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Activating bound entanglement in multiparticle systems
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We analyze the existence of activable bound entangled states in multiparticle systems. We first give a series
of examples that illustrate some different ways in which bound entangled states can be activated by letting
some of the parties share maximally entangled states. Then, we derive necessary conditions for a state to be
distillable as well as to be activable. These conditions turn out to be also sufficient for a certain family of
multiqubit states. We use these results to explicitely construct states displaying properties related to bound
entanglement and its activation.

PACS number~s!: 03.67.Hk, 03.65.Bz, 03.65.Ca, 03.67.2a
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I. INTRODUCTION

The existence of bound entanglement~BE! @1# has been
one of the most intriguing surprises in quantum informat
during the last few years. A state is BE if~despite being
entangled! one cannot distill@2# maximally entangled state
~MES!1 out of it by using local operations and classical co
munication~LOCC!. From this definition it follows that with
bound entangled states~BES! one cannot perform reliable
teleportation@3,4#, quantum communication@5#, etc., i.e.,
they seem not to be useful for quantum information p
poses. However, it has been shown that under certain co
tions BE can be ‘‘activated’’@6#. That is, with the help of
some other entangled states they enable to carry out ce
tasks that could not be performed by using these other
tangled states and LOCC alone.

The first examples of BE arose in the context oftwo sys-
tems. In particular, the Horodecki showed that a necess
condition for a state of two systems to be distillable is th
the corresponding density operator had nonpositive pa
transposition@7,8#. Thus, all entangled states with a positi
partial transposition@9,10# cannot be distilled, and therefor
they are examples of BES@11#. Very recently, we showed
that a different kind of BE can also appear inmultiparticle
systems@12#.2 In particular, we considered states of thr
systemsA, B, andC, spatially separated, that cannot be p
pared locally and that have the following properties:~i! if we
would be allowed to join systemsA andC in one place, the
state could be prepared locally;~ii ! if we would be allowed
to join systemsB and C in one place, the state could b
prepared locally;~iii ! but if we would be allowed to join
systemsA andB in one place, the state could not be prepa
locally. The property~i! immediately implies that one canno
distill a MES between the systemsA andB ~or B andC) by
using LOCC, since even if we would allow nonlocal oper

1A MES of n parties is given byuC&5(1/A2)(u0^ n&1u1^ n&).
2BES in multipartite systems are states with the following pro

erties:~i! they cannot be prepared by means of local actions by
parties~and are thus entangled! ~ii ! from this state no MES share
between any two of the~separated! parties can be created by mea
of LOCC.
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tions betweenA andC we would not be able to do it. This is
due to the fact that~a! nonseparability is a necessary cond
tion for distillation, and~b! manipulations that are impossibl
when joining two systems@here (AC)# are clearly also im-
possible when the systems remain separated. Analogo
the property~ii ! implies that one cannot distill a MES be
tween the systemsA andC. Thus, no MES can be distilled
between any two of the systems as long as they remain s
rated from each other. The property~iii !, however, indicates
that the state is entangled, since even if we would all
nonlocal operations betweenA andB we could not prepare it
locally. Thus, despite the fact that the state is entangled,
cannot distill any MES out of it, and therefore it is a BE
Nevertheless, the state presented in Ref.@12# can be acti-
vated. This follows from the fact that if we allowA andB to
share some maximally entangled states~which is equivalent
to allow A andB to join!, then one can indeed distill a MES
shared betweenA, B and C. Another example of activable
BE has been given by Smolin in the context of unlocka
entanglement for the case of four systems@13#. In that case,
the state has the extra property that the entanglement
tweenA and B can be activated using a single copy of t
state only and by lettingC andD share only one MES. Thes
examples show that a new kind of BE can arise when
split some free entanglement among more than two par
They also show that the possibility of activating BE is som
times counterintuitive and may have some applications
lated to the process of secret sharing@14#.

