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Testing the symmetrization postulate on molecules with three identical nuclei
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We propose an experiment to look for possible small violations of the symmetrization postulate of quantum
mechanics, in systems composed of three identical particles. Such violations could be detected by investigating
the population of particular rotovibrational states of symmetrical molecules containing three identical nuclei.
We discuss the symmetry properties of such states, and the implications of the symmetrization postulate and
the spin statistics connection. A high-sensitivity spectroscopic investigation of simple molecules such as SO3 ,
BH3 , and NH3 could lead, to our knowledge, tothe first test of the symmetrization postulatefor spin-0 and
spin-1/2 nuclei.

PACS number~s!: 03.65.Bz, 11.30.Er, 33.15.Bh, 87.64.Je
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I. INTRODUCTION

In recent years, the possibility of small violations of th
symmetrization postulate~SP! and of the spin-statistics con
nection has been addressed from both experimental and
oretical points of view. The SP is at the basis of a quantu
mechanical description of systems composed of ident
particles, asserting that only wave functions that are co
pletely symmetric or antisymmetric in the permutation of t
particles labels can describe physical states. In princ
there would be no arguments against the existence of s
with different symmetries, although they lack some of t
properties which are peculiar to completely symmetric a
antisymmetric states. The only strict requirement that can
derived in a formal way in quantum mechanics is the
calledsuperselection rule, which forbids transitions betwee
different symmetry classes.

In addition, experimental observation so far seems to
dicate a well-defined connection between the spin of the
ticles and the symmetry properties: half-integer spin partic
can be described only by antisymmetric wave functions,
integer-spin particles by symmetric wave functions only. A
cording to their behavior in a statistical ensemble, the t
kinds of particles are indicated as fermions and bosons
spectively.

Although both the SP and the spin-statistics connec
seem to hold in the physical world, there is great interes
investigating possible very small violations, not detected
date. In the case of two-particles systems, only symmetr
and antisymmetrical states can be defined, and therefore
SP is redundant. As a matter of fact, the experimental tes
symmetry reported so far have been limited to the invest
tion of states containing only two identical particles, looki
for violations of the usual connection between spin and
tistics. In particular the latest high-sensitivity experiments
this kind have been performed on both fermionic syste
namely electrons, and bosonic systems, such as photons
oxygen nuclei. In the case of electrons, the existence of
tally symmetric states in the spectrum of atomic helium h
been sought@1#, and the negative result of such an inves
gation has led to the establishment of a bound to the de
of violation of the spin statistics, i.e., to the presence
1050-2947/2000/62~2!/022115~8!/$15.00 62 0221
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exchange-symmetric electrons. A different experiment w
performed on a metallic Cu sample@2#, looking for the pres-
ence of any electrons in the conduction band, with no sy
metry requirements with respect to electrons in the alre
filled shells. This can be considered a one-particle test of
identity of the electrons, which is even a more general pr
erty of the particles, but not a test of their symmetry. Resu
which are conceptually identical to the first case have b
obtained for bosonic particles, by searching for an exchan
antisymmetric two-photon transition in atomic barium@3#,
and for rotational states in molecular oxygen@4–6# and car-
bon dioxide@7# which are antisymmetrical in the exchang
of O nuclei. The principle of all these experiments was
look for particular atomic or molecular transitions, who
probability would be zero according to the usual spin sta
tics, by using high sensitivity spectroscopic detection te
niques. The extrapolated bounds on the relative weight of
wrong statistics are almost at the level of 1029 @7#. Reviews
of different experiments which have been proposed, and
terpretations of the results of various measurements as
of the statistics, can be found in Refs.@8–10#.

Theoretical studies of possible violations of the usu
symmetry properties have focused on systems composed
nonfixed number of particles, which can be treated within
quantum-field theory formalism. In such a context the sp
statistics connection is no longer a postulate dictated by
perimental observation, but can be rigorously proved throu
the spin-statistics theorem@11,12#, the main assumption be
ing the validity of the SP. Several theories allowing for sm
violations of such a postulate have been proposed@13#, and
one of the most successful is based on theq-mutator algebra
@14#, in which deformed bilinear commutation relations a
used in place of the ordinary ones. In this way it is possi
to define exotic symmetries as a smooth interpolation
tween symmetric and antisymmetric ones, or statistics in
polating between the Bose and Fermi cases. By assuming
validity of this algebra it has also been possible to trans
the bound on the spin statistics for oxygen nuclei@7# into a
bound on the statistics of the nucleons composing the nu
@15# or, more generally, to establish a relationship betwe
constraints on different kinds of particles@16#.

