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Three-photon Hong-Ou-Mandel interference at a multiport mixer
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~Received 15 December 1999; published 14 June 2000!

We consider a six-port triangular arrangement of beam splitters designed to couple three electromagnetic
fields through U~3! unitary transformations. We present conditions for Hong-Ou-Mandel destructive interfer-
ence of output triple coincidences when single photons are presented, one at each of the three input ports.
Unlike the corresponding four-port effect, three-photon Hong-Ou-Mandel interference is sensitive to mixer
phases and input-output port reversal.

PACS number~s!: 42.50.Ar, 42.25.Hz, 03.65.Fd
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I. INTRODUCTION

Over a decade ago, realizations of double-quantum in
ference effects using correlated photon pairs from parame
down-conversion unequivocally confirmed the fundamen
nature of boson statistics. In a notable 1987 experiment@1#,
Hong, Ou, and Mandel~HOM! demonstrated a cancellatio
of interbeam coincidences behind a 50:50 optical mi
when the photons entered one into each of the two in
ports of the device with adjustable simultaneity. Said diff
ently, the photons exit the symmetric mixer in a superpo
tion state containing an equal potentiality for the registrat
of the photon pair at either of the two output ports. T
HOM experiment therefore confirms the enhanced tende
of photons to cluster together due to boson statistics@2#. The
physical basis for this two-photon effect is quantu
mechanical destructive interference between probability
plitudes for double transmission and double reflection at
optical mixer, when experimental conditions favor their i
distinguishability.

As larger equal numbers of photons are brought into e
input port of the 50:50 two-beam mixer, theoretical calcu
tions show that the boson clustering effect generalizes
an arcsine distribution of photon pairs, with strictly ze
probability for the registration of odd photon numbers@3#.
Recent experiments confirm these higher-order multipho
effects at a single optical mixer@4#.

The striking beauty and simplicity of this phenomen
presumes wider application toward more complex opti
systems, particularly to those mixing arrangements that c
tain two-beam HOM modules. The purpose of this pape
to determine the necessary conditions for a three-pho
HOM effect @5# in the next-order generalization of a simp
optical mixer, called a tritter@6#. This is a six-port device
that can be assembled from a triangle of two-beam mix
@7#. Below we derive the criteria for three-photon HOM in
terference, starting from general unitary considerations
the tritter. In this fashion we explore how the effect depen
on tritter optical parameters, as well as identify a simp
mixing configuration to illustrate the essential nature
three-photon HOM interference.

*Electronic address: ravarcampos@compuserve.com
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II. THREE-PHOTON HOM EFFECT

A. Unitary considerations

We begin with a collection ofN quantum harmonic oscil-
lators whose creation operatorsâ5$ân% for n51,...,N obey
the boson commutator relations@ ân ,âm

† #5dnmÎ . It is well
established that theN-dimensional harmonic oscillator i
governed by U(N) unitary symmetry@8#. This means that the
Hamiltonian form is preserved under the unitary transform
tions

b̂n5Û~g!ânÛ†~g!5 (
m51

N

unm~g!âm ,

~1!

b̂n
†5Û~g!ân

†Û†~g!5 (
m51

N

unm* ~g!âm
† .

The unitary operator is often written in the product form,

Û~g!5)
k51

N2

exp~ iskR̂k!, ~2!

whereg5$sk% are the free parameters of the transformatio
and the operatorsR̂k are selected from among theN2 Her-
mitian operatorsF̂5$F̂k% obeying the U(N) commutator re-
lations

@ F̂n ,F̂m#5 i(
k

gnmkF̂k ~3!

with group structure constantsgnmk.
For a general pure state that is created with the bo

operators according to

uC&5 f ~ â†!u0&, ~4!

we reexpress the creation operators through the inverse
tary transformations

ân
†5Û†~g!b̂n

†Û~g!5 (
m51

N

umn~g!b̂m
† , ~5!

and collect the terms in the expansion to generate the j
probability distribution at theN output ports of the U(N)
optical mixer. In the reverse process, the output ports of
©2000 The American Physical Society09-1
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mixer are loaded according touC&5 f (b̂†)u0&, and Eq.~1!
generates the joint probability distribution at the input por

B. The tritter

An optical realization of U~3! unitary transformations is
shown in Fig. 1@7#. This triangular arrangement of two
beam mixers couples three harmonic-oscillator mo
ân (n51,2,3) that represent equipolarized, single-mode
tical fields@9#. If the first and third optical mixers have 50:5
partition ratios (t15t35 1

2 ) while the remaining mixer has
67:33 partition ratio (t25 2

3 ), then for certain choices o
phases an input photon distributes with equal probability i
all output ports. This has been called asymmetric multiport
device@10#. Our analysis below preserves the general f
malism, as it leads to results that are not available for
symmetric multiport arrangement.

