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Activating bound entanglement in multiparticle systems
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We analyze the existence of activable bound entangled states in multiparticle systems. We first give a series
of examples that illustrate some different ways in which bound entangled states can be activated by letting
some of the parties share maximally entangled states. Then, we derive necessary conditions for a state to be
distillable as well as to be activable. These conditions turn out to be also sufficient for a certain family of
multiqubit states. We use these results to explicitely construct states displaying properties related to bound
entanglement and its activation.

PACS numbsg(s): 03.67.Hk, 03.65.Bz, 03.65.Ca, 03.6'a

[. INTRODUCTION tions betweerA andC we would not be able to do it. This is
due to the fact thata) nonseparability is a necessary condi-
The existence of bound entangleméBE) [1] has been tion for distillation, andb) manipulations that are impossible
one of the most intriguing surprises in quantum informationwhen joining two systemghere AC)] are clearly also im-
during the last few years. A state is BE (dlespite being possible when the systems remain separated. Analogously,
entangled one cannot distil[2] maximally entangled states the property(ii) implies that one cannot distill a MES be-
(MES)! out of it by using local operations and classical com-tween the system& and C. Thus, no MES can be distilled
munication(LOCC). From this definition it follows that with between any two of the systems as long as they remain sepa-
bound entangled stat¢8ES) one cannot perform reliable rated from each other. The propefti), however, indicates
teleportation[3,4], quantum communicatiof5], etc., i.e., that the state is entangled, since even if we would allow
they seem not to be useful for quantum information pur_nonlocal operations betwednandB we could not prepare it

poses. However, it has been shown that under certain condrcally. Thus, despite the fact that the state is entangled, one
tions BE can be “activated’[6]. That is, with the help of cannot distill any MES out of it, and therefore it is a BES.

aNevertheless, the state presented in R&2] can be acti-
I%/_ated. This follows from the fact that if we allo& andB to
share some maximally entangled statebich is equivalent

to allow A andB to join), then one can indeed distill a MES
shared betweer, B and C. Another example of activable

. o : BE has been given by Smolin in the context of unlockable
condition for a state of two systems to be distillable is that ntanglement for the case of four systefig]. In that case

the corre_s_ponding density operator had nonp_ositive partia[ e state has the extra property that the entanglemen,t be-
transpositior{ 7,8]. Thus, all entangled states with a positive tweenA andB can be activated using a single copy of the

partial transpositio9,10] cannot be distilled, and therefore state only and by letting andD share only one MES. These
they are examplgs of BERLL]. Very recentlyt we shc_)wed examples show that a new kind of BE can arise when we
that a dlficzrezn;[ kind Qf ||3E can also %ppezrmultlpart:cclﬁ split some free entanglement among more than two parties.
systemi[A E],’ n d[éartlcu 'arl,l we consl dereh states obt reeThey also show that the possibility of activating BE is some-
systemsA, B, and¢, spatially separated, that cannot be pre-jjyqs counterintuitive and may have some applications re-
pared locally and that have the following properti@sif we lated to the process of secret sharjid]

would belgllgwed to Jo'g Isystﬁr_p%.?ndc In CI)S% plaﬁe, th§ In this paper we construct multiparticle states that display
sta.te' could be pgepaéec loca 1) II we wk(])u €a OV}’; b properties related to BE. They illustrate the richness of mul-
to join systemsB an in one place, the state cou € tiparticle as compared to two-particle entangled states re-

prepared Iocally;(iii) but if we would be allowed to join arding the possibility of activating BE. This paper is orga-
systemsA andB in one place, the state could not be prepare ized as follows. In Sec. Il, we state the problem of

locally. The propertyi) immediately implies that one cannot activation of BE in multiparti :
e particle systems and present various
distill a MES between the systemsandB (or BandC) by jigiing examples of activable BE. The rest of the paper

using LOCC, since even if we would allow nonlocal opera-, o ides the tools needed to construct states having the prop-
erties given in all those examples, as well as the guidelines to
construct other states with different properties. In Sec. I, we
A MES of n parties is given byW)=(1//2)(|0%")+[1°")). review both the concept of bipartite splitting$5] and the
2BES in multipartite systems are states with the following prop-family of N qubit states introduced in Rdfl2]. These states
erties: (i) they cannot be prepared by means of local actions by th&vill play a central role throughout the remaining paper; as
parties(and are thus entangledi) from this state no MES shared we will show, they give rise to a vast variety of activable
between any two of théseparatedparties can be created by means BES. In Sec. IV, we consider the distillability properties of a
of LOCC. multiparticle state when we allow the particles to join into

some other entangled states they enable to carry out cert
tasks that could not be performed by using these other e
tangled states and LOCC alone.