To summarize, so far experiments have been devote
©2000 The American Physical Society15-1
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GIOVANNI MODUGNO AND MICHELE MODUGNO PHYSICAL REVIEW A 62 022115
search for possible violations of the spin statistics in sim
systems, while theories allowing for violations of the mo
fundamental SP focused on much more complex syste
which cannot be easily investigated experimentally. We n
that no rigorous theoretical study of a simple quantu
mechanical system allowing for violations of the SP has b
reported so far, although possible experiments on multip
ticle molecular systems have been indicated@4,10#.

In this paper we propose an experiment to be perform
on molecular systems containing three identical nuclei,
search for possible violations of the SP in a system descr
within quantum-mechanical theory. For this purpose, in S
II we briefly recall the concept of the identity of particle
and the permutation properties of identical particles; we a
recall that at least three particles are needed to define s
metries different from the usual ones. Then, in Sec. III,
discuss the properties of particular rotational states of s
metrical plane molecules with three spin-0 nuclei, which
forbidden by the SP, and with three spin-1/2 nuclei, wh
are forbidden by both the spin-statistics connection and
SP. We show that, nevertheless, such states have the p
symmetry to be defined consistently in a more gene
quantum-mechanical theory which does not include the
In Sec. IV we briefly discuss how to test the possible sm
symmetry violations. Finally, in Sec. V, we propose a hig
sensitivity spectroscopic investigation to be performed
selected transitions of the SO3 molecule, and of BH3 and
NH3 molecules, which best represent the prototypal m
ecule respectively for the spin-0 and spin-1/2 cases tre
above. In the latter case, such states could be investigate
a search for small violations of the statistics or of the sy
metry of protons.

II. INDISTINGUISHABILITY OF IDENTICAL PARTICLES
AND THE SYMMETRIZATION POSTULATE

A. General discussion

The indistinguishability of identical particles is one of th
principles lying at the basis of quantum mechanics. It sta
that, given a system of particles belonging to the same s
cies~i.e., which have the same physical properties, like ma
charge, spin, etc.!, a permutation of such particles cann
affect any of the quantum observables of the system@17#. To
discuss the implications of such a principle, here we brie
recall some properties of a system containingN identical
particles ~for a general discussion see, for example, Re
@17–19#!.

To each observable of the system we associate a Her
ian operatorÂ, which can be written as

Â5A~$Ô1%, . . . ,$ÔN%![Â~1, . . . ,N!, ~2.1!

where $Ôj% is a set of single-particle observables. In t
same way, the vector

u1,2, . . . ,N& ~2.2!
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represents a state where the first particle is characterized
set of quantum numbers$1%, the second by$2%, and so on.
Moreover we can define the permutation operators as

P̂j 1 , j 2 , . . . ,j N
f ~1,2, . . . ,N!5 f ~ j 1 , j 2 , . . . ,j N! ~2.3!

and these operators form thesymmetrization group Sn .
Therefore, since a permutation of identical particles can
affect any quantum observable, all observables must be
mutation invariant,

@ P̂,Â#50, ~2.4!

and, since the evolution operatorÛ(t) is related to the
Hamiltonian of systemĤ, which is a physical observable, th
above condition is fulfilled at any instant of time

@ P̂,Ĥ#50⇒@ P̂,Û~ t !#50. ~2.5!

An important consequence of these relations is that the
bert spaceH can be written as a direct sum of hortogon
subspaces, each one invariant under the permutation gr
the hortogonality being preserved along the evolution of
system, and following a physical measurement. This re
can be stated as asuperselection rulewhich forbids transi-
tions between states transforming under inequivalent re
sentations of the permutation group.

To investigate in detail the symmetry properties of a g
neric state of the system under permutation, it is conven
to introduce the operator of acyclic permutation,

P̂(k1 ,k2 , . . . ,kK) f ~k1 ,k2 , . . . ,kK!5 f ~k2 , . . . ,kK ,k1!,
~2.6!

and the exchange operators of two particles,P̂( j ,k) ~they are a
particular case of the former!, which are Hermitian and uni-
tary, with an eigenvaluese j ,k561.

Each generic permutation can be written either as
product of exchange between two particles, or of cyclic p
mutation of distinct elements, in the form

P̂cyclic[ P̂(k1 , . . . ,kp)(kp11 , . . . ,kp1q)(kp1q11 , . . . ,kp1q1r ) . . . ,
~2.7!

with the only condition that the sum of each cycle leng
must be equal toN:

p1q1r 1•••5N ~2.8!

