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Dynamical calculation of direct muon-transfer rates from thermalized muonic
hydrogen to C°* and O%*
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We perform dynamical calculations of direct muon-transfer rates from thermalized muonic hydrogen iso-
topes to bare nuclei®T and G*. For these three-body charge-transfer reactions with Coulomb interaction in
the final state we use two-component integrodifferential Faddeev-Hahn-type equations in configuration space
using close-coupling approximation. To take into account the high polarizability of the muonic hydrogen due
to the large charge of the incident nuclei, a polarization potential is included in the elastic channel. The large
final-state Coulomb interaction is explicitly included in the transfer channel. The transfer rates so calculated are
in good agreement with recent experiments.

PACS numbs(s): 36.10.Dr

I. INTRODUCTION stands for the hydrogen isotoge(proton or d (deuteron
andX?* stands for the target nuclei.
Mainly motivated by the possibility of muon-catalyzed  Another phenomenon which has not yet found a satisfac-
fusion of the hydrogen isotopes, theoretical and experimentabry theoretical explanation is the measured isotope effect,
investigations of exotic atomic and molecular systems ine.g., the trend of the direct muon-transfer rate of readtion

voIving negative muon;@_) and reactions in such systems from pu and d,LL to XZ"', where X+ represents @j’, o8+
continue to be active fields of current resedrth Particular 3], Nel®* [9], Ar'8* [2], and X&*" [10]. In cases of &',

attention is devoted to the study of the muon-transfer reacarls+ and X&* the direct-transfer rate decreases with in-

: / ol
tion from muonic hydrogen to other elemeit$™ with large creasing mass of the hydrogen isotope. Theoretical analyses

positive chargeZ, because such reactions may have larg 8,11] also support this trend. The experimental results for

cross sections and rates. If the hydrogen is contaminated el [5,9] and sulphur dioxidé3] differ considerably from
even a small amount of these heavier elements, this maelg]e the;JreticaI predictions

strongly influence the process of muon-catalyzed fusion by In view of this, here we perform guantum dynamical cal-

hydrogen isotopes. Consequently, there has been consider-

; + +
able recent experimental interest in the study of the muonQUIat'on of muon-transfer rates from to C°* and & and

transfer reaction in the collision of the muonic hydrogen byfom du to OF". For this purpose, we use close-coupling
heavier nuclei, e.g., carbon §€), oxygen (G*), neon appr_OX|mat|on . to two-component Faddeev—Hahn—_typ(_a dy-
(Nelo+)’ argon (A|18+) [2-6], etc. On the theoretical side, namical equation$12,13. We gre currently mvestlgatlng.
these three-body charge transfer reactions involving a heajpuon-transfer rates from muonic hydrogen to other heavier
transferred particle such as muon and a strong Coulomb irtlements for a future publication.
teraction in the final state involving nuclei, such as carbon It is difficult to perform a quantum dynamical calculation
and oxygen, continue to be challanging problems calling folof @ charge-transfer reaction. In addition, a theoretical study
new investigations. of the problems above is extremely complicated due to the
Experimental study of muon-transfer rates from muoniclarge charge of these heavy nuclei and the presence of a large
hydrogen H, to heavier nuclei, such as B¢ Kr3*, and number of open channels even at zero incident energy. The
Xe54+' have revealed a smooth dependencé7]_ In these Iarge Charge of the nuclei leads to a strong polarization of the
cases the transfer rat& increases |inear|y witlZ. Theoret- muonic hydrogen in the initial state and a Strong final-state
ical analyses are also in agreement with this concluggdn ~ Coulomb repulsion. It is difficult to incorporate these two
However, it has been found in recent experiment that th&ffects properly in a dynamical calculation. This is why there
predicted monotoni& dependence of the muon-transfer rate@reno dynamical calculations of these muon-transfer rates.
is not valid for all Z [5,9]. For these transfer rates, pro- Although there is a very large number of open channels in
nounced fluctuations have been observed for elements up Bis problem, for a given nuclei the muon is transferred pre-
argon contrary to the smoothdependence. The experimen- dominantly to a few(muonig atomic labels of the heavy

tal muon transfer rates for reactions such as nuclei[8,11]. For example, muon is captured mostly in the
n=4 states of €, andn=5 states of &". Also these
(H)1s+ X2 = (X, )& DT+ HT (1)  transfers take place mostly to the final muonic-atomic states

