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Quantum teleportation of an entangled state
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We consider the teleportation of entangled two-particle and multiparticle states and present a scheme for the
teleportation that may be suitable for both entangled atomic states or field states inside high-Q cavities.
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I. INTRODUCTION

The notions of coherent superposition and entanglem
in quantum mechanics lie at the conceptual foundation
quantum mechanics as evident through fundamental co
butions like bell inequalities@1# and Greenberger-Horne
Zeilinger ~GHZ! equalities@2#. These alternative concep
are finding interesting and useful applications in the field
quantum computing and quantum information.

One of the key problems in quantum communication
how to transmit a quantum state from one observer to
other and keep the received state exactly the same as
sent without necessitating the movement of an informat
carrier. This can be accomplished in two steps. First,
sender ‘‘disassembles’’ information of a quantum state i
two parts, one of which is sent through a quantum chan
run by the nonlocal correlation between two entangled qu
tum entities, and the other of which is sent through a cla
cal channel. Second, the receiver ‘‘reconstructs’’ the state
the basis of information from both the quantum and class
channels. Because in this process a quantum state to be t
mitted is destroyed in one place and later reconstructe
another place, this transmission is termed as teleportatio
a quantum state. Bennettet al. @3# proposed a scheme for th
teleportation of an unknown quantum state from one
server to another through dual Einstein-Podolsky-Ro
~EPR! and classical channels.

Since this proposal was made, a number of experim
tally feasible schemes have been suggested for the telep
tion of two-level atomic states@4–13# and field states@14–
16# for two-dimensional states toN-dimensional states@17#.
Most of these schemes rely on methods based on ca
quantum electrodynamics in which two identical highQ
cavities are initially prepared in an entangled state. Quan
teleportation was experimentally verified by producing pa
of entangled photons through the process of parame
down-conversion@18#. Recently, a scheme has been p
sented that exploits the cavity decay for the teleportation
the atomic state of an atom trapped in a leaky cavity@19#. In
addition to these schemes of discrete variables, m
progress has also been made for the quantum teleportatio
states of dynamical variables with continuous spectra@20–
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22#. The teleportation of a coherent state of the radiat
field @23# and the teleportation of a superposition of chir
amplitudes have also been reported@24#.

All these schemes are for the teleportation of single-qu
states. In many potential applications of quantum comput
such as factorizing a very large number@25# or searching an
unordered quantum database@26#, one needs the system o
many-qubit states. It is therefore an interesting quest
whether we can teleport a multiqubit state. In this paper,
present a scheme for the teleportation of a two-particle~two-
qubit! entangled state from a pair of high-Q cavities to an-
other pair of high-Q cavities using methods based on cav
quantum electrodynamics. This scheme is then general
for the teleportation of theN-qubit field state.

II. QUANTUM TELEPORTATION OF AN ENTANGLED
STATE

In this section, we consider the teleportation of a tw
qubit entangled state of the radiation field in two separa
high-Q cavitiesA1 andA2 to another pair of high-Q cavities
C1 andC2 . The entangled state of the radiation field is a
sumed to be

uc~A1 ,A2!&5 (
p1 ,p250

1

Cp1p2
up1 ,p2&. ~1!

te
i-

FIG. 1. Quantum teleportation of the two-qubit sta
uc(A1A2)&5(n1 ,n250

1 Cn1 ,n2
un1 ,n2&. uc(B1C1)& and uc(B2C2)&

are two entangled states. CavitiesB1 andB2 belong to the sending
station while cavitiesC1 andC2 belong to the receiving station. A
four-bit piece of classical information transmitted from the send
station to the receiving station enables the receiver to recons
the original state.
©2000 The American Physical Society07-1
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It may be pointed out that this scheme also correspond
the teleportation of entangled two-level atomic states
cause the atomic entanglement can be transferred to the
cavities by passing them through the two cavities withp
pulse. As usual, the teleportation of state~1! can be carried
out in three steps, as shown in Fig. 1.

In the first step, we consider the other two sets of cavit
B1 , C1 andB2 , C2 , prepared in entangled states:

uc~B1C1!&5
1

&
~ u0B1

,1C1
&1u1B1

,0C1
&), ~2!

uc~B2C2!&5
1

&
~ u0B2

,1C2
&1u1B2

,0C2
&). ~3!
02230
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We then have

uc~B1B2C1C2!&5
1

2
@ u0B1

,0B2
,1C1

,1C2
&1u0B1

,1B2
,1C1

,0C2
&

1u1B1
,0B2

,0C1
,1C2

&1u1B1
,1B2

,0C1
,0C2

&].

~4!