~here we adopt the conventionp>q>r>•••). The proper-
ties of transformation of such operators under permuta
do not change the length of the cycles, and therefore all
cyclic permutation with the same values ofp,q,r , . . . are
said to form aclass. Obviously there are as many classes
there are possible decompositions ofN as a sum of integer
numbers.

From the properties of the exchange operatorsP̂( j ,k) , it
follows that the permutation operators admit only two co
5-2
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TESTING THE SYMMETRIZATION POSTULATE ON . . . PHYSICAL REVIEW A62 022115
mon eigenstates, with the eigenvaluese j ,k all equal to 1 or
21. In fact, the eigenvalue equation for the exchange op
tors P̂( j ,k) is (e j ,k561)

P̂( j ,k) f ~1,2, . . . ,N!5e j ,kf ~1,2, . . . ,N!; ~2.9!

then, from the relation

P̂( j ,k)5 P̂(2,k)P̂(1,j )P̂(1,2)P̂(2,k)P̂(1,j ), ~2.10!

it follows that

e j ,k5e1,2e2,k
2 e1,j

2 5e1,2. ~2.11!

These eigenvaluese j ,k561 correspond to vectors of sta
completely symmetric or antisymmetric under the excha
of two particles, respectively, and we indicate the subspa
spanned by these vectors byH1 andH2 , respectively. For
N52 the Hilbert space can be decomposed exactly asH
5H1 % H2 , i.e., only symmetric or antisymmetric states a
possible. ForN.2 this is no longer true, and we have

H5H1 % H2 % H18% H28% •••, ~2.12!

whereHj8 are permutation-invariant subspaces. Contrary
H1 and H2 , which have a definite symmetry and are
one-dimensional representation of the permutation group~for
a given set of quantum numbers$1,2,. . . ,N%, there exists
only one possible combination which gives symmetric
antisymmetric states!, the subspacesHj8 do not possess a
definite symmetry and have a dimension greater than 1. T
is the reason why one usually assumes thesymmetrization
postulate~SP!, requiring physical states to be either symm
ric or antisymmetric. Nevertheless, there is no stringent r
son to excludea priori the possibility of physical states no
obeying the SP, since their presence does not violate
basic principle of quantum mechanics. The only differen
that one has to take into account is the lack of a corresp
dence between physical states and vectors~modulo a phase
factor!, since the subspacesHj8 have a dimension greate
than 1 and do not admit a complete set of mutually comm
tating physical observables. In fact, let us imagine to a co
mon eigenvectoruu& of a complete set of operators$Oi% in
Hj8 . Sinceuu& cannot be an eigenvector of all the permu
tion operators, there must exist some permutation such
P̂j 1 , j 2 ,•••, j N

uu& is linearly independent ofuu&, and, therefore,

Hj8 must have dimension greater than 1, and the set of
erators$Oi% cannot be complete~i.e., the state of the system
is not completely determined by the set of eigenvalues$oi%).
In the following we work out in more detail the permutatio
properties for the special casen53 @20#.

B. A system of three identical particles

The symmetrization groupS3 is a non-Abelian group of
order 6, formed by the 3! cyclic permutations of the lab
(1,2,3), which belong to three distinct classes

P(1)(2)(3)5I , ~2.13!
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P(2,3) , P(1,3) , P(1,2) , ~2.14!

P(1,2,3), P(3,2,1). ~2.15!

This group is isomorphic to thedihedral group D3, gen-
erated by the symmetry transformation shown in Fig. 1.
fact, reflection about each axis (a,b,c) is equivalent to a
two-label permutationP( i , j ) , while rotations around the cen
ter by angles 2p/3 and22p/3 lead to a cyclic permutation
of all the three labels. The visualization of groupS3 by its
association to the geometrical symmetries ofD3 is very help-
ful, since it is indeed this realization on a physical system~a
molecule in our case! that we are looking for.

The permutation operators can be written explicitly in
matrix form, on the basis formed by the 3! permutations
the vectoru1,2,3&. For example, by defining

u1,2,3&[u1&, ~2.16!

u1,3,2&[u2&, ~2.17!

u2,1,3&[u3&, ~2.18!

u2,3,1&[u4&, ~2.19!

u3,1,2&[u5&, ~2.20!

u3,2,1&[u6&, ~2.21!

we obtain

P(1,2,3)5S 0 0 0 0 1 0

0 0 1 0 0 0

0 0 0 0 0 1

1 0 0 0 0 0

0 0 0 1 0 0

0 1 0 0 0 0

D , ~2.22!

and

FIG. 1. The symmetry operation on this triangular configurat
form thedihedral group D3, and are~i! the identity transformation;
~ii ! the reflection about the axesa, b, andc, and ~iii ! the rotation
around the center by angles 2p/3 and22p/3.
5-3
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GIOVANNI MODUGNO AND MICHELE MODUGNO PHYSICAL REVIEW A 62 022115
P(3,2,1)5S 0 0 0 1 0 0

0 0 0 0 0 1

0 1 0 0 0 0

0 0 0 0 1 0

1 0 0 0 0 0

0 0 1 0 0 0

D . ~2.23!

