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Testing the symmetrization postulate on molecules with three identical nuclei
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We propose an experiment to look for possible small violations of the symmetrization postulate of quantum
mechanics, in systems composed of three identical particles. Such violations could be detected by investigating
the population of particular rotovibrational states of symmetrical molecules containing three identical nuclei.
We discuss the symmetry properties of such states, and the implications of the symmetrization postulate and
the spin statistics connection. A high-sensitivity spectroscopic investigation of simple molecules such as SO
BH;, and NH; could lead, to our knowledge, tihe first test of the symmetrization postulée spin-0 and
spin-1/2 nuclei.

PACS numbgs): 03.65.Bz, 11.30.Er, 33.15.Bh, 87.64.Je

[. INTRODUCTION exchange-symmetric electrons. A different experiment was
performed on a metallic Cu samgl2], looking for the pres-

In recent years, the possibility of small violations of the ence of any electrons in the conduction band, with no sym-
symmetrization postulatéSP) and of the spin-statistics con- metry requirements with respect to electrons in the already
nection has been addressed from both experimental and théled shells. This can be considered a one-particle test of the
oretical points of view. The SP is at the basis of a quantumidentity of the electrons, which is even a more general prop-
mechanical description of systems composed of identicatrty of the particles, but not a test of their symmetry. Results
particles, asserting that only wave functions that are comwhich are conceptually identical to the first case have been
pletely symmetric or antisymmetric in the permutation of theobtained for bosonic particles, by searching for an exchange-
particles labels can describe physical states. In principl@ntisymmetric two-photon transition in atomic barilsl,
there would be no arguments against the existence of statesd for rotational states in molecular oxyder-6] and car-
with different symmetries, although they lack some of thebon dioxide[7] which are antisymmetrical in the exchange
properties which are peculiar to completely symmetric andof O nuclei. The principle of all these experiments was to
antisymmetric states. The only strict requirement that can b&®ok for particular atomic or molecular transitions, whose
derived in a formal way in quantum mechanics is the so-probability would be zero according to the usual spin statis-
calledsuperselection rulewhich forbids transitions between tics, by using high sensitivity spectroscopic detection tech-
different symmetry classes. niques. The extrapolated bounds on the relative weight of the

In addition, experimental observation so far seems to inwrong statistics are almost at the level of 2q7]. Reviews
dicate a well-defined connection between the spin of the pamlef different experiments which have been proposed, and in-
ticles and the symmetry properties: half-integer spin particleserpretations of the results of various measurements as tests
can be described only by antisymmetric wave functions, andf the statistics, can be found in Ref8—10].
integer-spin particles by symmetric wave functions only. Ac- Theoretical studies of possible violations of the usual
cording to their behavior in a statistical ensemble, the twosymmetry properties have focused on systems composed of a
kinds of particles are indicated as fermions and bosons, rezonfixed number of particles, which can be treated within the
spectively. quantum-field theory formalism. In such a context the spin-

Although both the SP and the spin-statistics connectiorstatistics connection is no longer a postulate dictated by ex-
seem to hold in the physical world, there is great interest irperimental observation, but can be rigorously proved through
investigating possible very small violations, not detected tadhe spin-statistics theorefi1,12, the main assumption be-
date. In the case of two-particles systems, only symmetricahg the validity of the SP. Several theories allowing for small
and antisymmetrical states can be defined, and therefore thviolations of such a postulate have been propd4&d, and
SP is redundant. As a matter of fact, the experimental tests a@fne of the most successful is based ondtrautator algebra
symmetry reported so far have been limited to the investigal14], in which deformed bilinear commutation relations are
tion of states containing only two identical particles, lookingused in place of the ordinary ones. In this way it is possible
for violations of the usual connection between spin and stato define exotic symmetries as a smooth interpolation be-
tistics. In particular the latest high-sensitivity experiments oftween symmetric and antisymmetric ones, or statistics inter-
this kind have been performed on both fermionic systemspolating between the Bose and Fermi cases. By assuming the
namely electrons, and bosonic systems, such as photons awalidity of this algebra it has also been possible to translate
oxygen nuclei. In the case of electrons, the existence of tothe bound on the spin statistics for oxygen nu¢i@iinto a
tally symmetric states in the spectrum of atomic helium ha$ound on the statistics of the nucleons composing the nuclei
been soughf1], and the negative result of such an investi-[15] or, more generally, to establish a relationship between
gation has led to the establishment of a bound to the degrezonstraints on different kinds of particlg6].
of violation of the spin statistics, i.e., to the presence of To summarize, so far experiments have been devoted to
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search for possible violations of the spin statistics in simpleepresents a state where the first particle is characterized by a
systems, while theories allowing for violations of the moreset of quantum numbefd}, the second by2}, and so on.
fundamental SP focused on much more complex systemsforeover we can define the permutation operators as