In this paper we construct multiparticle states that disp
properties related to BE. They illustrate the richness of m
tiparticle as compared to two-particle entangled states
garding the possibility of activating BE. This paper is org
nized as follows. In Sec. II, we state the problem
activation of BE in multiparticle systems and present vario
intriguing examples of activable BE. The rest of the pap
provides the tools needed to construct states having the p
erties given in all those examples, as well as the guideline
construct other states with different properties. In Sec. III,
review both the concept of bipartite splittings@15# and the
family of N qubit states introduced in Ref.@12#. These states
will play a central role throughout the remaining paper;
we will show, they give rise to a vast variety of activab
BES. In Sec. IV, we consider the distillability properties of
multiparticle state when we allow the particles to join in
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two groups~i.e., according to a bipartite splitting of the pa
ticles!. We will show that it is possible to find BES that ca
be activated if and only if the particles are joint according
certain bipartite splittings. Moreover, we will show that o
can choose the bipartite splittings for which the BE can
activated without any restriction, and that our family
states covers all possible examples of this kind. In Sec
we consider a more general framework where the parti
are allowed to join into more than two groups. We deri
necessary conditions for distillability and activation based
the distillability properties of bipartite splittings. We sho
that these conditions are also sufficient for our family
states, which implies that they are an important ingredien
construct generic examples of activable BES. In particu
they allow us to construct BES fulfilling the properties intr
duced in the examples of Sec. II. We finally summarize
results in Sec. VI.

II. ACTIVATION OF BOUND ENTANGLEMENT

Let us considerN parties,A1 , . . . ,AN , at different loca-
tions, each of them possessingM qubits. We will assume tha
the state of the qubits is described by a density operato
the formr ^ M, wherer denotes an entangled state of exac
N qubits, each of them belonging to a different party. Th
the parties haveM copies of the same state, whereM can be
as large as we wish. This ensures that the parties can
distillation protocoles@2# in order to obtain MES betwee
some of them. In that case we will say that the stater is
distillable ~with respect to the specific parties that can obt
a MES!. A state r is BE if it is not distillable when the
parties remain separated from each other. We say that a
can be activated if it becomes distillable once some of
parties join and form groups to act together. Note that inst
of allowing some parties to join we could have allowed the
to share some MES. In that case we would have the s
situation given the fact that separated parties sharing M
can perform any arbitrary joint operation by simply telepo
ing back and forth the states of their particles.

A. Examples

In this subsection we introduce some relevant example
BES, by specifying their properties with respect to activ
tion. In the following sections we will explicitely construc
density operators that fulfill the properties given here
each of the examples. The goal of this subsection is to
play the underlaying properties of activable BES.

Example I. The stater I becomes distillable if and only i
the parties form two groups with exactlyj and N2 j mem-
bers, respectively. Furthermore, it does not matter which
the parties join in each group, but only the number of me
bers. For example, ifN58 andj 53 @see Fig. 1~a!#, we have
that r I is distillable if exactly 3 and 5 parties join, but re
mains undistillable when the parties form two groups w
1-7, 2-6, 4-4 members, or if they form more than two grou
In particular,r I is not distillable if the parties remain sep
rated from each other, which corresponds to having 8 gro

Example II. The stater II is distillable if and only if the
parties form exactly two groups, each of them containing
02230
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between 40% and 60% of the parties. In particular, the s
r II remains undistillable if the parties form more than tw
groups or if they form two groups, with one of them contai
ing less than 40% of the parties. Again, it does not ma
whether certain parties belong to the same group; only
total number of particles within each group is important. W
can viewr II as a state having ‘‘macroscopic’’ entangleme
but no ~distillable! ‘‘microscopic’’ entanglement@see Fig.
1~b!#. Note that one can also have the opposite effect, i.e
stater II8 which is distillable if and only if the parties form
two groups, and one of the groups contains less than
20% of the parties.

Example III. The stater III becomes distillable if and only
if the parties form two groups, where the first group conta
a specificset ofL partiesA5$Ak1

, . . . ,AkL
%, and the second

group contains the remaining parties. For all other confi
rations in groupsr III remain undistillable. For example, w
have forN55 andA5$A1 ,A3 ,A5% that r III is distillable if
and only if the parties form two groups, (A1A3A5)
2(A2A4), and not distillable otherwise.

Example IV. The stater IV has the following properties
Given any two groups, each of them with a specific num
j ~or more! parties, they can distill~with the help of the other
parties! a MES between them. In particular, if there are se
eral groups of j or more parties, they can distill a
Greenberger-Horne-Zeilinger~GHZ! –like state @16# be-
tween all the groups. When a group with less thanj members
is formed, it cannot distill a MES with any other group@see
Fig. 2~b!#. We call this effect clustering, since the parti
have to form clusters with at leastj members in order to be
able to create MES. In a similar way, one can also choose
state such that not only the number but also the spec
parties that have to form groups in order to create a MES
given.

