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Computational study of order-disorder transitions in alloy clusters
using the isothermal-isobaric ensemble
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The low-temperature order-disorder transition for a Pd7Ni6 alloy cluster was considered using the
isothermal-isobaric~NPT! ensemble. The ordered structure consists of a completely segregated arrangement of
atoms and the disordered systems present a certain degree of mixing within the cluster. The transition was
characterized by monitoring anomalies in the average value of the constant pressure heat capacity,^Cp&, as a
function of temperature. The maximum temperature in the^Cp& versusT graph,Tmixing , is used for estimating
the equilibrium temperature at which the transition occurs, at a given pressure. It is observed that as the
pressure increases,Tmixing decreases up to a value of 25 K, where the mixing transition becomes temperature-
independent. The sampling difficulties presented in standard Monte Carlo simulations are circumvented by
implementing theJ-walking procedure to theNPT ensemble.

PACS number~s!: 36.40.Ei, 65.40.1g, 05.10.Ln, 05.70.2a
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I. INTRODUCTION

The properties of alloy clusters have been the subjec
considerable research over the past few years. In partic
the structure, stability, and thermodynamics of clusters
vapor have been studied extensively. In the description of
structure of alloy clusters, three possible spatial arran
ments of atoms have been proposed for systems of typeAB
@1,2#. The first one is called the cherry model and consists
a core rich in componentA surrounded by a shell rich in
componentB. Another possible structure assumes that co
ponentsA and B are randomly distributed over the cluste
The third possible structure is thatA andB separate into two
droplets of pure components. Figure 1 depicts these st
tures for a 13-atom alloy cluster. Various theoretical stud
have explored the potential-energy surface~PES! of alloy
clusters. In particular, our group has shown in previous st
ies @2,3# that for a Ni7Pd6 alloy cluster, the lowest energ
equilibrium structure consists of two separate droplets
pure components. This structure, which is shown in Fig. 1~c!,
is known in this study as the completely segregated struct
The randomly distributed structure for this system is hig
in energy and is called the mixed system.

Another active area of research involving finite system
which is related to structural changes as a function of te
perature, is the determination of cluster phase transitio
Various phase transitions have been identified@3–12# and
associated with cluster isomerization in a certain tempera
range. For example, the solid-liquid cluster equilibrium o
curs in a temperature regime where solidlike and liquidl
forms of the cluster coexist@4–6,9,10#. In the case of alloy
clusters in vapor, a low-temperature phase transition
been identified@3,11,12# that is associated with the orde
disorder transition in bulk@13#. Specifically, at low tempera
tures a coexistence temperature regime exists where s
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gated and mixed forms of the cluster have been identifie
Most theoretical studies that consider phase transiti

have been based on computer simulations in the canon
ensemble. However, a more thorough thermodynamic
scription can be obtained using the isothermal-isobaric
semble. For example, Chenget al. @9# used this ensemble to
describe the solid-liquid transition for Ar55. In that work, by
identifying anomalies in the constant pressure heat capa
Cp , as a function of temperature, the transition temperat
was obtained at a given pressure. However, the most diffi
problem encountered in the construction of this diagram w
the problem of quasiergodicity. That problem was due to
improper exploration of the PES and caused large uncert
ties in the average value of properties that were meas
ments of the fluctuation of mechanical variables. An exam
of this is the computation ofCp in theNPTensemble, which
measures the fluctuation in the enthalpy of the system.
circumvent the problem, Ortizet al. @10# presented an exten
sion of theJ-walking formalism to the isothermal-isobari
ensemble. Specifically, the standard random walker at a
sired temperature and pressure is coupled with a walker

d-
FIG. 1. Three possible spatial arrangements for a 13-atom a

cluster: ~a! cherry model,~b! completely mixed, and~c! com-
pletely segregated system.
©2000 The American Physical Society03-1
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different temperature and pressure which samp
configurational/volume space more efficiently. Jumps are
tempted to this walker periodically with a non-Boltzman
sampling distribution that satisfies detailed balance. T
method was successfully applied to the study of the so
liquid equilibrium for Ar55.

