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Anomalies, symmetries, and asymmetries in the relaxation oscillation spectra
of multimode standing-wave solid-state lasers
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When the laser medium only partially fills the cavity of a multimode solid-state laser, there are significant
changes in the spectral profile of the emission, the intensity fluctuation power spectra, and modulation transfer
functions in comparison with lasers which have media that entirely fill the cavity. These effects are computed
according to several approximate models for the multimode interactions and compared with experimental
measurements. Symmetries and asymmetries in the multimode optical spectrum have corresponding features in
the relaxation oscillation spectra. Changes in the laser cavity detuning and laser excitation lead to relatively
abrupt changes in some variables~modal intensities, low-frequency relaxation oscillations! while the total
intensity and largest relaxation oscillation frequency vary as they would for a single-mode laser.

PACS number~s!: 42.65.Sf, 05.45.2a, 42.60.Fc, 42.55.Xi
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I. INTRODUCTION

The dynamics of multimode solid-state lasers—includ
the transient evolution of the modal intensities, their
sponse to modulation, and their noise spectra—has been
subject of recent investigations because of applications
diode-pumped Nd:YAG and microchip lasers in precisi
measurements, ranging from gravity-wave detection syst
and ultrashort pulse generation to intracavity spectrosco
and from communications systems to frequency doubli
Interest has been further extended to the operation of la
with polarization dynamics of the electric field, as is com
monly observed in some solid-state laser crystals and
many fiber lasers. Multimode operation of standing-wa
solid-state lasers leads to more than one relaxation osc
tion frequency. Typically, these frequencies are manifes
peaks in the power spectra of the intensity fluctuations an
the modulation transfer functions of both the total intens
and the intensities of the individual modes, except that
cases of high modal symmetry some peaks are missing in
spectra and in the modulation transfer function for the to
intensity. The emission spectrum is narrowed by strong
termode competition, moderated by the longitudinal spa
hole burning, but when the lasing medium only partially fi
the laser cavity, the spectrum may be narrower or broade
modulated since the intermode competition is limited to
shorter length.

The theories of the operation of these lasers have ge
ally been derived with few changes from the early analy
by Tang, Statz, and de Mars@1# ~see also Statz, Tang, an
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Lavine @2# extending the analysis to semiconductor las
and including diffusion of the excited centers in the acti
medium! in the 1960’s for flash lamp pumped ruby lase
Their theory explained the persistence of several modes
the absence of many other modes at cavity frequencies
which the small signal gain exceeded the laser threshold
modern laser-pumped devices, which have short high-g
media and short laser cavities, the number of interact
modes with small signal gain above threshold can be limi
to a few, simplifying the results and facilitating detaile
comparisons of theoretical, computational, and experime
results.

Single-mode solid-state lasers commonly exhibit damp
relaxation oscillations after they are switched on or after th
are perturbed from steady state. As the laser approa
steady state, the excess energy is shared alternately in
gain medium and in the laser intensity. The presence
weakly damped relaxation oscillations indicates that ther
a narrow range of frequencies for enhanced~resonant! re-
sponse to periodic perturbations that modulate the intens
and this feature leads to peaks in the power spectrum
white-noise-driven intensity fluctuations@3#.

In multimode solid-state lasers the oscillations in the to
intensity are remarkably similar to those found in sing
mode lasers~in their dependence on the degree of excitat
above the lasing threshold and on the relaxation rates of
population inversion and the field in the cavity!. In the mul-
timode laser this primary modulation of the total intens
corresponds to in-phase modulation of the intensities of
individual modes. But in many multimode lasers there a
also competing interactions of the different laser mod
which result in modulation in the intensities of the individu
modes at frequencies lower than the characteristic relaxa
oscillation frequency of the total intensity; but these mod
oscillations combine to yield much weaker modulation of t
total intensity because they are at least partly out of ph
with each other. Selective feedback of detected inten
variations to modify the laser excitation can be used to
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hance the total intensity modulation or to suppress the in
vidual mode oscillations at these lower frequencies@4,5#.

In almost all of the analytical and computation work o
models of these lasers in recent years, the emphasis has
on ‘‘rate equation’’ models for the intensities of th
standing-wave longitudinal modes coupled to the popula
inversion. It is usually argued that the dynamics of the dip
moments of the material can be eliminated adiabatically,
this approximation seems satisfactory if the spectral rang
the oscillating modes is much less than the homogene
linewidth of the transition, a condition typically satisfied
multimode solid-state lasers because mode competition
presses many modes for which the unsaturated gain is a
threshold. The population inversion must necessarily
taken to be dependent on the longitudinal spatial coordin
in multimode lasers~whether they have ring or Fabry-Per
cavities! because of spatial hole burning. This causes
exact form of rate equation models to be integrodifferen
equations for the dynamics of the spatially varying popu
tion inversion and the modal intensities. It has been sho
that these equations have only one steady-state solution@6#,
regardless of the parameter values.