which cannot be easily investigated experimentally. We note

that no rigorous theoretical study of a simple quantum- P.
mechanical system allowing for violations of the SP has been

r_eported so far, although possible gxpgriments on multipargnd these operators form thgymmetrization group ,S
ticle molecular systems have been indicajt¢d 0]. Therefore, since a permutation of identical particles cannot

In this paper we propose an experiment to be performegdtfect any quantum observable, all observables must be per-
on molecular systems containing three identical nuclei, tQnytation invariant,

search for possible violations of the SP in a system described

within quantum-mechanical theory. For this purpose, in Sec. [P,A]=0, (2.4)
Il we briefly recall the concept of the identity of particles,

and the permutation properties of identical particles; we als%md since the evolution operatdi(t) is related to the
recall that at least three particles are needed to define sym-

metries different from the usual ones. Then, in Sec. lll, WeHamlltonian of systent, which is a physical observable, the

discuss the properties of particular rotational states of sym2P0ve condition is fulfilled at any instant of time

metrical plane molecules with three spin-0 nuclei, which are N N

forbidden by the SP, and with three spin-1/2 nuclei, which [P.H]=0=[P,U(t)]=0. (2.9

are forbidden by both the spin-statistics connection and the ) _ )
SP. We show that, nevertheless, such states have the prop%? important consequence of thesg relations is that the Hil-
symmetry to be defined consistently in a more generapert spaceH can be written as a direct sum of hortogonal
quantum-mechanical theory which does not include the SPUPSPaces, each one invariant under the permutation group,
In Sec. IV we briefly discuss how to test the possible smalfh€ hortogonality being preserved along the evolution of the
symmetry violations. Finally, in Sec. V, we propose a high-SYStém, and following a phy§|cal measurement. This r_esult
sensitivity spectroscopic investigation to be performed orf@n be stated as superselection rulevhich forbids transi-
selected transitions of the $Onolecule, and of Bi and tions l:_)etween states transjormmg under inequivalent repre-
NH, molecules, which best represent the prototypal mol-Sentations of the permutation group. _

ecule respectively for the spin-0 and spin-1/2 cases treated 10 investigate in detail the symmetry properties of a ge-
above. In the latter case, such states could be investigated fI¢/C State of the system under permutation, it is convenient
a search for small violations of the statistics or of the sym-L0 introduce the operator of@clic permutation

metry of protons.
P(k]_‘kz ..... kK)f(kllkZi ---1kK):f(k21 "'leikl)l
(2.6

ij(l,Z,...N):f(jl,jz, ...,jN) (23)

II. INDISTINGUISHABILITY OF IDENTICAL PARTICLES .

AND THE SYMMETRIZATION POSTULATE and the exchange operators of two particleg, (they are a
particular case of the formgrwhich are Hermitian and uni-
tary, with an eigenvalues; ;= + 1.

The indistinguishability of identical particles is one of the  Each generic permutation can be written either as the
principles lying at the basis of quantum mechanics. It stateproduct of exchange between two particles, or of cyclic per-
that, given a system of particles belonging to the same spanutation of distinct elements, in the form
cies(i.e., which have the same physical properties, like mass,
charge, spin, etf. a permutation of such particles cannot IscyclicE ﬁ)(kl
affect any of the quantum observables of the syqten To 2.7)
discuss the implications of such a principle, here we briefly
recall some properties of a system containMgdentical with the only condition that the sum of each cycle length
particles (for a general discussion see, for example, Refsmust be equal td\:

[17-19).

To each observable of the system we associate a Hermit- p+g+r+---=N (2.9
ian operator;&, which can be written as

A. General discussion

(here we adopt the conventigge=q=r=---). The proper-
A=A({Oy}, ... {OH=A(1,... N), (2.1)  ties of transformation of such operators under permutation
do not change the length of the cycles, and therefore all the
cyclic permutation with the same values pfq,r, ... are
where {0} is a set of single-particle observables. In theSaid to form aclass Obviously there are as many classes as
same way, the vector thereb are possible decompositionsMifas a sum of integer
numbers.