In the present work, theJ-walking Monte Carlo method in
the isothermal-isobaric ensemble is applied in the charac
ization of the order-disorder phase transition of Ni7Pd6. This
method has been used because previous studies@3,11,12# on
alloy clusters have shown that the standard Metropolis te
nique fails to predict order-disorder transitions at low te
perature. This study will provide a clear and complete th
modynamic description of this transition. Moreover, unli
previous studies@3,11,12#, the effect of pressure on this tran
sition is considered. By defining a spherical volume,
variation in the low-temperature transition is considered a
function of pressure and a fixed composition.

In Sec. II of this paper the theoretical methods used
described. In Sec. III, the results are presented and discu
Finally, in Sec. IV, we summarize our findings and sugg
directions for future work.

II. THEORETICAL MODELS

A. Interparticle potential

It is well known that simple pairwise potentials do n
provide an accurate description of the interparticle inter
tion in metallic systems. In particular, many-body effec
play a crucial role in the proper description of these syste
However, previous studies@3,14# have shown that when
many-body empirical potentials are applied to the study
structural changes as a function of temperature, no sig
cant differences are observed when compared with
simple pairwise potential. Hence, as in our previous stud
@3,5,7,10#, Lennard-Jones potentials have been used to m
the interaction between atoms. In the Lennard-Jones po
tial, the interaction between any pair of atomsi andj is given
by

V~r i j !54« i j F S s i j

r i j
D 12

2S s i j

r i j
D 6G , ~1!

wherer i j is the distance between atomsi and j, and« i j and
s i j define the energy and the length units, respectively.
the bimetallic system considered here,«Ni-Ni56030 K,
sNi-Ni52.282 Å, «Pd-Pd54951 K, andsPd-Pd52.520 Å. To
calculate the interaction between unlike species,
Berthelot-Lorentz combining rules@2# have been used:

« i j 5
s i i 1s j j

2
, ~2!

« i j 5A« i i « j j . ~3!

To define the cluster, a constraining potential@15# has
been used and is defined as a perfectly reflecting wall c
tered at the center of mass of the cluster, which has a c
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straining radiusRc . For all calculations in this work, the
constraining radius is set at 3 Å.

B. Isothermal-isobaric ensemble andJ-walking Monte Carlo

In the standard Metropolis Monte Carlo algorithm@16#, a
random walker samples configuration space from an ini
configurationr i to a final configurationr f with a probability
of acceptance,p, which is given by@17#

p5min @1,q~r f ,r i !#, ~4!

whereq(r f ,r i) is given by

q~r f ,r i !5
S~r i ur f !r~r f !

S~r f ur i !r~r i !
. ~5!

In this equation,S(r aur b) is the sampling distribution gener
ated from a uniform deviate andr(r ) is the distribution func-
tion, which in theNPT ensemble is given by@18#

r~r !5
exp@2b~U1PV!#

D~N,T,P!
. ~6!

Here,U is the configurational energy,b is 1/kBT, P is the
pressure,V is the volume, andD(N,P,T) is the isothermal-
isobaric partition function. Hence, for this particular sam
pling distribution and distribution function,

q~r f ,r i !5exp@2b~DU2PDV!#, ~7!

whereDU andDV are the difference in configurational en
ergy and volume between the final and initial states, resp
tively.

For the J-walking algorithm in theNPT ensemble@10#,
the sampling distribution is taken as a distribution at a te
peraturebJ and a pressurePJ ,

S~r f ,r i !5
exp$2bJ@U~r f !2PJV~r f !#%

D~N,P,T!
. ~8!

To satisfy detailed balance, Eq.~5! is substituted into Eq.~2!
to obtain

q~r f ,r i !5exp@~bJ2b!DU1~bJPJ2bP!DV#. ~9!

