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Three-level atoms inside a degenerate optical parametric oscillator: Steady-state behaviors
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We study a composite system consisting\othree-levelA-type atoms and a degenerate optical parametric
oscillator(DOPO. The standard DOPO threshold is modified by the presence of the three-level atoms. Bista-
bility (in the intracavity field intensity versus pumping intensity for the DQR@pears for certain atomic
detunings and coupling field strengths between the intracavity field and one of the atomic transitions. The
effects of the coupling fieldfor the auxiliary transition in the three-level atomic sysjeare discussed. The
susceptibility of the three-level atoms is calculated for the lower and upper branches of the bistable curve. Both
analytical(for certain special casgand numericalfor more general casgsesults are presented.

PACS numbgs): 42.50.Ct, 42.50.Dv, 42.65k

I. INTRODUCTION erties in the three-level atomic system, we explore the ab-
sorption and dispersion properties along the upper branch

In the past few years, atomic coherence effects in multiand lower branch of the bistable curve, respectively. Other
level atomic systems, such as electromagnetically inducethan characterizing the bistable behaviors and conditions to
transparency(EIT) [1,2] and gain without inversioiGWI) realize such behaviors, we pay special attention to the con-
[3-6], have attracted great attention. Absorption and dispertrolling of such bistable behavior with the coupling field. The
sion properties of near ideal three-level atomic systems iptical parametric process in this composite system makes
different configurationgA-type, laddertype, andv-type) in- d_|fferent, interesting effects, such as zero mean-field inten-
teracting with continuous wau€W) diode lasers were stud- Sity at the lower branch of the bistable curve and modifica-
ied both theoretically and experimentall8,7,§. Due to the  tion pf threshold bghawors, which do not exist in pre_wously
atomic coherence effect, the absorption and dispersion progiudied systems with three-level atoms inside an optical cav-
erties of the weak probe field coupling to one of the atomidty [9-12. o _ _
transitions can be controlled by the coupling field interacting  The paper is organized in the following way. Section Il
with the other atomic transition. When the three-level atomsStablishes the model and presents the basic equations for
are placed inside an optical cavity, many interesting effectsthis composite system. Section Il gives the analytidat
such as optical bistability, frequency pulling, and cavity line-the case of a special defulm)ngnd numericalin general
width narrowing, can exist in the steady state and be concalculations for the blst_ablllty as functlon_s of various param-
trolled by the coupling field9—11). It has also been pre- €ters. At the e_nd of_th|s section, we bnefl_y look at the ab-
dicted that quantum noise in one quadrature of the outputorption and dispersion properties of the bistable curve. Sec-
field may be suppressed in the system with three-level atonion IV serves as a conclusion.
inside an optical cavity12].

A composite system consisting of a degenerate optical
parametric oscillato(DOPO [13] with N two-level atoms
has been studied previoudl¥4]. Optical bistability with in- We consider a composite system consisting of a sé{ of
teresting features at steady states is predicted and studiedtiivee-level atoms and a nonlinear crystal inside an optical
detail. Due to the special properties of this composite systentavity. The atoms have two lower staids and|3), and an
i.e., the mean intensity of the lower branch of the bistabilityexcited statd2) (such a three-level atomic system is usually
curve is always zero, one can analytically calculate the spegeferred to as a-type systeny as illustrated in Fig. 1. With

tra of squeezing and the amount of intracavity squeezingmall modifications, the following treatment can easily apply
[15,16. It is predicted that the DOPO intracavity squeezing

can be enhanced by the presence of the two-level atoms.  — ________
In this paper, we will study the composite system consist- 12> D -

ing of the DOPO andN A-type three-level atoms. Due to the Y1 & Y23
EIT effect, when the intracavity fiel¢or subharmonic field
at