From the properties of the exchange operal%(js,k), it
11,2,...N) (2.2  follows that the permutation operators admit only two com-
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mon eigenstates, with the eigenvalugg all equal to 1 or 1
—1. In fact, the eigenvalue equation for the exchange opera-

tors IS(],k) is (Ej,k: * 1)
Piwnf(1.2,... N)=¢,f(1,2,...N); (2.9 b c

then, from the relation

a a a a 2 2 a

Pio=PenPanPa2PenPa (2.10 3 2

it follows that FIG. 1. The symmetry operation on this triangular configuration
form thedihedral group D;, and are(i) the identity transformation;

(2.11) (i) the reflection about the axes b, andc, and iii) the rotation
around the center by anglesr® and —2/3.

_ 2 2 _
€j k= €12€2K€1 = €1 2.

These eigenvalues; ;= +1 correspond to vectors of state

completely symmetric or antisymmetric under the exchange P23y, Pz, P (2.19
of two particles, respectively, and we indicate the subspaces
spanned by these vectors by, and/_, respectively. For Puzs)y  Paaiy (2.15

N=2 the Hilbert space can be decomposed exactlyas
=H,®H_, i.e., only symmetric or antisymmetric states are

possible. FoIN>2 this is no longer true, and we have This group is isomorphic to theihedral group B, gen-

erated by the symmetry transformation shown in Fig. 1. In
fact, reflection about each axi|,p,c) is equivalent to a
two-label permutatior®; ;) , while rotations around the cen-
der by angles z/3 and—27/3 lead to a cyclic permutation
of all the three labels. The visualization of gro8p by its
association to the geometrical symmetrie®gfis very help-
ful, since it is indeed this realization on a physical system

H=H,®H &H®H;®" -, (2.12

WhereHJ-’ are permutation-invariant subspaces. Contrary t
H, and H_, which have a definite symmetry and are a
one-dimensional representation of the permutation gttap

a given set of quantum numbef4,2,...,N}, there exists molecule in our cadethat we are looking for
only one possible combination which gives symmetric or . g for. S
The permutation operators can be written explicitly in a

ant!symmetnc statgs the subsp_ace%{j_ do not possess a matrix form, on the basis formed by the 3! permutations of
definite symmetry and have a dimension greater than 1. Thi -
e vector|1,2,3). For example, by defining

is the reason why one usually assumes siignmetrization
postulate(SP), requiring physical states to be either symmet-

ric or antisymmetric. Nevertheless, there is no stringent rea- 11.2,3=[1), (2.18
son to exclude priori the possibility of physical states not

obeying the SP, since their presence does not violate any 11,3,2=|2), (2.17
basic principle of quantum mechanics. The only difference

that one has to take into account is the lack of a correspon- 12,1,3=3), (2.18

dence between physical states and vectorsdulo a phase
facton, since the subspace’; have a dimension greater
than 1 and do not admit a complete set of mutually commu-
tating physical observables. In fact, let us imagine to a com-
mon eigenvectofu) of a complete set of operatof©;} in 13,1,2=15), (2.20
H . Since|u) cannot be an eigenvector of all the permuta-

tion operators, there must exist some permutation such that 3,2,1)=|6), (2.21)

Isjlij""’jN|u> is linearly independent dt1), and, therefore,

‘H! must have dimension greater than 1, and the set of opwe obtain
erators{O;} cannot be completé.e., the state of the system

is not completely determined by the set of eigenvalugl).

In the following we work out in more detail the permutation

properties for the special case=3 [20].

12,3,1)=|4), (2.19

(2.22

B. A system of three identical particles Pa23=

The symmetrization grouf; is a non-Abelian group of
order 6, formed by the 3! cyclic permutations of the labels
(1,2,3), which belong to three distinct classes

O O O O O
O O O O O
O O O O +—» O
O B O O O O
O O O O O -
S O O -, O

P(l)(z)(g)zl , (213) and
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000 10 01000 0 e 1R
0 00O0O01 1 0 0 0 0 0| '@ 0
010000 0 00 1 0 0| e 0
P20 0 0 0 0 1 0 2.23 001000 0o | | eti@dn
100 000 000 0O0 1 0 1
0 01 00 O 0 00 01 O 1 0
(2.29