In the preceding examples we have that some numbe
parties have to join into groups in order to distill some ME
with some other parties. In the following, we will give ex
amples in which the parties that join enable the remain
ones to distill entanglement.

Example V. The staterV is such that once any (N22)
parties form a group, the remaining two parties can disti

FIG. 1. ~a! N58 and the stater I is distillable if and only if three
and five parties form a group, andr I is not distillable otherwise.~b!
N525 andr II is distillable if and only if two groups of approxi-
mately the same size are formed~here 12-13!, while r II is not
distillable if and only if one group contains less than 40% of t
particles (j ,10). In both examples, it does not matter which of t
parties belongs to which group.
2-2
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ACTIVATING BOUND ENTANGLEMENT IN . . . PHYSICAL REVIEW A 62 022302
MES, butrV remains undistillable if less than (N22) parties
join @see Fig. 2~b!#.

Example VI. rVI is a state ofN54 parties for which once
the parties (A3A4) form a group a GHZ-like state can b
distilled amongA1 ,A2, and the group (A3A4), whereas it is
undistillable whenever any other parties but (A3A4) are joint
@see Fig. 3~a!#. In contrast to the previous example, in th
one it is not only possible to create a MES betweenA1 and
A2 by joining (A3A4), but also this last group can distill
MES with the remaining parties.

Example VII. rVII is a state ofN55 parties such that a
MES between partiesA1 andA2 can be created if and only i
either the parties (A3A4) or (A3A5) join @see Fig. 3~b!#, but
no entanglement can be distilled if the parties (A4A5) join.

In the following, we will explain how all those example
can be constructed and understood by giving necessary
ditions for distillation and activation in multiparticle sys
tems. These conditions also provide us with the tools to c
struct other examples of activable BES. We will al
introduce a family of states that includes all examples I–
as well as all those examples that can be constructed u

FIG. 2. ~a! N520, j 53, and r IV is such that entanglemen
between any two groups that contain more or equal toj 53 mem-
bers can be distilled~those groups can thus share a GHZ sta!,
while groups with less than three members cannot create enta
ment with any other group.~b! N510 andrV is such that once any
(N22) parties join, the remaining two can create entanglem
while no entanglement can be shared among the remaining part
less than (N22) parties join.

FIG. 3. ~a! N54 andrVI is such that a GHZ state shared amo
the groupsA12A22(A3A4) can be created if and only if the partie
(A3A4) join, and no entanglement can be distilled if any other t
parties form a group.~b! N55 andrVII is such that entanglemen
betweenA1 andA2 can be created if and only if either party (A3A4)
or (A3A5) join, however no entanglement can be distilled if (A4A5)
joins.
02230
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the rules following from the necessary conditions for dis
lation and activation, which are also sufficient for this fam
ily.

III. DEFINITIONS AND NOTATION

In this section we first review the concept of biparti
splittings, and introduce some notation that will be used
the following sections. Then we review the properties of t
family of N-qubit statesrN introduced in Ref.@12#. As men-
tioned above, these states give rise to a wide range of a
vable BES. In particular, among them one can find sta
corresponding to the examples of activable BES introdu
in the previous section.

A. Bipartite splittings

Let us denote byP the set of all possible~bipartite! split-
tings of N parties into two groups. For example, for thre
parties, P contains the splittings (A1A3) –(A2),
(A2A3) –(A1), and (A3) –(A1A2). We will denote these bi-
partite splittings byPk , wherek5k1k2•••kN21 is a chain of
N21 bits, such thatkn50,1 if the nth party belongs to the
same group as the last party or not. For example, for th
parties the splittings (A1A3) –(A2), (A2A3) –(A1), and
(A3) –(A1A2) will be denoted byP01,P10, andP11, respec-
tively. We will denote byA the side of the splitting to which
the partyN belongs and byB the other side. In general, ther
exist s52N2121 of such splittings. In the following, when
we consider bipartite splittings, the parties in each of
groups will be allowed to act together~i.e., to perform joint
operations!.