This matrix representation of groupS3 can be reduced, sinc
it must contain a number of irreducible representations eq
to the numbernc of distinct classes (nc53). Moreover, since
this is the so-calledregular representation, each irreducible
representation must appear a number of times equal to
dimensionality. From general results@20#, we know that
these representations are the symmetric and antisymm
ones~which are one-dimensional!, and that there must als
be a two-dimensional representation occurring two times
formal way to systematically reduce the regular represe
tion of Sn into its irreducible components would be by usin
Young diagrams@20#. Here we work out theS3 case with
more heuristic arguments, as follows.

First of all, we can define the operatorsSandA, which are
the projectors on the subspacesH1 andH2 , respectively:

S5@ I 1P2,31P1,31P1,21P1,2,31P3,2,1#/6, ~2.24!

A5@ I 2P2,32P1,32P1,21P1,2,31P3,2,1#/6. ~2.25!

Each of them therefore has only one eigenvector associ
with a nonzero eigenvalue, which are

us&[@ u1&1u2&1u3&1u4&1u5&1u6&]/A6, ~2.26!

ua&[@2u1&1u2&1u3&2u4&2u5&1u6&]/A6, ~2.27!

respectively, and are the standard symmetric and antis
metric states.

Then, in order to generate the two two-dimensional ir
ducible representations ofH8, we can try to diagonalize the
permutation operatorsP(1,2,3) andP(3,2,1). The eigenvectors
of the former, and their corresponding eigenvaluesl, are

uv1&[l2u2&1l1u3&1u6&,

uv2&[l1u1&1l2u4&1u5&,
l25e2 i (2p/3)

~2.28!
uv3&[l1u2&1l2u3&1u6&,

uv4&[l2u1&1l1u4&1u5&.
l15e1 i (2p/3)

The other cyclic permutationP(3,2,1) has the same eigenvec
tors, with the eigenvalues exchanged.

By looking at the behavior of such states under the
change of two particles, it is easy to see that the two inv
ant subspacesH18 and H28 are generated by$v1 ,v4% and
$v2 ,v3%, respectively. Therefore, the effect of a generic e
change is a rotation of the vectors inHj8 , with a change of
the eigenvalues ofP(1,2,3) andP(3,2,1). For example, the ac
tion of P(2,3) on v1 gives
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S 0 1 0 0 0 0

1 0 0 0 0 0

0 0 0 1 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 0 1 0

D S 0

e2 i (2/3)p

e1 i (2/3)p

0

0

1

D 5S e2 i (2/3)p

0

0

e1 i (2/3)p

1

0

D .

~2.29!

The resulting vector isv4, which corresponds to differen
eigenvalues of both cyclic permutations. The same result
plies for the other two exchanges. In Sec. III we investig
the consequences of these properties of the cyclic perm
tions for the specific case of three nuclei bound in a rig
molecule, and the possible physical implication of the ex
tence of these states not obeying the SP.

III. SYMMETRY-FORBIDDEN STATES
IN SYMMETRICAL THREE-NUCLEI MOLECULES

A. Three spin-0 identical nuclei

The prototypal molecule that we want to consider is co
posed of three identical spin-0 nuclei disposed at the vert
of an equilateral triangle, as sketched in Fig. 1, whose sy
metries belong to the dihedral groupD3. The discussion be-
low can be extended to any symmetrical molecule with
ditional nuclei in the plane~point groupD3h).

Within the Born-Oppenheimer approximation, the to
wave function can be decomposed in the usual way as

C5CeCnCvC r , ~3.1!

where the partial wave functions are electronic, nuclear s
vibrational, and rotational components, respectively. To s
plify our description, we can assume the molecule to be
the ground electronic and vibrational state, with species1S
~which is the most common case!, or, in other words, we
assume the total electronic spin, electronic angular mom
tum, and vibrational angular momentum to be zero. The
fore, the electronic and vibrational wave functionsCe and
Cv are completely symmetric under any permutations of
labels of the nuclei. In the case of spin-0 nuclei, the nucl
spin-wave functionCn is also symmetric under permuta
tions, and therefore we must consider the symmetry of
rotational wave-function alone.