The first examples of BE arose in the contextwb sys-
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two groups(i.e., according to a bipartite splitting of the par-
ticles). We will show that it is possible to find BES that can
be activated if and only if the particles are joint according to
certain bipartite splittings. Moreover, we will show that one
can choose the bipartite splittings for which the BE can be
activated without any restriction, and that our family of
states covers all possible examples of this kind. In Sec. V,
we consider a more general framework where the particles
are allowed to join into more than two groups. We derive
necessary conditions for distillability and activation based on
the distillability properties of bipartite splittings. We show  FIG. 1. (a) N=8 and the statp, is distillable if and only if three
that these conditions are also sufficient for our family ofand five parties form a group, apglis not distillable otherwise(b)
states, which implies that they are an important ingredient t?d=25 andp,, is distillable if and only if two groups of approxi-
construct generic examples of activable BES. In particularmately the same size are forméhere 12-13 while p,, is not
they allow us to construct BES fulfilling the properties intro- distillable if and only if one group contains less than 40% of the
duced in the examples of Sec. IIl. We finally summarize ourparticles §<10). In both examples, it does not matter which of the

(o)

results in Sec. VI. parties belongs to which group.
II. ACTIVATION OF BOUND ENTANGLEMENT between 40% and 60% of the parties. In particular, the state
. ) ) py remains undistillable if the parties form more than two
Let us consideN parties,Aq, ... Ay, at different loca-  groups or if they form two groups, with one of them contain-

tions, each of them possessiMggubits. We will assume that ing less than 40% of the parties. Again, it does not matter
the state of the qubits is described by a density operator Qfjhether certain parties belong to the same group; only the
the formp®™, wherep denotes an entangled state of exactlytotal number of particles within each group is important. We
N qubits, each of them belonging to a different party. Thuscan viewp, as a state having “macroscopic” entanglement,
the parties havé/ copies of the same state, whevlecan be byt no (distillable) “microscopic” entanglemen{see Fig.

as large as we wish. This ensures that the parties can ugep)]. Note that one can also have the opposite effect, i.e., a
distillation protocoleq2] in order to obtain MES between statep;, which is distillable if and only if the parties form

some of them. In that case we will say that the si@atss o groups, and one of the groups contains less than say
distillable (with respect to the specific parties that can obtainogos of the parties.

a MES. A statep is BE if it is not distillable when the Example 1Il The statep,;; becomes distillable if and only
parties remain separated from each other. We say that a BEfihe parties form two groups, where the first group contains
can be activated if it becomes distillable once some of th%specificset ofL partiesA={A,_, ... A }, and the second
parties join and form groups to act together. Note that msteagroup contains the remaining 1parties. Igor all other configu-

of allowing some parties to join we could have allowed themrations in arou remain undistillable. For example. we
to share some MES. In that case we would have the sarrhe grouppu : P,

situation given the fact that separated parties sharing MEaz“ée L%ﬁNzif ?hnedA:ajt'iAels’A?(;'rAni} E[Cva;p '”ro"z ds'szlflibf ;f
can perform any arbitrary joint operation by simply teleport- y b groups, 37

: ; ; —(A,A,), and not distillable otherwise.
Ing back and forth the states of their particles. Example IV The statep,,, has the following properties:

Given any two groups, each of them with a specific number
j (or more parties, they can distillwith the help of the other

In this subsection we introduce some relevant examples garties a MES between them. In particular, if there are sev-
BES, by specifying their properties with respect to activa-eral groups ofj or more parties, they can distill a
tion. In the following sections we will explicitely construct Greenberger-Horne-ZeilingefGHZ) -like state [16] be-
density operators that fulfill the properties given here fortween all the groups. When a group with less thamembers
each of the examples. The goal of this subsection is to diss formed, it cannot distill a MES with any other gro{see
play the underlaying properties of activable BES. Fig. 2b)]. We call this effect clustering, since the parties