B. Family of statesrN

Let us considerrN , the family of N-qubit states intro-
duced in Ref.@12#. We have thatrPrN if it can be written as

r5 (
s56

l0
suC0

s&^C0
su1 (

k5” 0
lk~ uCk

1&^Ck
1u1uCk

2&^Ck
2u!,

~1!

where

uCk
6&[

1

A2
~ uk1k2•••kN210&6uk̄1k̄2••• k̄N211&) ~2!

are GHZ–like states withk5k1k2•••kN21 being a chain of
N21 bits, andk̄i50,1 if ki51,0, respectively. We have tha
rN is parametrized by 2N21 independent real numbers. Th
labeling is chosen such thatD[l0

12l0
2>0. As we will see

below, both the separability and distillability properties
the states belonging to this family are completely determin
by the coefficients

sk[H 1 if lk,D/2

0 if lk>D/2.
~3!

Let us emphasize that the notation used for the states of
family parallels the one used to denote the partitionsPk . In

le-
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fact, as shown in Ref.@15# the separability properties ofrN
for a given partitionPk are directly related to the coefficien
sk :

Lemma 0. @15# For any bipartite splittingPkPP, and r
PrN we haverTA>0⇔sk50⇔r is separable with respec
to this splitting.3

Thus the coefficientsk determines whetherr is separable
or not with respect the bipartite splittingPk . Note that there
are no restrictions to the values of these coefficients; tha
for any choice of$sk% there always exists a staterPrN with
these values. This automatically implies that the familyrN
provides us with all possible examples of states in which
separability properties of the bipartite splittings are co
pletely specified. As we will see in the next section, the sa
is true regarding distillability with respect to bipartite spl
tings.

IV. ACTIVATION OF BE FOR BIPARTITE SPLITTINGS:
EXAMPLES I-III

With the states introduced in the previous section, we
at the position of examining examples I–III. If we take
closer look at them, we find that they all have a comm
feature: the statesr I ,r II , andr III are distillable with respec
to certain bipartite splittings, and not distillable with respe
to other bipartite splittings. In this section we will show th
given a subset of all possible bipartite splittings we can
ways find states inrN such that they are distillable if an
only if the parties join according to a bipartite splitting co
tained in this set. This general result clearly allows to fi
states within our family that correspond to examples I–II

Let us be more specific. We consider the set of all p
sible bipartite splittingsP. Let us specify for each splitting
Pk whether we want that one can distill a MES or not. To
that, we will assign to each splitting a 0 if we do notwant it
to be possible and a 1 otherwise. That is, each possible s
fication corresponds to a functionf :P→$0,1%. There are 2s

of such functions, which we will call specifications. Now
given a specificationf we define the set of splittingsSf
5$PPP such thatf (P)51%. Thus, the problem reduces t
finding a stater such that only for the splittings contained
Sf can one distill a maximally entangled state. Note th
examples I–III are just different specificationsf. What we
will show here is that there exist statesrPrN fulfilling any
given specification.

A. Family of states rN

We will show here that for the family of statesrN , bipar-
tite inseparability is equivalent to distillability. This equiva
lence is expressed in the following Lemma:

Lemma 1. Given the bipartite splittingPkPP and r
PrN , we have thatr is distillable with respect toPk⇔sk
51.

3rTA denotes the partial transposition with respect to the partieA.
For the definition of partial transpostion in mulitparticle systems
Refs. @9# and @15#. The relation between subsystemA and Pk is
given in Sec. III A.
02230
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Proof. Using Lemma 0 we have that ifsk50 then rTA

>0, and therefore the state is not distillable, since nonp
tive partial transposition is a necessary condition for distil
tion @1#. Thus, we just have to show that ifsk51 then the
state is distillable. We denote byu0&A,B andu1&A,B the states
in which all qubits in sideA or B are in state 0 and 1
respectively. We have that uC0

6&51/A2(u0&Au0&B

6u1&Au1&B) and uCk
6&51/A2(u0&Au1&B6u1&Au0&B). By

measuring the projectorsu0&A,B^0u1u1&A,B^1u, in A and B,
respectively, we only get contributions from the statesuC0

6&
and uCk

6& and one obtains that the state after a succes
measurement is

r}l0
1uC0

1&^C0
1u1l0

2uC0
2&^C0

2u

1lk~ u0,1&^0,1u1u1,0&^1,0u!. ~4!