Because the integrodifferential equations are cumbers
and difficult to analyze, some sort of additional approxim
tion has usually been applied. The simplest and most c
mon approximation for lasers with Fabry-Perot cavities is
describe the longitudinal variation of the population inve
sion as the combination of a spatially uniform compon
and the amplitude of a grating at the fundamental spa
frequency of the standing-wave pattern formed by each
cillating mode. Such models are excellent approximatio
when the intermode frequency spacing is sufficiently lar
than the cavity mode linewidths and when the medium co
pletely fills the laser cavity. The most common dynamic
phenomena are sensitive primarily to the coupling of
modal intensities and the real Fourier spatial amplitudes
the inversion, a condition that typically results in as ma
relaxation oscillation frequencies as there are modes, w
the highest of these frequencies being similar to the re
ation oscillation of a single-mode solid-state laser with sim
lar total output power.

By contrast, when the intermode spacing is of the sa
order or less than the cavity mode linewidth, it is clear th
rate equation models are unlikely to provide all of the i
portant physics and more complicated models are nee
sometimes referred to as ‘‘phase-sensitive models’’
‘‘four-wave-mixing models,’’ which include as well the
more rapidly varying inversion gratings induced by interfe
ence of the optical fields of different modes@7–12#. These
models allow for FM modulation of each of the cavity mo
electric field amplitudes, and these modulations can play
important role in mode-switching phenomena, not only
standing-wave lasers, but also in unidirectional ring las
and bidirectional ring lasers. Our interests lead us to focus
several particular phenomena, not previously well explor
that are restricted to the first type of models.

When the material has a gain spectrum that is symme
about a central frequency, such as the Lorentzian line sh
common for rare-earth transitions in solid-state lasers, th
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are situations in which the emitted optical spectrum is sy
metric about the central emission frequency. The cavity
tuning can be used to position the modes spectrally so
one mode is at the material resonance frequency and o
modes are paired in their intensities or so that each mod
paired with another with symmetric detuning and equal
tensity. An even higher symmetry of equal gain~and inten-
sity! for all modes has been considered previously in so
theoretical analyses of multimode ‘‘antiphased dynamic
but the more limited symmetry in which pairs of modes
the spectrum have the same gain is the experimental li
This degree of symmetry causes the relaxation oscillation
separate into those that are ‘‘compensated’’~entirely absent
in the total intensity! and those that are ‘‘uncompensated
~with some resultant modulation of the total intensit!
@13,14#. When the symmetrical detuning of the modes is b
ken, each of the relaxation oscillation frequencies leads
some modulation of the total intensity. For experimen
comparisons, the symmetrical situations have special sig
cance as without expensive optical equipment one can
one of the laser modes to the line center by observing
disappearance of the compensated relaxation oscillation
the total intensity. Thereby one can obtain spectral tun
information from the dynamics of the total intensity as a w
to offset thermally induced drifts in the detuning caused
temperature changes of the cavity or heating of the med
from its absorption of the pump radiation. As an added co
plication, the symmetry of the spectrum is also affected
longitudinal nonuniformities in the pumping, including th
partial filling of the laser cavity by the lasing medium@15#.

In this paper we identify the normal modes of modal i
tensity modulation, which correspond to the different rela
ation oscillation frequencies in order to understand h
these modes are differently excited by a particular source
noise or by parameter modulation. This is connected with
question of how pump modulation can affect the total inte
sity or individual mode intensities by exciting competing r
laxation oscillations of different type. These investigatio
are among the easiest to perform experimentally and t
results offer a test of the suitability of different theoretic
models.

There is also interest in an extension of recent stud
@16,17# that examined conditions for the disappearance
some of the low-frequency relaxation oscillations. Fro
work done heretofore, it seems that each new optical m
that enters the dynamics brings an additional relaxation
cillation frequency and that the square of each of the f
quencies grows linearly with increasing excitation of the
ser. We show in this paper that these features are
universal characteristics of solid-state lasers. In addition
show that the optical spectrum does not necessarily ev
smoothly or uniformly as the laser cavity is detuned, a
minder of the importance of intermode competition in det
mining the emission spectrum.

