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Three-level atoms inside a degenerate optical parametric oscillator: Steady-state behaviors

F. A. Montes and Min Xiao
Department of Physics, University of Arkansas, Fayetteville, Arkansas 72701

~Received 7 February 2000; published 20 July 2000!

We study a composite system consisting ofN three-levelL-type atoms and a degenerate optical parametric
oscillator~DOPO!. The standard DOPO threshold is modified by the presence of the three-level atoms. Bista-
bility ~in the intracavity field intensity versus pumping intensity for the DOPO! appears for certain atomic
detunings and coupling field strengths between the intracavity field and one of the atomic transitions. The
effects of the coupling field~for the auxiliary transition in the three-level atomic system! are discussed. The
susceptibility of the three-level atoms is calculated for the lower and upper branches of the bistable curve. Both
analytical~for certain special cases! and numerical~for more general cases! results are presented.

PACS number~s!: 42.50.Ct, 42.50.Dv, 42.65.2k
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I. INTRODUCTION

In the past few years, atomic coherence effects in mu
level atomic systems, such as electromagnetically indu
transparency~EIT! @1,2# and gain without inversion~GWI!
@3–6#, have attracted great attention. Absorption and disp
sion properties of near ideal three-level atomic systems
different configurations~L-type,ladder-type, andV-type! in-
teracting with continuous wave~CW! diode lasers were stud
ied both theoretically and experimentally@2,7,8#. Due to the
atomic coherence effect, the absorption and dispersion p
erties of the weak probe field coupling to one of the atom
transitions can be controlled by the coupling field interact
with the other atomic transition. When the three-level ato
are placed inside an optical cavity, many interesting effe
such as optical bistability, frequency pulling, and cavity lin
width narrowing, can exist in the steady state and be c
trolled by the coupling field@9–11#. It has also been pre
dicted that quantum noise in one quadrature of the ou
field may be suppressed in the system with three-level at
inside an optical cavity@12#.

A composite system consisting of a degenerate opt
parametric oscillator~DOPO! @13# with N two-level atoms
has been studied previously@14#. Optical bistability with in-
teresting features at steady states is predicted and studi
detail. Due to the special properties of this composite syst
i.e., the mean intensity of the lower branch of the bistabi
curve is always zero, one can analytically calculate the sp
tra of squeezing and the amount of intracavity squeez
@15,16#. It is predicted that the DOPO intracavity squeezi
can be enhanced by the presence of the two-level atoms

In this paper, we will study the composite system cons
ing of the DOPO andN L-type three-level atoms. Due to th
EIT effect, when the intracavity field~or subharmonic field
of the DOPO! is on resonance with the probe transition
the three-level atoms~which is coupled by a strong resona
coupling field at another transition!, the atom will not inter-
act with the cavity field. The maximum interaction occu
when the frequency of the cavity field is tuned to the dres
transition states due to the coupling field@17#. Steady-state
behaviors, such as bistability of the intracavity field vers
external pumping field for the DOPO and bistability of in
racavity field versus the strong atomic coupling field, a
studied. Due to the modified absorption and dispersion pr
1050-2947/2000/62~2!/023818~7!/$15.00 62 0238
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erties in the three-level atomic system, we explore the
sorption and dispersion properties along the upper bra
and lower branch of the bistable curve, respectively. Ot
than characterizing the bistable behaviors and condition
realize such behaviors, we pay special attention to the c
trolling of such bistable behavior with the coupling field. Th
optical parametric process in this composite system ma
different, interesting effects, such as zero mean-field int
sity at the lower branch of the bistable curve and modifi
tion of threshold behaviors, which do not exist in previous
studied systems with three-level atoms inside an optical c
ity @9–12#.

The paper is organized in the following way. Section
establishes the model and presents the basic equation
this composite system. Section III gives the analytical~for
the case of a special detuning! and numerical~in general!
calculations for the bistability as functions of various para
eters. At the end of this section, we briefly look at the a
sorption and dispersion properties of the bistable curve. S
tion IV serves as a conclusion.

