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Linewidth narrowing in Brillouin lasers: Theoretical analysis

Alexis Debut, Ste´phane Randoux, and Jaouad Zemmouri
Laboratoire de Physique des Lasers, Atomes et Mole´cules, UMR 8523, Centre d’E´ tudes et de Recherches Lasers et Applications,
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The linewidth narrowing observed in Brillouin fiber ring lasers is studied within the framework of the usual
three-wave model of stimulated Brillouin scattering. We show that the phase noise of the pump laser is
transferred to the emitted Stokes wave after being strongly reduced and smoothed under the combined influ-
ence of the acoustic damping and the cavity feedback. We then derive a simple analytical relation connecting
the full width at half maximum of the Stokes linewidth to that of the pump laser.

PACS number~s!: 42.55.2f, 42.65.Es, 42.25.Kb
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The Brillouin fiber ring laser is a highly coherent ligh
source. Experiments have shown that the linewidth of
Stokes radiation emitted by this laser can be several orde
magnitude narrower than that of the incident beam use
pump it @1#. Although this effect is commonly used in man
applications such as gyroscopes@2# or temperature sensor
@3#, it is not clearly understood. In fact, the questions rela
to the noise properties or to the temporal coherence of B
louin lasers have not yet been attentively examined from
theoretical point of view. Brillouin lasers and convention
lasers have common noise sources. For instance, fluctua
of the pumping mechanism or of the cavity length alter
spectral purity of the emitted wave in both systems. Ho
ever, contrary to lasers with population inversion, it is n
spontaneous emission but spontaneous scattering that fu
mentally limits the degree of monochromaticity of the Stok
radiation. The aim of this paper is to analyze the role of
different noise sources existing in Brillouin fiber ring lase
and to characterize their influence on the temporal cohere
of the laser. In particular, we will show that the phase no
of the pump laser is the predominant noise source and
will study in detail the connection between the linewidth
the Brillouin laser and that of its pump laser.

Our theoretical study enters within the framework of t
usual three-wave model of stimulated Brillouin scatteri
~SBS!. This model reproduces properly most of the dynam
cal behaviors experimentally observed in Brillouin gene
tors @4# or lasers@5#. It reads

]t«p1]z«p52gB«s , ~1a!

]t«s2]z«s5gB* «p , ~1b!

~1/bA!]tB1B5«p«s* 1 f ~z,t!, ~1c!

where «p , «p , and B represent, respectively, the comple
amplitudes of the pump, Stokes, and acoustic waves. Th
equations in dimensionless form have been obtained by
glecting the weak attenuation of the fiber. The timet is
normalized to the transit time of the light inside the fiber.z is
the space coordinate that is normalized to the fiber len
The fields«p and«s are measured in units of the maximu
pump field available at the entrance end of the fiber.g is the
SBS coupling constant andbA represents the normalize
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damping rate of the acoustic wave.f (z,t) is a Langevin
noise term describing the random thermal fluctuations
density~i.e., spontaneous scattering! occurring inside the fi-
ber @6#. This noise is a zero-mean Gaussian process and
d correlated both in space and time. In the chosen norm
ization,f is of the order of 1026 whereas the amplitude of th
optical fields is of the order of unity (u«pu,u«su.1). Despite
its weak relative importance, spontaneous scattering pla
determining role in Brillouin generators by inducing a st
chastic dynamics@4#. In Brillouin lasers, spontaneous sca
tering is usually considered as the effect that is respons
for the initiation of the SBS process.

As in Refs. @5# and @7#, we study a Brillouin fiber ring
laser in which pump recoupling is avoided by an intracav
isolator. The boundary conditions characterizing this syst
read

«p~z50,t!5m eif0(t), ~2a!

«s~z51,t!5Reids «s~z50,t!. ~2b!

R is the amplitude feedback parameter andds is a detuning
term expressing the fact that the cavity is not necessa
resonant. In an all-fiber laser, the fluctuations of the fib
length can be reduced by stabilization techniques and
fluctuations ofds are then weak. Moreover, the use of co
plers offers a great stability of the power feedback param
R2. This is not the case for Brillouin fiber lasers operating
low-finesse resonators. In these systems including an a
arm, the relative fluctuations ofR2 can be of the order of
20% and the fluctuations of the resonator length can exc
the optical wavelength. The variations ofds are then greater
than 2p and mode hops are observed@7#. All these fluctua-
tions in the cavity characteristics arise from mechanical a
thermal noise and their bandwidth is typically of the order
100 Hz. These technical noise sources are responsible
slow drifts of the frequency of the Brillouin laser but they d
not contribute to the intrinsic linewidth of the emitted Stok
radiation.