For this purpose, we briefly recall the main properties
the rotational states of such a molecule, which are eigenst
of the rigid rotational Hamiltonian

H5B~J/\!22~B2C!~K /\!2, ~3.2!

whereB andC are the two rotational constants,J is the total
angular momentum, andK is its projection on the threefold
symmetry axis perpendicular to the molecule’s plane. T
eigenvalues of the Hamiltonian are of the form

E~J,K !5BJ~J11!2~B2C!K2, ~3.3!
15-4
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TESTING THE SYMMETRIZATION POSTULATE ON . . . PHYSICAL REVIEW A62 022115
with K52J,2J11, . . . ,J, and are strictly degenerate i
the sign ofK as far as the molecule is symmetric, even
nonrigidity and perturbations are considered~the degeneracy
accounts for the undistiguishability of the two orientations
K with respect to the molecular axis!. The eigenfunctions are
somewhat complicated functions ofJ andK and of the Eu-
lerian angles@22#; they also depend parametrically on th
equilibrium positions of the three nuclei in the molecu
potential. Here we are interested in their transformat
properties under a generic rotation of the molecule. The g
eral rule for such transformations is the usual

C r→C re
iaua•J, ~3.4!

wherea is the angle of rotation, andua is the versor of the
plane containinga. To find the symmetry character of th
rotational states, we want to compare this transformation
to those associated with the permutations of particles.
such purpose we write the generic rotational states in a
mal way as a function of the coordinates of the three mini
in the molecular potential:

ux1 ,x2 ,x3&. ~3.5!

These states are defined in the six-dimensional Hilbert sp
defined in Sec. II. We note that a permutation of the quan
labels corresponds to a classical permutation of the nuc
mean positions, and therefore all the permutations
equivalent to rotations of the molecule.

We start by considering rotations in the plane of the m
ecule by anglesu5e2p/3, with e561, which are equiva-
lent to the cyclic permutationsP(1,2,3) andP(3,2,1). Since the
effect on the molecular wave function of these rotations m
be the same of such cyclic permutations, we can compare
general transformation rules under rotations and under
mutations. For the former, the appropriate phase shif
given by

C r→C r exp~ i e2pK/3!, ~3.6!

since the rotation is in the molecule’s plane, while for t
permutations we have

C r→C r and C r→C r exp~ i e2p/3!, ~3.7!

respectively, for states inH1 , H2 , and H8. Therefore, a
state withK53q, with q an integer, can be defined inH1 or
H2 , while states withK53q61 can be defined only inH8.

For the special case of a rotational state withK50, we
can also consider rotations about any of the three symm
axes in the plane of the molecule by anglesf5ep. Such
rotations are equivalent to the three exchangesP(1,2) , P(2,3) ,
and P(1,3) , and also the correspondent phase shifts in
wave function must be identical. This class of rotatio
transforms the wave function as

C r→C r exp~ i epJ!, ~3.8!

according to Eq.~3.4!, since the angular momentumJ lies in
the molecule’s plane. The exchanges are instead chara
ized by
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C r→C r and C r→C r exp~ ip! ~3.9!

for states belonging toH1 and H2 , respectively. As a re-
sult, the even-J states belong toH1 , and the odd-J ones to
H2 , as summarized in Table I.

From the results obtained above, it appears that all
rotational states withK53q61 are strictly forbidden by the
SP, which requires any physical state to be defined inH1 or
H2 . Moreover, the odd-J states withK50 are forbidden by
the spin statistics, since the identical nuclei are spin-0 p
ticles. The latter case is very similar to that of symmetric
molecules with two identical nuclei@4,5,7#. These conse-
quences of both the SP and the spin statistics are well kn
in the field of molecular spectroscopy@22#, since they lead to
the absence of more than two thirds of the rotational state
molecules with the proper symmetry, as confirmed by
experimental investigation performed so far.

We now discuss a property of the SP-forbidden sta
which can be defined in the unsymmetrical subspaceH8.
Specifically, states withK53q21 could be described by th
vectorsv1 andv2, and those withK53q11 by vectorsv3
andv4, to preserve the equality of the phase shifts repor
in Eqs.~3.6! and~3.7!. As we noted, such pairs of vectors d
not define invariant subspaces, and therefore the phys
states have to be defined in the two invariant subspacesH18
andH28 . Although in each of these subspaces the sign of
rotational phase shift is not defined@see Eq.~2.28!#, the sign
of K is also not a physical observable, due to the degene
of the states with6K. In other words, even if inH8 it is not
possible to define a complete set of operators due to its m
tidimensionality, and in particular the sign ofK is undefined,
no paradox arises, since we have no means to measure
a sign.