Example | The statep, becomes distillable if and only if have to form clusters with at leastnembers in order to be
the parties form two groups with exacyandN—j mem-  able to create MES. In a similar way, one can also choose the
bers, respectively. Furthermore, it does not matter which o$tate such that not only the number but also the specific
the parties join in each group, but only the number of mem-parties that have to form groups in order to create a MES is
bers. For example, il=8 andj =3 [see Fig. 18)], we have given.
that p, is distillable if exactly 3 and 5 parties join, but re-  In the preceding examples we have that some number of
mains undistillable when the parties form two groups withparties have to join into groups in order to distill some MES
1-7, 2-6, 4-4 members, or if they form more than two groupswith some other parties. In the following, we will give ex-
In particular,p, is not distillable if the parties remain sepa- amples in which the parties that join enable the remaining
rated from each other, which corresponds to having 8 groupines to distill entanglement.

Example Il The statep), is distillable if and only if the Example V The statep,, is such that once anyN—2)
parties form exactly two groups, each of them containing sayarties form a group, the remaining two parties can distill a

A. Examples
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(@) o) the rules following from the necessary conditions for distil-
lation and activation, which are also sufficient for this fam-

ily.
[1Il. DEFINITIONS AND NOTATION

In this section we first review the concept of bipartite
splittings, and introduce some notation that will be used in
the following sections. Then we review the properties of the
family of N-qubit stategpy introduced in Ref[12]. As men-
tioned above, these states give rise to a wide range of acti-
vable BES. In particular, among them one can find states
corresponding to the examples of activable BES introduced
Ln_ the previous section.

FIG. 2. (a) N=20, j=3, andp,y is such that entanglement
between any two groups that contain more or equgl=#& mem-
bers can be distilledthose groups can thus share a GHZ state
while groups with less than three members cannot create entang|
ment with any other grouggb) N= 10 andpy is such that once any
(N—2) parties join, the remaining two can create entanglement, A. Bipartite splittings
while no entanglement can be shared among the remaining parties if | ot ys denote byP the set of all possiblévipartite split-

less than N—2) parties join. tings of N parties into two groups. For example, for three
parties, P contains the splittings A;A3)—(Ay),

MES, butpy remains undistillable if less tham(-2) parties  (A,Az)—(A;), and A3)—(A;A,). We will denote these bi-

join [see Fig. 2b)]. partite splittings byP, , wherek=kk,- - - ky_1 is a chain of

Example VIpy, is a state oN=4 parties for which once  N—1 bits, such thak,=0,1 if the nth party belongs to the
the parties AzA,) form a group a GHZ-like state can be same group as the last party or not. For example, for three
distilled amongA;,A,, and the groupAsA,), whereas itis  parties the splittings A;Az)—(A,), (AA3)—(A;), and
undistillable whenever any other parties bAgA,) are joint  (A3)—(A;A,) will be denoted byP,,,P;,, andP,,, respec-
[see Fig. 8a)]. In contrast to the previous example, in this tively. We will denote byA the side of the splitting to which
one it is not only possible to create a MES betwégnand  the partyN belongs and byB the other side. In general, there
A, by joining (AzA,), but also this last group can distill a exists=2N"1—1 of such splittings. In the following, when
MES with the remaining parties. we consider bipartite splittings, the parties in each of the

Example VIl py,, is a state ofN=5 parties such that a groups will be allowed to act togethére., to perform joint
MES between partied; andA, can be created if and only if operationk
either the partiesAzA,) or (AszAs) join [see Fig. 8)], but
no entanglement can be distilled if the partidg,As) join. B. Family of statespy,

In the following, we will explain how all those examples
can be constructed and understood by giving necessary cog-
ditions for distillation and activation in multiparticle sys- %Y
tems. These conditions also provide us with the tools to con-
struct other examples of activable BES. We will also p= >, A\J|®IN(Wg|+ E MU T L]+ [P WP D,

Let us considerpy, the family of N-qubit states intro-
ced in Ref[12]. We have thap e py if it can be written as

introduce a family of states that includes all examples 1-VII o==
as well as all those examples that can be constructed using 1)
where
(@ {o)
W)= [ ([kako- - kn-10)* [keko- - -ky-11))  (2)

are GHZ-like states withk=Kk k,- - -ky_4 being a chain of
N—1 hits, andk;=0,1 if k;=1,0, respectively. We have that
pn is parametrized by "2 ! independent real numbers. The
labeling is chosen such thAt=\g —\, =0. As we will see
below, both the separability and distillability properties of
the states belonging to this family are completely determined