As in the canonical ensemble, theJ-walking method ensures
detailed balance by jumping to a walker at a temperat
and/or pressure that does not suffer from quasiergodi
problems Details of the implementation are presented in
next section.

C. Thermodynamic properties

Various thermodynamic properties are computed in
isothermal-isobaric ensemble. As usual, standard mecha
properties such as configurational energy and volume
computed as a function of temperature and pressure. S
dard fluctuation expressions@19# are used for the characte
ization of the phase transitions. Namely, the variation in
constant pressure heat capacity,Cp , and the thermal com-
pressibility, bT , is computed as a function of temperatu
3-2
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COMPUTATIONAL STUDY OF ORDER-DISORDER . . . PHYSICAL REVIEW A 62 033203
and at a fixed pressure. The average value ofCp in the
isothermal-isobaric ensemble is given by

^Cp&5
1

kBT2 @^~U1PV!2&2^~U1PV!&2# ~10!

and the average value ofbT is given by

^bT&5S 1

kBT^V& D @^V2&2^V&2#. ~11!

The averages in Eqs.~10! and ~11! are calculated using th
previously presentedJ-walking method.

In order to implement the above method, a definition
the volume of the system must be provided. As in previo
studies@9,10#, we have assumed that the volume of the cl
ter is spherical and is given by

V5
4pR3

3
, ~12!

whereR is obtained by adding the distance from the cente
mass of the clusters to the outermost atom and the radiu
the atom.

D. Characterization of atomic spatial arrangement

To characterize the arrangement of atoms in a spe
cluster, the mixing number,MN , is defined@2,3,20# as the
number of unlike species bonds in that particular cluster. T
mixing number provides a measurement of the heterogen
in the cluster. For example, in the bimetallic icosahed
cluster, there are a total of 42 bonds; if the structure is co
pletely segregated, theMN value is 16, whereas, for a com
pletely segregated cluster, theMN value is 26.

Another useful tool for analyzing the nature of the spa
arrangement of the alloy clusters is the mixing number d
tribution function. The distribution of mixing numbe
@F(MN)# measures the region of configurational space
cessed by theJ-walker for a cluster at a given mixing num
ber. Moreover,F(MN) provides information about isomer
sampled at a given temperature.

E. Computational details

The J-walking Monte Carlo method has been impl
mented in the following manner. A very long run consisti
of 13107 warm-up moves and 33107 moves where data ar
gathered is used to generate the initialJ-walking configura-
tion. The pressure is fixed to 0 atm and the temperatur
3280 K. Under these thermodynamic conditions, where
cluster is in a gaslike form, configurations are saved in
ternal arrays every 1000 steps. This distribution is used
generate additionalJ-walking distributions over a tempera
ture range at a fixed pressure. Each additionalJ-walking dis-
tribution is generated when the acceptance ratio of jump
less than 30%. To generate other curves at higher press
no additional distributions are needed because this same
tial distribution is used, i.e., forP.0 atm, the value ofPJ
50 atm. On each external array, the configuration, volum
03320
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and configurational energy are stored. At temperatures wh
the J-walking configurations are not generated, the simu
tions are broken into 100 blocks with uncertainties calcula
to one standard deviation. Each block consists of 15

warm-up moves and 105 moves where data are gathered. T
starting configuration is the lowest-energy icosahedral str
ture that defines an initial volume of approximately 2135 Å3.