II. HAMILTONIAN AND EQUATIONS OF MOTION

of the DOPQ is on resonance with the probe transition of NLC
the three-level atom@vhich is coupled by a strong resonant Zes) |:]
coupling field at another transitipnthe atom will not inter- W,
act with the cavity field. The maximum interaction occurs
when the frequency of the cavity field is tuned to the dressec
transition states due to the coupling figtt7]. Steady-state
behaviors, such as bistability of the intracavity field versus
external pumping field for the DOPO and bistability of int-  FIG. 1. Energy schematic for a three-level system inside an
racavity field versus the strong atomic coupling field, areoptical cavity with a nonlinear crystal2)—|1) is the lasing fre-
studied. Due to the modified absorption and dispersion propguency.
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to the cases of other typéiaddertype andV-type) of three-  where£; includes the terms due to the field decay rates and
level atomic systems. Only transitiorld)—|2) and |3) L, includes the terms due to the atomic decay raggss the
—|2) are dipole allowed. The transitidh) to |2) is coupled  cavity decay rate of the subharmonic field amgl is the

to the cavity subharmonic field,a" (frequencyw,), and the  cavity decay rate of the pumping fielgl; is the spontaneous
transition|3) to |2) is coupled by a strong classical coupling decay rate from stati) to statelj).

field E,, with frequencyw. The cavity subharmonic field is From a Fokker-Planck equation derived from this Hamil-
produced through the optical parametric down-conversiononian, all the operators can be translated into the corre-
process by an external pumping field with frequery  spondingc numbers defined bjy19]

=2w,.. The coherent coupling field interacting with transi-
tion |3) and |2) is treated classically, but the cavity field is
guantized, which sets the stage for future studies of other

(é,éT,QZ ra; 1312131313231322’333!32313131312)

properties(such as optical spectra and quantum statistical —(a,a*,ay,a% ,312,313,923,:322,933,353,915,31,)
properties of the intracavity fieldof this composite system
[15,18. =u, 3

The Hamiltonian of this system under the electric-dipole
and rotating-wave approximations without considering thevvherefl

field decay rates i§13,14.19 ij are the collective atomic raising or lowering op-

erators andJ;; is the population operator for théh atomic

. . energy level. The equations of motion for this composite
H=2, Hi, (1a system without fluctuations can be found from the drifting

terms of the Fokker-Planck equation, and the final result is a
set of 12 differential equations:

(1b) du
) oAU, i=1,.,12 (4)
Ao=ifigd (64A"—a4), (19 de
I
» . ~ —iwt_ ~ iwt with
H3=i0,2 (54e ™i-ahe™), (1d)
I
Al(U)=gJ— yratka*ay,
S i Koat2n _a2at
H4—|h§(a a,—a%ay), (1e
Ay(U)=gJ],— yra* + kaa}
HSZ | h( Gzé.;eiiwpt_ 6; ézeiwpt)l (1f)

whereH , is the free energy of the fields and atorHs, is the
interaction energy between the atoms and the subharmonic

field, H5 is the interaction energy between the atoms and the

K 2
As(U)= —yoap— St e,

classical field|:|4 describes the DOPO process, :fmgjis the e K oo
pumping term to drive the DOP@/ 4, are the creation and AdU)=—ya; — 5"+ e,
annihilation operators of theth cavity-field mode.o; de-
notes the atomic operatoray; is the transition frequency A i _ _
from stateli) to statelj). g is the coupling coefficient between As(W)= (18207 y1)d12t M1z 90~ g,
the cavity field and the atomic transitidh) to [2). « is the _
coupling of the nonlinear process of the crystal.is the Ap(U)=1A31J13— QJ1pH+gdpsa,
amplitude of the external pumping field(X, is the Rabi (5
frequency of the classical coupling fiels), . As(W)=(1Az— 1A= v, )zt Q(JIzz— o) —ga* I3,
The Liouvillian relaxation terms necessary to introduce

the effects of field decays and atomic decays[a63 Ag(u):QW(J23+J£3)—g(aJ12+ @315~ 27, dp,
L1(p)=71([8p,a"]+[2,pa"]) + v2([82p,83] + [z, pa}]),

, 2 Ao(U) = Qy(Jo5t 339) + 729320,

21

Lo(p)=2 | & ([64p. 551+ [642.p5%51]) o
" Ap(u)=(iAy—i1Az— 'YL)J;3+Q(‘]33_‘]22)_ga‘]2[3’

ﬁ; gt 5 M o Y
2 (10500214105 P 0%]) An(W) = =851 0, 3]+ g,
2 L9193 13:P311 A(u)=—(i821+ y1) 1ot Qudi3—9(J— Iz,
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THREE-LEVEL ATOMS INSIDE A DEGENERAE.. ..
WhereAle (Wp/Z)_W21 and A31: (Wp/2)_W_W31. Hel‘e,

we assumed a closed atomic system with+Joo+ Ja3
=N.

