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Ultracold atom-ion collisions
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Studies of charge transfer and total cross sections in elastic collisions of atom-ion alkali metals at ultralow
temperatures are reported. Calculations for Na1Na1 have been carried out with the best available2Sg

1 and
2Su

1 potential curves. As functions of energy, the cross sections show considerable structure and are large in
the limit of low temperature. The scattering lengths were also computed, and the effective range expansion
verified. For higher temperatures, we compare quantal and semiclassical results, and investigate the range of
applicability of the Langevin formula. Even at temperatures of a few degrees kelvin, the charge-transfer cross
sections are large, and could provide an efficient way to produce cold ions.

PACS number~s!: 34.10.1x, 34.20.2b, 34.50.2s, 34.70.1e
re
e

-

e
iz
o
a

ffi
a

fu
e

at

on
th
e

f

n
om
w
t

1
he

ra
,
m

rge

y

is
I. INTRODUCTION

Collisions of atoms at ultracold temperatures have
ceived considerable attention because of their importanc
the cooling and trapping of atoms@1# and molecules@2# and
their role in high precision spectroscopy@3# and Bose-
Einstein condensation@4#. Neutral-atom collisions at ultra
cold temperatures may be characterized bys-wave scattering
lengths. Collisions of ions and atoms involve higher-ord
partial waves because of the long-range attractive polar
tion forces and differ also because of the possibility
charge transfer. The cross sections may be large and ch
transfer between ions and atoms will occur with high e
ciency. Ion-atom collisions influence the behavior of plasm
and determine the magnitude of the ion mobilities and dif
sion coefficients. An ultracold plasma of xenon has be
created@5# and similar techniques may be used to cre
alkali-metal plasmas@6#.

In this paper we explore the neutral-atom–ion-collisi
properties in the ultralow-energy regime. We calculate
elastic and charge-transfer cross sections using accurat
tential curves. We determine the elastic scattering lengths
the 2Sg

1 and 2Su
1 states of Na2

1, and verify the effective
range expansion for thes-wave contribution. We examine
the contribution of higher partial waves to the cross sectio
The charge-transfer and diffusion cross sections are c
puted using a quantal treatment, and are shown to be
described by a simple semiclassical model. We compute
ion diffusion coefficient and mobility. The mobility follows a
simple classical expression for temperatures ranging from
nK to 100 K. Below 10 nK, we predict a rapid increase of t
mobility with decreasing temperature.

II. PROCESSES

We study the collision between an ion and its neut
parent atom. Although we use Na1Na1 as an example
many of our conclusions apply to other alkali-metal ion-ato
collisions. A neutral atom of Na collides elastically with Na1

in the 2Sg
1 or 2Su

1 states of Na2
1. The elastic collision may

be represented by
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Na1Na1→H Na2
1~2Sg

1!

or

Na2
1~2Su

1!
J →Na1Na1.

The elastic cross section is given by@7#

sel.5
1

2
@sel.

g 1sel.
u #, ~1!

with

sel.
g,u5

4p

k2 (
l 50

`

~2l 11!sin2~h l
g,u!, ~2!

wherek5A2mE/\ with m the reduced mass andE the col-
lision energy in the center-of-mass system, andh l

g,u is the
l th partial-wave phase shift corresponding to the2Sg

1 and
2Su

1 states, respectively. Another possible outcome is cha
transfer,

Na1Na1→H Na2
1~2Sg

1!

and

Na2
1~2Su

1!
J →Na11Na.

The charge-transfer cross section is given by@7#

sch.5
p

k2 (
l 50

`

~2l 11!sin2~h l
g2h l

u!. ~3!