II. HAMILTONIAN AND EQUATIONS OF MOTION

We consider a composite system consisting of a set oN
three-level atoms and a nonlinear crystal inside an opt
cavity. The atoms have two lower statesu1& and u3&, and an
excited stateu2& ~such a three-level atomic system is usua
referred to as aL-type system!, as illustrated in Fig. 1. With
small modifications, the following treatment can easily app

FIG. 1. Energy schematic for a three-level system inside
optical cavity with a nonlinear crystal.u2&→u1& is the lasing fre-
quency.
©2000 The American Physical Society18-1
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to the cases of other types~ladder-type andV-type! of three-
level atomic systems. Only transitionsu1&→u2& and u3&
→u2& are dipole allowed. The transitionu1& to u2& is coupled
to the cavity subharmonic fieldâ,â† ~frequencywc!, and the
transitionu3& to u2& is coupled by a strong classical couplin
field Ew with frequencyw. The cavity subharmonic field is
produced through the optical parametric down-convers
process by an external pumping field with frequencywp
52wc . The coherent coupling field interacting with trans
tion u3& and u2& is treated classically, but the cavity field
quantized, which sets the stage for future studies of o
properties~such as optical spectra and quantum statist
properties of the intracavity field! of this composite system
@15,18#.

The Hamiltonian of this system under the electric-dipo
and rotating-wave approximations without considering
field decay rates is@13,14,19#

Ĥ5(
i 51

5

Ĥ i , ~1a!

Ĥ15\wcâ
†â1\w2â2

†â21\(
m

~w21ŝ22
m 1w31ŝ33

m !,

~1b!

Ĥ25 i\g(
m

~ŝ12
m â†2ŝ21

m â!, ~1c!

Ĥ35 iVw(
m

~ŝ23
m e2 iwt2ŝ32

m eiwt!, ~1d!

Ĥ45 i\
k

2
~ â†2â22â2â2

†!, ~1e!

Ĥ55 i\~e2â2
†e2 iwpt2e2* â2eiwpt!, ~1f!

whereĤ1 is the free energy of the fields and atoms,Ĥ2 is the
interaction energy between the atoms and the subharm
field, Ĥ3 is the interaction energy between the atoms and
classical field,Ĥ4 describes the DOPO process, andĤ5 is the
pumping term to drive the DOPO.âs

† ,âs are the creation and
annihilation operators of thesth cavity-field mode.s i j de-
notes the atomic operators.wi j is the transition frequency
from stateui& to stateuj&. g is the coupling coefficient betwee
the cavity field and the atomic transitionu1& to u2&. k is the
coupling of the nonlinear process of the crystal.e2 is the
amplitude of the external pumping field. 2Vw is the Rabi
frequency of the classical coupling fieldEw .

The Liouvillian relaxation terms necessary to introdu
the effects of field decays and atomic decays are@19#

L1~ r̂ !5g1~@ âr̂,â†#1@ â,r̂â†# !1g2~@ â2r̂,â2
†#1@ â2 ,r̂â2

†# !,
~2!

L2~ r̂ !5(
m

H g21

2
~@ŝ12

m r̂,ŝ21
m #1@ŝ12

m ,r̂ŝ21
m #!

1
g23

2
~@ŝ32

m r̂,ŝ23
m #1@ŝ32

m ,r̂ŝ23
m #!

1
g31

2
~@ŝ13

m r̂,ŝ31
m #1@ŝ13

m ,r̂ŝ31
m #!J ,
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whereL1 includes the terms due to the field decay rates a
L2 includes the terms due to the atomic decay rates.g1 is the
cavity decay rate of the subharmonic field andg2 is the
cavity decay rate of the pumping field.g i j is the spontaneous
decay rate from stateui& to stateuj&.

From a Fokker-Planck equation derived from this Ham
tonian, all the operators can be translated into the co
spondingc numbers defined by@19#

~ â,â†,â2 ,â2
† ,Ĵ12,Ĵ13,Ĵ23,Ĵ22,Ĵ33,Ĵ23

† ,Ĵ13
† ,Ĵ12

† !