II. MODEL OF STANDING-WAVE
SOLID-STATE LASERS

The dynamics of multimode lasers depends critically
the strengths of the intermode couplings that are governe
0-2
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ANOMALIES, SYMMETRIES, AND ASYMMETRIES IN . . . PHYSICAL REVIEW A62 013810
the extent of the overlap of the standing-wave gratin
burned by the different modes in the population inversi
This coupling depends on the location of the laser med
inside the cavity. If a short laser rod is located close to one
the mirrors, the situation has been characterized by the fil
factor l /L, wherel is the length of the lasing medium andL
is the cavity length@13,15,18–20#. An anomaly in recently
reported experimental results is that lasers of different fill
factors seem to be reasonably explained by comparison
theories for lasers with a filling factor of unity. In rece
experiments, work on standing-wave systems has focuse
laser-pumped microchip lasers@21,22#, longitudinally diode-
pumped Nd:YAG crystals filling about one-third of the las
cavity @4,23#, or on fiber lasers; the latter two cases ha
filling factors much less than unity.

From careful investigations of the effect of the cavity fi
ing factor, we have found that there are certain critical val
which give behavior remarkably like that observed when
filling factor is unity. We have also found that there are oth
experimentally accessible values of the filling factor that le
to unusual, or unexpected, variations in modal intensit
relaxation oscillation frequencies, and modulation trans
functions. While formally understood for decades and
cluded in some theoretical analyses@15,18,24–26#, the ef-
fects of the cavity filling factor have been usually neglec
in studies of laser dynamical oscillations, though Evdo
mova and Kaptsov did note that a lower cavity filling fact
tended to shift the relaxation oscillation frequencies lower
well.

Our specific experimental and theoretical investigatio
focus on a Fabry-Perot Nd:YAG laser. The choice of a ma
ematical model might seem to be relatively trivial from t
literature, but recent investigations suggest that there
critically important~and somewhat inconsistent! approxima-
tion strategies that make the agreed-upon integrodifferen
equations more tractable. The basic Tang, Statz, and deM
rate equations are

dIk~t!

dt
5GIk~t!FgkE

0

1

n~z,t!ck
2~z!dz212bkG , ~1!

]n~z,t!

]t
5A~z!2n~z,t!F11( gjc j

2~z!I j~z!G , ~2!

which can be obtained from the more general multimo
semiclassical Maxwell-Bloch equations, assuming that~1!
the polarization of the laser medium is adiabatically elim
nated;~2! the lasing field is expanded in the cavity eige
functions; and~3! the inversion gratings resulting from mod
interference, which oscillate at the intermode beat frequ
cies, are negligibly small.

The symbols in Eqs.~1! and~2! have the following mean-
ing: I k(t) is the normalized and time-dependent modal
tensity;n(z,t) is the normalized spatial density of the pop
lation inversion;t5t/T1 is the time measured in the units o
the inverse of the inversion decay rate;x, y, zare Cartesian
coordinates normalized to the cavity lengthL; A(z) is the
pumping parameter, which reflects the unsaturated inver
distribution along the cavity;ck(z) is the resonator eigen
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function, andck(z)5& sin(pqkz) for longitudinal modes;
pqk is the wave number~whereqk is a large integer corre
sponding to the number of half-wavelengths for that mode
the cavity!, andk51,2,...,K, whereK is the full number of
laser modes included in the truncated model;gk is the kth
mode gain coefficientG5T1 /Tc , whereTc is the photon
lifetime in the cavity; andbk represents additional losses
kth mode with respect to the loss rate of the reference le
specified by 1/Tc . The index of refraction of the active me
dium can be incorporated in the model without loss of ge
eralization by taking a length for the medium that corr
sponds to its optical length and by adjusting the cavity len
L to match the total optical length of the cavity.

The variables in Eqs.~1! and~2! are, therefore, the mod
intensities, which depend solely on time, and the invers
density, which depends also on the spatial coordinates;
this reason a partial derivative]n/]t is used in Eq.~2!.

Equations such as these are the integrodifferential,
nonetheless they have steady-state solutions and t
steady-state solutions can be analyzed for their stabi
Though integrodifferential equations may, in principle, ha
a phase space of infinite dimension, it is not surprising
there is only a finite number of stability analysis eigenvalu
though that number may change as the parameters are va
We will see from the truncated approximate models t
there are strong suggestions about the number of eigenva
of these integrodifferential equations.

Several different approximations have been made to
tain ordinary differential equations. If the inversion is repr
sented by a constant term plus a Fourier expansion includ
all spatial harmonics of the length of the resonator, the
pressions would be exact, but the number of equations wo
be infinite.

There are two spatial nonuniformities to consider in
laser that is partially filled by the active medium. At the ve
least, as in the Statz, Tang, and deMars model, one m
include the spatial gratings created by the standing wav
each mode separately. These require terms proportiona
cos(2pqkz) for each mode that is operating. In addition som
account must be taken of the finite length of the gain medi
in the laser cavity and it has recently been proposed@27# that
this can be adequately represented by taking the first
long wavelength harmonics proportional to cos(2ppz), where
p is an integer from 1 toK, andK is the number of modes.

In this case the inversion can be written as follows:

n~z,t!5D0~t!12 (
p51

K21

Dp~t!cos~2ppz!