with low angular momenta and transfer rates are negligible
depend in a complicated manner on the cha@]. Here H  for atomic states with angular momernita2. The correct
dynamical formulation should include all the important
transfer channels and we included them in a previous study
*Present address. on muon transfer with light nuclear targedts4—17. How-
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ever, it is quite impossible now to treat even this reducedasymptotic configurations are possible in the system 123:
number of open transfer channels in a dynamical calculatiof23)—1 and (13)-2. These two configurations correspond
with heavier targets due to convergence difficulties in theto two distinct physical channels, denoted by 1 and 2, respec-
presence of the large polarization potential and large finaltively. These configurations are determined by the Jacobi
state Coulomb interaction mentioned above. Hence in theggrdinates |(13 Pk) F1a=F3—T1,po=(r3+myr)/(1
present treatment we use a two-channel model to calculat )— 1 FoomFa T, o1 = (Fat Myl p)/(1+My) T
transfer to a single final state, where we include the elastic ¥ _'2" f2s=fs7 2, p1={lsT Mol 2 b
and one transfer channels. Different sets of equations afdhereri, mi (i=1,2,3,) are coordinates and masses of the
used for the different final states. Eventually, the total transP2articles, respectively. _
fer rate is calculated by summing the different contributions. €t US introduce the total three-body wave function as a
The two-component Faddeev-Hahn-type equation, w&UM Of two components
use, allows us to introduce explicitly a polarization potential - - - - - .-
in the initial channel and the repulsive Coulomb potential in W(r1,r2,r3)=Wa(ras.p) + ¥alriz.pa), 2
the final channel. This has the advantage of building in the
correct asymptotic behavior of the wave function in a low- Whereq’l(rZB’Pl) is quadratically integrable over the vari-
order close-coupling-type approximatigag]. Hence as in  abler,s, andWy(ry3,p,) over the variable ;3. The compo-
Ref. [14-16 we make a two-state close-coupling approxi- nents¥; and ¥, carry the asymptotic boundary condition
mation to the Faddeev-Hahn-type equation in the preserfor channels 1 and 2, respectively. The second component is
study and find that a numerical solution using the presentesponsible for pure Coulomb interaction in the final state.
scheme leads to very encouraging agreement with experifhese components satisfy the following set of two coupled
mental transfer rates. equations
In Sec. Il we present our formalism. Numerical results for
muon-transfer rates from muonic hydrogen to carbon and [E—Hg— V23(r23) Upo|(p1)]\lf1(r23 pl)
oxygen are given in Sec. Ill and compared with those of .
other investigations. In Sec. IV we present a summary and =[ V2329 + Va1 1) = U(p2) 1 2T 13,p2), 3
outlook.

[E—Ho—Via(r19)—Uc(p2) 1¥a(r 13,p2)
Il. THEORETICAL FORMULATION =[V1a(F19) +ViaT10) — Upol(ﬁl)]qjl(FZSyﬁl)a (4)

The theoretical framework for the present study will be ; ; P
based on the formalism developed in REF5] which was whereE is the center- of-mass ene.rgy(_) |s_the total klne_tlc
used for the study of muon transfer from muonic hydrogerf"€r9y operatolV;; (r;;) pair potentials (#=1,2,3), Uc is
atoms to light charged nuclei, such as?lend L#+. Here  the final-state Coulomb interaction given by
we shall perform a similar study with heavier charged nuclei,
such as €' and G*. The presence of the strong Coulomb Uc(;'z):
interaction and the associated large polarization interaction
make the present calculational scheme far more complicated.
theoretically and numerically compared to that of Héb|.
The formalism of Ref[15] is a generalization over that of
Ref.[14] for charge-transfer reaction with no final-state Cou-
lomb interaction. In the dynamical equations in Réb] the 972
final-state Coulomb interaction is explicitly included in the >N__ 7=