It is important to note here that for the teleportation of
two-qubit quantum state we do not need to prepare an
tangled state of four qubits. Instead, we need two entang
states of two qubits each. The combined state of the field
the cavitiesA1 , A2 , B1 , B2 , C1 , andC2 is therefore given
as
r

uc~A1A2B1B2C1C2!&5 1
2 (

p1 ,p250

1

Cp1p2
up1&A1

up2&A2

3~ u0B1
,0B2

,1C1
,1C2

&1u0B1
,1B2

,1C1
,0C2

&1u1B1
,0B2

,0C1
,1C2

&1u1B1
,1B2

,0C1
,0C2

&). ~5!

Next we define the basis states for theA1A2B1B2 system:

uc j 1 , j 2,0,0~A1A2B1B2!&5 1
2 ~ u0A1

,0A2
,1B1

,1B2
&1eip j 2u0A1

,1A2
,1B1

,0B2
&

1eip j 1u1A1
,0A2

,0B1
,1B2

&1eip~ j 11 j 2!u1A1
,1A2

,0B1
,0B2

&), ~6!

uc j 1 , j 2,0,1~A1A2B1B2!&5 1
2 ~ u0A1

,0A2
,1B1

,0B2
&1eip j 2u0A1

,1A2
,1B1

,1B2
&

1eip j 1u1A1
,0A2

,0B1
,0B2

&1eip~ j 11 j 2!u1A1
,1A2

,0B1
,1B2

&), ~7!

uc j 1 , j 2,1,0~A1A2B1B2!&5 1
2 ~ u0A1

,0A2
,0B1

,1B2
&1eip j 2u0A1

,1A2
,0B1

,0B2
&

1eip j 1u1A1
,0A2

,1B1
,1B2

&1eip~ j 11 j 2!u1A1
,1A2

,1B1
,0B2

&), ~8!

uc j 1 , j 2,1,1~A1A2B1B2!&5 1
2 ~ u0A1

,0A2
,0B1

,0B2
&1eip j 2u0A1

,1A2
,0B1

,1B2
&

1eip j 1u1A1
,0A2

,1B1
,0B2

&1eip~ j 11 j 2!u1A1
,1A2

,1B1
,1B2

&), ~9!

where j 1 , j 250,1. We therefore have 16 basis states. The combined stateuc(A1A2B1B2C1C2)& can be rewritten as a linea
superposition of the basis statesuc j 1 , j 2 ,k1 ,k2

(A1A2B1B2)& of the A1A2B1B2 system as follows:

uc~A1A2B1B2C1C2!&5 (
j 1 , j 250

1

uc j 1 , j 2,0,0~A1A2B1B2!&~C00u0C1
,0C2

&1C01e
ip j 2u0C1

,1C2
&1C10e

ip j 1u1C1
,0C2

&

1C11e
ip~ j 11 j 2!u1C1

,1C2
&)1uc j 1 , j 2,0,1~A1A2B1B2!&~C00u0C1

,1C2
&1C01e

ip j 2u0C1
,0C2

&

1C10e
ip j 1u1C1

,1C2
&1C11e

ip~ j 11 j 2!u1C1
,0C2

&)

1uc j 1 , j 2,1,0~A1A2B1B2!&~C00u1C1
,0C2

&1C01e
ip j 2u1C1

,1C2
&1C10e

ip j 1u0C1
,0C2

&

1C11e
ip~ j 11 j 2!u0C1

,1C2
&)1uc j 1 , j 2,1,1~A1A2B1B2!&~C00u1C1

,1C2
&1C01e

ip j 2u1C1
,0C2

&

1C10e
ip j 1u0C1

,1C2
&1C11e

ip~ j 11 j 2!u0C1
,0C2

&). ~10!
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In the second step, we make a measurement of
A1A2B1B2 system. A detection of theA1A2B1B2 system in
the stateuc j 1 , j 2 ,k1 ,k2

(A1A2B1B2)& projects the field state in

the cavitiesC1C2 into

uc~C1C2!&5 (
p1 ,p250

1

eip~ j 1p11 j 2p2!Cp1p2
u~k11p1!mod2&C1

3u~k21p2!mod2&C2
. ~11!

The field state in the cavitiesC1C2 has thus been projecte
to a state that has all the information about the amplitu
Cp1p2

.
In the third and final step of the quantum teleportation

manipulation of the cavitiesC1C2 needs to be done to brin
state~11! to from ~1!. In the following sections we give the
details of these three steps.

A. Preparation of entangled states

In the first step, we prepare two pairs of cavitiesB1 ,C1
andB2 ,C2 in entangled states~2! and~3!. This can be done
by passing a two-level atom initially in the excited sta
through the two resonant cavities. The interaction times o
atom with two cavities are chosen to be such that we hav
p/2 pulse in the first cavity and ap pulse in the second
cavity @6#. Initially, the two cavitiesB1 andC1 are taken in a
vacuum and the two-level atom is taken in an excited s
ua&. When the atom has undergone ap/2 pulse in the first
cavity, the second cavity is still empty and the atom-fie
system is in a state that corresponds to a linear superpos
with equal weights ofua& and ub& atomic states correlated t
zero and one photon, respectively, in cavityB1 as

uc~B1C1!&5
1

&
~ ub,1B1

&1ua,0B1
&) ^ u0C1

&. ~12!