III. RESULTS

Figure 2 shows the variation in volume and configu
tional energy as a function of temperature atP50 atm. In
both cases, at temperatures below 1500 K, small variation
these thermodynamic quantities are observed. ForT
.1500 K, an approximately linear increment in volume a
energy is observed due to the coexistence of solidlike
liquidlike species, i.e., during the cluster-melting transitio
The same behavior is observed in Fig. 3~a!, where the iso-
thermal compressibility,bT , is presented as a function o
temperature. At very low temperatures, the magnitude ofbT
is very small, which is typical of solidlike materials. In th
melting transition region, an increment in compressibility
observed due to the liquidlike form of the cluster. When t
variation in ^Cp& with temperature is analyzed@Fig. 3~b!#,
two transition regions can be identified. At high tempe
tures, the transition associated with cluster melting can
identified by a maximum temperature atTmelting51800 K.
However, at lower temperatures, a transition with a ma
mum atTmixing5136 K ~called here mixing temperature! is
observed and, as previous studies in the canonical ense
have shown@3,11,12#, is associated with an order-disord
transition. When the behavior of^bT& and^V& are analyzed
in this low-temperature phase-transition regime, no sign
cant variation is observed. This implies that the fluctuation
the enthalpy of the system, which causes the anomalie
Cp , is basically due to the fluctuation in configurational e

FIG. 2. Variation in~a! average volume and~b! configurational
energy as a function of temperature atP50 atm for Ni6Pd7.
3-3



ix

r
ra

eg

a
h
is
h
-

m

he
o

ar

b-

b-

ture
is
-
lana-
gu-
ny

in
er-

ture

e is
d
two
re

the

at

city,
for

city,
n a
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ergy as the cluster jumps between segregated and m
structures.

Figure 4 shows the distribution of the mixing numbe
F(Mn), as a function of the mixing number at three tempe
tures andP50 atm. At temperatures belowTmixing5136 K,
the random walker only explores configurations with a s
regated structure that has a value ofMn516. As the tem-
perature increases, structures with higher mixing number
sampled and atTmixing5136 K a coexistence of clusters wit
Mn516, 18, 20, 22, and 24 can be identified. The coex
ence of isomers with different spatial arrangements is w
has been called@3,11,12# the order-disorder transition. Fig
ure 4 also shows the values ofF(Mn) as a function ofMn at
T5176 K and no significant change is observed when co
pared to the distribution atTmixing .

Figure 5 shows the variation in the constant-pressure
capacity as a function of temperature at different values
pressures. It can be observed that the value ofTmelting slightly
increases as the pressure increases. This result is simil

FIG. 3. Variation in~a! isothermal compressibility and~b! con-
stant pressure heat capacity as a function of temperatureP
50 atm for Ni6Pd7.

FIG. 4. Distribution of mixing number,F(Mn), as a function of
mixing number for Ni6Pd7 at three temperatures~45, 136, and 176
K! andP50 atm.
03320
ed

,
-

-

re

t-
at

-

at
f

to

previous computer simulations of the solid-liquid equili
rium for one-component clusters@9,10#. In the case of the
order-disorder transition, a quite different behavior is o
served. Figure 6 shows the variation in^Cp& as a function of
temperature at various pressures but in the low-tempera
regime. It can be seen that forP,25 atm, as the pressure
increased, the value ofTmixing is shifted towards lower tem
peratures and, hence, becomes smaller. A possible exp
tion for this phenomenon, based on thermodynamic ar
ments, is the following. The Gibbs free energy for a
isolated system varies with temperature in the form shown
Fig. 7. This variation is established by the fundamental th
modynamic equation

dG52SdT1VdP ~13!

and its Maxwell forms

S ]G

]T D
P

52S, S ]G

]P D
T

5V. ~14!

For a solid phaseS1 , a negative slope for theG-T plot is
observed due to the increment in entropy as the tempera
increases. A second solid phase,S2 , is also depicted in Fig.
7 with a steeper slope because the entropy of this phas
larger. In our case,S1 and S2 correspond to the segregate
and mixed phases, respectively. The point where the
curves intersect,G15G2 , defines the transition temperatu
~in this studyTmixing). The increase in the value ofG with
pressure at a given temperature is given by the volume of

FIG. 5. Variation in the average constant pressure heat capa
^Cp&, as a function of temperature at six different pressures
Ni6Pd7.