22(
k51

K

Nk~t!cos~2pqkz!

22(
k51

K

N2k~t!cos~4pqkz!1¯ . ~3!

HereDp indicates the amplitudes of the low spatial harmo
ics of the inversion caused by the finite length of the la
0-3



ty
ib
e

ia
a
in

d
et
te

r
th
b

e

nt

the
ral
he

y,
ics.
ady

y
of

ve
nte-

al
ins
ng,

ith

il-
ant

of
ns
ite

al
e-
m
eir

-
ul-
sis-
the

e

N. B. ABRAHAM et al. PHYSICAL REVIEW A 62 013810
medium or the nonuniformity of the pumping intensi
within the medium. More generally these terms descr
large scale spatial inhomogeneities in the population inv
sion. VariablesNk represent the amplitudes of high spat
harmonic gratings with periods of one-half of the mod
wavelengths, as induced by spatial hole burning by the las
modes. In general the gratings of the both scales shoul
also represented in the expansion of the pumping param
but the typical absence of small scale structure in the in
sity of the pumping light~unless it is also a standing wave!
allows us to limit ourselves to the expression

A~z!5A012 (
p51

K21

Ap cos~2ppz!. ~4!

Using expansions~3! and~4! Pieroux and Mandel@27# arrive
at the following set of equations that are 3K in number:

dIk

dt
5GIk@gk~D01Nk!212bk#, ~5!

dNk

dt
52S 11 (

m51

K

gmI mDNk2
1

2 (
m51

K

gmI mDk2m , ~6!

dD0

dt
5A02D0S 11 (

m51

K

gmI mD 2 (
m51

K

gmI mNm , ~7!

dDp

dt
5Ap2S 11 (

m51

K

gmI mDDp2
1

2 (
m51

K2p

gmI mNm1p

2
1

2 (
m511p

K

gmI mNm2p . ~8!

For a uniform pump distribution along the laser rod,

A~z!5H A, z1<z<z2

0, 0<z<z1 ,z2<z<1,

the coefficientsAp are determined by the expressions:

A05A~z22z1!, and Ap5A
sin~2ppz2!2sin~2ppz1!

2pp~z22z1!
,

~9!

wherez22z15 l /L is the length of the lasing mediuml nor-
malized to the cavity lengthL. We will suppose that the lase
medium is situated near one mirror of the cavity, as is
case when one surface of the Nd:YAG crystal is coated to
highly reflecting at 1.06mm while the other surface of th
crystal rod is antireflection coated. In this case Eq.~9! re-
duces to

Ap5A
sin~2ppl/L !

2ppl/L
. ~10!

Considering a Lorentzian gain profile, the gain coefficie
of the modes are
01381
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whered andd0 are the intermode frequency spacing and
detuning of the central cavity mode frequency from cent
frequency of the gain line, respectively, normalized to t
half-width of the gain spectrum.

In making the transition from Eqs.~1! and ~2! to Eqs.
~5!–~8! all small scale gratings withk.K, as well as large
scale ones withp>K, are ignored; and this is, apparentl
sufficient to capture the important features of the dynam
Analysis of the steady states and stability of those ste
states reveals that there are typically 2K11 eigenvalues with
modestly negative real parts~of order the population deca
rate, which means of order unity in our normalized units
time! andK21 eigenvalues with very much more negati
eigenvalues. This suggests that the truncation of the i
grodifferential equations has introduced additional~essen-
tially spurious! eigenvalues to the exact dynamics.

An alternative approximation of the integrodifferenti
equations introduced by Evdokimova and Kaptsov reta
the Fourier expansion and truncation of the original Ta
Statz, and deMars equations and deals quite differently w
the finite length of the medium. The 2K11 equations@18#
are

dIk

dt
5GIkFgkS D01 (

m51

K

bkmNmD 212bkG , ~12!

dNk

dt
52S 11 (

m51

K

gmI mDNk2
1

2
gkI kD0 , ~13!

dD0

dt
5A02D0S 11 (

m51

K

gmI mD 2 (
m51

K

gmI mNm . ~14!

The coupling coefficients between the modes

bkm5
sin@2p~k2m!l /L#

2p~k2m!l /L
~15!

do not differ in form from the coefficients of the series~7!.
The dimension of the model~12!–~14! is lower than that of
model~5!–~8!, though the number of eigenvalues of a stab
ity analysis now corresponds to the number of import
eigenvalues in the analysis of the model~5!–~8!. The models
do not agree exactly except in the case of uniform filling
the cavity by the laser medium. Numerical computatio
show that the models lead to very similar results for a fin
medium when it is uniformly excited along its longitudin
dimension. Model~5!–~8! seems to be a more accurate d
scription when the excitation of the medium is not unifor
along its length. Pieroux and Mandel have noted that th
model allows for both bistability~multiple steady-state solu
tions! and a Hopf bifurcation to spontaneous dynamical p
sations at low frequencies, though these results are incon
tent with the analyses of the steady states and stability for
integrodifferential equations@6#. Nonetheless, for the rang
0-4
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ANOMALIES, SYMMETRIES, AND ASYMMETRIES IN . . . PHYSICAL REVIEW A62 013810
of problems addressed in this paper the results of the
approximate models are essentially equivalent.