Ill. BISTABLE BEHAVIORS

PHYSICAL REVIEW A 62023818

then we will present numerical results for more general
situations.

A. Analytical results

In this section, we restrict our discussions to a special
case, e.0.A»,;=A3;, which means perfect resonance be-
tween the classical coupling field and the atomic transition

The steady-state solutions of Ed) can be obtained ana- |2)«|3). We assume a zero dephasing rate between|8ate
lytically by letting the time derivatives go to zero, but the and statg1) (y3;=0), and takey,;= y,;. With these con-
general solutions are tedious. For that reason, we will look atlitions the steady-state solutions are given in the following
some special cases and derive simple analytical results, amdjuation:

€ N A+202CA2+i(2Q%CA3+ Q2XCA+20%CA)
X*— = —XX+X : (6)
€5 Ng A
|
X3 30%%x% X 5 b . reaches the unstable poifstthe atoms absorb the intracavity
where A=+ T 5 (47407174307 subharmonic field generated by parametric down-conversion

FOAAZH(Q2-A2)7),

and the new normalized parameters are defined as

Ay Ag N92
= = 1 A == V) CE ’
Y=7VY23= VY21 y y 2971
, )
LA Ch 7 5| = 2172 oz v
S_@Zi 0= KZ y 2|= P y = y .
The normalized dimensionless field variables are
L X=xx* ®
X=—, =xX*.
N

C is the atomic cooperative parametll, is the single-atom
saturation photon number, ang, is the saturation photon
number for the DOPO systenss is the pumping amplitude
when the atoms are not presddi3], so we can define a
normalized pumping intensity=|e,/€5).

process until they reach their saturation point. Once the at-
oms cannot absorb more photons, the dédire to parametric
amplification will exceed the losgdue to the atomic absorp-
tion), and a coherent intracavity field will appear in the cav-
ity. The value of the intracavity field is given by the val(z
point B) of the upper branch at the threshold point. The big
jump in intracavity intensity is due to the fact that as soon as
this field starts to oscillate, all the atoms will give up all their
stored energyin aligned dipole momenisiue to stimulated
emission. When the pumping intensity is reduced from above
threshold(point A), the intracavity intensity(at the upper
branch will decrease until the upper turning poi@t, where
the field will drop to zero at the poirlD. At the threshold
(point B), the field will not jump to zero because the atoms
have energy stored that is being given to the intracavity field.
Due to the coupling between the atoms and the fields, the
threshold valugor lower turning point of the bistable curve
of this composite system becomes

20
17.5

A plot of the intracavity subharmonic field intensity as a
function of the pumping field intensity with a set of typical
parameters is plotted in Fig. 2. The condition for the exis-
tence of the bistable behavior is given by valuesCothat
satisfy dY/dX>0 at the threshold valu¥=Y_.. C can be
experimentally controlled due to its dependence on the
atomic density. Notice that=0 is always a solution for the
steady-state equation, which gives the lower branch of the
bistable curve. This result is very similar to the case with
two-level atoms inside a DOPO as in Rdf$4,15, but very
different from the standard atomic optical bistabilityith
atoms inside an optical cavjtys in Refs[9,10].