In Eq. ~2a!, m is a dimensionless pump parameter andf0
represents the phase of the pump laser. For well-stabil
single-mode lasers usually used to pump Brillouin fiber
sers, the amplitude noise can be neglected so that only
phase is a randomly fluctuating quantity. In the phase dif
©2000 The American Physical Society03-1
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sion model commonly used to describe the field emitted b
single-mode laser,m is time independent whereas the pha
f0(t) performs a random walk governed by the stocha
Langevin equation

df0~t!

dt
5q~t!, ~3!

in which q(t) is ad-correlated Gaussian noise of zero me
@8#. The field spectrum of the pump laser is then a Lorentz
with a full width at half-maximum~FWHM! Dnp in units of
cavity free spectral range~FSR! @9#.

In most of the experiments, the linewidth of the pum
laser is of the order of a few tens of kHz. Apart from spo
taneous scattering, the phase noise of the pump laser i
noise source presenting the wider spectrum. We are
going to analyze its influence on the noise characteristic
the emitted Stokes radiation. To that effect, we will igno
the influence of the low-frequency noise sources previou
mentioned. As they only induce slow variations ofR andds ,
we can consider that these two parameters do not drift on
short time scale on which we analyze the influence of
pump phase noise. In particular, we will assume that
cavity is resonant for the Stokes wave (ds50). Frequency
pulling effects that are discussed in Ref.@7# do not play an
important role and can thus be ignored. In our analysis,
will also neglect the influence of the weak Langevin te
f (z,t) describing spontaneous scattering. As with sponta
ous emission in a conventional laser, this term will be
sponsible for the existence of a lower limit to the Stok
linewidth. We will show at the end of this paper that th
limit ranges in the sub-Hertz domain. Let us finally menti
that we only consider situations in which the FSR of the r
laser is comparable to the width of the Brillouin gain curv
The intensity of the backscattered Stokes wave is then t
independent@10# and the corresponding operating regime
called the ‘‘Brillouin mirror’’ @5#.

The first step of our theoretical analysis consists in tra
forming the complex amplitudes to modulus-phase form.
then obtain

]tAp1]zAp52gAaAs cosu, ~4a!

]tAs2]zAs5gAaAp cosu, ~4b!

~1/bA!]tAa1Aa5ApAs cosu, ~4c!

]tfp1]zfp52g~AaAs /Ap!sinu, ~4d!

]tfs2]zfs52g~AaAp /As!sinu, ~4e!

~1/bA!]tfa52~ApAs /Aa!sinu, ~4f!

where u(z,t)5fs(z,t)1fa(z,t)2fp(z,t). Ai and f i( i
5p,s,a) represent, respectively, the amplitudes and pha
of the pump, Stokes, and acoustic waves. The SBS inte
tion is submitted to resonance and phase matching condit
imposing thatu is necessarily a weakly fluctuating variabl
As the cavity is resonant, its average value is zero. Thi
illustrated by numerical simulations in which Eqs.~4! and
02380
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~2! are integrated in the presence of phase noise generate
Eq. ~3!. The numerical procedure used is based on
method of characteristics described in Ref.@11#. As shown in
Figs. 1~a! and 1~b!, the phase of the acoustic wave nea
follows the same temporal evolution as the phase of
pump laser. The phase fluctuations of the Stokes wave
strongly correlated to that of the pump laser but they are a
much weaker. In these conditions, the variableu(z50,t)
oscillates slightly around 0@Fig. 1~b!#. The trigonometric
functions appearing in Eqs.~4! can thus be expanded to th
lowest order inu. The equations for the amplitudes the
become independent from that governing the evolution of
phases. Since the amplitudem of the incident pump field is
time independent, we can cancel all the time derivatives
pearing in Eqs.~4a!, ~4b!, and~4c! and the field amplitudes
then depend only onz. This is confirmed by numerical simu
lations that show that the phase fluctuations of the pu
source do not modify significantly the amplitudes of t
three waves involved in the interaction. They always rem
very close to the stationary longitudinal profiles presented
Fig. 1~c!. With these approximations, the equations gove
ing the spatiotemporal evolution of the phases finally b
come

]tfp1]zfp52gAs
2~z!u, ~5a!