FIG. 3. (8 N=4 andp,, is such that a GHZ state shared among by the coefficients
the groupsA; —A,— (AzA,) can be created if and only if the parties 1if Nu< A/2
(AzA,) join, and no entanglement can be distilled if any other two g, = k
parties form a group(b) N=5 andpy,, is such that entanglement k= 0 if \(=A/2.
betweerA; andA, can be created if and only if either partx{A,)
or (AzAs) join, however no entanglement can be distilledAf,As) Let us emphasize that the notation used for the states of this
joins. family parallels the one used to denote the partitiBps In

()
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fact, as shown in Ref.15] the separability properties @fy Proof. Using Lemma 0 we have that §=0 thenp'a

for a given partitionP, are directly related to the coefficient =0, and therefore the state is not distillable, since nonposi-

Sk tive partial transposition is a necessary condition for distilla-

Lemma 0[15] For any bipartite splitting®, e P, andp  tion [1]. Thus, we just have to show thatsf=1 then the

€ py We havep'a=0«s,=0«p is separable with respect state is distillable. We denote B9), g and|1), g the states

to this splitting® in which all qubits in sideA or B are in state 0 and 1,
Thus the coefficiens, determines whethes is separable respectively. We have that |[W;)=1/1/2(|0)A/0)s

or not with respect the bipartite splittirigy. Note that there  +|1),|1)g) and |\I’kt>:1/\/§(|o>A|l>Bi|1>A|O>B)- By

are no restrictions to the values of these coefficients; that isneasuring the projectol®) , g(0|+|1)a g(1|, in A andB,

for any choice of s} there always exists a stape= py With  respectively, we only get contributions from the statég )

these values. This automatically implies that the family  and | W) and one obtains that the state after a successful
provides us with all possible examples of states in which the,easurement is

separability properties of the bipartite splittings are com-

pletely specified. As we will see in the next section, the same PG [ W Wg |+ 0o [ Wo WPyl
is true regarding distillability with respect to bipartite split-
tings. +2(10,2(0,2/+[1,0(1,0). (4)
IV. ACTIVATION OF BE FOR BIPARTITE SPLITTINGS: This state is known to be distillable feg=1 [2]. [
EXAMPLES I-1lI This Lemma tells us that for a given specification we just

have to find a state ipy such thas, = f(P,) for all k. Since

With the states introduced in the previous section, we arg o valuess, are not restricted in any way, we have that for

at the position of examining examples I-Ill. If we take 2 Jnv specification. we can find states: py, fulfillng it, and
closer look at them, we find that they all have a common ysp ' PN 91

} 2 ) thus our family provides all different kinds of bipartite dis-
feature: the states, ,p;, , andp,;, are distillable with respect . L
to certain bipartite splittings, and not distillable with respecttlllable and nondistillable states.

. . L R . : Let us now come back to examples I-Ill. We can take as
to other bipartite splittings. In this section we will show that state p; [example | one from the famil that hass
given a subset of all possible bipartite splittings we can al-:f(l:}oﬁz1 " apnd onlv if the number ofygges s 1 okr
ways find states iy such that they are distillable if and K y J

only if the parties join according to a bipartite splitting con- (N_.J) an_d _sk=f(Pk)=0 ojtherwse(thls means that all bi-
tained in this set. This general result clearly allows to findpartlte splittings that contain exaciymembers in one group

states within our family that correspond to examples I-Ill. are distillable, and all others are separabla the example

Let us be more specific. We consider the set of all pos " W€ Ch00Sepy & py such thats,=f(P) =1 if and only if

sible bipartite splittingsP. Let us specify for each splitting IFl)Ik hastbitween 40% anﬁ ?r?‘yf of_tpeppaiuiasm? efxample
P, whether we want that one can distill a MES or not. To do.' W€ @K€ pii € py SUCh Ihats,= (Py=1 only for one
that, we will assign to each splitgjna 0 if we do notwant it specific .. We also emph.a5|ze that in a similar way one
to be possible and a 1 otherwise. That is, each possible spe(may construct many other interesting examples.