III. NUMERICAL RESULTS

Investigations of the dynamical behavior of a particu
model begin with finding steady states and then determin
the behavior following small deviations from the stationa
state. Linearizing the system near the steady states we
find both eigenvectors and real or complex eigenvalu
which characterize the modes of relaxation of the syst
However, it is difficult to advance very far analytically. On
of the few analyses was given by Khaninet al. @13,14# who,
after making the simplifying assumption that there would
a large number of stationary lasing modes in a Fabry-P
laser with~nearly! equal intensities, which allowed them t
neglect the deviations of the saturated inversion distribu
along the cavity length from a homogeneous distributi
showed that all relaxation modes are separated into com
sated and uncompensated categories. They showed tha
number of compensated relaxation oscillation modes is
termined by the number of optical modes that have the s
intensity.

The eigenvectors of rate equation model~1! for mode
amplitudes and inversion gratings clearly demonstrate
character of the relaxation modes. The eigenvectors ca
found by applying numerical methods to the linearized s
tem. In a matrix form the problem on eigenvalues is form
lated as follows:

@ajk#~Vk!5a j~Vj !,

whereajk is the matrix of the coefficients of the linearize
system;Vj are the components of the eigenvector;a j is the
eigenvalue. The complex eigenvalues correspond to trans
relaxation oscillations at a frequency given approximately
the imaginary part.

Figure 1 shows the result obtained for lasers with fi
lasing modes. The frequencies of the optical modes are s
metrically detuned from the center of the Lorentzian g
line, while the losses of all optical modes are equal. Fo
small number of optical modes the number of pairs
complex-conjugated characteristic roots and, conseque
the number of relaxation modes is maximal and equal toK.
The length of an arrow indicates the amplitude of the va
tion of the intensity of an optical mode, while its directio
reflects the relative phase of variations relative to the mo
lation of the other modes.

The figure shows that all relaxation oscillations are
vided into two categories. The first one is represented b
single frequency, which appears in a single-mode model,
this frequency of modulation is the highest in the eigenf
quency spectrum of dynamical modes. It corresponds to
phase oscillations of all mode intensities, and thus is alw
represented in the modulation of the total intensity. TheK
21 remaining relaxation modes belong to at least partia
compensated modulation due to mode competition. The
plitudes and phases of the components of the eigenvec
prove that these relaxation oscillations are either comp
sated or uncompensated. Figure 1 shows the compens
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relaxation oscillation components of the eigenvector, wh
belong to symmetrically detuned optical modes, are stric
equal in magnitude and opposite in sign. The definition
compensated relaxation oscillations relies exactly on
property. All relaxation oscillations that do not possess t
property are regarded as uncompensated relaxation os
tions. Compensated modes of relaxation oscillation e
only when the linear coefficients of the gain of symmet
cally detuned optical modes are equal, i.e., only for am
tude degeneracy in an ideal laser medium with a Lorentz
gain profile. Compensated modes of modulation do not ca
variations in the total intensity, so their existence is revea
only if the dynamics of individual modes are examined.

Numerical methods allow us not only to find the eige
vectors of a system, but also to trace their dependence on
control parameters, in particular, the pump and the ca
filling factor. The latter case is most interesting. Figure
shows the steady-state intensities of five symmetrically

FIG. 1. ~a! Schematic of the optical spectrum of a laser with fi
modes of nonzero intensity showing the mode enumeration u
elsewhere.~b! Schematic of the five eigenvector perturbations
the modal intensities corresponding to the five relaxation oscilla
eigenvalues that are numbered by subscripts, which increase i
der of decreasing frequency.
0-5
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N. B. ABRAHAM et al. PHYSICAL REVIEW A 62 013810
tuned modes (K55,d050) and their sum, along with relax
ation oscillation frequencies, plotted vs the pump parame
when the filling coefficient is fixed atl /L50.4. In this case
the distribution of the gain coefficients is as follows:g1,5
,g2,4,g351. However, in the range betweenA51.3 and
A51.9 the intensity of the central mode~with the highest
small signal gain! is smaller here than the nearest si
modes. This situation, which results from mode competiti
is possible only forl /L,1. This effect was observed in re
cent experiments with Nd:YAG lasers@4,23#. The number of
lasing modes also depends on the pumping level. In the
of perfect symmetry, new modes enter the lasing proces
pairs, giving birth to a pair of additional relaxation oscill
tion frequencies. One of the newly born relaxation mode
compensated, while the other is uncompensated, and
frequencies are different.