it ; ; UpoI(Pl) 4’ p1>A (6)
transfer channel. In addition, in the present work we explic- 4p7
itly include a polarization potential in the elastic channel. In
a coupled-channel approach for atomic processes, the coand zero otherwise. The value of the cutoff paramdtdras
pling to infinite number ofp-wave states is responsible for to be chosen appropriate(gee Sec. I). By adding Eqs(3)
generating the polarization potentfdl9]. As it is impossible and (4) we find that they are equivalent to the Safirger
to include all such states in a numerical scheme, the comequation.
monly accepted procedure is to replace these coupling terms Distortion potential has been very useful in model and
by a polarization potential as in R¢R0]. This idea has been phenomenological description of reaction and scattering in
recently used successfully in antiproton-hydrogen anchuclear[22] and atomic physicf23]. Although such distor-
antihydrogen-hydrogen reactiofdl]. Next we describe the tion potentials are unnecessary in a complete solution of the
dynamical equations we use based on the close-coupling agchralinger equation, they enhance the agreement with ex-
proximation to Faddeev-Hahn-type two-component equaperiment in a simplified model description. For example, a
tions[14]. long-range polarizatiorfdistortion potential has been rou-

We use unite=A=m,=1, wherem, (e) is the muonic tinely used in electron-atom scatterifig0,24. Such a dis-
mass(charge, and denote, the heavy nuclei {Cor Of") tortion potential arising from the polarization of the muonic
by 1, the hydrogen isotopes by 2 and muon by 3. Below théwydrogen isotope due to the bare nuclei is effective in the
three-body breakup threshold, following two-cluster initial channel and has been included in E8). This polar-

z-1)Z'
2-19z° 5

with Z the charge of the heavy nuclei add(= 1) the charge
of the hydrogen isotope. Hetg,, is the polarization poten-
tial given by[11]
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ization potential for € or O®" is much stronger and its #?  L(L+1) )
effect on cross sections much more pronounced than in the {(kﬁz))zﬂL 5 —2MyUc(p2)
case of electron scattering. Hence, for obtaining a better P2 P2

agreement with experiment in a model calculation it is pru-

dent to include the polarization potential in the elastic chan- =02V(2L+1) J dp,f§ (Pl)J do sinw
nel. There should also be such a polarization potential in the

final channel. However, by far the most important interaction R 7 Z R

in the final channel is the Coulomb potential between the XR%{’M (|r13|)( -+ _,__Upo|(p1))
proton (or deuteroh and the charged muonic atom ? Ird  rig

X )# D This Coulomb(distortion potential has also

E)e'é)n explicitly included in Eq4). This vf/)ill help in obtain- X R(15M1(|r23|)p2plC£0|oYlm vy, m)\Am. (10)

ing a realistic description of the transfer process as we shal_| k(ll): ML (E—ED), kff)z 2M2(E—En ) with

find in the following. - -1 - - =)
B f the strong final-state Coulomb interacti =m; "+ (1+mp) "t andM, "=m, "+ (1+my) Y, B
ecause of the strong final-state Coulomb interaction uN s the binding energy of pairj8) andg,=4M, /y (J

the present muon-transfer problems it is very difficult to de-'S
velop and solve successfully multichannel models based 081 2),  y=1- mlmz([.(1+ml)(1+m2)] Cﬁo'm the
Egs. (3) and (4) above as in Ref[15]. Hence, for solving lebsch-Gordon coefficienty is the angle between the Ja-
Egs.(3) and(4) we expand the wave function components in €0 coordinatep; andp,, vy is the angle betweer; and
terms of bound states in initial and final channels, and prOJeovl, v, is the angle betweenl3 and Pz
these equations on these bound states. The expansion of theWe find that after the projection of the Faddeev-Hahn-
wave function is given by type equation$3) and(4) on the basis states, the initial-state
polarization and the final-state Coulomb potentials survive
on the left-hand-side of the resultant equati¢®sand (10).
L fD(py) The presence of the explicit Coulomb potential in the final
W(Fp3,p1)~ ———— %L (|r 3 /4, (7)  channel will automatically yield the correct physical
p ! Coulomb-wave boundary condition in that channel. The ex-
plicit inclusion of the polarization potential, although has no
effect on the boundary condition in the initial channel, sub-
- - E,Z,};(pz) R® stantially improves the results of the truncated model calcu-
Wa(ris,p2)= P R, (IF2a){Y£(p2) ©Yi(T13)} oo, lation based on Eqg9) and(10) as we shall see in the next
(8)  section.
To find unique solution to Eqs(9)—(10), appropriate
boundary conditions are to be considered. We impose the