When the pumping intensity is increased from zero, the

15
125

FIG. 2. Typical graph of intracavity subharmonic intensitas

system presents an extra loss dL_Je to the_presence of the atfunction of the driving intensityt for A,;=8, A3=9, Q=10,
oms (for no resonance cagewhich modifies the lower C=7, andr=0.2. The minimum value o€ for the existence of
turning point (or DOPO threshold Before the system bistability isC=1.2.
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L A(AZ—-0Y)2+ A%(142C) ]2+ 4CPAZ(AZ- 02)2}12
€= AT a7 A _ ©

Figure 3 shows a graph of the modified threshold value for [€°|=|€°|(1+2C), (10
this composite system as a function of coupling field strength

Q) and atomic detuning for C=10. Since we neglected the
decay rate from leveB) to level|1) (dipole forbidden tran-
sition), when A is equal to zero, the susceptibility goes to
zero (a perfect EIT situationand the system behaves like a
normal DOPO. Also, in the limit oA —oo, the threshold
value reduces tde®|=|e°|, which we expected since the
atoms decouple from the cavity subharmonic field. It is be-
tween those two limits that the three-level atoms couple to . N :

the intracavity field and the system exhibits an increase jin1- Resonance case with coupling field Rabi frequenty= =

the threshold value. The maximum threshold value is ob- We are interested in the cade= =) because this corre-
tained whenQ)=* A, which correspond to the transitions sponds to the case in which the interaction between the at-
from the Autler-Townes doublétiressed state¢so the state oms and the field is maximum. The steady-state equations
|1). The maximum value is can be found to be

which is exactly the same value as obtained in the case of a
set of two-level atoms inside a DOPO cavity and on reso-
nance[14]. C denotes the loss through atomic absorption
over cavity loss. It is clear that if the Rabi frequencf &

not on resonance with the dressed states, the region in which
the system is bistable decreases.

N
2n—SX(BQ4+ 16Q4C+ 402X+ 280*X + 602X+ X3)

N2
Y= _X2+ 2 7 7 Z T3
ng 80+ 402X+ 280*X+60°X%+ X
Q8C2X%+ (044 204C+ Q2X/2+ 7TQ*X/2+ 302X?/14+ X3/8)? 1
(Q4+ Q2X/2+ 7Q*X/12+ 302X?/4+ X3/8)? ’ (113
and
X=0, (11b

wherer=Ng/ng is a measure of the relative strength of the point changes its location. [T is increased, the bistable re-
atomic system over the DOPO. These are the steady-statgon is also increased. Figure 5 shows the same graph as Fig.
solutions for the system. In Fig. 4, we plot intracavity inten-4, but keepindC fixed and changing. In this case, the lower
sity X as a function of pumping intensity for different  turning point does not move, and only the upper branch of
values ofC, keepingr constant. Since the threshold value the bistable curve changes. As we incregsthe intracavity
depends only o, for each different value the lower turning

25
10 .
20
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P L
‘:i\\\\t\‘\\\“\\“‘tw:: 50
\ W\ \\ \
\\\\\\\\\\‘\‘\“\ W\ 40 10
W 30
C=6
R Y
AN x >
0 0
25 50 75 100 125 150 175
2 A Y

0

FIG. 4. Intracavity subharmonic intensity vs pumping intensity
FIG. 3. The modified threshold value for the systen{vandA. Y for different valuesC=2, 4, 6. Parameters are=0.5, O=A,,;
Parameters ar€=10,r=0.1. =A3;=5.
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FIG. 5. Intracavity subharmonic intensity vs pumping intensity ~ FIG. 7. Intracavity subharmonic intensity vs pumping intensity
Y for different valuesr =0.4, 0.5, 0.6, 0.7, 0.8. Parameters &e Y for different values ofA3;=7, 10, 13. Parameters afe=7, Q)
:5,Q:A21:A31:5. =A21=10,I’=0.5.

intensity becomes smaller, reflecting the fact that the atomic ) - )
system is interacting more with the field. It is clear that incally to explore the dependence of bistability behavior on the

both cases the nature of the bistability is the same. cavity detuning from the atomic transition between lejig!
and level|2). Figure 7 exhibits the intracavity field intensity
2. For cases ofA# £ as a function of the pumping field intensity for different de-

