. The dyadic Green funct
is given by

G~r2r 8,kA!5F11
““

kA
2 Gexp$ ikAur2r 8u%

4pur2r 8u
, ~8!

relating the field observed atr to a source dipole oscillator a
r 8. To evaluateG it is useful to expressG in a separable form
with respect to its arguments. In spherical coordinates th
readily achieved, for example by using addition theorem
For the anisotropic traps also of interest here, cylindrica
even Cartesian coordinates are more convenient. The se
tion of G is then facilitated by the use of vector wave fun
tions @10#. We will not discuss the details further here, b
note that the calculations presented have been greatly sim
fied by employing this approach.

We proceed by expanding the solution to Eq.~3! in the
form @11#

r~ t !5H eSt1E
0

t

dt8eS(t2t8)JeSt8

1E
0

t

dt8E
0

t8
dt9eS(t2t8)JeS(t82t9)JeSt91•••J r~0!.

~9!

The expansion describes all photon emission, absorption
emission, . . . , processes the atoms undergo as they evo
in time. The decomposition given has the property that e
occurrence ofJ is associated with adetectedphoton, i.e, one
which has exited the sample. All of the reabsorption p
cesses are contained inS, and are discussed further below

We now focus our discussion on spontaneous emis
and treat initial states in which only one atom is electro
cally excited, while the other ground-state atoms are i
confined zero temperature Fermi distribution. In this ca
only one photon can leave the sample, so that Eq.~9! reduces
to

r~ t !5H eSt1E
0

t

dt8eS(t2t8)JeSt8J r~0!. ~10!

An emitted photon may be reabsorbed by an atom in
Fermi sea before being detected. In order to discuss s
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emission-absorption cycles we apply perturbation theory.
separate fromS the terms that are responsible for reabso
tion within the system, i.e.,S5S01SI , with

S0r52
G

2 ( @G~ i , j ,i , j !êj
†ĝi ĝi

†êjr1H.c.#, ~11!

SIr52
G

2 (
8

@G~ i , j ,i 8, j 8!êj
†ĝi ĝi 8

† êj 8r1H.c.#. ~12!

and where all of the effects of reabsorption are contained
SI : the prime on the summation indicates a sum over
indices except wheni 5 i 8 and j 5 j 8 are simultaneously sat
isfied. By contrastS0 contains exchange effects which lea
to inhibited spontaneous emission into the Fermi sea.
term S0 was recently considered by Busch et al using F
mi’s golden rule@5#. We are now able to investigate ho
radiative reabsorption within the sample modifies the
quantum statistical effects. Of course the influence of qu
tum statistics is also correctly incorporated into our treatm
of reabsorption. Using the separation ofS we make the fol-
lowing expansion:

eSt5eS0t1E
0

t

dt8eS0(t2t8)S Ie
S 0t8

1E
0

t

dt8E
0

t8
dt9eS0(t2t8)S Ie

S0(t82t9)S Ie
S 0t91•••

~13!

and retain terms up to second order inSI . The result is
back-substituted into Eq.~9!. Physically we allow for at most
one emission-absorption-reemission cycle before the pho
is detected outside the system. This is reasonable for
dilute gas limit we consider here.

The excited-state population is given byPe(t)
5Tr$( j êj

†êjr(t)%. If reabsorption is ignored, we see the i
fluence of purely quantum statistical effects (S0) on the
spontaneous emission

Pe~ t !5exp$2GAt@12 f 0#%, ~14!

where f 05( iRe@G( i , j 0 ,i , j 0)# is the Fermi blocking factor.
Here i runs over all initially occupied ground-state leve
while j 0 denotes the initially occupied excited-state level.
general 0< f 0<1. For a single atom regardless of the tr
shapef 050, whereas if all ground-state levels are occup
f 051. The presence of ground-state atoms inhibits spo
neous emission leading to a reduced fluoresecence rate.
dependence off 0 on the parameterEF /ER , whereEF and
ER5\2kA

2/2M (M is the atomic mass! are the Fermi and
recoil energies, respectively is given in Ref.@5#. Clearly,
more dramatic results are obtained asEF /ER increases. A
zero temperature Fermi gas has average interparticle se
tion R0'lAAER /EF @12#. First generation experiments wi
probably be limited to the regimeEF /ER,1, and thus we
restrict our attention to dilute gasesR0.lA .
1-2
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We will now consider the effects of reabsorption on t
emission rate. The first correction to the excited state po
lation comes from a term quadratic inSI , which includes all
processes involving a single reabsorption in the Fermi s
before the photon is detected. The result is to good appr
mation given by