where nl£ are quantum numbers of the three-body flnaI'JSual condition of regularity at the origif{(0)=0 and
state, w1 =msm,/(M3+my), mo=msmy/(M3+my), Yi,'s f(2.(0)=0. Also for the present scattering problem with 1

are the spherical harmonicB(? (|F|) is the radial part of +(23) as the initial state, in the asymptotic region, two so-

nl, u; . _ . . .
the hydrogenlike bound-state wave function for reducec{;]i::ggz_to Eqs(9)—~(10) satisfy the following boundary con

masspu; and chargez, f{(p,) and f.(p,) are the un-

nm(Pz)

known expansjon coefficients. This prescrip.tion _is similar to fBO(p) ~ sinkPpy)+KNcogkMpy), (11
that adopted in the close-coupling approximation. After a pp—+o0
proper angular momentum projection, the set of two-coupled
integrodifferential equations for the unknown expansion  f3.(p,) ~ \ui/v,K
functions can be written as pa—t®
X cog kP p,— 712k{PIn 2k$Pp,— 7w L12),
(1)y2 7 > (1) (12
(ki™) +_2_2M1Up0I(P1) fis(p1) | ) o )
ap1 where Ki”j are the appropriate coefficients. For scattering
" - with 2+ (13) as the initial state, we have the following con-
=g.\V(2£+1) fo dpof@(p,) fo do sine ditions:
, ) ~ VvolviK3icogk{Vpy), (13
> p14>+00
1le(| 23|)( i | i Uc(Pz))
= 12 f3(py) ~ sink@p,— n2kPIn2kPp,— wL12) (14
nI iy (|r13| PlpzczmoYlm(VzﬂT)/\/ pa

(9) + K55 cog kP p,— 7/2kPIn 2k p,— 7 L12), (15
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wherev; (i=1,2) is velocity in channel. The Coulomb ample, near the origin we took up to 60 equally spaced
parameter in the second transfer channelnis 2M,(Z  points per unit length interval,, ; in the intermediate region
—1)/k{?) [23]. The coefficients[}' are obtained from the (p=10—20a,) we took up to 15 equally spaced points per
numerical solution of the Faddeev-Hahn-type equations. Thenit length interval, and in the asymptotic regiop (

cross sections are given by =20-30@&,,) we took up to five equally spaced points per
o unit length interval. It is well-known that the results for the
o A (K1) (16  Cross section is sensitive to the value of the cufofof the
1s—nl ™

polarization potential. The short-range potential of the
present problem extends to about25 We considered the
where D=K[IK3,—KNIKD. When k®W—0: oY .,  polarization potential in the asymptotic regiop,>A

k(M2 (D—1)2+ (K +K5p)2

~1/k(11). The transfer rates are defined by =75a, . For a small variation of\ in this region from 78,
" N to about 12@,, we find the transfer cross sections to be
Nis—ni=01s-niV1No, (17) reasonably constant and the reported transfer cross sections

of this study are the averages of these cross sectionsidf

with v, being the relative velocity of the incident fragments . o :

I ) ncreased past 120 , the effect of the polarization potential
and Ng the liquid-hydrogen density chosen here as 4.2§ : - -
X 1072 em-3, because."(kh)—0)~ const. In our model ap- on the cross sections gradually decreases and finally disap

proach the total muon transfer rate is pears. IfA is decreased much below &p, the cross sec-
tions become rapidly varying function of and could be-
come unphysically large. The range of values (here
A=A (18  between 78, and 12@,,) for which the cross sections are
slowly varying smooth functions should increase with the
charge of the bare nucleus.