In the case in which the system is not perfectly resonantuningAz; while keeping() andA; equal. As before, maxi-
with the dressed states, we can find a similar equation for thewum threshold value occurs whil&s;=A,;. Above and
intracavity intensity as a function of the pumping intensity. below that value, the bistability region is smaller and highly
However, such an expression is quite long, and we insteagensitive to the detuning.
prefer to plot the results. Figure 6 is a graph of intracavity Another way to change the bistability in this composite
intensity for different values of detuning. The threshold System is to us€l as a control parameter. Due to the Autler-
value reaches its maximum in the casedof +A. As we Townes Spllttlng, wherf) is far from A, the b|Stab|l|ty dis-
increase the detuning, the bistability region increases until i@Ppears. Figure 8 is a graph of intracavity field intensity as a
reaches the maximum value, and then it starts to decrease.fnction of pumping field intensity for different values 6f
is interesting to notice that wheft—A =5, the threshold An interesting feature of this system is that it is possible to
value is bigger in the case af<0 than in the case o0 have bistable behavior in the intracavity subharmonic field as
>0. This effect has a simple explanation: whar 0, the @ function of Q) for certain values of parameters. Figure 9
cavity subharmonic field has a frequency that is closer to th&xhibits this property for the case @=10, A=3.5, 1
state|2) than in the case 0<0. In addition, the coupling =0.1, andY=6.5. Once the value of the pumping field is

therefore, coherent population trapping is more likely to oc-field intensity in the cavity is going to be equal to zero. This

cur in the cases>0 than whens<o0. effect is due to the fact that at lof (because of the con-
siderationy;;=0), all the atoms are pumped up by the cavity
B. Numerical results subharmonic field to the levé®), and then they decay to the

level |3), where they remain. Ond@ is increased to a higher

WhenA,,;# Agq, itis hard to obtain analytic solutions for .
) . value close to the value @&, some of the atoms are going to
the steady-state equations. We solve these equations numeri-

8 30
25

6
20

»

4 ><:15
10

218
5t5

2 A=10 Q=10
0 0
50 100 150 200 50 100 150 200 250
Y Y

FIG. 6. Intracavity subharmonic intensity vs pumping intensity  FIG. 8. Intracavity subharmonic intensity vs pumping intensity
Y for different values ofA=8, 10, 12 in the nonresonant case. Y for different values ofQ}=5, 9, 10. Parameters ae=7, A,
Parameters ar€=7, 2=10,r=0.5. =10,r=0.5.
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interact with the intracavity fieldthe coupling field() tunes
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Q) is increased, the detuning of the intracavity field from the
Autler-Townes doublet to the stal&) is going to increase,
and the system is going to behave more like a normal DOPO
system. In this case, the intensity will jump to a higher value
because the medium is transparent to the field. When coming
down from the upper branch, the intensity will not drop to
zero at the same value because part of the energy is stored in
the atoms and this atomic dipole energy will be released into
the cavity field. Due to the atomic coherence affects in the
three-level atomic system, there are many interesting effects
in the absorption and dispersion propertj@s7,8,20. We
would like to look at these properties in the current compos-
ite system. The effect of EIT in an intracavity medium with-

. o . o ~out the presence of the nonlinear crystal is to reduce the
FIG. 9. Intl’acaVIty subharmonic IntenSIty VS Coupllng field Rabi absorptlon at resonance Where the dlspers|on can be |arge

When the nonlinear crystal is introduced into the cavity, the

system is going to behave as a composite system affecting

the results; the intracavity field especially can have bhistable

the atoms into resonance with the intracavity field throughbehaviors, which effect the absorption and dispersion prop-
moving the dressed-state levelslowever, in such a case, erties.
because the pumping field intensity is low, atoms absorb the From Eq.(5) we can calculate the susceptibility at the
intracavity subharmonic field without reaching saturation. Ifprobe frequency in the case,;=A3; as

Z - (12

X
~A+ilAZ-0%- —)
A 2
X X3 XAZ 2A4 2 2 X 2A2 4A2 39 6
E-I-T-FQA-FZQ XA+ +O°A“—20%A“+ +Q
20
Absorption
0.02 (a) 15
10
o1 5
0
A
20 -10 0 10 20
Dispersion 1
® g0.8
0.04 B=]
6
2
0.02 204
A 0.2
-20 -10 10 20 .
- 20 40 60 80 100 120
-0.04 Y

FIG. 10. Typical susceptibility as a function &f. Parameters
are()=5,r=0.5, andX=15. (a) Normalized absorption(b) Nor-

malized dispersion.