B. Three spin-1Õ2 identical nuclei

In the case of a molecule containing three identical nuc
with nonzero spin, we should also consider the influence
the nuclear-spin-wave function; in the following we will dis
cuss the special case of spin 1/2. Since the spin is nonz
we can now define a nontrivial Hilbert space for the spin,
the same way as we defined it for the spatial coordinates.
total Hilbert space will be the direct product of the rotation
and spin spaces:

H5HS^ HR . ~3.10!

TABLE I. Appropriate Hilbert subspaces for rotational states
a D3h molecule containing spin-0 identical nuclei, in the grou
electronic and vibrational states. The states completely forbidde
the SP or by the spin-statistics~SS! are indicated.

K J Subspace Forbidden by

3q, qÞ0 any H1 , H2 -
3q61 any H8 SP

0 even H1 -
0 odd H2 SS
5-5
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GIOVANNI MODUGNO AND MICHELE MODUGNO PHYSICAL REVIEW A 62 022115
The general properties of the Hilbert space can easily
found, considering the discrete nature of the quantum la
associated with each particle. The generic three-particle s
is now defined as

uSz1 ,Sz2 ,Sz3&, ~3.11!

and there are two states with total spinI 51/2 and one with
I 53/2 ~two doublet and one quartet!. Using the formalism of
Sec. II, it is possible to assign the quartet state to the s
metrical subspaceH1 , and the two doublets to the unsym
metrical H8. We note that is not possible to build nonva
ishing states completely antisymmetric under permutati
of more than two spin-1/2 particles, since each quantum
bel can assume only two values.

Even in the absence of an electronic or vibrational angu
momentum, the nuclear spin can couple to the rotational
gular momentum, and give rise to a very small hyperfi
splitting of the rotational states. The molecular states w
therefore be eigenstates of the total angular momen
F5J1I . We now want to assign each molecular state t
particular subspace of the overall Hilbert space, as we di
the previous case. For such a purpose we have to decom
the representation of theS3 group on the direct product Hil
bert spaceHS^ HR , into irreducible representations. By u
ing general rules@21# we easily obtain the decompositio
shown in Table II.

It is then straightforward to evaluate the appropriate H
bert subspace for the overall rotational and nuclear-s
states, using the associations of Table I; the results are
ported in Table III. If the hyperfine splitting of the rotation
states is not resolved, as is usually the case, the states
KÞ0 are no longer completely forbidden by the SP, wh

TABLE II. Decomposition of the direct product Hilbert spac
HS^ HR , into symmetry-inequivalent invariant subspaces~under
S3).

H1 H2 H8

H1 H1 H2 H8
H2 H2 H1 H8
H8 H8 H8 H1 % H2 % H8

TABLE III. Appropriate Hilbert subspaces for the rotational an
spin states of aD3h molecule containing spin-1/2 identical nucle

K J I Subspace Forbidden by

3q, qÞ0 any 1/2 H8 SP
3q, qÞ0 any 3/2 H1 , H2 -

3q61 any 1/2 H1 , H2 , H8 -
3q61 any 3/2 H8 SP

0 even 1/2 H8 SP
0 even 3/2 H1 SS
0 odd 1/2 H8 SP
0 odd 3/2 H2 -
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the even-J states withK50 are forbidden by both the SP
and the spin statistics. Specifically, states defined inH1 will
haveI 53/2, and those defined inH8 will have I 51/2. As a
consequence of the multidimensionality ofH8, it is impos-
sible to distinguish between the two doublet states, but th
not a problem, since they are rigorously degenerate. In f
the invariant subspaces ofH8 are eigenstates ofI z , and,
therefore, in the presence of a magnetic field there is also
fundamental principle other than the SP to forbid the ex
tence of these unsymmetrical states. We conclude by no
that in the case of a nuclear spin larger than 1/2 it is a
possible to build antisymmetrical spin states inH2 , and
therefore none of the rotational states withK50 is forbid-
den.

C. Nonplanar symmetrical molecules

We now extend the discussion to nonplanar symmetr
molecules containing three spin-0 or spin-1/2 identical nuc
~point groupC3v : the molecule has additional nonidentic
nuclei out of the plane containing the identical nuclei!. The
main difference from the planar case stands in the trans
mation rule of theK50 rotational states under rotation
about a symmetry axis in the plane of the three identi
nuclei. These rotations, by anglesf5ep, are not identical to
permutations of two identical nuclei, as was the case fo
planar molecule, since also the additional nuclei out of
plane have also rotated. On the other hand, the combina
of such a rotation with an inversion of the coordinates of
the nuclei with respect to the origin cannot be distinguish
from a permutation of two nuclei.