In analogy with the HOM experiment, we look for a s
lution that provides three-photon coincidence cancellation
all three output ports of the tritter when one photon fills ea
of the input ports. We begin with the most general SU~2!
unitary transformation of a two-beam mixer@3,11#,

S At exp~ ia! Ar exp~ ib!

2Ar exp~2 ib! At exp~2 ia!
D , ~6!

wheret512r is the transmittance, whilea andb are asso-
ciated phase factors for the device. For example, the c
mon choicea50 andb5p/2 yields a phase factori at both
reflection arms@12#. The matrix representation of Fig. 1
constructed by sequential cascading of two-beam mixer
resentations. The unitary generators for these matrices a

B̂1ªexp~2 if1F̂3!exp~2 iu1F̂2!exp~2 ic1F̂3!,

B̂2ªexp@2 if2~ F̂41 1
2 F̂3!#exp~2 iu2F̂6!

3exp@2 ic2~ F̂41 1
2 F̂3!#, ~7!

B̂3ªexp@2 if3~ F̂42 1
2 F̂3!#exp~2 iu3F̂8!

3exp@2 ic3~ F̂42 1
2 F̂3!#,

such that by the unitary shifting propertiesb̂n5B̂mânB̂m
† ,

FIG. 1. Three-photon interference effects are considered f
triangular arrangement of optical mixers, called a tritter. The mix
are labeled by their transmittancest together with the input and

output electromagnetic field modesâ andb̂, respectively. For clar-
ity, mixer phase shifts are not labeled but are discussed in the
01380
.
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B15S At1eia1 Ar1eib1 0

2Ar1e2 ib1 At1e2 ia1 0

0 0 1
D ,

B25S At2eia2 0 Ar2eib2

0 1 0

2Ar2e2 ib2 0 At2e2 ia2

D , ~8!

B35S 1 0 0

0 At3eia3 Ar3eib3

0 2Ar3e2 ib3 At3e2 ia3

D ,

respectively, provided tmªcos2(um/2) and (am ,bm)
ª

1
2 (cm6fm), wherefm and cm are Euler angles in the

unitary representations of Eq.~7!. The Hermitian operatorsF̂
are Jordan-Schwinger maps@13# of Gell-Mann SU~3! matri-
ces@14#,

F̂1ª
1
2 ~ â1

†â21â2
†â1!, F̂5ª

1
2 ~ â1

†â31â3
†â1!,

F̂2ª
1

2i
~ â1

†â22â2
†â1!, F̂6ª

1

2i
~ â1

†â32â3
†â1!,

~9!

F̂3ª
1
2 ~ â1

†â12â2
†â2!, F̂7ª

1
2 ~ â2

†â31â3
†â2!,

F̂4ª
1
4 ~ â1

†â11â2
†â222â3

†â3!, F̂8ª
1

2i
~ â2

†â32â3
†â2!.

These operators satisfy Eq.~3! with the antisymmetric struc-
ture constantsg1235g4565g47851, g1585g1765g2575g268

5g3565g3875
1
2 . We also utilize the mirror matrix represen

tation

MmªS 1 0 0

0 1 0

0 0 1
D 1~ei z21!S dm1 0 0

0 dm2 0

0 0 dm3

D ,

~10!

where z is the mirror reflection phase factor. By stackin
these unitary matrices in the orderM3B3M2B2B1M1 , we
arrive at the general transformation matrixunm(g) linking
the output operatorsb̂ to the input operatorsâ @Eq. ~1!#,

a
s

xt.
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S At1t2ei ~z1a11a2! Ar1t2ei ~b11a2! Ar2ei ~b2!