fication corresponds to a functidn?—{0,1}. There are 2

of such functions, which we will call specifications. Now, V. ACTIVATION OF BE BY EXTERNAL ACTION:

given a specificatiorf we define the set of splittings; EXAMPLES IV -VII

={Pe P such thatf(P)=1}. Thus, the problem reduces to . . T . .
S o . : While the separability and distillability properties with re-
finding a statep such that only for the splittings contained in spect to bipartite splitings of a staje were sufficient to

Sp can one distill a maximally entangled state. Note thatcom letely understand and construct examples I-lll, in the
examples I-Ill are just different specificatiohsWhat we P Y P ’

will show here is that there exist states py fulfilling any remaining examples we are faced with a sllg_htly more com-
. A plicated situation. Now we have that the parties can join into
given specification.

more than two groups, and it may even happen that not all of
the parties are needed in order to activate the BE. Thus, the
bipartite splittingsP, do no longer provide a complete de-
We will show here that for the family of stateg,, bipar-  scription of the problem. However, we can still use them to
tite inseparability is equivalent to distillability. This equiva- derive necessanconditions regarding distillability and even
lence is expressed in the following Lemma: activation of BE between any number of groups. And what is
Lemma 1 Given the bipartite splittingPye® and p more important, we will show that these necessary condi-
€pn, We have thap is distillable with respect t® s, tions turn out to be alssufficientfor the family of statesy .
=1. On the one hand, this allows us to construct various different
kinds of activable BES, such as those corresponding to ex-
amples IV-VII. On the other hand, it ensures that the family
3,Ta denotes the partial transposition with respect to the pakties Pn Provides examples for all possible kinds of BES that can
For the definition of partial transpostion in mulitparticle systems sed?€ constructed by using the necessary conditions for distilla-

Refs.[9] and [15]. The relation between subsystetnand P, is  tion based on the bipartite properties of a syat&Ve wish to
given in Sec. Il A, emphasize that due to the fact that the conditions we obtain

A. Family of states py
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are only necessary and not sufficient in general, there may B, andC, if the partiesA andB form a group they may be

e>§ist other kinds of activable BES that cannot be obtainedye o change the separability properties of the bipartite
with the mgthqu_ deyeloped here. Neverthelgss, these met@plittings (i) (B)=(AC) and (ii) (A)=(BC). This is due to
ods also give indications about some other kinds of BES. the fact that “joining” is equivalent to having some extra

entanglement available. In this case, this extra entanglement
A. Necessary conditions for distillation betweenA and B can be used to change the separability
properties of the bipartite splittings in question. Note, how-
ever, that this extra entanglement does not help to change the
separability properties of the bipartite splittingiii)
(C)—(AB), since AB) where already joint in this bipartite
Theorem 1 Let C:{Aily o ’AiM} and D Z[C)Itis;ggé}izstilrsec;allows us to u_nder_stand the example of an
L , party state given in the Introducfidg],
={Aj, - -- Aj } be two disjoint groups oM andL parties, \ are we had thati) and (i) are separable, whiléii) is
respectively, whereas the rest of the parties are separated.jfseparable and the state is thus BE according to Theorem 1.
a MES betweerC andD can be distilled thep has to be  y joining the partiesA andB, one may however change the
nonseparable with respect to all those bipartite splittiRgs  pipartite splittings(i) and (ii) from separable to inseparable,
in which the group<C andD are located on different sides. gq the necessary conditions for distillation may now be ful-
Proof. Let us assume that is separable with respect o fjjjeq, since all bipartite splittings can now be inseparable in
one of those bipartite splitting3y., so thatCCA andDCB.  principle. As shown in Ref{12], this activation can in fact
This means that even if we allow the group@ndD 0 join  pe achieved, ie., the change of the separability properties of
some other partiegrelonging toA andB, respectively, they the spiittings(i) and (ii) as well as the distillation are pos-
will not be able to distill a MES. This is due to the fact that gjpje. |n a similar way, one can explain the example given in
nonseparability is a necessary condition for distillabilily.  Ref [13] for N=4. The effect of activation of BE for a state
Theorem 1 relates the distillability properties @fto the , can thus be viewed as a consequence of the following
classification with respect to the separability properties of gneorem:
multiparticle state given in Ref15]. We also note here that Theorem 2 Consider a statp that is separable with re-
the k-separability properties with respect kepartite split- spect to a given bipartite splitting\) —(B). When joiningM
tings (k>2) provide no additional information about the dis- partiesCz{Ail, o ’AiM}, necessary conditions that we can

tillability properties of a stat@. Theorem 1 also determines make) distillable with respect to the splittingd)—(B) are

the necessary conditions for the creation of GHZ-like Statesfhat (i) CZA.B and(ii) by using an operation acting @

since the possibility of creating maximally entangled pairsone can transform the state such that it is now nonseparable
between any two out dfparties is a necessary and sufficient with respect to the bipartite splittingA)—(B).