Pe~ t !5e2GAt[12 f 0] H 11
a

2
~GAt !2J , ~15!

where the influence of reabsorption is entirely contained
the parametera5( i j i 8

8 Re@G( i , j ,i 8, j 0)#2. Higher order cor-
rections involving sequences of two or more reabsorpt
processes are neglected, these become important
aGAt/2*1. The parametera is a measure of the radiativ
trapping probability for the processj 0→ i 8 i→ j , in which
the excited atom in vibrational statej 0 makes a transition to
an unoccupied ground-state leveli 8, emitting a photon which
is reabsorbed by an atom in leveli of the Fermi sea causin
a transition to the excited electronic-vibrational statej ~see
Fig. 1!. In the summation,i ranges over the initially occupie
ground state levels of the Fermi sea, whilei 8 ranges over the
complementary set, consistent with the Pauli exclusion p
ciple. Alternatively, the leading approximation toa can be
expressed in the form

a'S 9

4kA
2 D E d3r E d3r 8rg~r !Re@G~r2r 8!#2re~r 8!,

~16!

wherer l (r ) andl 5g, e is the density of particles in elec
tronic statel . This term is readily understood if one consi
ers the resonant dipole-dipole interaction between two
oms. Perturbation theory then leads to an equation of exa
this form if we replace the self-consistent densities by
corresponding single particle atomic wave functions:rg(r )
→ufg(r )u2 andre(r )→ufe(r 8)u2.

In Fig. 2 we show the excited-state population as a fu
tion of time, with and without reabsorption effects, for
cylindrically symmetric harmonic trap with trap frequenci
Vx5Vy[V r5Vz /l, with l50.1 and EF /ER54/5(a
'0.47). This illustrates that even for a highly anisotrop

FIG. 1. Schematic representation of the reabsorption proce
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trap, reabsorption effects can be very significant, since t
cause population of excited vibrational states which wo
otherwise be unoccupied.

The angular distribution of the spontaneous emission b
single atom in a trap is a typical dipole pattern given in ter
of the dipole matrix elementd by $12ud̂• k̂u2% regardless of
the shape of the trap. However, the presence of ident
ground-state atoms in an anisotropic trap modifies the an
lar distribution@5#. The detection of spontaneous emission
governed by the jump operatorJr(t) which can be written
as

Jr~ t !5GAE dVk$12ud̂• k̂u2%p1~kAk̂!r~ t !p2~kAk̂!,

~17!

where P6(k)5p6(k)d is the Fourier transform of the
positive/negative frequency component of the polarizat
density operator. Given a photon is emitted, the probabi
that it is emitted in thek̂ direction is proportional to$1
2ud̂• k̂u2%^p2( k̂)p1( k̂)&. Since $12ud̂• k̂u2% appears as a
factor in all cases, we will define an emission profile by

I ~ k̂,t !5
^p2~ k̂!p1~ k̂!&

E dVk^p2~ k̂!p1~ k̂!&

, ~18!

which is a normalized measure of the angular distribution
photons detected at timet. In the absence of reabsorptio
I ( k̂,t) is independent of timet. In addition for classical par-
ticle statistics,I is independent ofk̂. We again consider cy-
lindrically symmetric traps. The emission profile can
computed numerically from the density matrix. In Fig. 3 w
plot I (u,t)(u5 k̂• ẑ is defined with respect to the rotation

.

FIG. 2. The excited-state population for a cylindrically symm

ric trap with trap frequencyV, ER525\V(V5A3 VxVyVz),
EF /ER54/5, andl50.1. The dotted curve is for a single atom, th
asterisks include exchange interactions only (S0), solid curve in-
cludes reabsorption effects (S01SI).
1-3
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FIG. 3. The emission profile@ I (u,t)# as a
function of time for ~a! Vz /V r50.5 and ~b!
Vz /V r50.1.
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axis of symmetry,z). WhenEF /ER,1, the effect of Fermi
statistics in the absence of reabsorption is to inhibit pho
emission in the radial direction@5#. By contrast it is intu-
itively obvious that reabsorption of a photon is more pro
able axially than radially as light propagating in the ax
direction encounters more atoms. Exchange and reabsor
effects thus tend to counteract one another in this limit.~In
the limit EF /ER..1 this may not be the case@5#.! Figure
3~a! shows that whenGAt'1 radiative reabsorption ha
qualitatively changed the initial profile, while in the high
deformed trap@Fig. 3~b!# the changes are mainly quantitativ
except along the axial direction. It has been shown pre
ously that deforming the trap reduces the reabsorption p
ability @9#. To observe appreciable anisotropy in the emiss
profile due to quantum statistics, as opposed to reabsorp
one needs significant trap anisotropy and to limit the pho
counting time tot,1/GA ; in this case temporal resolution
not necessary. With good temporal resolution however,
emission profiles illustrate how the character of the emiss
changes as a function of time from quantum statistics do
nated to reabsorption dominated.