The properties of the rotational states under space in
sion are well known in the field of molecular spectrosco
@22#, and here we give only the main result. If the nonrigid
of the molecule is taken into account, each rotational stat
split into two states with definite symmetry under inversi
(s anda species, respectively symmetric and antisymme
under inversion!. The splitting of the degeneracy of thes
pairs of states is indicated as inversion splitting. The ana
gous of the transformation rule of Eq.~3.8! for the rotation
plus inversion is therefore

C r→6C r exp~ i epJ!, ~3.12!

where the positive~negative! sign refers to thes species (a
species!. If we compare this rule with the one for the ex
change of two particles@Eq. ~3.9!#, we can assign each rota
tional state to the proper symmetry class, as summarize
Table IV for the cases of spin 0 and spin 1/2. In Sec. IV,
will indicate one molecular species in which the inversi
splitting is sufficiently large to resolve the states forbidd
by the SP from those allowed.

IV. TESTING SMALL SYMMETRY VIOLATIONS

As we noted above, those rotational states forbidden
the SP can be defined consistently in the unsymmetrical s
spaceH8, since they are not violating any basic principle
quantum mechanics. The discussion can be extended to
ticular classes of rotational substates in excited vibratio
5-6
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and electronic states; due to the different symmetry of
vibrational and electronic wave functions, different classes
K and J levels can be forbidden by the SP. In any ca
electromagnetic transitions between rotational levels are
lowed only if the involved states belong to the same symm
try type, in accordance with the superselection rule.

Therefore, a violation of the SP can be thought of only
terms of the appearance of a population of nuclei ident
between themselves, whose quantum states belong toH8,
and whose properties~mass, spin, charge! are the same a
those of the normal nuclei. The presence of a nonzero po
lation in SP-forbidden rotational states of the molecu
formed by such nuclei could be detected by exciting elec
magnetic transitions toward other forbidden states, in
same way as was done in previous experiments for tes
the statistics. For a matter of sensitivity, the experimen
investigation should focus on statescompletelyforbidden by
the SP alone, or by both the SP and the spin statistics, s
we expect the violation, if present, to be very small. The
fore, the most interesting states to be probed in bothD3h and
C3v molecules are those withK53q61 in the case ofS
50, and those withK50 in the case ofS51/2.

We also note that all the statements above would not
validity in the case of a breakdown of the Born-Oppenheim
approximation. Indeed, the symmetry character of the p
ticles under permutation can only be assigned to a sin
class~i.e., a Hilbert subspace!, as stated by the superselectio
rule, and no coherent superposition is allowed@18#. There-
fore, if the total wave function appears to be correctly d
scribed as symmetrical~unsymmetrical! in the frame of the
Born-Oppenheimer approximation, it would be so for a
degree of violation of the approximation itself. The sam
argument applies in the case of the presence of external
turbations, such as electric or magnetic fields: even if th
can change the molecular wave function to a large exten
a continuous way, the symmetry character of the wave fu
tion will be locked to a single class.

V. PROPOSAL FOR A HIGH-SENSITIVITY TEST OF THE
SYMMETRY ON OXYGEN NUCLEI AND PROTONS

A simple tool to investigate for possible violations of th
SP would be high-sensitivity spectroscopy of a therm

TABLE IV. Appropriate Hilbert subspaces forK50 rotational
states of aC3v molecule. In the case ofS51/2, each rotational state
is composed of two states with different total nuclear spinI, and the
finer assignment of the Hilbert subspaces can be done follow
Table III.

Nuclear Inversion J Subspace Forbidden by
spin S symmetry

0 s even H1 -
s odd H2 SS
a even H2 SS
a odd H1 -

1/2 s even H1 , H8 SS, SP
s odd H2 , H8 -
a even H2 , H8 -
a odd H1 , H8 SS, SP
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sample of gas, in search of a nonzero absorption of light
symmetry-violating molecules, as performed in previous
periments on statistics. It is possible to define a few gen
criteria to choose the proper molecule for such an exp
mental search. The first important parameter is the weigh
the molecule, which determines the spacing between a
cent rotational transitions~the rotational constantsB and C
are inversely proportional to the mass!, and therefore also the
capability of resolving the forbidden transitions from the a
lowed ones@23#. This point is very important, since in non
linear molecules the number of transitions which can po
bly interfere in the detection of SP violations is increas
with respect to linear molecules, due to the increased mo
plicity of rotational states. Second, in order to have a h
sensitivity in detecting a violation of the SP, one shou
probe strong transitions starting from low-lying rotation
states in the ground electronic and vibrational states, wh
have the largest occupation probabilities. As usual, in th
kinds of molecules the strong electronic transitions are c
fined to the UV, where laser sources are not easily availa
and therefore one should rely on the fundamental vibratio
transitions in the infrared, which are somewhat weaker. I
therefore important to find a near coincidence between a
brational band and the emission of a coherent laser so
suitable for high-sensitivity spectroscopy. Quantum-casc
semiconductor lasers are particularly interesting from t
point of view, since they can be designed to emit alm
everywhere in the midinfrared, they are widely tunable a
have low-noise characteristics@24#.