]tfs2]zfs52gAp
2~z!u, ~5b!

]tfa52bAu. ~5c!

The terms appearing in the right-hand sides of Eqs.~5a! and
~5b! are weak and comparable. However they do not play
same role in the two equations. Equation~5a! must satisfy
the boundary conditionfp(z50,t)5f0(t). f0(t) acts as a
source term inducing strong spatiotemporal variations offp

@see Figs. 1~a!and 1~d!#. In these conditions, the termgAs
2u

FIG. 1. Spatial profiles and temporal evolutions of the vario
phases and amplitudes~see the text!. The parameters used in th
simulations are those describing the laser of Ref.@12# (g
56.04, bA510.93, R50.36, m50.7).
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is only perturbative and our last approximation consists
neglecting its influence. This means that the phase of
pump wave remains undisturbed in the interaction so that
solution of Eq.~5a! simply reads

fp~z,t!5f0~t2z!. ~6!

On the other hand, no source term appears in the boun
condition verified by the Stokes phase@fs(z51,t)5fs(z
50,t)# and the termgAp

2u is the source inducing the spa
tiotemporal variations offs .

By taking into account the previous result@Eq. ~6!# that
has been verified by numerical simulations, our problem
reduced to the resolution of Eqs.~5b! and ~5c! in the pres-
ence of the boundary condition characterizing the cav
resonance@fs(z51,t)5fs(z50,t)#. It can be solved ana
lytically for any value ofm and therefore for any shape o
the pump profileAp(z). However, for the sake of simplicity
and in order to get some insight on the physical mechani
responsible for the effects presented in Fig. 1, we are
going to assume that the Brillouin laser does not operate v
far from its threshold. In these conditions, the pump dep
tion effect can be neglected and the functionAp

2 can be ap-
proximated to (2 ln R)/g @12#. Owing to the spatial periodic
ity imposed by the boundary conditionfs(z51,t)5fs(z
50,t), the functionfs(z,t) can be decomposed as

fs~z,t!5 (
n52`

1`

Sn~t!eiknz ~7!

with kn52pn and Sn
!(t)5S2n(t). The problem is then

solved by Fourier analysis and by using the orthonorma
condition

E
0

1

eiknze2 ikmzdz5dnm ,

it can be shown that

S̃0~n!5
2 ln R

bA2 ln R1 i2pn

e2 ipn sinpn

pn
f̃0~n!, ~8!

wheref̃0(n) and S̃0(n), respectively, represent the Fouri
transforms off0(t) andS0(t). Equation~8! shows that the
incident phase noise is filtered by the association of t
linear systems@14#. The first one is a low-pass filter tha
reduces the amplitude of the pump fluctuations by a fac
K5(bA2 ln R)/(2ln R) over a bandwidth equal to (bA
2 ln R)/2p in units of cavity FSR. The second one is a sy
tem that smoothes the fluctuations by averaging them ov
time interval Dt51. As shown in Fig. 1~d!, the function
fs(z50,t) can be well approximated toS0(t) and although
it has been established by neglecting the pump depletion,
~8! describes qualitatively well the behavior reported in F
1~a!. The fluctuations of the Stokes phase are indeed m
weaker than the phase fluctuations of the pump laser and
high frequencies found inf0(t) do not appear infs(0,t).
The optical coherence time, defined as the time it takes to
02380
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phase to diffuse over one radian on the average@13#, is much
greater for the Brillouin laser than for the pump laser.

If pump depletion is taken into account,S̃0(n) andf̃0(n)
are no longer connected by a term that can be factorized
two parts. This term can be calculated by taking into acco
the expression ofAp

2(z) given in Ref.@12# but contrary to
Eq. ~8!, the averaging effect does not clearly appear in
complicated analytical expression. However this term sho
that the amplitude of the pump fluctuations is reduced by
factor K not only near the threshold but whatever the va
of m. As we are now going to see, this is the most import
consideration for the evaluation of the Stokes linewidth.