condition for the creation of a GHZ-like state among thbse Proof. (i) follows trivially from Theorem 1, wherea§)
parties. We can also change "nonseparable” in the theorer? . - y ’
ollows from (ii). I

"distillable,” which provi n even stronger condition. . . o
to "distillable, ch provides an even stronger conditio According to this theorem, when joining some parties into

It is not clear whether this condition is then also sufficient. - T
One may think of the existence of bound entangled state groupC, they may change the separability and distillability
properties of certain bipartite splittings, namely, all those

that are distillable with respect to all possible bipartite split-"" =" . .

tings, but that are not distillable when considering the partie rﬁ)lltttéﬂgs @)d_'t(B) f?r V(\j’h'fn E.(l.ttA’B'h.Sﬁ’ It may thfrl)fp”end

independently. It is not known whether such states exist; se ,a € conditions for distillabiiity, which were not fulntie
efore joining the parties, are now fulfilled, and a MES

however,[17]. ' Lo
We also see from Theorem 1 that in order for a MESShared between some parties can now be created in principle.
heorems 1 and 2 together provide necessary conditions for

between two specific, separated parties, to be distillable, it i L S :
necessary that the corresponding state is inseparable wi e activation of multlpartlc_le BES and_ provide thus the
ramework for the construction of generic examples of dif-

respect to at least™2 2 different bipartite splittings. Thus : . .
there exist many states that are inseparable, but do not fulfi[ rent Kinds of activable bound entangled states. To achieve

the necessary condition for distillability between any two . IS, one choose_s at_the b_egmnlng the separability and dis-
parties. All those states are obviously BE. For example, any llability Qf the b!pgrtlte s_pllttmgsPK of a statep such that
state that has less thaff 2° (and more than onenseparable he ﬁtati IS ntc))t d'rs]t'"aﬁle g.th.ﬁ pbe}lr_t|es rer:;_a_m separatt()ad ;rcl)m
bipartite splittings is clearly bound entangled. Naturally, thefefﬁcd Oth er, butt aft the Istiflability CI?n |t:jons fmay € Tul-
guestion arises under which conditions this BE can be actii'ed When some o the parties are allowed to form groups.
vated. We also note here that due_ to th_e fact that both theorems
only provide necessary conditions in general, we do not have
that the distillabity and activation properties of a statare
completely determined by the separability properties of its
Clearly, the situation changes when the parties are albipartite splittings. On the one hand, there might exist states
lowed to form groups and act together. In this case, the parthat cannot be distilled or activated even though they fulfill
ties may be able to change the separability properties of cethe necessary conditions for distillation/activation, i.e., those
tain bipartite splittingsP,. For example, foN=3 parties states are further protected against activation. On the other

The separability properties of the bipartite splittirgsof
a multiparticle statep provide necessary conditions for the
distillability properties ofp. This is expressed in the follow-
ing result:

B. Necessary conditions for activation of BES
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hand, we already see that there are various kinds of nonactpefficientsn |, =\ and (A'/2)=(A/2)M. ForM sufficiently
vable bound e.ntangled states. For examplg, _aII states thaF i ge, we can now always have that after applying, the
biseparable ywth respect to all b|part|te _sphttmgs but are 'n'remaining state is such that E@) is fulfilled, since the new
separable_wlth_respect to a""ypa”'te splitting k>2) (see A5 jg exponentially amplified compared to aky, <A/2
also classification proposed in R¢l.5]) are clearly bound Mo M\ M . 1.2
entangled and can be neither distilled nor activated. Nor and thus Q/2) >)\k1+}\k2 for M sufficiently large.l]
=3, such an example is known§]. Theorem 3For the family of stategy, we have that the
Using Theorems 1 and 2, it is now straightforward tonecessary condition for distillability given in Theorem 1 is
check that in example | the stagg reamains undistillable also sufficient.
whenever the parties form more than two groups, since the Proof To show this, one just has to sequentially apply
necessary condition for distillation of a MES between anyLemma 2 to all particleg\; ¢ {C,D}, which leaves us with a
two groups cannot be fulfilled. On the other hand, it is al-(M+L) qubit-statep e py., which haspTc=0 (which,
ready clear that if the parties form two groups with a differ-according to Lemma 0 means that the correspondipg
ent number of members thgrandN—j, we have by con- =1) and thus Lemma 1 can be applied, ensuring that any
struction that the statp, € py is separable with respect to statep e py fullfilling the necessary conditions for any kind
this bipartite splitting and thus not distillable. In a similar of distillation is in fact distillable []
way, one can check that in examples Il and Il the statgs Note that the help oéll parties is required, independent
andp,, are only distillable if and only if the parties join in Of whether they finally share a MES or not. This follows
two groups of required sizexample 1) or required mem- from the fact that Lemma 2 is based on the cooperation of