The influence of the filling factorl /L on the intensities of
lasing modes and the frequencies of relaxation oscillation
a fixed pump parameter is shown in Fig. 3. In the inter
0.1, l /L,0.4 the central mode is fully suppressed, and
number of lasing modes is four. The complete suppressio
a mode has a significant effect on the number and orderin
the relaxation mode frequencies. There are also value
filling factor and pump at which the spectrum of the rela
ation frequencies is close to that observed in the case
uniform cavity filling, as shown in Fig. 3. This possibilit

FIG. 2. ~a! Dependencies of the total and modal intensities
the pump parameterA for G52500,d50.132,d050.0, 1/L50.4.
~b! Corresponding dependencies of the squares of the relaxa
oscillation frequencies with indications of their eigenvectors. Sup
scripts in the frequencies indicate whether the modulation of
total intensity is compensated~c! or uncompensated~u!. Kinks and
nonlinear piecewise evolution are evident near the onset of
modes in the optical spectrum.
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should be taken into account while interpreting experimen
results.

Nontrivial results have been also obtained in the study
the functions that describe the transfer of modulation fr
some parameter, for example, pumping, to intensity, eit
total or modal. The calculated transfer functions for the fiv
mode model, discussed above, is given in Fig. 4. Since c

n

on
r-
e

w

FIG. 3. Dependencies of~a! the total and modal intensities an
~b! low relaxation oscillation frequencies on the filling factor 1/L,
for A52.0, G52500, d50.132, d050.0. Domains of one, four,
and five modes with nonzero intensities are indicated.

FIG. 4. Modulation transfer functions~amplitude of linear re-
sponse at the modulation frequency of the total and modal inte
ties to modulation of the pump parameter! for A52.0, G52500,
d50.132,d050.0, and 1/L50.4. Relaxation oscillation frequencie
are indicated by vertical dashed lines. Compensated forms of m
lation cannot be excited by pump modulation in the symme
model. Some of the resonances in the response functions appe
kinks rather than peaks because of the combined responses
different phases and different strengths of response to the diffe
normal modes of modulation.
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pensated relaxation oscillations are not excited by pu
modulation, in transfer functions for individual modes the
are resonances only at frequencies of uncompensated o
lations. These ‘‘resonances’’ more often appear as ki
rather than peaks, since modulation at a definite freque
excites all uncompensated oscillations, though with differ
amplitudes and phases that depend on the detuning o
modulation frequency from the corresponding resonance
quencies. This makes it hard to extract the relaxation os
lation frequencies from experimental spectra, as there is
single feature such as a peak that is reliably correlated w
each resonance frequency except in special cases. How
this is not an absolute rule. The presence of the relaxa
frequenciesV1

u andV0
u does not affect the transfer function

of the weakest modesI 1,5(V). As a result we observe a pea
not a kink at frequencyV3

u for the spectra and transfer func
tions of the weakest modes. The vertical scale of Fig. 4
been selected so that the peak at frequencyV0 does not
appear~it is off scale to the right!.

Disturbance of the detuning, which breaks the symme
slightly changes the situation. In this case there are no lon
any exactly compensated oscillations. This symmetry bre
ing is thus accompanied by an increase in the numbe
resonance peculiarities that are observed in the transfer f
tions ~Fig. 5! since all relaxation oscillation modes can no
be excited by pump modulation.

The symmetry breaking due to a difference in mo
losses, in particular, when they are randomly perturbed, le
to the same results. These kinds of perturbations often o
from parasitic resonances caused by back reflections f
various components~mirrors, lenses, detectors! in the beam
line. There may also be equivalent gain variations that af
the pumping of the spatial harmonics of the pump param
@15#. Intensities of symmetrically detuned modes can
therefore differ even in the absence of the detuningd0 .
However, the effect on the modal intensities introduced b
difference in losses can be offset by a certain detuning.
computations show that in this quasisymmetric case there

FIG. 5. Modulation transfer functions forA52.0, G52500,d
50.132,d050.002, and 1/L50.4. Relaxation oscillation frequen
cies are indicated by vertical dashed lines. Given the broken s
metry caused by the detuningd0 resonant response to modulatio
appears for each of the relaxation oscillation frequencies as
eigenvectors cannot be classified according to the ‘‘compensa
and ‘‘uncompensated’’ criterion.
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no fully compensated oscillations, and all relaxation oscil
tions are present to some degree in the transfer functi
Thus, parasitic selection of modes or selective absorptio
intracavity media could be responsible for these phenom
in experimental situations.