If the atom is still in an excited stateua& after leaving cavity
B1 in its vacuum state, it will, with unit probability, be trans
ferred toub& by thep pulse in cavityC1 and leave a photon
in the second cavity. If it emits a photon in cavityB1 and
exits it in level ub&, it will be unaffected by its coupling with
the vacuum in cavityC1 and will leave the second cavit
empty. Thus the atom always exits from second cavityC1 in
state ub&, while the field is left in the entangled state~2!.
Similarly, we prepare another pair of cavities,B2C2 , in en-
tangled state~3!.

B. Measurement ofzc j 1 , j 2 ,k1 ,k2
„A1A2B1B2…‹

The second step of the teleportation is the measureme
the Bell statesuc j 1 , j 2 ,k1 ,k2

(A1A2B1B2)& of the A1A2B1B2

system. The subscriptsj 1 , j 2 , k1 , andk2 have the values 0
and 1. Among these,k1 and k2 can be determined by th
number of photons inside the four cavities, whilej 1 and j 2
can be determined from the relative phase of the states. T
the stateuc j 1 , j 2 ,k1 ,k2

(A1A2B1B2)& can be determined in two

sets of measurements, the first determiningk1 andk2 via the
02230
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total number of photons inside the cavities, and the sec
determining j 1 and j 2 via the relative phase. It is clea
that the cavities in stateuc j 1 , j 2,0,0(A1A2B1B2)& have two

photons, those in statesuc j 1 , j 2,0,1(A1A2B1B2)& and

uc j 1 , j 2,1,0(A1A2B1B2)& have one or three photons, while i

state uc j 1 , j 2,1,1(A1A2B1B2)& they have zero, two, or fou
photons.

There are a number of ways to determine the numbe
photons inside the cavities. We propose the use of Ram
interferometry. In this scheme, we consider two-level ato
initially prepared in ground stateub& that are off-resonan
with the radiation field inside the cavities. The cavities a
placed between two classical microwave fields~Ramsey
zonesR1 andR2! driving the ua&→ub& transition. When an
atom passes from the first zoneR1 with a microwave field
tuned at frequencyvab , it is prepared in a coherent supe
position of states (ua&1ub&)/&. This atom is then passe
through the two selected cavities with the same interac
time u in each cavity. During the passage through the ca
ties, a phase shift proportional to the photon numbers in the
two cavities is introduced as a phase of the stateub& @27#. The
resulting state of the atom then becomes

1

&
@ ua&1eisuub&]. ~13!

The atom is then passed through the second zoneR2 , again
resonant withvab . The interaction time and the couplin
parameters are chosen such thatua&→(ua&1ub&)/& and
ub&→(ua&2ub&)/&. The final atomic state is

eisu/2@cos~su/2!ua&2 i sin~su/2!ub&]. ~14!

The complete atom-field state is entangled and rather c
plicated. We have therefore not reproduced it here. It
however, clear that a measurement of the atom in stateua& or
ub& would reduce the fields inside the cavities to states w
only an appropriate number of total photons in the two ca
ties.

The first atom is sent through the two cavitiesA1 andB1
with the interaction timeu5p in each cavity. It follows
from Eq.~13! that if the atom is found in the excited stateua&,
the total number of photons in the two cavities is even, i
0, 2. This impliesk151, k250 or k151, k251. If the atom
is detected in stateub&, then the total number of photons i
the two cavities is odd andk150, k250 or k150, k251. In
the next step we make a measurement in the cavitiesA2 and
B2 only with the same interaction time. A detection of a
atom in either the excited stateua& or the ground stateub&
completely determines the values ofk1 andk2 according to
the following sequence:

ua&ua&⇒uc j 1 , j 2,1,1~A1A2B1B2!&,

ua&ub&⇒uc j 1 , j 2,1,0~A1A2B1B2!&,

ub&ua&⇒uc j 1 , j 2,0,1~A1A2B1B2!&,
7-3
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ub&ub&⇒uc j 1 , j 2,0,0~A1A2B1B2!&.