→~a,a* ,a2 ,a2* ,J12,J13,J23,J22,J33,J23
† ,J13

† ,J12
† !

[u, ~3!

where Ĵi j are the collective atomic raising or lowering op
erators andĴi i is the population operator for thei th atomic
energy level. The equations of motion for this compos
system without fluctuations can be found from the drifti
terms of the Fokker-Planck equation, and the final result
set of 12 differential equations:

dui

dt
5Ai~u!, i 51,...,12 ~4!

with

A1~u!5gJ122g1a1ka* a2 ,

A2~u!5gJ12
† 2g1a* 1kaa2* ,

A3~u!52g2a22
k

2
a21e2 ,

A4~u!52g2a2* 2
k

2
a* 21e2* ,

A5~u!5~ iD212g'!J121VJ132g~J112J22!a,

A6~u!5 iD31J132VJ121gJ23a,
~5!

A7~u!5~ iD312 iD212g'!J231V~J332J22!2ga* J13,

A8~u!5Vw~J231J23
† !2g~aJ12

† 1a* J12!22g'J22,

A9~u!5Vw~J231J23
† !1g23J22,

A10~u!5~ iD212 iD312g'!J23
† 1V~J332J22!2gaJ13

† ,

A11~u!52 iD31J13
† 2VwJ12

† 1gJ23
† a* ,

A12~u!52~ iD211g'!J12
† 1VwJ13

† 2g~J112J22!a* ,
8-2
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whereD215(wp/2)2w21 andD315(wp/2)2w2w31. Here,
we assumed a closed atomic system withJ111J221J33
5N.

III. BISTABLE BEHAVIORS

The steady-state solutions of Eq.~4! can be obtained ana
lytically by letting the time derivatives go to zero, but th
general solutions are tedious. For that reason, we will loo
some special cases and derive simple analytical results,
a
al
is

th

th
ith

e
e
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then we will present numerical results for more gene
situations.

A. Analytical results

In this section, we restrict our discussions to a spec
case, e.g.,D215D31, which means perfect resonance b
tween the classical coupling field and the atomic transit
u2&↔u3&. We assume a zero dephasing rate between statu3&
and stateu1& (g3150), and takeg235g21. With these con-
ditions the steady-state solutions are given in the follow
equation:
x*
e2

e2
c 5

Ns

n0
xX1xFA12V2CD21 i ~2V2CD31V2XCD12V4CD!

A G , ~6!
y
ion
at-

-
v-
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s
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the
where A[
X3

8
1

3V2X2

4
1

X

2
~D214V2D213V4!

1V2@D21~V22D2!2#,

and the new normalized parameters are defined as

g[g235g21, D[
D21

g
5

D31

g
, C[

Ng2

2gg1
,

~7!

Ns[
g2

8g2 , n0[
2g1g2

k2 , ue2
cu[

g1g2

k
, V[

Vw

g
.

The normalized dimensionless field variables are

x[
a

ANs

, X[xx* . ~8!

C is the atomic cooperative parameter,Ns is the single-atom
saturation photon number, andn0 is the saturation photon
number for the DOPO system.e2

c is the pumping amplitude
when the atoms are not present@13#, so we can define a
normalized pumping intensityY[ue2 /e2

cu.
A plot of the intracavity subharmonic field intensity as

function of the pumping field intensity with a set of typic
parameters is plotted in Fig. 2. The condition for the ex
tence of the bistable behavior is given by values ofC that
satisfy dY/dX.0 at the threshold valueY5Yc . C can be
experimentally controlled due to its dependence on
atomic density. Notice thatX50 is always a solution for the
steady-state equation, which gives the lower branch of
bistable curve. This result is very similar to the case w
two-level atoms inside a DOPO as in Refs.@14,15#, but very
different from the standard atomic optical bistability~with
atoms inside an optical cavity! as in Refs.@9,10#.