This state is known to be distillable forsk51 @2#. h
This Lemma tells us that for a given specification we ju

have to find a state inrN such thatsk5 f (Pk) for all k. Since
the valuessk are not restricted in any way, we have that f
any specification, we can find statesrPrN fulfilling it, and
thus our family provides all different kinds of bipartite dis
tillable and nondistillable states.

Let us now come back to examples I–III. We can take
state r I @example I# one from the familyrN that hassk
5 f (Pk)51 if and only if the number of ones ink is j or
(N2 j ) andsk5 f (Pk)50 otherwise~this means that all bi-
partite splittings that contain exactlyj members in one group
are distillable, and all others are separable!. In the example
II, we chooser II PrN such thatsk5 f (Pk)51 if and only if
Pk has between 40% and 60% of the parties inB. In example
III we take r III PrN such thatsk5 f (Pk)51 only for one
specific Pk . We also emphasize that in a similar way o
may construct many other interesting examples.

V. ACTIVATION OF BE BY EXTERNAL ACTION:
EXAMPLES IV –VII

While the separability and distillability properties with re
spect to bipartite splittings of a stater were sufficient to
completely understand and construct examples I–III, in
remaining examples we are faced with a slightly more co
plicated situation. Now we have that the parties can join i
more than two groups, and it may even happen that not a
the parties are needed in order to activate the BE. Thus,
bipartite splittingsPk do no longer provide a complete de
scription of the problem. However, we can still use them
derivenecessaryconditions regarding distillability and eve
activation of BE between any number of groups. And wha
more important, we will show that these necessary con
tions turn out to be alsosufficientfor the family of statesrN .
On the one hand, this allows us to construct various differ
kinds of activable BES, such as those corresponding to
amples IV–VII. On the other hand, it ensures that the fam
rN provides examples for all possible kinds of BES that c
be constructed by using the necessary conditions for dist
tion based on the bipartite properties of a stater. We wish to
emphasize that due to the fact that the conditions we ob

e
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are only necessary and not sufficient in general, there m
exist other kinds of activable BES that cannot be obtain
with the methods developed here. Nevertheless, these m
ods also give indications about some other kinds of BES

A. Necessary conditions for distillation

The separability properties of the bipartite splittingsPk of
a multiparticle stater provide necessary conditions for th
distillability properties ofr. This is expressed in the follow
ing result:

Theorem 1. Let C5$Ai 1
, . . . ,Ai M

% and D

5$Aj 1
, . . . ,Aj L

% be two disjoint groups ofM andL parties,
respectively, whereas the rest of the parties are separate
a MES betweenC and D can be distilled thenr has to be
nonseparable with respect to all those bipartite splittingsPk
in which the groupsC andD are located on different sides

Proof. Let us assume thatr is separable with respect t
one of those bipartite splittingsPk , so thatC,A andD,B.
This means that even if we allow the groupsC andD to join
some other parties~belonging toA andB, respectively!, they
will not be able to distill a MES. This is due to the fact th
nonseparability is a necessary condition for distillability.h

Theorem 1 relates the distillability properties ofr to the
classification with respect to the separability properties o
multiparticle state given in Ref.@15#. We also note here tha
the k-separability properties with respect tok-partite split-
tings (k.2) provide no additional information about the di
tillability properties of a stater. Theorem 1 also determine
the necessary conditions for the creation of GHZ-like sta
since the possibility of creating maximally entangled pa
between any two out ofl parties is a necessary and sufficie
condition for the creation of a GHZ-like state among thosl
parties. We can also change ’’nonseparable’’ in the theo
to ’’distillable,’’ which provides an even stronger conditio
It is not clear whether this condition is then also sufficie
One may think of the existence of bound entangled sta
that are distillable with respect to all possible bipartite sp
tings, but that are not distillable when considering the par
independently. It is not known whether such states exist;
however,@17#.

We also see from Theorem 1 that in order for a ME
between two specific, separated parties, to be distillable,
necessary that the corresponding state is inseparable
respect to at least 2N22 different bipartite splittings. Thus
there exist many states that are inseparable, but do not f
the necessary condition for distillability between any tw
parties. All those states are obviously BE. For example,
state that has less than 2N22 ~and more than one! inseparable
bipartite splittings is clearly bound entangled. Naturally, t
question arises under which conditions this BE can be a
vated.