This matrix representation of grou can be reduced, since

it must contain a number of irreducible representations equafhe resulting vector is4, which corresponds to different

to the numben, of distinct classesr(.=3). Moreover, since eigenvalues of both cyclic permutations. The same result ap-
this is the so-calledegular representationeach irreducible plies for the other two exchanges. In Sec. Ill we investigate

representation must appear a number of times equal to ithe consequences of these properties of the cyclic permuta-
dimensionality. From general resulf20], we know that tions for the specific case of three nuclei bound in a rigid

these representations are the symmetric and antisymmetniiolecule, and the possible physical implication of the exis-
ones(which are one-dimensionaland that there must also tence of these states not obeying the SP.

be a two-dimensional representation occurring two times. A
formal way to systematically reduce the regular representa-
tion of S, into its irreducible components would be by using
Young diagramg20]. Here we work out theS; case with
more heuristic arguments, as follows. A. Three spin-0 identical nuclei
First of all, we can define the operat@sndA, which are
the projectors on the subspacds and’_, respectively:

. SYMMETRY-FORBIDDEN STATES
IN SYMMETRICAL THREE-NUCLEI MOLECULES

The prototypal molecule that we want to consider is com-
posed of three identical spin-0 nuclei disposed at the vertices
_ f an equilateral triangle, as sketched in Fig. 1, whose sym-
S=[1+Pyast Py 3+ Py ,+ Py, 5+ P35 11/6, 224 O'an . . .
(14 PogtPrgt PratProgt Pl 229 etries belong to the dihedral grolp,. The discussion be-
low can be extended to any symmetrical molecule with ad-
ditional nuclei in the planépoint groupDs;,).

Each of them therefore has only one eigenvector associated Within the Born-Oppenheimer apprOX|mat|on, the total
with a nonzero eigenvalue, which are wave function can be decomposed in the usual way as

A:[l_P2’3_ P1’3_ P1’2+ P1’2’3+ P3’2‘:|_-|/6. (225)

v=v v, v v, 3.1
(=11 +[2)+[3)+[4)+[5)+[6)1/V6, (2.2 At G

where the partial wave functions are electronic, nuclear spin,
[2)=[=[1)+[2)+|3)—[4)=[5)+[6)]/ V6, (227 vibrational, and rotational components, respectively. To sim-
lify our description, we can assume the molecule to be in

respectively, and are the standard symmetric and antisy he ground electronic and vibrational state, with specdies
metric states. :

Th . der t te the two two-di ional | (which is the most common cagseor, in other words, we
[en, n order to gener? € the two two-dimensional IIf€-55;me the total electronic spin, electronic angular momen-
ducible representations @{’, we can try to diagonalize the

. ; tum, and vibrational angular momentum to be zero. There-
permutation operatorB(; 5 3)andP (s 1). The IGENVECtors (0 the electronic and vibrational wave functiods, and
of the former, and their corresponding eigenvalhesre

V¥, are completely symmetric under any permutations of the
_ labels of the nuclei. In the case of spin-0 nuclei, the nuclear
lb)=A-[2)+X4[3)+]6), —gi(2m3) spin-wave function¥,, is also symmetric under permuta-
[v)=Ni[1)+N_[4)+]5), "~ tions, and therefore we must consider the symmetry of the
(2.28  rotational wave-function alone.
[vg)=N_]|2)+N_|3)+]6), Lien) For this purpose, we briefly recall the main properties of
loa)=N_|1)+ N, |4)+[5). =e the rotational states of such a molecule, which are eigenstates
of the rigid rotational Hamiltonian

The other cyclic permutatioR 3, ;) has the same eigenvec- 5 5
tors, with the eigenvalues exchanged. H=B(J/%)*—(B—C)(K/h)?, (3.2
By looking at the behavior of such states under the ex-
change of two particles, it is easy to see that the two invariwhereB andC are the two rotational constantsjs the total
ant subspaceé{; and H; are generated byv,,v,} and angular momentum, and is its projection on the threefold-
{v,,v3}, respectively. Therefore, the effect of a generic ex-symmetry axis perpendicular to the molecule’s plane. The
change is a rotation of the vectors 1 , with a change of eigenvalues of the Hamiltonian are of the form
the eigenvalues oP; , 3yandP (3, 1. For example, the ac-
tion of P, 3)0nv; gives E(J,K)=BJ(J+1)—(B—C)K?, (3.3
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with K=-J,—-J+1,...J, and are strictly degenerate in TABLE I. Appropriate Hilbert subspaces for rotational states of
the sign ofK as far as the molecule is symmetric, even ifa Dz, molecule containing spin-0 identical nuclei, in the ground
nonrigidity and perturbations are consideféte degeneracy €lectronic and vibrational states. The states completely forbidden by
accounts for the undistiguishability of the two orientations ofthe SP or by the spin-statisti¢SS are indicated.