For the two doublet potential-energy curves2Sg
1 and

2Su
1 , we used theab initio data of Magnier@8#, ranging

from 5.0 to 20.0 bohr radiia0, extended to large distances b
the asymptotic form

Vg,u~R!;Vdisp.~R!7Vexch.~R! ~4!

with 7 for g and u, respectively. The dispersion term
given, in atomic units, by
©2000 The American Physical Society09-1
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Vdisp.~R!52
1

2 FC4

R4
1

C6

R6
1

C8

R8G , ~5!

with C45162.7, C651873.0, andC8554 139.0. The coef-
ficient C4 is the dipole polarizability of the sodium atom@9#.
The coefficientC6 is the quadrupole polarizability of Na
1849.0 a.u.@10#, to which we added the estimate of 24.0 a
for the relatively small contribution of the ion-atom Na1-Na
van der Waals interaction. The coefficientC8 is the octupole
polarizability of Na@10#. The exchange term was found u
ing the treatment of Bardsleyet al. @11# and takes the form
in atomic units,

Vexch.~R!5
1

2
ARae2bRF11

B

R
1OS 1

R2D G , ~6!

with A50.111,a52.254,b50.615, andB50.494. At short
distances (R,R155.0 bohr radii!, we extended the potentia
with an exponential wall of the form

V~R!5W exp~2wR!, ~7!

with

W5V~R!exp~wR!uR1
, w52

] ln V~R!

]R U
R1

. ~8!

The two potential curves are shown in Fig. 1.
The phase shiftsh l

g,u are determined from the continuum
eigenfunctionsyE,l

g,u(R), which are the regular solutions o
the partial-wave equation

S d2

dR2
1k22

2m

\2
Vg,u~R!2

l ~ l 11!

R2 D yE,l
g,u~R!50. ~9!

The asymptotic form ofyE,l
g,u(R) at large distances gives th

elastic scattering phase shifts

FIG. 1. The two lowest potential curves for Na2
1. The inset

shows an enlarged energy scale.
01270
.

yE,l
g,u~R!;sinFkR2

lp

2
1h l

g,u~k!G . ~10!

III. ELASTIC CROSS SECTIONS

The elastic cross sections for the scattering at low en
gies in the2Sg

1 and 2Su
1 states are illustrated in Figs. 2 an

3, respectively. The insets in both figures have the sa
scale, contrary to the main plots. At very low energies bel
10212 a.u., the cross sections are determined by thes waves.
The phase shifts may be described by the effective ra
formula @12#

k coth0
g,u~k!52

1

ag,u
1

p

3

2m

\2

C4

ag,u
2

k

1
4

3

2m

\2

C4

ag,u
k2 lnS k

4
A2m

\2
C4D 1O~k2!.

~11!

FIG. 2. Elastic cross sections for the2Sg
1 state of Na2

1.

FIG. 3. Elastic cross sections for the2Su
1 state of Na2

1.
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By fitting to the numerical data, we find the scatteri
lengths to be, in units of bohr radiia0,

ag5763.3a0 , ~12!

au57721.4a0 . ~13!

The zero-energy cross sections aresel.
g 54pag

257.33106a0
2

52.0310210 cm2 for the 2Sg
1 state and selas.

u 54pau
2

57.53108a0
252.131028 cm2 for the 2Su

1 state. The aver-
age is 1.131028 cm2.

Above 10212 a.u., higher partial waves contribute, sha
resonances occur, and considerable structure is present i
cross sections. For large values of the angular-momen
quantum numberl, the centrifugal barrier ensures that th
effect of the inner part of the potential is negligible, and t
phase shifts are determined by the long-range interacti
For largel, we can use the semiclassical approximation
the phase shift@13#

h l.2
m

\2
E

R0

`

dR
V~R!

Ak22~ l 1 1
2 !2/R2

, ~14!

whereR0 is the outer classical turning point. IfR0 is in the
asymptotic region, so thatV(R);2C4/2R4, the phase shift
is given by the simple expression

h l
g,u.

pm2C4

4\4

E

l 3
. ~15!

In Fig. 4 we show the numerical phase shifts~modulop) for
the gerade and ungerade states as functions ofl for a colli-
sion energy ofE51026 a.u., and we compare them to th
approximate semiclassical phase shifts. In both cases,
approximation is good forl .50: the lower partial waves fo
which the phase shifts are large cannot be described by
simple approximation.