FIG. 6. Variation in the average constant pressure heat capa
^Cp&, as a function of temperature at six different pressures i
low-temperature regime for Ni6Pd7.
3-4
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COMPUTATIONAL STUDY OF ORDER-DISORDER . . . PHYSICAL REVIEW A 62 033203
phase. From Fig. 8 it can be seen that the volume of phasS1
is larger than the volume ofS2 at all temperatures and th
two pressures presented. Therefore, the increase in theG-T
curves forS1 is larger than the increase in theS2 curve and
the intersecting of the two curves occurs at a lower temp
ture. Hence, a decrease inTmixing is expected as the pressu
of the system increases.

Another important feature shown in Fig. 6 is that as t
pressure is increased, the width of the peak becomes sm
Also, for pressure larger than 25 atm, the shape and the
cation of the peak do not vary much. In order to fully unde
stand the behavior of this order-disorder transition, the d
tribution of mixing numbers is computed at variou

FIG. 7. Sketch of the variation in the Gibbs free energy~G! with
temperature for an isolated system. The lines show schemati
the effect of increasing pressure on the Gibbs free energy.

FIG. 8. ~a! Average volume for different mixing numbers a
three different temperatures~45, 136, and 176 K! andP50 atm.~b!
Same as~a! but at 20, 45, and 106 K forP525 atm.
03320
a-

e
ler.
o-
-
-

temperatures and at a pressure different from zero. Figu
shows this distribution forP525 atm. It can be seen that a
very low temperatures only theMn516 isomer is sampled
similar to what was discussed forP50 atm. However, atT
545 K (Tmixing at this pressure!, isomers withMn516, 18,
and 20, which are responsible for the anomaly in the h
capacity, are explored. AtT.Tmixing , no significant change
is observed in the distribution of mixing numbers. The abo
arguments, associated with the isomeric sampling as a fu
tion of pressure, are the reasons for the broadening of
transition peak as the pressure is decreased. Namely, bec
a larger number of isomers with different mixing numbe
are sampled atP50 atm, the peak becomes wider whe
compared to the distribution atP525 atm.

IV. CONCLUSIONS

In the present study, the order-disorder and melting ph
transition for a Lennard-Jones bimetallic cluster have b
considered using the newly developed isothermal-isob
ensembleJ-walking Monte Carlo method. The behavior o
the melting transition is similar to what is observed for on
component clusters, namely, as the pressure is increa
small increments in the value ofTmelting are observed. On the
other hand, a low-temperature transition is observed an
associated with an order-disorder transition. The variation
this transition with pressure is very different from what
observed for the melting transition. In a low-pressure ran
(0,P,25 atm), the mixing temperature decreases as
pressure of the system increases. However, for values oP
.25 atm, no variation in the mixing temperature is o
served. Computation of the mixing number as a function
temperature and pressure clearly explains the nature of
order-disorder transition. Also, simple thermodynamic arg
ments are used to validate the obtained results.

As stated previously, simple pairwise interparticle pote
tials were used to model this metallic system. The nature
these interactions for real physical systems is far more c
plex than the ones used here. However, it can be expe
that various real bimetalli cluster systems exhibit this lo
temperature phase transition.

Previous studies@11,12# have shown that the physical be
havior of 13-atom LJ alloy clusters is independent of t

lly

FIG. 9. Distribution of mixing number,F(Mn), as a function of
mixing number for Ni6Pd7 at three temperatures~45, 136, and 176
K! andP525 atm.
3-5
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composition of the cluster. Only small variations in the ma
nitude of the constant volume heat capacity at the transi
temperature are observed. At present, the variation in
low-temperature phase transition as a function of comp
tion and pressure is being considered using the newly de
oped method presented here. Such a study will provide
formation for the construction of phase diagrams for bin
systems. Also, larger clusters, where significant variation
composition can have an important effect, are under stu
The effect of cluster size will also be considered and co
ys

.

ev

03320
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pared with previous results@9,21# for pure systems. It will be
expected that as the size of the cluster increases, the tr
tion temperatures will tend to the values of the same sys
in bulk. Quantum effects are being incorporated using
newly developed isothermal-isobaric ensemble.
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