2Ar1t3ei ~2z2b11a3!2At1r2r3ei ~z1a12b21b3! At1t3ei ~z2a11a3!2Ar1r2r3ei ~b12b21b3! At2r3ei ~b32a2!

Ar1r3ei ~3z2b12b3!2At1r2t3ei ~2z1a12b22a3! 2At1r3ei ~2z2a12b3!2Ar1r2t3ei ~z1b12b22a3! At2t3ei ~z2a22a3!
D .

~11!
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For a U~3! HOM experiment, single photons are presented
each input port of the tritter, according to the state creat
function f (â)5â1

†â2
†â3

† described in Eq.~4!. There are six
paths to coincidence at the output ports. For example,
amplitude for the ordered transfer of single photons fr
input ports~1,2,3! to output ports~1,2,3! is obtained from the
product of the right diagonal matrix elements of the tra
posed matrix @Eq. ~5!#, namely, t1t2t3 exp(i3z)
1t2At1t3r1r2r3 exp@i(2z1F)#, where we define

Fªa12a31b12b21b35c12f31 1
2 ~f22c2!.

~12!

For sixfold path indistinguishability, the sum of the six po
sible amplitudes must be nulled, leading to the condition

~t12r1!~t22r2!~t32r3!12At1t3r1r2r3

3@~123t2!ei ~F2z!1e2 i ~F2z!#50. ~13a!

A notable feature of this key result is the sensitivity to mirr
and mixer phase shiftsz and F, respectively. Since the re
versal of input and output ports leads to the complex con
gate of Eq.~13a!, uncanceled output triple coincidences w
also inherit this feature and will therefore generally not
symmetric to input-output port reversal. This is not the ca
for HOM interference at a single, uncoupled mixer. T
equivalent amplitude in the latter case is obtained from
~6!,

~t2r!50. ~13b!

This is completely phase insensitive, and requires onl
mixer with 50:50 partition ratio.

Another interesting feature of Eq.~13a! is the manifesta-
tion of one, rather than three, mirror bounces~see Fig. 1!.
Careful tracking of terms reveals that the mirror reflecti
between the first and third mixers is the only contributi
phase factor. This may lend flexibility to the experimen
design.

The factorized form of Eq.~13a! facilitates a solution by
simple inspection. Note that the first term in the express
vanishes if we select 50:50 partition ratios for any of t
mixers. Choosingt15 1

2 for convenience, it follows that the
vanishing of the term (123t2)exp@i(F2z)#1exp@2i(F
2z)# leads to the additional solutions

t25 2
3 ,

~14!
F5z6p,

without a specific requirement fort3 . We will explore this
degree of freedom further below. From the phase condi
01380
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of Eq. ~14!, a standard choice of mirror reflectionz5p pro-
vides the additional requirementF50. A simple way to
meet this is to balance the pathlength difference between
arms of the tritter, and to verify that all three mixers satis
the Stokes relations (am5bm50) @12#.

For Stokes mixers, the probability of triple coincidence
the output ports of the tritter generally obtains,

Pout~1,1,1!5@2At1t3r1r2r3~3t222!1~t12r1!~t22r2!

3~t32r3!#2. ~15!

This contrasts sharply with the equivalent expression deri
from classical probability for distinguishable particles,

Pout
classical~1,1,1!5@~t1t3r1r2r3!~4t2

212r2
212!1~t1

21r1
2!

3~t2
21r2

2!~t3
21r3

2!#. ~16!

These expressions are compared in Fig. 2 fort15t35 1
2 as a

function of the transmittancet2 . In the quantum theory, the
probability of triple coincidence vanishes att25 2

3 and there-
after remains near a value of 0.01, which is approximately
times lower than the classical prediction. In the limiting ca
t2→0, the second mixer transforms into a mirror, and t
tritter becomes a balanced Mach-Zehnder interferometer
ports 1 and 2. For this configuration, the tritter translates
input state at the upper input ports to the two upper out

FIG. 2. The probability of triple photon coincidence at the ou
put ports of the tritter~Fig. 1! as a function of the second mixer’
transmittance is compared to the equivalent expression obta
from classical considerations for distinguishable particles. Nonc
sical cancellation of triple coincidence obtains for the transmitta
valuest151/2 andt252/3, with no further requirement fort3 . For
the purposes of this figure, we choset351/2. In the limiting case
t2→0 the top portion of the optical circuit forms a Mach-Zehnd
interferometer, which translates the input state to the output po
hencePout(1,1,1)51.
9-3
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RICHARD A. CAMPOS PHYSICAL REVIEW A62 013809
ports, hencePout(1,1,1)51. This does not occur for classica
particles as they independently partition into binomial sta
tics @2#.