When the pumping intensityY is increased from zero, th
system presents an extra loss due to the presence of th
oms ~for no resonance case!, which modifies the lower
turning point ~or DOPO threshold!. Before the system
-

e

e

at-

reaches the unstable pointA, the atoms absorb the intracavit
subharmonic field generated by parametric down-convers
process until they reach their saturation point. Once the
oms cannot absorb more photons, the gain~due to parametric
amplification! will exceed the loss~due to the atomic absorp
tion!, and a coherent intracavity field will appear in the ca
ity. The value of the intracavity field is given by the value~at
point B! of the upper branch at the threshold point. The b
jump in intracavity intensity is due to the fact that as soon
this field starts to oscillate, all the atoms will give up all the
stored energy~in aligned dipole moments! due to stimulated
emission. When the pumping intensity is reduced from ab
threshold~point A!, the intracavity intensity~at the upper
branch! will decrease until the upper turning pointC8, where
the field will drop to zero at the pointD. At the threshold
~point B!, the field will not jump to zero because the atom
have energy stored that is being given to the intracavity fie

Due to the coupling between the atoms and the fields,
threshold value~or lower turning point of the bistable curve!
of this composite system becomes

FIG. 2. Typical graph of intracavity subharmonic intensityX as
a function of the driving intensityY for D2158, D3159, V510,
C57, and r 50.2. The minimum value ofC for the existence of
bistability is C51.2.
8-3
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Figure 3 shows a graph of the modified threshold value
this composite system as a function of coupling field stren
V and atomic detuningD for C510. Since we neglected th
decay rate from levelu3& to level u1& ~dipole forbidden tran-
sition!, when D is equal to zero, the susceptibility goes
zero ~a perfect EIT situation! and the system behaves like
normal DOPO. Also, in the limit ofD→`, the threshold
value reduces tou ēcu5uecu, which we expected since th
atoms decouple from the cavity subharmonic field. It is b
tween those two limits that the three-level atoms couple
the intracavity field and the system exhibits an increase
the threshold value. The maximum threshold value is
tained whenV56D, which correspond to the transition
from the Autler-Townes doublet~dressed states! to the state
u1&. The maximum value is
he
st
n

e
g
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u ēcu5uecu~112C!, ~10!

which is exactly the same value as obtained in the case
set of two-level atoms inside a DOPO cavity and on re
nance@14#. C denotes the loss through atomic absorpti
over cavity loss. It is clear that if the Rabi frequency 2V is
not on resonance with the dressed states, the region in w
the system is bistable decreases.

1. Resonance case with coupling field Rabi frequencyDÄÁV

We are interested in the caseD56V because this corre
sponds to the case in which the interaction between the
oms and the field is maximum. The steady-state equat
can be found to be
Y5
Ns

2

n0
2 X21

2
Ns

n0
X~8V4116V4C14V2X128V4X16V2X21X3!

8V414V2X128V4X16V2X21X3

1FV6C2X21~V412V4C1V2X/217V4X/213V2X2/41X3/8!2

~V41V2X/217V4X/213V2X2/41X3/8!2 G , ~11a!

and

X50, ~11b!
-
Fig.

of

ity
wherer[Ns /n0 is a measure of the relative strength of t
atomic system over the DOPO. These are the steady-
solutions for the system. In Fig. 4, we plot intracavity inte
sity X as a function of pumping intensityY for different
values ofC, keepingr constant. Since the threshold valu
depends only onC, for each different value the lower turnin

FIG. 3. The modified threshold value for the system vsV andD.
Parameters areC510, r 50.1.
ate
-

point changes its location. IfC is increased, the bistable re
gion is also increased. Figure 5 shows the same graph as
4, but keepingC fixed and changingr. In this case, the lower
turning point does not move, and only the upper branch
the bistable curve changes. As we increaser, the intracavity

FIG. 4. Intracavity subharmonic intensity vs pumping intens
Y for different valuesC52, 4, 6. Parameters arer 50.5, V5D21

5D3155.
8-4
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THREE-LEVEL ATOMS INSIDE A DEGENERATE . . . PHYSICAL REVIEW A 62 023818
intensity becomes smaller, reflecting the fact that the ato
system is interacting more with the field. It is clear that
both cases the nature of the bistability is the same.