For the determination of phase factorsj 1 and j 2 we make
measurements in the cavitiesA1 and A2 only after first
evacuating the cavitiesB1 andB2 . However, during the pro-
cess of ‘‘emptying’’ the cavitiesB1 and B2 , the relative
phase between the component states in the resulting
uc j 1 , j 2 ,k1 ,k2

(A1A2B1B2)& may change. There are a numb

of ways to remove the photons from the cavitiesB1 andB2 .
Here we consider two two-level atoms initially in the

ground statesub&. One of the atoms is sent through the cav
B1 and the other through cavityB2 . After the passage, th
atomic internal statesua& and ub& are mixed by a classica
field such that ua&→(ua&1ub&)/& and ub&→(ua&
2ub&)/&. A subsequent detection of these atoms in sta
ua& or ub& introduces phase factors. To see this clearly,
takek15k250 for the sake of simplicity. Similar argumen
will, however, apply for other values ofk1 andk2 . First we
consider the passage of atoms through cavityB1 only. The
initial state is therefore

uc j 1 , j 2,0,0~A1A2B1B2!& ^ uatom&

5 1
2 ~ u0A1

,0A2
,1B1

,1B2
&1eip j 2u0A1

,1A2
,1B1

,0B2
&

1eip j 1u1A1
,0A2

,0B1
,1B2

&

1eip~ j 11 j 2!u1A1
,1A2

,0B1
,0B2

&) ^ ub&. ~15!

The removal of a photon fromB1 followed by mixing of the
atomic levels by the classical field yields

uc j 1 , j 2,0,0~A1A2B1B2!& ^ uatom&

5 1
2 @~ u0A1

,0A2
,0B1

,1B2
&

1eip j 2u0A1
,1A2

,0B1
,0B2

&) ^
1

&
~ ua&1ub&)

1~eip j 1u1A1
,0A2

,0B1
,1B2

&

1eip j 2u1A1
,1A2

,0B1
,0B2

&) ^
1

&
~ ua&2ub&)]. ~16!

The detection of the atom in levelua& gives

uc j 1 , j 2,0,0~A1A2B1B2!&

5 1
2 ~ u0A1

,0A2
,1B2

&1eip j 2u0A1
,1A2

,0B2
&1eip j 1u1A1

,0A2
,1B2

&

1eip~ j 11 j 2!u1A1
,1A2

,0B2
&) ^ u0B1

&, ~17!

whereas the detection of the atom in levelub& gives
02230
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uc j 1 , j 2,0,0~A1A2B1B2!&

5 1
2 ~ u0A1

,0A2
,1B2

&1eip j 2u0A1
,1A2

,0B2
&

2eip j 1u1A1
,0A2

,1B2
&2eip~ j 11 j 2!u1A1

,1A2
,0B2

&) ^ u0B1
&.

~18!

By a similar procedure, the photon can be removed from
cavity B2 and the resulting cavity field state will have pha
factors according to the final outcome of the atomic sta
Here we summarize the final outcome depending upon
sequence of atom states for the removal of photons fr
cavity B1 and cavityB2 :

ua&ua&→ 1
2 ~ u0A1

,0A2
&1eip j 2u0A1

,1A2
&1eip j 1u1A1

,0A2
&

1eip~ j 11 j 2!u1A1
,1A2

&) ^ u0B1
,0B2

&,

ua&ub&→ 1
2 ~ u0A1

,0A2
&2eip j 2u0A1

,1A2
&1eip j 1u1A1

,0A2
&

2eip~ j 11 j 2!u1A1
,1A2

&) ^ u0B1
,0B2

&,

ub&ua&→ 1
2 ~ u0A1

,0A2
&1eip j 2u0A1

,1A2
&2eip j 1u1A1

,0A2
&

2eip~ j 11 j 2!u1A1
,1A2

&) ^ u0B1
,0B2

&,

ub&ub&→ 1
2 ~ u0A1

,0A2
&2eip j 2u0A1

,1A2
&2eip j 1u1A1

,0A2
&

1eip~ j 11 j 2!u1A1
,1A2

&) ^ u0B1
,0B2

&. ~19!

This completes the procedure of evacuating cavitiesB1 and
B2 . The resulting state can have different but known ph
factors between the constituent states. The net effec
equivalent to a transformation to a different basis. Next
make measurements in the cavitiesA1 and A2 in order to
determine the phase factorsj 1 and j 2 . For simplicity’s sake,
we assume that the first two atoms are detected in stateua&.

We now remove photons from cavitiesA1 and A2 by a
similar procedure, i.e., by sending two-level atoms in th
ground stateub& followed again by a classical field that mixe
the levels such thatua&→(ua&1ub&)/& and ub&→(ua&
2ub&)/&:

uc j 1 , j 2,0,0~A1A2B1B2!& ^ uatom&

5
1

2&
~ u0A2

&1eip j 2u1A2
&)

3@~11eip j 1!ua&2~12eip j 1!ub&] ^ u0A1
,0B1

,0B2
&.

~20!