C. Even-odd photon sorting

The degree of freedom (t3) available for three-photon
HOM interference has the additional consequence of all
ing even-odd photon sorting at the output ports of the trit
This follows from the remaining probabilities for exit photo
arrangements,

Pout~0,0,3!56@At3t2t1r1~r32t3r2!

1t3~t12r1!At2r3r2#2,

Pout~0,3,0!56@At2t1r3r1~t32r3r2!

2r3~t12r1!At3t2r2#2,

~17!

Pout~3,0,0!56t2
2t1r2r1 ,

and also

FIG. 3. The additional specificationst351/4 ort353/4 supple-
ment three-photon HOM interference by even-odd photon sortin
the output ports of the tritter. The resulting marginal photon-num
probability distributions fort351/4 differ from classical predic-
tions. The selectiont353/4 exchanges the photon-number distrib
tions observed at output ports 2 and 3.

FIG. 4. Elimination of the third optical mixer reduces the tritt
to this optical circuit.
01380
-

-
r.

Pout~0,1,2!52@At2t1r3r1~123t323t3r2!2~t322r3!

3~t12r1!At3t2r2#2,

Pout~1,0,2!52@At1r2r1~3t3t21r32t3!

2~t22r2!~t12r1!At3r3#2,

Pout~0,2,1!52@At3t2t1r1~3r3r213r321!1~2t32r3!

3~t12r1!At2r3r2#2,

Pout~1,2,0!52@At1r2r1~3r3t21t32r3!

1~t22r2!~t12r1!At3r3#2,

Pout~2,0,1!52@At2r3r2~t12r1!

1~t222r2!At3t2t1r1#2,

Pout~2,1,0!52@At2t1r3r1~t222r2!

2~t12r1!At3t2r2#2,

whent35 1
4 or 3

4, in addition to the specificationst15 1
2 and

t25 2
3 . Marginal photon-number distributions at the outp

ports of the tritter~Fig. 3! highlight the separation of eve
and odd photons at the first two output ports, fort35 1

4 . The
figure also contains the classical prediction for distingui
able particles. Careful inspection of Eq.~17! pinpoints the
root cause of this effect to theadditional cancellation of exit
probabilities for both single- and three-photon clustersat
output port 2 (t35 1

4 ) or 3 (t35 3
4 ). In U~2! HOM interfer-

ence, the two photons always exit the optical mixer in pa
for a 50:50 mixer. Becauset3Þt1 , the cancellation of triple
clusters is an exclusive feature of theasymmetricmultiport
device@10#.

D. Special case

The essential character of three-photon HOM interfere
emerges by removal of the third optical mixer (t351). The

at
r

FIG. 5. Three-photon HOM interference for the setup of Fig
results from the cancellation of four probability amplitudes, in
manner analogous to two-photon HOM interference.
9-4
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output probability of triple coincidence for the resulting o
tical arrangement~Fig. 4! is readily obtained from Eq.~15!,

lim
t3→1

Pout~1,1,1!5~t12r1!2~t22r2!2. ~18!

U~3! HOM interference now results when both optical mi
ers have 50:50 partition ratios. This special case brings o
close resemblance to the corresponding U~2! effect. Figure 5
outlines the four interfering probability amplitudes that ca
cel exit triple coincidences. They represent all possible p
mutations of probability amplitudes for double transmiss
and double reflection of photon pairs at both mixers.
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III. CONCLUSION

Three-photon HOM interference at a tritter exhibits
wider range of phenomena as a consequence of the la
dimensionality of its unitary representation. Unlike the co
responding double-beam effect, destructive interference c
not occur if all three mixers share identical partition ratio
To achieve cancellation of output triple coincidences, o
two mixer transmittances require specification. The th
mixer’s transmittance represents an additional degree of f
dom that permits even-odd photon sorting in the margi
photon-number distributions at the output ports of the tritt
The development of triply correlated photon sources wo
enable verification of these predictions@15#.
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