bers(example 1l), respectively. partyA;, which is separated from the remaining system after
the procedure described above. If one would just trace out
C. Family of statespy, party A, (i.e., the party does not cooperate with the remain-

, , . ing parties, one finds that the remaining parties cannot cre-
In this section, we show that the necessary condition fory; any entanglement at all.

distillation and activation expressed in Theorems 1 and 2 areé thaorem 4For pepy, and the situation of Theorem 2
also sufficient for the family of statgs, . We first show that o can in fact changall those bipartite splittingsA)-(B)

if the necessary conditions for the distillation of MES be-¢,. \\hich CA,B from separable to inseparablehich is
tween any two groups of parties, both not including a Certa"}gquivmem to distillable in this cagavithout changing the

party A, are fulfilled, one can disentangle pasyfrom the  son4apility properties of the remaining bipartite splittings.
remaining system while keeping the necessary conditions for b4t \We assume without loss of generality that we join
distillation between the two groups in question. In order tOoiha first M partiesC={A,, ... Ay}. Let j=jsjo -jm (I
achi(_ave thisz tr_le part, has_ to coopera.te, i.e., its help is =1,---Iy_y_1) be M[(N=M—1)] digit binary numbers.
required. This is expressed in the following lemma: We have to show that we can change all those bipartite split-
Lemma 2 One can convert ani-qubit statépe py 10 @ tings that do not contain all parti€on one side from sepa-
(N—1)-qubit statepe py-1 by measuring a certain party rable to inseparable. This is equivalent to showing that for all
A, such that for all bipartite splitting®, the following \j with j#{0,2"—1}, we can have\/2>\ ;. When apply-
property is fulfilled: If p is inseparable with respect to the ing the POVM element
bipartite splittings A,C)—(resh and (C)—(A, resty=p is in-
separable with respect to the bipartite splittir@) ¢(res. L tat o
Proof. We assume without loss of generality that P= ZO Vilidedils
=A;. If we measure inA; the projectorP, =|+)a (+| J
where|+)=(|0)+|1))/y2, we find that the remaining\l ~ we find that we obtain again annnormalized state of the
—1) particles are in a state of the forpy_; with new  form py with new coefficientsX“:yj)\“. Choosing y,

coefficients Xj,;, i =Noj,is. iy s Migs.. iy, and =y,m_;=1 and all othery; sufficiently small, we have that

similar forA ¢ , so thath = A. The property we want to show 2 =4 and for]j #{0,2" -1} we can obtain thad/2>1;; as
is simply that if and only if both required. Furthermore, all other _rglat|on$2><_)\j| , with X
e{>,<} and thus the separability properties of all those
Nojig. ..y, <Af2and Nqj . <AL2, (50  bipartite splittings for whictCCA,B remain unchanged.]
Theorems 3 and 4 together ensure that any BES within the
it follows that family py that is activable in principle can in fact be acti-
vated, i.e., the necessary conditions for the activation of
<A/2. (6) bound entangled states given in Theorem 1 and 2 are also
-1 sufficient for the familypy, .

M

Nigig. iy

It may happen that although E) is fulfilled, Eq.(6) is not.