B. Necessary conditions for activation of BES

Clearly, the situation changes when the parties are
lowed to form groups and act together. In this case, the
ties may be able to change the separability properties of
tain bipartite splittingsPk . For example, forN53 parties
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A,B, andC, if the partiesA andB form a group they may be
able to change the separability properties of the bipar
splittings ~i! (B) –(AC) and ~ii ! (A) –(BC). This is due to
the fact that ‘‘joining’’ is equivalent to having some extr
entanglement available. In this case, this extra entanglem
betweenA and B can be used to change the separabi
properties of the bipartite splittings in question. Note, ho
ever, that this extra entanglement does not help to change
separability properties of the bipartite splitting~iii !
(C) –(AB), since (AB) where already joint in this bipartite
splitting. This also allows us to understand the example o
activable BE three party state given in the Introduction@12#,
where we had that~i! and ~ii ! are separable, while~iii ! is
inseparable and the state is thus BE according to Theore
By joining the partiesA andB, one may however change th
bipartite splittings~i! and ~ii ! from separable to inseparable
so the necessary conditions for distillation may now be f
filled, since all bipartite splittings can now be inseparable
principle. As shown in Ref.@12#, this activation can in fact
be achieved, i.e., the change of the separability propertie
the splittings~i! and ~ii ! as well as the distillation are pos
sible. In a similar way, one can explain the example given
Ref. @13# for N54. The effect of activation of BE for a stat
r can thus be viewed as a consequence of the follow
theorem:

Theorem 2. Consider a stater that is separable with re
spect to a given bipartite splitting (A) –(B). When joiningM
partiesC5$Ai 1

, . . . ,Ai M
%, necessary conditions that we ca

maker distillable with respect to the splitting (A) –(B) are
that ~i! C,” A,B and ~ii ! by using an operation acting onC
one can transform the state such that it is now nonsepar
with respect to the bipartite splitting (A) –(B).

Proof. ~ii ! follows trivially from Theorem 1, whereas~i!
follows from ~ii !. h

According to this theorem, when joining some parties in
a groupC, they may change the separability and distillabili
properties of certain bipartite splittings, namely, all tho
splittings (A) –(B) for which C,” A,B. So, it may happen
that the conditions for distillability, which were not fulfilled
before joining the parties, are now fulfilled, and a ME
shared between some parties can now be created in princ
Theorems 1 and 2 together provide necessary conditions
the activation of multiparticle BES and provide thus t
framework for the construction of generic examples of d
ferent kinds of activable bound entangled states. To ach
this, one chooses at the beginning the separability and
tillability of the bipartite splittingsPk of a stater such that
the state is not distillable if the parties remain separated fr
each other, but that the distillability conditions may be fu
filled when some of the parties are allowed to form grou
We also note here that due to the fact that both theore
only provide necessary conditions in general, we do not h
that the distillabity and activation properties of a stater are
completely determined by the separability properties of
bipartite splittings. On the one hand, there might exist sta
that cannot be distilled or activated even though they fu
the necessary conditions for distillation/activation, i.e., tho
states are further protected against activation. On the o
2-5
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hand, we already see that there are various kinds of non
vable bound entangled states. For example, all states tha
biseparable with respect to all bipartite splittings but are
separable with respect to anyk-partite splitting (k.2) ~see
also classification proposed in Ref.@15#! are clearly bound
entangled and can be neither distilled nor activated. FoN
53, such an example is known@18#.

Using Theorems 1 and 2, it is now straightforward
check that in example I the stater I reamains undistillable
whenever the parties form more than two groups, since
necessary condition for distillation of a MES between a
two groups cannot be fulfilled. On the other hand, it is
ready clear that if the parties form two groups with a diffe
ent number of members thanj and N2 j , we have by con-
struction that the stater IPrN is separable with respect t
this bipartite splitting and thus not distillable. In a simil
way, one can check that in examples II and III the statesr II
andr III are only distillable if and only if the parties join in
two groups of required size~example II! or required mem-
bers~example III!, respectively.