In the case of spin-0 nuclei, the lightest molecule with t
proper symmetry is the plane SO3 ~group D3h), whose vi-
brational energies@25# are reported in Table V. In principle
the sensitivity for detection of SP-violating transitions can
expected to be comparable to those obtained in previous
periments on molecular systems. It could possibly be
duced by increased experimental difficulties~for example,
SO3 is not chemically stable in the presence of oxygen, a
therefore it may not be easy to have the proper pressure
cell volume to optimize the sensitivity! or more fundamenta
limitations, such as the presence of weak hot transiti
close to the SP-forbidden ones.

An alternative approach could be to perform a spect
scopic investigation on a supersonic beam of SO3, instead of
a thermal sample. With this technique, the problems c
nected with the high reactivity of SO3 could possibly be
solved, while the reduction in the density of the sample co
be compensated for by the reduction of the rotational te
perature and by an increase of the detection sensitivity
addition, one would benefit from the accompanying incre

g

TABLE V. Vibrational energies~in cm21) and spin of the iden-
tical nuclei of selected molecules which present rotational sta
forbidden by the SP.

Molecule Spin n1 n2 n3 n4

SO3 0 1065 498 1391 530
BH3 1/2 1125 2828 1640
NH3 1/2 3337 950 3444 1627
5-7
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in resolution, for a better identification of the detected s
trum of transitions.

As for the case of spin-1/2 nuclei, it is possible to fin
relatively light plane molecule BH3 ~group D3h), on which
to search violations of the SP and of the spin statistics
K50 rotational states. As we mentioned, the same symm
properties can also be found for the corresponding rotat
states of nonplanar symmetrical molecules~groupC3v) with
inversion splitting. One of the most interesting species of
kind is NH3, which is stable and particularly light, and h
very strong vibrational absorption bands in the infrared s
tral region covered by semiconductor lasers. Moreover
spectrum has been the subject of extensive investigation
therefore the assignment of observed lines can be perfo
in a relatively easy way. In addition, it is characterized b
very large inversion splitting of the rotational spectrum,
therefore the forbidden lines can be easily distinguished
the allowed ones. For such molecules, which are comp
by spin-1/2 nuclei, we noted that forK50 states differen
hyperfine components are forbidden by the SP and by
spin statistics. Since the hyperfine splitting of the rotatio
levels is usually negligible~at least forS electronic state
@22#!, we can expect to resolve the two classes of subs
only thanks to Zeeman effects in strong magnetic fields

To conclude, we note that in the case of BH3 or NH3, one
would be testing the SP and the spin-statistics connectio
protons. Such an experimental test would be particularly
teresting to compare the present bound for violation of
statistics for composed nucleons@7# to a correspondin
bound for fundamental nucleons, especially in view of
recent theoretical predictions@15#.
v
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VI. CONCLUSIONS

We have shown how to define consistently particul
classes of rotational levels of symmetrical molecules co
taining three identical nuclei, by allowing for violations o
the symmetrization postulate. This violation, if existing
must be small, according to the results of past experimen
observations. However, it is possible to look with high se
sitivity for the presence of tiny populations in SP-forbidde
states, using spectroscopic tools in a scheme similar to th
of previous experiments on O2 and CO2. If we allow for the
presence of molecules composed of SP-violating nuclei i
sample of gas, which are identical to normal molecules in
but symmetry, then such a measurement can be interpr
as a test of the SP. This kind of experiment would repres
a substantial improvement with respect to past investigatio
on possible violations of the spin-statistics connection. W
propose a few simple molecules containing spin-0 nuc
(SO3) or spin-1/2 nuclei (BH3 and NH3) as candidates for a
high-sensitivity spectroscopic investigation to be perform
on infrared vibrational transitions, with the help of semico
ductor lasers. The latter species are particularly interesti
since they represent systems on which to test the SP
fundamental nucleons.
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