In this case, we apply the first step of the distillation proce- D. Examples IV-VIi

dure proposed in Ref15] first, where one measures certain ~ We are now at the position to construct and explain ex-
POVM elements orM copies of the initial state and is left amples IV-VII, as well as to provide many other interesting
with a new (unnormalized state of the formpy with new  examples of activable BES.
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Let us start with example IV: In this case, we choose thgoin, one finds that suta a state cannot be constructed using
state p,y € py Such that it is separable with respect to all our method. In this case, we have to demand that the initial
bipartite splittingsP, where either the group or B has less  statepy, € py has to be separable with respect to at least one
thanj members. All other bipartite splittings are chosen to beof the bipartite splittings whera,; andA, belong to different
distillable. It is clear that if a group with less thamembers  groups. Otherwise, a MES betweén andA, could be dis-
is formed, they cannot distill a MES with any other group tjlled from the beginning and the state is thus not BE. Let us
(since the corresponding bipartite splitting is sepanable assyme without loss of generality that the separable splitting
However once the parties form two groups, each Navings either() (As/q)~(AsAshs) or (i) (A1)~(AsAAcAs). In
Tn']r?re anj4mer(;1 airs' Ih IS straightiorward to Cf BWMSING  Koth cases, the separability properties of this splitting cannot

eorems 4 and)3hat these two groups can in fact create e changed when joining the partie,&s) and so no en-
MES.

L tanglement can be created betweéenand A, although two

In example V, we choose the staige py such that it is o T :

- . . . S of the remaining parties joifnote that if we had taken any
distillable with respect to all bipartite splittingB, where ther biartit litt it and A, belonaing to diff
either the groupA or B contains exactly one particlso that other bipartite Spiiting, witiR, andA, belonging to ditter-
ent groups, to be separable, we would have found some other

the number of ones ikis either 1 oiN— 1), and is separable fth o iee th L h h
with respect to all other bipartite splittingg . It is clear that WO of the remaining parties that can join but not change the
properties of this splitting

it is sufficient to join anyN— 2 particles, since this allows— - o
according to Theorem 4—to make inseparaled thus dis- I_Due_ to the f_act that the conditions for oystlllatmn and
tillable) all those bipartite splittings where the remaining par-activation we give here are only necessary in general, they
ticles are located in different groups, so that distillation of ado not allow us to rule out the possibility that a state having
MES between the remaining two particles becomes possibléhe desired properties can exist. In this case, the activation
according to Theorem 3. On the other hand, if less tNan Would not be based on the change of the separability prop-
— 2 parties join, one can easily verify that for any two of the erties of the bipartite splittings, but on some other mecha-
remaining parties, there always remains at least one bipartit&Sm-

splitting separable that has to be inseparable in order that

distillation can be possible. Thus the remaining parties can- VI. SUMMARY

not share entanglement if less thidr-2 parties join.

In example VI we choosgy, € p, such that it is insepa- bo
rable with respect to the bipartite splitting&;(A,) —(AzA,),
(A1) —(AAzA,), and (A,)—(A1A3zA,;) and separable with
respect to all other bipartite splittings. Clearly, this state i
BE since at least’? 2=22=4 bipartite splittings have to be

In summary, we have given rules to construct activable
und entangled states using the separability and distillablity
properties of a density operator with respect to bipartite split-
tings. This method allows us to construct examples for all
Spossible kinds of activable BES where the parties join into
) . -exactly two groups. In particular, the family of states intro-
inseparable so that a pair between any two separated partig§ced in Ref[12] contains examples of all these kinds of
can be distilled. Furthermore, one can chéoking Theo- .y aple BES. We have also given some relevant examples

rems 3 and .)4that pyi remains undistillable when joining ¢ 4 ctivation of BE in which the parties join into more than
any two parties butAzA,), but one can create a GHZ state v, groups, and where the role of some of the groups is just

?Ra'&et)j amongA;—A;—(AzA4) once one joins the parties i, help the others to create a MES.
3M4) -
Finally, in example VIl we haveN=5 and choosey
e ps such that the state is inseparable with respect to all
bipartite splittings that contaiA; andA, in different groups,
except the splitting41A3)—(A,A,As) which is chosen to be We thank G. Vidal and J. Smolin for discussions. This
separable as well as all other bipartite splittings. One camvork was supported by the Austrian Science Foundation un-
readily check thap,,, has the desired properties, i.e., it is der the SFB “control and measurement of coherent quantum
BE and can be activated when joining the partidgA,) or  systems(Project 1},” the European Community under the
(AzAs). TMR network ERB-FMRX-CT96-0087, the European Sci-
If we demand however that entanglement betwagand  ence Foundation, and the Institute for Quantum Information
A, should be created on@ny two of the remaining parties GmbH.
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