FIG. 4. Phase shifts for the gerade and ungerade states
function of l for E51026. The exact results are plotted betwee
2p/2 andp/2.
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A useful approximation to the cross section at energ
where numerous phase shifts contribute can be obtaine
dividing the individual partial waves atl 5L whereL is large
enough that the asymptotic expression~15! is valid and sinhl
may be approximated byh l . If L is also such that the phas
shifts quickly become large asl decreases belowL, sin2hl
may be replaced by its average value of 1/2. Then, it may
shown that

sel.~E!.
2p

k2
L21

4p

k2 EL

`

dl 2l h l
2 ,

.
2p

k2
L2@11hL

2#. ~16!

A reasonable choice forL is such thathL5p/4 ~or sin2hL
51/2, see Fig. 5!. Then,

L5S p

4

m2C4

\4

E

hL
D 1/3

5S m2C4

\4
ED 1/3

~17!

and

sel.~E!5pS mC4
2

\2 D 1/3S 11
p2

16DE21/3. ~18!

For Na1-Na, with E measured in atomic units,

sel.~E!54174E21/3 a.u. ~19!

In Fig. 6 we compare the quantal elastic cross secti
with the semiclassical expression as a function of the co
sion energy. The approximation gives results in good agr
ment with the exact ones for energies down to 10210 a.u. At
lower energies, the few partial waves contributing imp
classical turning pointsR0 where the approximation for the

s a

FIG. 5. Partial elastic cross section for the gerade state a
function of l for E51022 a.u., and comparison with the semicla
sical approximation for the phase shifth l

sc, when considering
sinh l

sc or h l
sc.
9-3
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phase shift cannot be used. At higher energies, the qua
results oscillate about the semiclassical one. On the s
graph, we show the elastic cross sections for the collision
neutral sodium atoms in the 3s state in the molecular single
X 1Sg

1 and tripleta 3Su
1 states@14#. The cross sections o

the atom-ion collisions are orders of magnitude larger th
their neutral counterparts.

IV. CHARGE TRANSFER AND DIFFUSION
CROSS SECTIONS

The charge-transfer cross section in the collision of N1

with Na is given by Eq.~3!. In Fig. 7 we show it as a
function of the collision energy. At high energies, the infl
ence of the long-range attractive force tends to cancel and
cross section is determined by the exponential decay of
difference between the2Sg

1 and 2Su
1 potentials. The charge

transfer cross section varies as@7,13#

sch;~a ln E2b!2 a.u., ~20!

with a51.33, b522.943, andE is expressed in eV. At high
energies beyond our calculations, oscillations about the m
value have been predicted@15# and observed@16#.

At low energies below 1023 a.u., the cross section i
dominated by scattering from the attractive2Sg

1 interaction
varying asR24 and small values of the angular momentu
As shown in the figure, the cross section varies appro
mately as the classical Langevin formula for a polarizat
potential

sLangevin;pA2C4E21/2 a.u. ~21!

FIG. 6. Elastic cross sections as a function of the collision
ergy: comparison of the quantal and semi classical treatments,
the neutral singlet and triplet values from@14#.
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modified by quantum oscillations. In the limit of zero energ
only thes-wave contributes and the Langevin formula fai
The limiting charge-transfer cross section is given by

sch5p~ag2au!251.53108a0
254.231029 cm2. ~22!

For bosons, the diffusion cross section for an ion in
parent species is given by@13#

sd[
s11

2s11
s11

s

2s11
s2, ~23!

wheres53/2 is the nuclear spin of the Na atom, and

s15
4p

k2 F (
l even

`

~ l 11!sin2~h l
g2h l 11

u !

1 (
l odd

`

~ l 11!sin2~h l
u2h l 11

g !G ~24!

and

s25
4p

k2 F (
l even

`

~ l 11!sin2~h l
u2h l 11

g !