FIG. 11. (a) Intracavity intensity as a function of pumping in-

tensity for A=Q=C=5 andr=0.5. The threshold value i¥
=121. (b) Normalized absorption as a function of pumping inten-

sity using the same parameters.
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The response of the medium depends on the rgal and  sion in the three-level system is much larger, and can be
the imaginary §”) parts of the susceptibility. The absorption modified by changing the coupling field intensity and detun-
coefficient is given byxr=wynox"/c, and the dispersion co- ing [7,8,20.

efficient is given byB=w,ngx'/2c. Typical graphs of ab-

sorption and dispersion are given in Fig. 10 as a function of IV. CONCLUSIONS

A for =5, r=0.5, and intracavity intensitX= 15 (at the

upper branch Figure 11 exhibits a bistable curve with its consisting ofN three-level A-type atoms inside a DOPO.

respective absorptlo_n_ curve as a func_tlon of the PUMPINGris model can be easily modified to treat other three-level
intensity Y for a specific set of values. Since the mean intra-

cavity intensity at the lower branch of the bistable curve issystems(such as ladder-type andtype systems Bistable

alwavs zero. the absorption remains 1 as the pumoin intenb_ehaviors in an intracavity field as a function of an external
y ' b pumping umping field for the DOPO and in a coupling field for the

sity is increased. As soon as the threshold value is reaCheﬁ‘\ree-level atoms are predicted, respectively. When this

the absorption jumps to a lower value because the atoms Wimodel is compared to the previously studied two-level atom
not absorb more photons and the gain will exceed the Iossess stem therepare some sirgilarities ysuch as zero mean inten-
in the cavity. As shown in Fig. ib), the new value of ab- Y ' '

X . _sity at the lower branch and equal maximum threshold. How-
sorption can be very close to zero because the intracavit

field will experience parametric gain through the DOPO prc)_r\gver, this composite system with three-level atoms exhibits

) L maximum interaction with the cavity field at the Autler-
cess and the atomic absorption is saturated. When the PUMIE,\wnes doublets and no interaction when the atoms are on
ing intensity decreases from above the threshold, the absorp-

tion remains very small due to the saturation until the atom??scc;nnar;::g d\i,vf;/tk'lrtgeb(i:;\gl?illiftljlgedhuzilitgrsEI;ﬁ;?ﬁnzosufrilg%{frlr?s
can start absorbing the field a.‘ga@‘"’he” thg C"."V'ty f|elq on or away from resonance with the cavity field. Such con-
?jg;esaesdeisﬁt(t)h'?heegzr\%{ i%ﬁ&!qh?tevgfgénlﬁedfgif )[livc;l:] b?rol can be used to make an optical switch. Recently, several
. avity ' b theoretical papers were published about doing nonlinear op-
jumps to one(maximum absorption Due to EIT effects,

whenA =0, both absorption and dispersion are zero and th(%')CS at low Ilght_:jevels |nk_mult|levrelzl athJmlcl_syhsteIrﬁEll,ZZ. ical
atoms decouple from the cavity field completely. Whepn ne ﬁ".}m E.OHSI e€r making such a OV}I] ight leve _optlcal_
# A5, the region of bistability decreases and, therefore, switch In this composite system, since the parametric ampli-

. ; : . € Sication process could help to enhance the efficiency and
tbyep}l(;:i:-graph of absorption shows a jump that is not as big a8 ontrast of the switching.

Due to the similarity between the bistable curves in the
two-level systen14] and those in this three-level system,
graphs of the absorption as a function of the pumping inten- We acknowledge financial support from the National Sci-
sity in both systems are going to be very similar. However.ence Foundation and the Office of Naval Research. We wish
due to the interesting effects of atomic coherence, the dispete thank William Burkett for many helpful discussions.

We have developed a model for the composite system
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