2. For cases ofDÅÁV

In the case in which the system is not perfectly reson
with the dressed states, we can find a similar equation for
intracavity intensity as a function of the pumping intensi
However, such an expression is quite long, and we inst
prefer to plot the results. Figure 6 is a graph of intracav
intensity for different values of detuningD. The threshold
value reaches its maximum in the cases ofV56D. As we
increase the detuning, the bistability region increases un
reaches the maximum value, and then it starts to decreas
is interesting to notice that whenV2D5d, the threshold
value is bigger in the case ofd,0 than in the case ofd
.0. This effect has a simple explanation: whend.0, the
cavity subharmonic field has a frequency that is closer to
stateu2& than in the case ofd,0. In addition, the coupling
field is in perfect resonance with the transitionu2&↔u3&;
therefore, coherent population trapping is more likely to o
cur in the cased.0 than whend,0.

B. Numerical results

WhenD21ÞD31, it is hard to obtain analytic solutions fo
the steady-state equations. We solve these equations nu

FIG. 5. Intracavity subharmonic intensity vs pumping intens
Y for different valuesr 50.4, 0.5, 0.6, 0.7, 0.8. Parameters areC
55, V5D215D3155.

FIG. 6. Intracavity subharmonic intensity vs pumping intens
Y for different values ofD58, 10, 12 in the nonresonant cas
Parameters areC57, V510, r 50.5.
02381
ic

t
e

.
d

y

it
. It

e

-

eri-

cally to explore the dependence of bistability behavior on
cavity detuning from the atomic transition between levelu1&
and levelu2&. Figure 7 exhibits the intracavity field intensit
as a function of the pumping field intensity for different d
tuningD31 while keepingV andD21 equal. As before, maxi-
mum threshold value occurs whileD315D21. Above and
below that value, the bistability region is smaller and high
sensitive to the detuning.

Another way to change the bistability in this compos
system is to useV as a control parameter. Due to the Autle
Townes splitting, whenV is far from D, the bistability dis-
appears. Figure 8 is a graph of intracavity field intensity a
function of pumping field intensity for different values ofV.
An interesting feature of this system is that it is possible
have bistable behavior in the intracavity subharmonic field
a function ofV for certain values of parameters. Figure
exhibits this property for the case ofC510, D53.5, r
50.1, andY56.5. Once the value of the pumping field
fixed ~whenV50!, and the value ofV starts to increase, the
field intensity in the cavity is going to be equal to zero. Th
effect is due to the fact that at lowV ~because of the con
siderationg3150!, all the atoms are pumped up by the cav
subharmonic field to the levelu2&, and then they decay to th
level u3&, where they remain. OnceV is increased to a highe
value close to the value ofD, some of the atoms are going t

FIG. 7. Intracavity subharmonic intensity vs pumping intens
Y for different values ofD3157, 10, 13. Parameters areC57, V
5D21510, r 50.5.

FIG. 8. Intracavity subharmonic intensity vs pumping intens
Y for different values ofV55, 9, 10. Parameters areC57, D21

510, r 50.5.
8-5
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F. A. MONTES AND MIN XIAO PHYSICAL REVIEW A 62 023818
interact with the intracavity field~the coupling fieldV tunes
the atoms into resonance with the intracavity field throu
moving the dressed-state levels!. However, in such a case
because the pumping field intensity is low, atoms absorb
intracavity subharmonic field without reaching saturation

FIG. 9. Intracavity subharmonic intensity vs coupling field Ra
frequencyV. Parameters areC510, D53.5, r 50.1, Y56.5.
02381
h

e
f

V is increased, the detuning of the intracavity field from t
Autler-Townes doublet to the stateu1& is going to increase,
and the system is going to behave more like a normal DO
system. In this case, the intensity will jump to a higher va
because the medium is transparent to the field. When com
down from the upper branch, the intensity will not drop
zero at the same value because part of the energy is stor
the atoms and this atomic dipole energy will be released
the cavity field. Due to the atomic coherence affects in
three-level atomic system, there are many interesting eff
in the absorption and dispersion properties@2,7,8,20#. We
would like to look at these properties in the current comp
ite system. The effect of EIT in an intracavity medium wit
out the presence of the nonlinear crystal is to reduce
absorption at resonance where the dispersion can be la
When the nonlinear crystal is introduced into the cavity, t
system is going to behave as a composite system affec
the results; the intracavity field especially can have bista
behaviors, which effect the absorption and dispersion pr
erties.