K with respect to the molecular axisThe eigenfunctions are

somewhat complicated functions dfandK and of the Eu- K J Subspace Forbidden by
lerian angleq22]; they also depend parametrically on the 3q, q#0 any H, H. )
equilibrium positions of the three nuclei in the molecular 3q+1 any H sp

potential. Here we are interested in their transformation

. . . even H -
properties under a generic rotation of the molecule. The gen- ’
. . 0 odd H_ SS
eral rule for such transformations is the usual
VP el (3.9
v, —-V¥, and V,—V expim) (3.9

where« is the angle of rotation, and, is the versor of the

plane containingx. To find the symmetry character of the
rotational states, we want to compare this transformation rul
to those associated with the permutations of particles. Fo : :
such purpose we write the generic rotational states in a for-"— as summarized in Table I.

mal way as a function of the coordinates of the three minima Fr_om the result_s obtained abovez I appears that all the
in the molecular potential: rotational states witk =3q= 1 are strictly forbidden by the

SP, which requires any physical state to be defined inor
|X1,X5,X3). (3.5 ‘H_ . Moreover, the odd- states withK =0 are forbidden by
the spin statistics, since the identical nuclei are spin-0 par-
These states are defined in the six-dimensional Hilbert spade&les. The latter case is very similar to that of symmetrical
defined in Sec. Il. We note that a permutation of the quantunmolecules with two identical nucldi4,5,7. These conse-
labels corresponds to a classical permutation of the nuclei’quences of both the SP and the spin statistics are well known
mean positions, and therefore all the permutations arén the field of molecular spectroscop®2], since they lead to
equivalent to rotations of the molecule. the absence of more than two thirds of the rotational states in
We start by considering rotations in the plane of the mol-molecules with the proper symmetry, as confirmed by the
ecule by angle9=e27/3, with e=*1, which are equiva- experimental investigation performed so far.
lent to the cyclic permutationB; , 3yandP 3, ;). Since the We now discuss a property of the SP-forbidden states,
effect on the molecular wave function of these rotations mustvhich can be defined in the unsymmetrical subspate
be the same of such cyclic permutations, we can compare tr@pecifically, states witk=3g— 1 could be described by the
general transformation rules under rotations and under pekectorsv; andv,, and those wittK=3q+ 1 by vectorsv,
mutations. For the former, the appropriate phase shift iandv,, to preserve the equality of the phase shifts reported
given by in Egs.(3.6) and(3.7). As we noted, such pairs of vectors do
not define invariant subspaces, and therefore the physical
states have to be defined in the two invariant subspaties
andH; . Although in each of these subspaces the sign of the
rotational phase shift is not defingsee Eq(2.28], the sign
of K is also not a physical observable, due to the degeneracy
V,—¥, and ¥,V expie2n/3), (3.7 of the states with= K. In other words, even if ifi{’ it is not
possible to define a complete set of operators due to its mul-
respectively, for states it , H_, and H'. Therefore, a tidimensionality, and in particular the sign kfis undefined,
state withK =3¢, with q an integer, can be definedii, or  no paradox arises, since we have no means to measure such
H_, while states wittK =3q=+ 1 can be defined only it’.  a sign.
For the special case of a rotational state witk-0, we
can also consider rotations about any of the three symmetry
axes in the plane of the molecule by anglés ew. Such
rotations are equivalent to the three exchar@gs,, P(23). In the case of a molecule containing three identical nuclei
and P(; 3), and also the correspondent phase shifts in thavith nonzero spin, we should also consider the influence of
wave function must be identical. This class of rotationsthe nuclear-spin-wave function; in the following we will dis-

éor states belonging té{, and’H_, respectively. As a re-
ult, the every states belong t@7, , and the odd} ones to

v, —W, expie2wK/3), (3.6

since the rotation is in the molecule’s plane, while for the
permutations we have