IV. EXPERIMENTAL RESULTS

Our experiments were carried out on an Nd:YAG las
with diode laser pumping as shown schematically in Fig.
The lasing medium was a cylindrical crystal 1 cm in leng
and 2 mm in diameter with plane parallel faces and with 1
Nd doping. One face of the crystal had a dichroic coating
high reflectivity at the lasing wavelength of 1.06mm and
high transmission at the pump wavelength of 808 nm
other crystal surface had a broadband antireflection coat
The second laser mirror was a spherical mirror with 98.5
reflectivity at 1.06mm and a radius of curvature of 10 cm
which could be finely positioned longitudinally by a piez
electric transducer~PZT!. The laser cavity length was varie

-

ir
d’’

FIG. 6. Experimental setup. DL 808-nm-diode laser array;O,
collimating and focusing optics;M, external spherical mirror
mounted on a piezoelectric transducer PZT; BS, beam splitters;
Fabry-Perot optical spectrum analyzer,D1, detector for power read
ings; D2, detector for total intensity modulation;D3, detector for
light transmitted by FP; LA1 and LA2, lockin amplifiers.

FIG. 7. Optical spectra for different powers of the diode pum
ing for a cavity length of 8.48 cm giving a mode spacing of 1.6
GHz. Nd:YAG laser threshold parameterA has the following val-
ues: ~a! 1.02; ~b! 1.06; ~c! 1.16; ~d! 1.30; ~e! 1.38; ~f! 1.43.
0-7
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FIG. 8. Modulation transfer functions for cavity length of 8.48 cm andA51.06 for ~a! side mode,~b! central mode,~c! side mode,~d!
total intensity.
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from 5 cm to 10 cm, so that filling factors in the range
0.45–0.15 could be explored.

For a cavity length of 8.48 cm~filling factor of 0.194!
only a few percent above the lasing threshold we obser
three modes, but at the maximum level of pumping,
times above threshold, only five modes were generated s
ning less than 5 GHz, indicating a significant compression
the above-threshold portion of the gain spectrum resul
from mode competition. By contrast, for shorter cav
length of 3.81 cm~filling factor of 0.39! we observed both
complete and partial suppression of the central mode o
alternate modes. In general, for the shorter cavity leng
~larger filling factor! we observed a broader spectrum, oft
in excess of 20 GHz for pumping two times above thresho

Mode composition was monitored by a Fabry-Perot op
cal spectrum analyzer with a free spectral range of 7.5 G
Sample spectra for a cavity length of 8.48 cm~giving a mode
spacing of 1.616 GHz! are shown in Fig. 7 for differen
levels of output power under detuning conditions that ga
approximately symmetric spectra. Evidence for parasitic
flection, nonuniform pumping, or other symmetry breaki
phenomena was given by the inequality of one pair of s
modes when the other pair of side modes in a five-m
spectrum was balanced in intensity.

The noise level in laser emission over the whole lo
frequency domain we observed~up to 100 kHz! was very
01381
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low, being tenths of percent. So, in power spectra, the re
ation peaks were seen very poorly. The use of a lock
amplifier in obtaining amplitude transfer functions allowe
us to acquire necessary information on specific features
relaxation oscillations at minimum perturbation of pump p
rameter and, consequently, of laser operation. The ratio
the amplitude of modulating signal to the constant curr
level of pump laser was as small a fraction of percent. S
level of external perturbation secured the linear laser
sponse to pump modulation.

Modulation transfer functions for total intensity and fo
three different single modes selected by the Febry-P
spectrum analyzer are shown in Fig. 8 at low output pow
Only two relaxation oscillation frequencies are evident
the central mode and the total power but the side mode tr
fer functions show two low frequencies at approximately
kHz and 6 kHz. The lower ‘‘resonances’’ are different
shaped kinks with different phasing of the high- and lo
frequency sides for different modes, in agreement with
predictions of the model. Despite the logarithmic scale
the transfer function for the total power, there is no eviden
of low-frequency peaks. The details were generally wea
sensitive to detuning, but we did find that there were so
conditions for which symmetric spectra could not be ma
tained at all, leading to gaps in the plot of Fig. 9~a!, which
shows the total and modal intensities vs the pump parame
0-8
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Figure 9~b! shows the highest relaxation oscillation fr
quency vs pump parameter from which we can extract
parameterG from the model (G'15 000). Figure 10 shows
that the slopes of the modal intensities vs pump param

FIG. 9. For cavity length of 8.48 cm.~a! Total power and
modal power~arb. units! vs pump parameterA. ~b! Frequency of
the largest relaxation oscillation peak~from total intensity transfer
function! squared vsA, yielding G'15 000.