1. NUMERICAL RESULTS We present partial muon-transfer rai$ and total trans-

We employ muonic atomic unit: distances are measured®’ rates\ jr, calculated using the formulation of last section.

in units ofa,,, wherea,, is the radius of muonic hydrogen In this work using the model of Sec. Il we calc+ulate the
atom. The integrodifferential equations are solved by disjog\i-energy muon-transfer+rates fronp4);s to C°* and
cretizing them into a linear system of equations. The inteO°" @nd from @u)ys to O From other theoretic48,11]
grals in Egs(9) and (10) are discretized using the trapezoi- investigations it was concluded that in the case bf Ghe

dal rule and the partial derivatives are discretized using &ransfer takes place predominantly to e 4 state and for
three-point rule[25]. The discretized equation is subse- O°" it happens to th@=5 state, which is also found to be
quently solved by Gauss elimination method. As we are contrue in our model calculation. Hence in this work we only
cerned with the low-energy limit, only the total angular mo- Present rates for the=0,1,2 states of the=4 and 5 orbitals
mentumL =0 is taken into account. Even at zero incidentOf carbon and oxygen, respectively. The contribution of the
energy, the transfer channels are open and their wave fun&igher angular momentum states to the total transfer cross
tions are rapidly oscillating Coulomb waves. In order to get aSection is very small. Numerically converged results were
converged solution we needed a large number of discretizgbtained in these cases. The low energy partial rates
tion points. More points are taken near the origin where the\1s ., /10" sec'! and total rates\ /10" sec * are pre-
interaction potentials are large; a smaller number of pointsented in Tables |, I, and Il together with the results of
are needed at large distances. other theoretical and experimental works.

First we solved the system of equations without the po- First we comment on the results in Table | for muon
larization potential in the incident channel. However, thetransfer from pu),sto C°*. The partial transfer rates with-
final-state Coulomb interaction is correctly represented irput the polarization potential increases with decreasing
our model. In this case it is relatively easy to obtain thecenter-of-mass enerdyand saturates to a constant value for
numerical convergence for the system of equations whictie<0.04 eV for 4, 4p, and 4 states of muonic carbon. In
includes the elastic channel and one transfer channel at the case of € the transfer takes place predominantly to the
time. Finally, the total transfer cross section is calculated bys state. These qualitative behaviors are also true after the
adding the results of different two-channel contributions.inclusion of the polarization potential and were also true in a
Without the polarization potential, we needed up to 700 disprevious theoretical study. However, after the inclusion of
cretization points adequately distributed between 0 andhe polarization potential thesdand 4p transfer rates are
50a,. Near the origin we took up to 60 equally spacedenhanced by about a factor of 1.5. The present total transfer
points per unit intervalq,). rate of 8.5¢<10'° sec'! is about three times larger than the

It was more difficult to obtain convergence with the po- previous theoretical calculation of 280'° sec * [11]. We
larization potential. The polarization potenti@) is taken to  quote two experimental results in this case: (9®5)
be zero at small distances below the cutffin this case to X 10'° sec'! [2] and (5.2-1.0)x10% sec! [7]. The
get numerical convergence we had to integrate to very largpresent theoretical result lies in between these two somewhat
distances—up to 3@Q,. We needed up to 2000 discretiza- conflicting experimental results.
tion points to obtain convergence. Again we needed more In the case of muon transfer fromp) s to O°*, we find
points near the origin and less at large distances. For eXrom Table Il that transfer takes place predominantly to the
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TABLE I. Low-energy partiah s /10" sec ! and total\{;/10'° sec ! muon transfer rates reduced to
liquid-hydrogen densitiNy=4.25x 10?2 cm™ 3 from muonic hydrogeng{u) s to hydrogen-like excited state
of muonic carbon (G)57,.

Energy Upol(p1) =0 With polarization Theory Experiment
E (e\/) (n l) )\'[1rSHnI )\H]I AEI.rSHnI )\g)t [11] [7] [2]
4s 34 5.2£0.2
0.04 Zi's] 2.1 55 3.2205 8.5:0.7 2.8 5.%+1.0 9.5:0.5
4d 0.05 0.1
4s 21 2.8:0.2
0.1 4p 11 3.2 1502 4.3-0.4
4d ~0 ~0
4s 1.2 1.6:0.1
0.5 4p 0.4 1.6 0.70.1 2.3:0.2
4d ~0 ~0

5s and 5 states of muonic oxygen. Again the transfer ratesthough for largeZ these rates increase linearly with there
saturate and attain constant values #+0.04 eV. The is no general behavior for small The most recent experi-
transfer rate is higher in thes5state and lowest in thedd  mental transfer rates decrease when we move from the sys-
state. This behavior remain true after the inclusion of theem pu-C®* to pu-0®* [2,4]. Through our dynamical cal-
polarization potential, when the transfer rate to thesfate  culation we have been able to reproduce this behavior. Our
increases by a factor of more than 2 whereas the contributiopalculation is also consistent with the experimentally ob-
to the 5 state increases by a factor of 1.5. The present totagerved isotope effect, e.g., the transfer rate decreases when
transfer rate of (7.20.5)x 10%° sec’! is about 1.5 times we move frompu-08" to du-08* [3,4].

larger than the previous theoretical calculation of 5.6
X 10'% sec’! [11] and in reasonable agreement with the re-
cent experimental rate of (8:5.2)x 10'° sec ! [4].