If the atom is detected inua& then j 150, and if atom is
detected inub& then j 151. The resulting cavity field state is

uc j 2,0,0~A1A2B1B2!&5
1

&
~ u0A2

&1eip j 2u1A2
&)

^ u0A1
,0B1

,0B2
&. ~21!
7-4
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Finally, we send the atom through the cavityA2 and repeat
the same procedure. If the atom is found in stateua& then
j 250, and if the atom is detected inub& then j 251. So by
making measurements only in cavitiesA1 and A2 by first
removing one photon from cavityA1 and then removing one
photon from cavityA2 , detection of the atom in differen
states yields the different values ofj 1 and j 2 as

ua&ua&ua&ua&→ j 150, j 250⇒uc0,0,k1 ,k2
~A1A2B1B2!&,

ua&ua&ua&ub&→ j 150, j 251⇒uc0,1,k1 ,k2
~A1A2B1B2!&,

ua&ua&ub&ua&→ j 151, j 250⇒uc1,0,k1 ,k2
~A1A2B1B2!&,

ua&ua&ub&ub&→ j 151, j 251⇒uc1,1,k1 ,k2
~A1A2B1B2!&.

If we have other sequences of detection of the first t
atoms, then by doing the same process detection of the a
in different states gives the different values ofj 1 and j 2 as
shown below:

ua&ub&ua&ua&→ j 150, j 251⇒uc0,1,k1 ,k2
~A1A2B1B2!&,

ua&ub&ua&ub&→ j 150, j 250⇒uc0,0,k1 ,k2
~A1A2B1B2!&,

ua&ub&ub&ua&→ j 151, j 251⇒uc1,1,k1 ,k2
~A1A2B1B2!&,

ua&ub&ub&ub&→ j 151, j 250⇒uc1,0,k1 ,k2
~A1A2B1B2!&,

ub&ua&ua&ua&→ j 151, j 250⇒uc1,0,k1 ,k2
~A1A2B1B2!&,

ub&ua&ua&ub&→ j 151, j 251⇒uc1,1,k1 ,k2
~A1A2B1B2!&,

ub&ua&ub&ua&→ j 150, j 250⇒uc0,0,k1 ,k2
~A1A2B1B2!&,

ub&ua&ub&ub&→ j 150, j 251⇒uc0,1,k1 ,k2
~A1A2B1B2!&,

ub&ub&ua&ua&→ j 151, j 251⇒uc1,1,k1 ,k2
~A1A2B1B2!&,

ub&ub&ua&ub&→ j 151, j 250⇒uc1,0,k1 ,k2
~A1A2B1B2!&,

ub&ub&ub&ua&→ j 150, j 251⇒uc0,1,k1 ,k2
~A1A2B1B2!&,

ub&ub&ub&ub&→ j 150, j 250⇒uc0,0,k1 ,k2
~A1A2B1B2!&.

We can summarize from the above equations that if
order of detection of the first two atoms is the same as
last two, then we havej 150 and j 250 and the state is
uc0,0,k1 ,k2

(A1A2B1B2)&. If the detection of atomic states i
the same for the first and third atom and detection of
fourth atom is reversed with respect to the second atom,
j 150 and j 251 and the state isuc0,1,k1 ,k2

(A1A2B1B2)&. If
the detection of the atomic states is the same for the sec
and fourth atom and detection of the third atom is rever
with respect to the first atom, thenj 151 and j 250 and the
state isuc1,0,k1 ,k2

(A1A2B1B2)&. If the order of detection of
atomic states for the third and fourth atom is reversed w
02230
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respect to the first and second atom, respectively, thenj 1
51 and j 251 and the state isuc1,1,k1 ,k2

(A1A2B1B2)&.
A determination of the entangled state of the field ins

the cavities A1 , A2 , B1 , and B2 , say, in state
uc j 1 , j 2 ,k1 ,k2

(A1A2B1B2)&, projects the state of the field in

cavitiesC1 andC2 into the stateuc(C1C2)& as given by Eq.
~11!. In the final step of the teleportation, we transform th
state into the original state~1!.

C. Transformation

The transformation of stateuc(C1C2)& given by Eq.~11!
into that given by Eq.~1! involves two steps. One is th
removal of phases exp(ipj1) and exp(ipj2) and the other is an
appropriate transformation of photon numbers.

First we consider the transformation of phase only. F
the sake of simplicity, we takek150 andk250. We then
have

uc~C1C2!&5C00u0C1
,0C2

&1C01e
ip j 2u0C1

,1C2
&

1C10e
ip j 1u1C1

,0C2
&1C11e

ip~ j 11 j 2!u1C1
,1C2

&.

~22!

~i! If j 150 and j 250, then the stateuc(A1A2)& is recov-
ered.

~ii ! If j 150 and j 251, then

uc~C1C2!&5C00u0C1
,0C2

&1C01e
ipu0C1

,1C2
&1C10u1C1

,0C2
&

1C11e
ipu1C1

,1C2
&. ~23!

An atom in a superposition state@ ua&1ub&]/& is passed
through the cavityC2 only in such a way that the groun
state ub& picks the phase exp(ipp) ~p being the number of
photons inside the cavityC2! while the excited stateua& does
not pick any additional phase. We then have

uc~C1C2!&5
1

&
~C00u0C1

,0C2
&2C01u0C1

,1C2
&

1C10u1C1
,0C2

&2C11u1C1
,1C2

&)ua&

1
1

&
~C00u0C1

,0C2
&1C01u0C1

,1C2
&

1C10u1C1
,0C2

&1C11u1C1
,1C2

&)ub&. ~24!