B. Three spin-12 identical nuclei

transforms the wave function as cuss the special case of spin 1/2. Since the spin is nonzero,
_ we can now define a nontrivial Hilbert space for the spin, in
V-V, expiemd), (3.8)  the same way as we defined it for the spatial coordinates. The

] ) o total Hilbert space will be the direct product of the rotational
according to Eq(3.4), since the angular momentubrlies in ang spin spaces:

the molecule’s plane. The exchanges are instead character-
ized by H=Hs@Hg. (3.10
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TABLE Il. Decomposition of the direct product Hilbert space the evend states withK=0 are forbidden by both the SP
Hs®Hg, into symmetry-inequivalent invariant subspadesder  and the spin statistics. Specifically, states definet inwill

S)- havel =3/2, and those defined i’ will have | =1/2. As a
consequence of the multidimensionality &f , it is impos-

He H- " sible to distinguish between the two doublet states, but this is

M, M., H H not a prqblem, since they are rigorqusly degenerate. In fact,
H H M, H the invariant subspaces 6i’ are eigenstates af,, _and,

o H o H.oH oH' therefore, in the presence of a magnetic field there is also no

fundamental principle other than the SP to forbid the exis-
tence of these unsymmetrical states. We conclude by noting

The general properties of the Hilbert space can easily b&at in the case of a nuclear spin larger than 1/2 it is also
found, considering the discrete nature of the quantum label@0SSible to build antisymmetrical spin states7f , and
associated with each particle. The generic three-particle statBerefore none of the rotational states wih0 is forbid-
is now defined as den.

121,522, S:3), (3.1) C. Nonplanar symmetrical molecules

We now extend the discussion to nonplanar symmetrical
and there are two states with total spi 1/2 and one with  molecules containing three spin-0 or spin-1/2 identical nuclei
| =3/2 (two doublet and one quarjetsing the formalism of  (point groupCs, : the molecule has additional nonidentical
Sec. Il it is possible to assign the quartet state to the symnyclei out of the plane containing the identical nucld@ihe
metrical subspac@(. , and the two doublets to the unsym- main difference from the planar case stands in the transfor-
metrical H'. We note that is not possible to build nonvan- mation rule of theK=0 rotational states under rotations
ishing states completely antisymmetric under permutationghout a symmetry axis in the plane of the three identical
of more than two spin-1/2 particles, since each quantum lanyclei. These rotations, by anglés- e, are not identical to
bel can assume only two values. permutations of two identical nuclei, as was the case for a

Even in the absence of an electronic or vibrational angulapjanar molecule, since also the additional nuclei out of the
momentum, the nuclear spin can couple to the rotational arpjane have also rotated. On the other hand, the combination
gular momentum, and give rise to a very small hyperfineof such a rotation with an inversion of the coordinates of all
splitting of the rotational states. The molecular states willthe nuclei with respect to the origin cannot be distinguished
therefore be eigenstates of the total angular momentuom a permutation of two nuclei.

F=J+I. We now want to assign each molecular state to a The properties of the rotational states under space inver-
particular subspace of the overall Hilbert space, as we did iRjon are well known in the field of molecular spectroscopy
the previous case. For such a purpose we have to decompgs®] and here we give only the main result. If the nonrigidity
the representation of th®; group on the direct product Hil-  of the molecule is taken into account, each rotational state is
bert spaceét{s® Hg, into irreducible representations. By us- split into two states with definite symmetry under inversion
ing general ruleg21] we easily obtain the decomposition (s anda species, respectively symmetric and antisymmetric
shown in Table II. under inversion The splitting of the degeneracy of these
It is then straightforward to evaluate the appropriate Hil-pairs of states is indicated as inversion splitting. The analo-

bert subspace for the overall rotational and nuclear-spijyous of the transformation rule of E¢B.8) for the rotation
states, using the associations of Table I; the results are rgjus inversion is therefore

ported in Table Ill. If the hyperfine splitting of the rotational
states is not resolved, as is usually the case, the states with ¥, — =V, expliend), (3.12
K#0 are no longer completely forbidden by the SP, while
where the positivénegative sign refers to thes species &

TABLE IIl. Appropriate Hilbert subspaces for the rotational and Species If we compare this rule with the one for the ex-
spin states of @, molecule containing spin-1/2 identical nuclei. change of two particlefEq. (3.9)], we can assign each rota-
tional state to the proper symmetry class, as summarized in
K J I Subspace Forbidden by  Table IV for the cases of spin 0 and spin 1/2. In Sec. IV, we
will indicate one molecular species in which the inversion