Finally, in the case of muon transfer from ) s to G, We have studied muon-transfer reactions from muonic
we find from Table Il that transfer also takes place predomi-hydrogen to carbon and oxygen nuclei employing a full
nantly to the $ state of muonic oxygen. The contribution to quantum-mechanical few-body description of rearrangement
the transfer rate due tosSstate is two times as large as the scattering by solving the Faddeev-Hahn-type equations using
contribution due to the |5 state. Again the transfer rate satu- close-coupling approximation. To provide the correct
rate and attain a constant value f6k<0.04 eV. After the asymptotic form of the wave function in the transfer channel,
inclusion of the polarization potential the transfer rate to thethe final-state Coulomb interaction has been incorporated di-
5s state increases by a factor of 1.5. The present total transfeectly into the equations. We also included a polarization
rate of (4.4-0.6)x10'° sec'! is in reasonable agreement potential at large distances in the initial channel. It is shown
with the recent experimental rate of X30'° sec'! [3]. that in the present approach, the application of a close-

The Z dependence of the transfer rates from a specificoupling-type ansatz leads to satisfactory results for direct
hydrogen isotope t&** has been a subject of interest. Al- muon-transfer reactions from muonic hydrogen " Gnd

IV. CONCLUSION

TABLE II. Low-energy partial\[ /10" sec! and total\{,/10° sec ! muon transfer rates reduced

to liquid-hydrogen densit\No=4.25x 10?> cm™2 from muonic hydrogen ffu)s to hydrogenlike excited
state of muonic oxygen (,9315.

Energy Upal(p) =0 With polarization Theory Experiment
EE@) () Mo Ma Mew  MNe 0 @B (4
5s 35 5.5:0.2
0.04 5 0.8 4.35 2.%+0.2 7.7+0.5 5.6 8.3 8.50.2
5d 0.05 0.1-0.05
5s 3.1 5.0:0.2
0.1 5p 0.7 3.8 1.#0.2 6.8-0.5
5d 0.02 0.05
5s 2.0 2.9+0.1
0.5 5p 0.2 2.2 1.:0.1 3.9:0.2
5d ~0 ~0
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TABLE IIl. Low-energy partial N[, ,,/10'° sec! and total  of oxygen is about twice as large as that to thesfate. The
Mpd10' sec't muon transfer rates reduced to liquid-hydrogen present rates are much larger by factors of about two to three
density No=4.25< 1072 cm ™2 from muonic hydrogendu),s to  compared to the calculation of R¢fL1]. Finally, in the case

hydrogenlike excited state of muonic oxygenﬂ()qu;.

of muon transfer from qu),s to O", the present transfer

rate to the S state is large compared to that to the State.

Experiment  In all cases the inclusion of the polarization potential im-

proves the agreement with experiment and our final transfer

Energy Upal(p1)=0  With polarization

E@€V) () Mo Mo M Niot 3]
5s 1.9 2.9:0.3

0.04 5 0.8 27 1503 4.4:0.6 55
5d <=0.01 ~0
5s 1.1 1.8-0.2

0.1 5p 0.5 16 0702 2504
5d =0.01 ~0
5s 0.7 1.0:0.2

0.5 5p 0.1 0.8 0.200.1 1.2:0.3
5d =<0.01 ~0

rates are in encouraging agreement with recent experiments
[2—4]. The present rates for oxygen fromg) s and du) s

are in agreement with the observed isotope eff@¢t the
transfer rate increases with the decrease of the mass of the
hydrogen isotope. Because of the present promising results
for the muon-transfer rates f@=6 andZ=8 it seems use-

ful to make future applications of the present formulation for
larger targets. Calculations involving nuclei of higher
charges (N¥", St Ar'®" etc) are in progress.
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