If the atom is detected inub& after the passage through cavi
C2 then the stateuc(A1A2)& is recovered. If the atom is
detected in stateua& then repeat the process until the atom
detected inub&.

~iii ! For j 151 and j 250,

uc~C1C2!&5C00u0C1
,0C2

&1C01u0C1
,1C2

&1C10e
ipu1C1

,0C2
&

1C11e
ipu1C1

,1C2
&. ~25!
7-5
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We carry out the same process again, but this time we p
the atom through cavityC1 only. With the detection of the
atom in stateub&, we recover the required state.

~iv! For j 151 and j 251,

uc~C1C2!&5C00u0C1
,0C2

&1C01e
ipu0C1

,1C2
&

1C10e
ipu1C1

,0C2
&1C11u1C1

,1C2
&. ~26!

Again, the same procedure is repeated except that the a
passes through both cavities. As before, the detection of
atom in stateub& will recover the required state; otherwis
we repeat the process until it is detected in stateub&.

Next we consider the transformation of photon numb
in the cavities. As phase is removed by the method dis
cussed above, we takej 15 j 250 for simplicity’s sake:

~i! For k150 andk250,

uc~C1C2!&5C00u0C1
,0C2

&1C01u0C1
,1C2

&1C10u1C1
,0C2

&

1C11u1C1
,1C2

&, ~27!

and the original state is recovered and we do nothing furt
~ii ! For k150 andk251,

uc~C1C2!&5C00u0C1
,1C2

&1C01u0C1
,0C2

&1C10u1C1
,1C2

&

1C11u1C1
,0C2

&. ~28!

In order to recover the original state~1!, we should inter-
change the state between zero and one photon in cavityC2 .
For this purpose, we pass a two-level atom in its ground s
ub& through cavityC2 with a p pulse followed by its passag
through a classical field again with ap pulse~ua&→ub& and
ub&→ua&! and finally through an empty cavityC28 such that
the atom in excited stateua& leaves the cavity in ground stat
ub& while leaving one photon inside the cavity and the at
in ground stateub& leaves the cavity in the ground state wi
no photon inside the cavity. This leads to the field states
the cavitiesC1 and C28 in the entangled state~1! and the
teleportation is complete.

~iii ! For k151 andk250,

uc~C1C2!&5C00u1C1
,0C2

&1C01u1C1
,1C2

&1C10u0C1
,0C2

&

1C11u0C1
,1C2

&. ~29!

We carry out the same procedure as above with the o
difference being that the atom is passed through cavityC1 .

~iv! For k151 andk251,

uc~C1C2!&5C00u1C1
,1C2

&1C01u1C1
,0C2

&1C10u0C1
,1C2

&

1C11u0C1
,0C2

&. ~30!

Here we carry out the above procedure independently for
two cavitiesC1 andC2 .
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III. TELEPORTATION OF THE N-QUBIT FIELD STATE

After giving a scheme to teleport the two-qubit state, w
would like to generalize this scheme for theN-qubit state as
shown in Fig. 2. Let us consider aN-qubit entangled field
state inN high-Q cavities as

uc~A1 ...AN!&5 (
n1 ,...,nN50

1

Cn1 ,...,nN
un1 ,...,nN&. ~31!

We want to teleport this entangled state inAi ( i
51,2,•••,N) high-Q cavities to Ci ( i 51,2, . . . ,N) high-Q
cavities.

In the first step of the teleportation of state~31!, we need
N pairs of entangled cavities

uc~BiCi !&5
1

&
~ u0&Bi

u1&Ci
1u1&Bi

u0&Ci
), ~32!

wherei 51,2, . . . ,N. TheseN entangled pairs of cavities ca
be prepared as mentioned earlier by passing two-level at
initially in the excited state through the two resonant cavit
and by setting ap/2 pulse and ap pulse, respectively, in the
two cavities. As before, cavitiesBi ( i 51,2, . . . ,N) are with
the sender and cavitiesCi ( i 51,2, . . . ,N) belong to re-
ceiver. We now define 22N basis states in cavitie
A1A2 ...ANB1B2 ...BN as

uc j 1 ,...,j N ,k2 ,...,kN
~A1 ...ANB1 ...BN!&

5 (
p1 ,...,pN50

1

exp@ ip~ j 1p11 j 2p21¯1 j NpN!#

3up1&A1
up2&A2

¯upN&AN
u~12p12k1!mod2&B1

3u~12p22k2!mod2&B2
3¯3u~12pN2kN!mod2&BN

FIG. 2. Quantum teleportation of the N-qubit
state uc(A1A2 ...AN)&5(n1 ,n2 ,...,nN50

1 Cn1 ,n2 ,...,nN
un1 ,n2 , . . . ,nN&.

uc(BiCi)& are N entangled states. CavitiesBi ( i 51,2, . . . ,N) be-
long to sender while cavitiesCi ( i 51,2, . . . ,N) are with the re-
ceiver. A 2N-bit piece of classical information transmitted from th
sending station to the receiving station enables the receiver to
construct the original state.
7-6
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5 (
p1 ,...,pN50

1

)
m51

N

@eip j mpmupm&Am

3u~12pm2km!mod2&Bm
]. ~33!