1 (
l odd

`

~ l 11!sin2~h l
g2h l 11

u !G . ~25!

For largel, h l
g,u.h l 11

g,u and @13#

sd.2sch. ~26!

FIG. 7. Charge-transfer cross section as a function of the c
sion energy. The Langevin cross section and a fit given
sLangevin/4 are also shown.-

nd
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In Fig. 8 we illustrate the diffusion cross section as a fun
tion of the collision energy, and compare it to twice t
charge-transfer cross section. The agreement is close.

Using the diffusion cross section, we can calculate the
mobility. The mobility of an ion is given by@7,13#

K5
eD

kBT
, ~27!

wheree is the charge of the ion,T the temperature, andD the
diffusion coefficient which may be written as

D5
3Ap

16~nion1n!
A2kBT

m

1

P

.
3Ap

16n
A2kBT

m

1

P
, ~28!

where n, the neutral gas density, is supposed much lar
than the ion densitynion , and P is an averaged diffusion
cross section given by

P5
1

2E0

`

dx x2 exp~2x!sd~x!, ~29!

where x5E/kBT. If the scattering is described classicall
the mobility corresponding to aR24 potential of an ion of
massM ~in units of proton mass! in its parent with a standard
densityn52.6931019 cm23 is given by

K.
35.9

AMC4

cm2 V21 s21, ~30!

where C4 is in atomic units@13#. In Fig. 9 we show the
averaged diffusion cross section and the ion mobility
functions of the temperature. The semiclassical expres
~30! is valid over a large range of temperatures, from 10
to 100 K. At very low temperatures, the mobility increas

FIG. 8. Diffusion cross section as a function of the collisi
energy.
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rapidly as the averaged diffusion cross section reaches a
teau. At high temperatures, the mobility will ultimately d
crease@7#.

V. CONCLUSION

We have explored the scattering properties of collisio
between a neutral atom and its positive ion, and calcula
cross sections for Na and Na1. The conclusions reached he
are applicable to the other alkali-metal atom-ion collision
since their interaction potentials are similar, and the res
are well described by a semiclassical treatment, which
pends only on the mass and polarizability of the neu
atom.

We showed that the elastic cross sections for the ger
and ungerade states are satisfactorily described by a sim
semiclassical treatment to energies down toE;10212 a.u.,
for which they follow aE21/3 power-law dependence. Th
s-wave regime is not accessible with present day technolo
The elastic cross sections are very large at low collision
ergies, of the order of 107a0

252.8310210 cm2 for energies
corresponding to 100mK. They are two to three orders o
magnitude larger than the elastic cross sections of two n
tral sodium atoms.

The charge-transfer cross sections are very large at
collision energies. They are well described by the Lange
cross-section behaviorE21/2 for E between 10212 to
1023 a.u., and vary as (a ln E2b)2 at larger energies. The
large transfer cross section at low energy may provide
cooling through collisions with ultracold neutral gas.

We verified the relationshipsd.2sch, and computed the
ion mobility. For a large range of temperatures, from 10
to 100 K, it is almost constant and agrees with the class
formula for a polarization potential. At low temperatures, t
calculated mobility increases as 1/T as the temperature i
decreased.

However, at ultralow temperatures, many-body inter
tions become important and the behavior of the system c
not be described in terms of binary collisions. In that regim

FIG. 9. Averaged diffusion cross section and ion mobility
functions of temperature.
9-5
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the ultracold atoms form a frozen gas similar to an am
phous glass where the sites are randomly distributed ove
sample. In such a disordered system, charge hopping
occur due to many-body effects, and insulator-conduc
transitions can take place. Similar many-body effects h
been observed in excitation transfer in a frozen gas of ul
cold Rydberg atoms@17#. Ultracold atom-ion collisions may
provide a useful laboratory to study many-body effects, l
Mott transitions, in very clean experimental systems.
ce
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