In our treatment we have assumed the excited-state po
tial is identical to that which confines the Fermi sea. W
wish to make some remarks about the effect of the exci
state potential on our results. SinceGA..V r ,z an excited
et,
,

s

m
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atom cannot move significantly with respect to the Fermi
within its natural lifetime provided the initial excited wav
packet has vibrational energy less than aboutEF(GA /V)2

..EF . Equivalently, in the absence of an excited state
tential the same condition would be necessary for the kin
energy of an excited atom. The latter argument ignores
dipole-dipole interaction potential which scales asVdip
'\GA /(kaR0)3. In the dilute limitkAR0.1, and in our ex-
ampleskAR0'7. ThusVdip,,\GA . An excited atom can-
not leave the vicinity of the Fermi sea in a spontaneous l
time as a result of Vdip provided that V/GA,
,ER

3/2/(\VEF), which is satisfied in the dilute limit consid
ered here. The numerical results presented here include
dipole interaction potential, and are rather insensitive to
excited-state potential.

In conclusion, we have discussed the radiative emiss
process in the vicinity of the Fermi sea, including quantu
statistical effects and the resonant dipole-dipole interac
responsible for reabsorption within the gas. Even in the
lute gas limit, reabsorption is qualitatively important in d
termining the radiative emission rate and in the cross o
behavior of the time resolved radiative angular distributio

We acknowledge support from NSF Grant N
PHY8903180, and thank H.J. Carmichael, M-O. Mewes, a
L. You for useful discussions.
to
@1# M.H. Andersonet al., Science269, 198 ~1995!; K.B. Davies
et al., Phys. Rev. Lett.75, 3969 ~1995!; C.C. Bradleyet al.,
ibid. 78, 985 ~1997!.

@2# B. DeMarco and D.S. Jin, Science285, 170 ~1999!.
@3# I.F. Silvera, Physica B & C109&110B, 1499~1982!.
@4# H.T.C. Stoof, M. Houbiers, C.A. Sackett, and R.G. Hul

Phys. Rev. Lett.76, 10 ~1996!; M. Houbiers and H.T.C. Stoof
Phys. Rev. A59, 1556~1998!.

@5# Th. Busch, J.R. Anglin, J.I. Cirac, and P. Zoller, Europhy
Lett. 44, 1 ~1998!.

@6# T. Holstein, Phys. Rev.83, 1159~1951!.
@7# R.H. Dicke, Phys. Rev.93, 99 ~1954!; P.W. Milonni and P.L.

Knight, Phys. Rev. A10, 1096~1974!.
@8# D.W. Sesko, T.G. Walker, and C.E. Wieman, J. Opt. Soc. A
.

.

B 8, 946 ~1991!; A.M. Smith and K. Burnett,ibid. 9, 1256
~1992!; K. Ellinger, J. Cooper, and P. Zoller, Phys. Rev. A49,
3909 ~1994!; M. Olsan’ii et al., in Procedings of the 12th In-
ternational Conferenice on Laser Spectroscopy, edited by M.
Inguscioet al. ~World Scientific, Singapore, 1996!.

@9# U. Janicke and M. Wilkens, Europhys. Lett.35 561~1996!; J.I.
Cirac et al., ibid. 35, 647 ~1996!; Y. Castinet al., Phys. Rev.
Lett. 80 5305 ~1998!.

@10# R.E. Collin, Electromagnetics6, 183 ~1986!; C.T. Tai,Dyadic
Green Functions in Electromagnetic Theory~IEEE Press, Pis-
cataway, 1994!.

@11# See, e.g., H.J. Carmichael,An Open Systems Approach
Quantum Optics~Springer-Verlag, Berlin, 1993!.

@12# D.A. Butts and D.S. Rokhsar, Phys. Rev. A55, 4346~1997!.
1-4