The combined state in the cavitiesA1 ...ANB1 ...BNC1 ...CN
in terms of basis states can be written as

uc~A1 ...ANB1 ...BNC1 ...CN!&

5 (
j 1 ,...,j N50

1

(
k1 ,...,kN50

1

(
p1 ,...,pN50

1

3Cp1 ,...,pN
uc j 1 ,...,j N ,k1 ,...,kN

~A1 ...ANB1 ...BN!&

3 )
m51

N

eip j mpmu~pm1km!mod2&Cm
. ~34!

We now make measurement of the 22N basis states of the
A1 ...ANB1 ...BN system. It has 2N parameters;N parameters
correspond to the phase, while the remainingN para-
meters correspond to the photon numbers inside
cavities A1 ,...AN ,AN ,B1 ,...,BN . Thus the state
uc j 1 ,...,j N ,k1 ,...,kN

(A1 ...ANB1 ...BN)& can be determined in

two sets of measurements, the first determiningk1 ,k2 ,...,kN
via the total number of photons inside the cavities, and
second determiningj 1 , j 2 ,...,j N via the relative phase. Fo
the determination of photon numbers we use Ramsey in
ferometry. We send an atom in ground stateub& through two
cavitiesA1 and B1 and two Ramsey zonesR1 and R2 with
interaction timeu5p in each cavity. The atom is resona
with the two Ramsey zones and off-resonant with the ca
ties. Detection of the atom in either the excited stateua& or
the ground stateub& makes the probable outcomes
uc j 1 ,...,j N ,k1 ,...,kN

(A1 ...ANB1 ...BN)& to N/2 of total N val-
ues. We then send a second atom in the ground state thr
A2 andB2 with the same interaction time, which reduces t
probable outcomes by half. Similarly, we continue the p
cedure and send the last atom throughAN andBN . A detec-
tion of the atom in either the excited stateua& or the ground
state ub& completely determines the values ofk1 ,k2 ,...,kN
according to the following outcomes. For example,kn is
equal to 1 if the outcome of thenth atom isua&, andkn is
zero if the outcome of thenth atom isub&. For example, if the
outcome of each atom isub&, except the last outcome, i.e.,ua&,
then the Bell state isuc j 1 ,...,j N,0,0,...,1(A1 ...ANB1 ...BN)&.

For the determination of phase factorsj 1 , j 2 ,...,j N we
make a measurement in the cavitiesA1 ,A2 ,...,AN only after
evacuating the cavitiesB1 ,B2 ,...,BN . For this purpose we
follow the same procedure used earlier for the two-qu
state. We sendN two-level atoms initially in ground stateub&
one by one through the cavitiesB1 ,B2 ,...,BN . After the
passage through the cavity, the atomic internal statesua& and
ub& are mixed by a classical field such thatua&→(ua&
1ub&)/& and ub&→(ua&2ub&)/&. A subsequent detectio
of these atoms in stateua& or ub& introduces phase factor
yielding 2N possible outcomes of atomic states. Next
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make measurements inA1 ,A2 ,...,AN in order to determine
j 1 , j 2 ,...,j N . We remove one photon fromA1 by sending a
two-level atom in its ground stateub& followed again by a
classical field that mixes the levels such thatua&→(ua&
1ub&)/& andub&→(ua&2ub&)/&. Detection of the atom in
ua& or ub& determines the value ofj 1 . It is zero if the atom is
detected inua& and one if the atom is detected inub&. We then
repeat the process with other cavities. Finally we send
Nth atom inub& from cavity AN , after mixing and detection
of the atom inua& or ub& determinesj N . For each combination
of the first step, while evacuatingB1 ,B2 ,...,BN , we get 2N

combinations in the second step. Finally, we have a tota
22N different combinations. Each combination has 2N out-
comes of atomic states—N outcomes each for evacuation o
Bn and An . We compare the firstN outcomes of any com-
bination among the total of 22N with the lastN outcomes of
the same combination. When these are the same we gj
50 and when they are reversed with each other we havj
51. For example, if all the firstN outcomes of a combination
among 22N combinations are similar to the lastN outcomes
of the same combination then we have allj equal to 0. How-
ever, if anynth outcome of the firstN outcomes is reversed
with respect to thenth outcome of the lastN then that j n
51. If all the outcomes of the firstN are reversed with all the
outcomes of the lastN of that combination then we have a
j equal to 1. This completes the procedure of measuring
Bell statesuc j 1 ,...,j N ,k1 ,...,kN

(A1 ...ANB1 ...BN)&. A determi-

nation of Bell state uc j 1 ,...,j N ,k1 ,...,kN
(A1 ...ANB1 ...BN)&

projects the state of the field in cavitiesC1 ,C2 ,...,CN into
the entangled stateuc(C1 ...CN)& as

uc~C1 ...CN!&5 (
p1 ,...,pN50

1

Cp1 ,...,pN

3 )
m51

N

eip j mpmu~pm1km!mod2&Cm
.