C. Family of statesrN

In this section, we show that the necessary condition
distillation and activation expressed in Theorems 1 and 2
also sufficient for the family of statesrN . We first show that
if the necessary conditions for the distillation of MES b
tween any two groups of parties, both not including a cert
partyAl , are fulfilled, one can disentangle partyAl from the
remaining system while keeping the necessary conditions
distillation between the two groups in question. In order
achieve this, the partyAl has to cooperate, i.e., its help
required. This is expressed in the following lemma:

Lemma 2. One can convert anyN-qubit staterPrN to a
(N21)-qubit stater̃PrN21 by measuring a certain part
Al , such that for all bipartite splittingsPk the following
property is fulfilled: If r is inseparable with respect to th
bipartite splittings (AlC) –~rest! and (C) –(Al rest)⇒ r̃ is in-
separable with respect to the bipartite splitting (C) –~rest!.

Proof. We assume without loss of generality thatAl
5A1. If we measure inA1 the projectorP15u1&A1

^1u
where u1&5(u0&1u1&)/A2, we find that the remaining (N
21) particles are in a state of the formrN21 with new
coefficients l̃ j 2 j 3 . . . j N21

5l0 j 2 j 3 . . . j N21
1l1 j 2 j 3 . . . j N21

and

similar for l0
6 , so thatD̃5D. The property we want to show

is simply that if and only if both

l0 j 2 j 3 . . . j N21
,D/2and l1 j 2 j 3 . . . j N21

,D/2, ~5!

it follows that

l̃ j 2 j 3 . . . j N21
,D̃/2. ~6!

It may happen that although Eq.~5! is fulfilled, Eq.~6! is not.
In this case, we apply the first step of the distillation proc
dure proposed in Ref.@15# first, where one measures certa
POVM elements onM copies of the initial state and is le
with a new ~unnormalized! state of the formrN with new
02230
ti-
are
-

e
y
-

r
re

n

or

-

coefficientslk85lk
M and (D8/2)5(D/2)M. ForM sufficiently

large, we can now always have that after applyingP1 , the
remaining state is such that Eq.~6! is fulfilled, since the new
D/2 is exponentially amplified compared to anylk1,2

,D/2

and thus (D/2)M.lk1

M 1lk2

M for M sufficiently large.h

Theorem 3. For the family of statesrN , we have that the
necessary condition for distillability given in Theorem 1
also sufficient.

Proof. To show this, one just has to sequentially app
Lemma 2 to all particlesAi¹$C,D%, which leaves us with a
(M1L) qubit-staterPrM1L , which hasrTC>0 ~which,
according to Lemma 0 means that the correspondingsk
51) and thus Lemma 1 can be applied, ensuring that
staterPrN fullfilling the necessary conditions for any kin
of distillation is in fact distillable.h

Note that the help ofall parties is required, independen
of whether they finally share a MES or not. This follow
from the fact that Lemma 2 is based on the cooperation
partyAl , which is separated from the remaining system af
the procedure described above. If one would just trace
party Al ~i.e., the party does not cooperate with the rema
ing parties!, one finds that the remaining parties cannot c
ate any entanglement at all.

Theorem 4. For rPrN , and the situation of Theorem 2
we can in fact changeall those bipartite splittings (A)-(B)
for which C,” A,B from separable to inseparable~which is
equivalent to distillable in this case! without changing the
separability properties of the remaining bipartite splittings

Proof. We assume without loss of generality that we jo
the first M partiesC5$A1 , . . . ,AM%. Let j 5 j 1 j 2••• j M ( l
5 l 1••• l N2M21) be M @(N2M21)# digit binary numbers.
We have to show that we can change all those bipartite s
tings that do not contain all partiesC on one side from sepa
rable to inseparable. This is equivalent to showing that for
l j l with j Þ$0,2M21%, we can haveD/2.l j l . When apply-
ing the POVM element

P̃5 (
j 50

2M21

Ayj u j &C^ j u,

we find that we obtain again an~unnormalized! state of the
form rN with new coefficientsl̃ j l 5yjl j l . Choosing y0
5y2M2151 and all otheryj sufficiently small, we have tha
D̃5D and for j Þ$0,2M21% we can obtain thatD̃/2.l̃ j l as
required. Furthermore, all other relationsD/23l j l , with 3
P$.,<% and thus the separability properties of all tho
bipartite splittings for whichC,A,B remain unchanged.h

Theorems 3 and 4 together ensure that any BES within
family rN that is activable in principle can in fact be act
vated, i.e., the necessary conditions for the activation
bound entangled states given in Theorem 1 and 2 are
sufficient for the familyrN .