FIG. 10. For cavity length of 8.48 cm, power of the central vs
fitted in three regions of single-mode, three-mode, and five-m
emission with slopes 15.6, 10.1, and 8.7, respectively, with appr
mately 5% uncertainties.
01381
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decreased whenever the number of modes increased. M
over there were regions where symmetric spectra with
strong central mode could not be maintained stably. In th
regions the optical spectrum was very sensitive to sli
amounts of detuning, with sharp jumps in the spectrum s
as are shown in Fig. 11, which demonstrate both asymme
spectra and an example of suppression of the central mo

The abrupt shifts in mode intensities with detuning, mo
suppression, and the consequences for the dependence
relaxation oscillation frequencies on the pump and modu
tion transfer functions for the total intensity and for th
modal intensities are in generally good agreement with
theoretical and numerical predictions. See, for example,
12, in which we present computed results from the model
A51.2 and a filling factor of 0.2, to show the nonequidista
and nonsymmetric spectra with a quick hop in the spec
profile with a small detuning change. One exception is t
conditions of apparently symmetrically arranged modal sp
tra gave peaks in the total intensity transfer function at w
were predicted to be compensated relaxation oscillation
quencies, and pump modulation strongly excites comp
sated relaxation oscillations as found in the modal inten
modulation transfer functions. We conclude that these res
are most likely due to nonuniform pumping, as adjustme
in the modal spectral symmetry from moving the focusi
optics could be compensated by minor adjustments in de
ing.

V. DISCUSSION

The most important results in this work concern the p
culiarities of dynamic behavior of multimode classB lasers
with nonuniform cavity filling by laser medium. These a

e
i-

FIG. 11. Optical spectra forA51.26 and cavity length of 8.48
cm for small variations in the detuning~with essentially constan
total power emission! showing various side-mode suppressio
spectral asymmetries, and central-mode suppression. At this p
value a symmetric spectrum could not be obtained.
0-9
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the theoretical results obtained numerically, which are
good agreement with the experimental data.

~1! The eigenvectors for the eigenvalues of the stability
the steady-state solution of the rate equation model for r
tively small number of lasing modes have been found. T
structure of these vectors shows that the relaxation osc
tions for situations of symmetric mode detunings can
separated into compensated and uncompensated mo
tions. Compensated modulations exist only when there
perfect symmetry in the detunings and pumpings of the
tical modes, otherwise all modulations lead to some deg
of modulation of the total intensity.

~2! The number of lasing modes depends on the pump
level. In case of perfect symmetry, new modes enter the
ing process in pairs, giving birth to a pair of relaxation o
cillations. One of the newly born relaxation oscillations
compensated, while the other is uncompensated, and
frequencies are different.

~3! The profile of the unsaturated inversion as determin

FIG. 12. ~a! Dependencies of the total and modal intensities
the detuningd0 for G52500,d50.064, and 1/L50.2. In the vicin-
ity of d050 (d05d), the intensity of the central modeI 4 (I 3) is
suppressed. ~b! Optical spectra for different detuningsd0 .
n
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by the size and location of the laser medium inside the ca
~the filling factor! as well as by the spatial distribution o
pumping along the laser medium significantly affects t
mode competition. Changes in the filling factor can result
suppression of optical modes with potentially large gain~for
example, the central mode! by weaker modes.

~4! The filling factor also has a considerable effect on t
ordering of the relaxation mode frequencies. There are
ues of the filling factor, at which the spectrum of the rela
ation frequencies is close to that observed in case of unif
cavity filling. This possibility should be taken into accou
when interpreting experimental results.

~5! Nontrivial results have been obtained in the study
transfer functions. These are, first of all, the manifestation
resonances in response to pump modulation at frequencie
compensated oscillations, where no salient features were
ticipated. We explain the excitation of the compensated
laxation oscillations from pump modulation by a hidde
symmetry breaking present in the system of optical mode
factors, which lead to selective discrimination among the
dividual modes, act here, then we can restore the appa
symmetry of the optical spectrum, counterbalancing~neutral-
izing! the effect of, for example, weak parasitic mode sel
tion of pumping nonuniformities by detuning the cavit
However, this compensation to equalize the intensities d
not make the system really symmetric and thus the relaxa
oscillations are not correspondingly compensated.

During the completion of this work we learned of studi
by Stamatescu and Hamilton@28# of the effects of a partially
filled cavity on the relaxation oscillation frequencies and
the relative phasing of the response of these different mo
of oscillation to pump modulation. Mandel, Nguyen, and O
suka paper@29# have also recently completed a study of t
relaxation oscillation frequencies of a three-mode laser w
arbitrary gains for the three modes. Of special note are t
results that the unequal gains may lead to rational fractio
relations among the relaxation oscillation frequencies, wh
may promote additional resonances in the modulation
sponse, phenomena confirmed by experimental studies
microchip laser~with filling factor equal to unity!.
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