39, q#0 any 172 H SP splitting is sufficiently large to resolve the states forbidden
39,9#0 any 32 M H- - by the SP from those allowed.
391 any 12 Hy, H_,H -
3qx1 any 3/2 H' SP IV. TESTING SMALL SYMMETRY VIOLATIONS
0 even  1/2 H' SP As we noted above, those rotational states forbidden by
0 even  3/2 He SS the SP can be defined consistently in the unsymmetrical sub-
0 odd 1/2 H' SP spaceH’, since they are not violating any basic principle of
0 odd 3/2 H - guantum mechanics. The discussion can be extended to par-

ticular classes of rotational substates in excited vibrational
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TABLE IV. Appropriate Hilbert subspaces fa¢ =0 rotational TABLE V. Vibrational energiesin cm 1) and spin of the iden-
states of &3, molecule. In the case &= 1/2, each rotational state tical nuclei of selected molecules which present rotational states
is composed of two states with different total nuclear $pand the  forbidden by the SP.
finer assignment of the Hilbert subspaces can be done following

Table Il1. Molecule Spin 2 vy V3 V4
Nuclear Inversion J Subspace Forbidden by SO 0 1065 498 1391 530
spinS  symmetry BH; 1/2 1125 2828 1640
NH; 1/2 3337 950 3444 1627
0 s even H -
S odd H- SS
a even H ss sample of gas, in search of a nonzero absorption of light by
a odd H, B, symmetry-violating molecules, as performed in previous ex-
periments on statistics. It is possible to define a few general
1/2 s even  H., H SS, SP criteria to choose the proper molecule for such an experi-
s odd  H_,H - mental search. The first important parameter is the weight of
a even H_,H' - the molecule, which determines the spacing between adja-
a odd Hyo H SS, SP cent rotational transition&he rotational constant8 and C

are inversely proportional to the masand therefore also the

and electronic states; due to the different symmetry of th&@Pability of resolving the forbidden transitions from the al-
vibrational and electronic wave functions, different classes of?ed oneg23]. This point is very important, since in non-
K and J levels can be forbidden by the SP. In any case"”eiar molecu_les the numt_>er of transitions wh|qh can possi-
electromagnetic transitions between rotational levels are akly interfere in the detection of SP violations is increased
lowed only if the involved states belong to the same symmeW'th respect to linear molecules, due to the increased molte-
try type, in accordance with the superselection rule. plicity of rotational states. Second, in order to have a high
Therefore, a violation of the SP can be thought of only insensitivity in detecting a violation of the SP, one should
terms of the appearance of a population of nuclei identicaprobe strong transitions starting from low-lying rotational
between themselves, whose quantum states belorig’to states in the ground electronic and vibrational states, which
and whose propertie@nass, spin, chargeare the same as have the largest occupation probabilities. As usual, in these
those of the normal nuclei. The presence of a nonzero poplkinds of molecules the strong electronic transitions are con-
lation in SP-forbidden rotational states of the moleculesfined to the UV, where laser sources are not easily available,
formed by such nuclei could be detected by exciting electroand therefore one should rely on the fundamental vibrational
magnetic transitions toward other forbidden states, in theransitions in the infrared, which are somewhat weaker. It is
same way as was done in previous experiments for testingherefore important to find a near coincidence between a vi-
the statistics. For a matter of sensitivity, the experimentahyational band and the emission of a coherent laser source
investigation should focus on statesmpletelyforbidden by gyjtable for high-sensitivity spectroscopy. Quantum-cascade
the SP alone, or by both the SP and the spin statistics, SinG&miconductor lasers are particularly interesting from this
we expect the violation, if present, to be very small. There—pomt of view, since they can be designed to emit almost

fore, the most interesting states to be probed in lbihand : P, .
. ; verywhere in the midinfrar h re widely tunable an
Cs, molecules are those witK=3q=*=1 in the case ofS ﬁaﬁey\llc\;vineoisetcﬁaraﬂterigtietglzl]t ey are widely tunable and