The quantities of interest for the determination of the lin
widths are the variancessp

2(t)5^@f0(t)2f0(0)#2& and

ss
2(t)5^@fs(0,t)2fs(0,0)#2& @9#. The phase noise bein

not a stationary process, the brackets denote an ense
average performed at the timet. In our phase diffusing
model, sp

2(t) is a linear function of time @sp
2(t)

52pDnpt# that measures the evolution of the dispersion
the values taken by the pump phase. As the phase fluc
tions of the Stokes wave are much weaker than that of
pump wave, their dispersion is also much weaker. In fact,sp

2

andss
2 are simply connected through the relationsp

25K2ss
2 .

Whatever the incident pump power, the FWHM of th
Stokes spectrum is therefore given by

Dns5
Dnp

K2
. ~9!

By returning to the physical variables@12#, one can easily
show thatK511gA /Gc , wheregA and Gc , respectively,
represent the damping rate of the acoustic wave and the
ity loss rate.gA is equal topDnB , whereDnB represents the
FWHM of the Brillouin gain curve. Gc is equal to
2c ln R/nL where c/n is the light velocity in the fiber of
lengthL. Equation~9! represents the main result of this pap
and the previous expression of the coefficientK clearly
shows that the narrowing effect observed in Brillouin las
is due to the combined influence of the acoustic damping
of the cavity feedback.

The analytical result given by Eq.~9! has been verified by
the numerical integration of Eqs.~4! and ~2! over an en-
semble of 50 000 realizations of the random processf0(t).
Such a statistical treatment permits us to determine the v
ancessp

2 and ss
2 at different times. The data thus obtaine

are then fitted to straight lines~see Fig. 2! and the ratio
between the two slopes gives the numerical value of the
efficient K2. For parameter values characterizing a Brillou
laser operating in a low-finesse resonator@7,11,12#, the value
of K2 given by the analytical relation is 137 and that deduc
from numerical simulations presented in Fig. 2 is 144. T
slight relative difference between the two values arises fr
the fact that the functionfs(z,t) has been approximated t
S0(t) and that the influence of the termsSn(t) (nÞ0) has
been neglected.

If the linewidth of the pump laser is of the order of seve
tens of kHz, a Brillouin laser operating in a low-finesse ca
3-3
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ity will emit a Stokes radiation with a linewidth of sever
hundreds of Hz. In an all-fiber ring resonator, a fines
greater than 100 can be easily achieved and the ratiogA /Gc
is then typically of the order of 100. This means that t
Stokes linewidth is at least 104 times narrower than the line
width of the pump laser. This order of magnitude is effe
tively the one that has been experimentally measured in
kind of laser@1#. In these conditions, the linewidth of th
Stokes radiation becomes of the order of a few Hz and

FIG. 2. Same parameters as in Fig. 1. Temporal evolution of
variance of the phase noise~diffusion process! and corresponding
normalized Lorentzian spectrum of the~a!,~b! incident pump field;
~c!,~d! Stokes field.
tt

.
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approximation that consists in neglecting spontaneous s
tering must be questioned. Before analyzing the importa
of this effect, let us first recall that spontaneous emission
be seen as a process that randomly perturbs the ampl
and the phase of the optical field emitted by a conventio
laser @15#. By analogy with that description, spontaneo
scattering can be considered as an effect perturbating
amplitude and the phase of the acoustic wave. In particu
it will lead to a diffusion of the phase of the acoustic wav
The influence of this diffusion process will become notic
able when it will be comparable to the diffusion proce
induced by the pump laser. As the phase of the acou
wave nearly follows the same evolution than the phase of
pump laser@see Figs. 1~a! and 1~b!#, spontaneous scatterin
cannot be neglected ifq(t) is of the same order of magni
tude as the Langevin termf (z,t). The pump spectrum o
Fig. 2~b! has been obtained for a value ofq(t) of the order
of 1022(^q2&.1024) and its dimensionless FWHM is 0.002
This corresponds to a pump linewidth of 40 kHz for a Br
louin laser characterized by a FSR of 20 MHz. Asf (z,t) is
of the order of 1026, spontaneous scattering is then effe
tively negligible. This is no longer the case for pump lin
widths as narrow as 10 Hz and Stokes linewidths that fal
the sub-Hertz domain. Obviously, the previous analysis
allows us to give an idea of the order of magnitude of t
effect. Additional studies must be undertaken to precis
characterize the influence of spontaneous scattering on
linewidth of the Brillouin laser.
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