From Eq. ~5! we can calculate the susceptibility at th
probe frequency in the caseD215D31 as

i

x;D

2D1 i S D22V22
X

2 D
X3

8
1

XD2

2
1V2D412V2XD21

3V2X2

4
1V2D222V4D21

3V4X

2
1V6

. ~12!
-

n-

FIG. 10. Typical susceptibility as a function ofD. Parameters

areV55, r 50.5, andX515. ~a! Normalized absorption.~b! Nor-
malized dispersion.
FIG. 11. ~a! Intracavity intensity as a function of pumping in
tensity for D5V5C55 and r 50.5. The threshold value isYc

5121. ~b! Normalized absorption as a function of pumping inte
sity using the same parameters.
8-6
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The response of the medium depends on the real (x8) and
the imaginary (x9) parts of the susceptibility. The absorptio
coefficient is given bya5wpn0x9/c, and the dispersion co
efficient is given byb5wpn0x8/2c. Typical graphs of ab-
sorption and dispersion are given in Fig. 10 as a function
D for V55, r 50.5, and intracavity intensityX515 ~at the
upper branch!. Figure 11 exhibits a bistable curve with i
respective absorption curve as a function of the pump
intensityY for a specific set of values. Since the mean int
cavity intensity at the lower branch of the bistable curve
always zero, the absorption remains 1 as the pumping in
sity is increased. As soon as the threshold value is reac
the absorption jumps to a lower value because the atoms
not absorb more photons and the gain will exceed the lo
in the cavity. As shown in Fig. 11~b!, the new value of ab-
sorption can be very close to zero because the intraca
field will experience parametric gain through the DOPO p
cess and the atomic absorption is saturated. When the pu
ing intensity decreases from above the threshold, the abs
tion remains very small due to the saturation until the ato
can start absorbing the field again~when the cavity field
decreases, the energy stored in the atomic dipoles wil
released into the cavity mode!. At that value the absorption
jumps to one~maximum absorption!. Due to EIT effects,
whenD50, both absorption and dispersion are zero and
atoms decouple from the cavity field completely. WhenD21
ÞD31, the region of bistability decreases and, therefore
typical graph of absorption shows a jump that is not as big
before.

Due to the similarity between the bistable curves in
two-level system@14# and those in this three-level system
graphs of the absorption as a function of the pumping int
sity in both systems are going to be very similar. Howev
due to the interesting effects of atomic coherence, the dis
tt

. A

.
v.

ev

re
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sion in the three-level system is much larger, and can
modified by changing the coupling field intensity and detu
ing @7,8,20#.

IV. CONCLUSIONS

We have developed a model for the composite sys
consisting ofN three-levelL-type atoms inside a DOPO
This model can be easily modified to treat other three-le
systems~such as ladder-type andV-type systems!. Bistable
behaviors in an intracavity field as a function of an exter
pumping field for the DOPO and in a coupling field for th
three-level atoms are predicted, respectively. When
model is compared to the previously studied two-level at
system, there are some similarities, such as zero mean in
sity at the lower branch and equal maximum threshold. Ho
ever, this composite system with three-level atoms exhi
maximum interaction with the cavity field at the Autle
Townes doublets and no interaction when the atoms are
resonance with the cavity field due to EIT. The coupling fie
V can modify the bistability behaviors and tunes the ato
on or away from resonance with the cavity field. Such co
trol can be used to make an optical switch. Recently, sev
theoretical papers were published about doing nonlinear
tics at low light levels in multilevel atomic systems@21,22#.
One can consider making such a low light level optic
switch in this composite system, since the parametric am
fication process could help to enhance the efficiency
contrast of the switching.
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