~35!

In the third and final step of the quantum teleportation
manipulation of the cavitiesC1 ,C2 ,...,CN needs to be done
to bring stateuc(C1C2 ...CN)& to form uc(A1A2 ...AN)&.
This transformation of state involves two steps. One is
removal of phases and the other is the appropriate trans
mation of photon numbers.

First we consider the transformation of phase only. It d
pends upon the value ofj. If all j are 0, then we have to do
nothing and the original state is recovered. However, if a
j n amongN values ofj is 1 then it has an additional phas
with it. For the removal of this phase we send a two-lev
atom in a coherent superposition of statesua& andub& through
the cavityCn in such a way that ground stateub& picks the
phase. If the atom is detected inub& then the original state is
recovered, otherwise we have to repeat the process until
detected inub&. If there arem values ofj that are equal to 1
out of N values ofj then we passm atoms in coherent super
position of statesua& andub& one by one from thosem cavities
and detect the atoms in ground stateub&. If all the j are 1 then
7-7
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we passN atoms in (ua&1ub&)/& from all N cavities and
detect atoms in ground stateub&.

Next we consider the transformation of photon numb
in the cavities. This transformation depends upon the va
of k. If all the k are 0 then we have to do nothing and t
original state is recovered. However, if anykn amongN val-
ues ofk is 1, then we have to change 0 and 1 photon fr
cavity Cn . For this purpose we pass a two level-atom in
ground stateub& through cavityCn with a p pulse followed
by its passage through a classical field again with ap pulse.
Finally the atom passes through an empty cavityCn8 such
that the atom in excited stateua& leaves the cavity in ground
stateub& while leaving one photon inside the cavity and t
atom in ground stateub& leaves the cavity in ground stat
with no photon inside the cavity. This leads the field state
the cavitiesC1 ,C2 ,...,CN in the entangled state~31! and the
teleportation is complete. If there arem values ofk that are
equal to 1 out ofN values then we repeat the same proces
above by sendingm two-level atoms one by one in groun
state ub& from eachm cavity and proceed further as me
tioned earlier until the completion of the process. If all thek
are 1 then we passN atoms in the ground state from allN
cavities followed by a classical field that mixesua& andub& as
ua&→ub& andub&→ua& and finally throughN empty cavities.
The field state in the cavitiesC1 ,C2 ,...,CN have thus been
projected to a state that has all the information about
amplitudesCn1 ,n2 ,...,nN

. This completes the transformatio
process and hence the teleportation of theN-qubit state.

IV. CONCLUSION

We have presented a scheme for the quantum telep
tion of a two-qubit entangled state of the form~1! from a pair
of cavities at the sender’s end to another pair of cavities
the receiver’s end. The scheme employs atomic interac
with high-Q cavities. We need two entangled states of t
particles each for the teleportation of a two-particle e
tangled state. Sending one particle of each entangled sta
ic

rs

.

, a

N

.

S.
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the sender and the other particle to the receiver is suffic
to teleport the entangled state of two qubits. This schem
then generalized for the teleportation of theN-qubit en-
tangled state inN high-Q cavities of the form~31!. For this
purpose we needN entangled states of two qubits eac
Sending one particle of each entangled state to the sen
station and the other particle of that state to the receiv
station is enough for the teleportation process.

The proposed scheme of teleportation consists of th
steps. The first step involves preparation of quantum
tangled states of type~2! and ~3! between two high-Q cavi-
ties. The second and third steps involve optical Ramsey
terferometry and single-photon transfer. All these requ
controlled interaction times between atoms and cavities, n
ligible cavity loss, and no spontaneous decay during
whole teleportation process. Controlling the interaction tim
in the cavities can easily be achieved by properly setti
through Stark field adjustment, the times during which at
is resonant with each cavity@6#. About the spontaneous de
cay we propose the Rydberg atom in circular states w
principle quantum number'50. They have a long radiative
lifetime ~30 ms! and a very strong coupling to radiation@28#.
A negligible cavity loss is also required during the who
process of teleportation. Cavity lifetimes for high-Q cavities
should be long enough as all the interactions of atom w
cavities should be completed before the cavity dissipati
High-quality factors of such cavities and control of atom
beams during the whole teleportation process may pose l
tations on the suggested scheme.
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