D. Examples IV–VII

We are now at the position to construct and explain
amples IV–VII, as well as to provide many other interesti
examples of activable BES.
2-6
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Let us start with example IV: In this case, we choose
stater IVPrN such that it is separable with respect to
bipartite splittingsPk where either the groupA or B has less
thanj members. All other bipartite splittings are chosen to
distillable. It is clear that if a group with less thanj members
is formed, they cannot distill a MES with any other grou
~since the corresponding bipartite splitting is separab!.
However once the parties form two groups, each hav
more thanj members, it is straightforward to check~using
Theorems 4 and 3! that these two groups can in fact create
MES.

In example V, we choose the staterVPrN such that it is
distillable with respect to all bipartite splittingsPk where
either the groupA or B contains exactly one particle~so that
the number of ones ink is either 1 orN21), and is separable
with respect to all other bipartite splittingsPk . It is clear that
it is sufficient to join anyN22 particles, since this allows—
according to Theorem 4—to make inseparable~and thus dis-
tillable! all those bipartite splittings where the remaining p
ticles are located in different groups, so that distillation o
MES between the remaining two particles becomes poss
according to Theorem 3. On the other hand, if less thanN
22 parties join, one can easily verify that for any two of t
remaining parties, there always remains at least one bipa
splitting separable that has to be inseparable in order
distillation can be possible. Thus the remaining parties c
not share entanglement if less thanN22 parties join.

In example VI we chooserVIPr4 such that it is insepa
rable with respect to the bipartite splittings (A1A2) –(A3A4),
(A1) –(A2A3A4), and (A2) –(A1A3A4) and separable with
respect to all other bipartite splittings. Clearly, this state
BE since at least 2N2252254 bipartite splittings have to be
inseparable so that a pair between any two separated pa
can be distilled. Furthermore, one can check~using Theo-
rems 3 and 4! that rVI remains undistillable when joining
any two parties but (A3A4), but one can create a GHZ sta
shared amongA1–A2–(A3A4) once one joins the partie
(A3A4).

Finally, in example VII we haveN55 and chooserVII
Pr5 such that the state is inseparable with respect to
bipartite splittings that containA1 andA2 in different groups,
except the splitting (A1A3) –(A2A4A5) which is chosen to be
separable as well as all other bipartite splittings. One
readily check thatrVII has the desired properties, i.e., it
BE and can be activated when joining the parties (A3A4) or
(A3A5).

If we demand however that entanglement betweenA1 and
A2 should be created onceany two of the remaining parties
J.

h

d
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join, one finds that such a a state cannot be constructed us
our method. In this case, we have to demand that the in
staterVIIPrN has to be separable with respect to at least
of the bipartite splittings whereA1 andA2 belong to different
groups. Otherwise, a MES betweenA1 andA2 could be dis-
tilled from the beginning and the state is thus not BE. Let
assume without loss of generality that the separable split
is either~i! (A1A3) –(A2A4A5) or ~ii ! (A1) –(A2A3A4A5). In
both cases, the separability properties of this splitting can
be changed when joining the parties (A4A5) and so no en-
tanglement can be created betweenA1 andA2 although two
of the remaining parties join~note that if we had taken an
other bipartite splitting, withA1 andA2 belonging to differ-
ent groups, to be separable, we would have found some o
two of the remaining parties that can join but not change
properties of this splitting!.

Due to the fact that the conditions for distillation an
activation we give here are only necessary in general, t
do not allow us to rule out the possibility that a state hav
the desired properties can exist. In this case, the activa
would not be based on the change of the separability pr
erties of the bipartite splittings, but on some other mec
nism.

VI. SUMMARY

In summary, we have given rules to construct activa
bound entangled states using the separability and distillab
properties of a density operator with respect to bipartite sp
tings. This method allows us to construct examples for
possible kinds of activable BES where the parties join in
exactly two groups. In particular, the family of states intr
duced in Ref.@12# contains examples of all these kinds
activable BES. We have also given some relevant exam
of activation of BE in which the parties join into more tha
two groups, and where the role of some of the groups is
to help the others to create a MES.
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