=0, and those witlkK=0 in the case o5=1/2. . . . .
We also note that all the statements above would not lose In the case of s_pln-O nuclei, the lightest molecule W'th the
validity in the case of a breakdown of the Born-OppenheimeP' OPE" Symmetry is the plane $@group D), whose vi-

approximation. Indeed, the symmetry character of the parl?r"’m()r""1| energiep25] are reported in Table V. In principle

ticles under permutation can only be assigned to a singlgje sensitivity for detection of SP-vioIating_transitions can be
class(i.e., a Hilbert subspaggas stated by the superselection €XPected to be comparable to those obtained in previous ex-
rule, and no coherent superposition is allowja@]. There- ~ Periments on molecular systems. It could possibly be re-
fore, if the total wave function appears to be correctly de-duced by increased experimental difficultier example,
scribed as symmetricdlinsymmetrical in the frame of the SO; is not chemically stable in the presence of oxygen, and
Born-Oppenheimer approximation, it would be so for anytherefore it may not be easy to have the proper pressure and
degree of violation of the approximation itself. The samecell volume to optimize the sensitivityr more fundamental
argument applies in the case of the presence of external pdimitations, such as the presence of weak hot transitions
turbations, such as electric or magnetic fields: even if thexlose to the SP-forbidden ones.
can change the molecular wave function to a large extent in An alternative approach could be to perform a spectro-
a continuous way, the symmetry character of the wave funcscopic investigation on a supersonic beam of, S@stead of
tion will be locked to a single class. a thermal sample. With this technique, the problems con-
nected with the high reactivity of SOcould possibly be
V. PROPOSAL FOR A HIGH-SENSITIVITY TEST OF THE solved, while the reduction in the density of the sample could
SYMMETRY ON OXYGEN NUCLEI AND PROTONS be compensated for by the reduction of the rotational tem-
A simple tool to investigate for possible violations of the perature and by an increase of the detection sensitivity. In
SP would be high-sensitivity spectroscopy of a thermaladdition, one would benefit from the accompanying increase
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in resolution, for a better identification of the detected spec- VI. CONCLUSIONS
trum of transitions.

As for the case of spin-1/2 nuclei, it is possible to find a We have shown how to define consistently particular
relatively light plane molecule BiH(groupD3p), on which  classes of rotational levels of symmetrical molecules con-
to search violations of the SP and of the spin statistics fotaining three identical nuclei, by allowing for violations of
K=0 rotational states. As we mentioned, the same symmetrjhe symmetrization postulate. This violation, if existing,
properties can also be found for the corresponding rotationahyst be small, according to the results of past experimental
states of nonplanar symmetrical moleculgeoupCs,) with  gpservations. However, it is possible to look with high sen-
inversion splitting. One of the most interesting species of this;jtivity for the presence of tiny populations in SP-forbidden
kind is NH;, which is stable and particularly light, and has gi4e5  using spectroscopic tools in a scheme similar to those
very strong vibrational absorption bands in the infrared specyy previous experiments on,Gand CQ. If we allow for the

spectrum has been the subject of extensive investigation aj)éesence of molecules composed of SP-violating nuclei in a
P ) 9 ' s&lmple of gas, which are identical to normal molecules in all

therefore the assignment of observed lines can be performebut Symmetry. then such a measurement can be interoreted
in a relatively easy way. In addition, it is characterized by a Y Y, P

very large inversion splitting of the rotational spectrum, and® @ test of the SP. This kind of experiment would represent

therefore the forbidden lines can be easily distinguished fronf SUPstantial improvement with respect to past investigations
the allowed ones. For such molecules, which are compose%” possible violations of the spin-statistics connection. We
by spin-1/2 nuclei, we noted that fé&¢=0 states different Propose a few simple molecules containing spin-0 nuclei
hyperfine components are forbidden by the SP and by th€>Cs) Or spin-1/2 nuclei (BH and NH;) as candidates for a
spin statistics. Since the hyperfine splitting of the rotationafigh-sensitivity spectroscopic investigation to be performed
levels is usually negligibléat least forS electronic states ©ON infrared vibrational transitions, with the help of semicon-

[22]), we can expect to resolve the two classes of substatéi}‘c'[or lasers. The latter species are particularly interesting,

only thanks to Zeeman effects in strong magnetic fields. SINCe they represent systems on which to test the SP for
To conclude, we note that in the case of Bét NH,, one  fundamental nucleons.

would be testing the SP and the spin-statistics connection for

protons Such an experimental test would be particularly in-

teresting to compare the present bound for violation of the ACKNOWLEDGMENT

statistics for composed nucleor¥] to a corresponding

bound for fundamental nucleons, especially in view of the We acknowledge stimulating discussions with G. M.

recent theoretical predictiorj45]. Tino.
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