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Microwave spectroscopy of heliumlike Rydberg states of H2 and D2: Determinations
of the dipole polarizabilities of H2

¿ and D2
¿ ground states

P. L. Jacobson, R. A. Komara, W. G. Sturrus,* and S. R. Lundeen
Department of Physics, Colorado State University, Fort Collins, Colorado 80523

~Received 8 February 2000; published 15 June 2000!

The fine-structure intervals separating the highest-L, n59 and 10 Rydberg states of H2 and D2 bound to the
n50, R50 ground states of H2

1 and D2
1 have been measured precisely with microwave spectroscopy and

used to deduce the isotropic dipole polarizabilities of the ground states of both these ions. The results,
aS~H2

1!53.167 96(15)a0
3 and aS~D2

1!53.071 87(54)a0
3, agree witha priori theory to within about 0.02%,

but the H2
1 result indicates that the theory is incomplete at this level.

PACS number~s!: 33.15.Kr, 33.15.Pw, 33.20.Bx
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I. INTRODUCTION

Microwave spectroscopy of high-L Rydberg states of H2
has proven to be an important source of information ab
the H2

1 ion. In these studies, the weakly bound and nonp
etrating Rydberg electron acts as a sensitive probe of
electric and magnetic properties of the ion binding it in
orbit. Studies of Rydberg states bound to then50, R51
state of H2

1 have resulted in measurements of the quad
pole moment and dipole polarizabilities@1# and hyperfine
constants@2# of that state, as well as a determination of t
rotational energy interval separating it from then50, R53
state of H2

1 @3#. All these measurements have been prec
enough to stimulate improved calculations@4# which, except
in the case of the H2

1 hyperfine constants, give good agre
ment with the measurements. Recently, a study of higL
Rydberg states of H2 and D2 bound to then50, R50 ground
states of H2

1 and D2
1 was reported, which led to a determ

nation of the dipole polarizabilities of both ion ground sta
@5#. That study has now been extended, and this paper
ports its final results. Five additional fine-structure interv
have been measured, and those reported earlier have
improved in precision. This makes a total of 15 fine-struct
intervals, eight in H2 and seven in D2. The wider pattern of
improved data gives higher confidence in the determinati
of aS . In addition, the calculations of higher-order contrib
tions to the fine structure, which appear as corrections in
analysis by which the polarizabilities are deduced, have b
improved, reducing their contribution to the uncertainty
the polarizabilities. Together, these two improvements l
to a reduction in the uncertainty ofaS by as much as a facto
of 5 over the initial report. A number of improved calcul
tions ofaS have appeared since the initial report, providing
timely comparison with the new measurements. The co
pleted experiment is described in detail below, along wit
full discussion of the data analysis leading to the determ
tion of the polarizabilities.

The high-L Rydberg states of H2 ~or D2! differ qualita-
tively from lower-L Rydberg states of the same molecu

*Permanent address: Dept. of Physics and Astronomy, You
stown State University, Youngstown, OH 44555.
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because of the extremely weak coupling between the n
penetrating high-L electron and the ion core. The high-L
eigenstates are very close to the zeroth-order descrip
which characterizes the system by the quantum number
the free ion core (n,R), the hydrogenic Rydberg electro
(n,L), and the additional quantum numberN, which gives
the total angular momentum of the system~exclusive of
spin!,

NW 5RW 1LW ,

whereR andL are the separate angular momenta of the
core and Rydberg electron, respectively.

Deviations from this zeroth-order description are d
scribed by an effective potential@1#,

Veff~rW ,rW !52
Q~r!

r 3 P2~cosu!2
1

r 4

3S aS~r!

2
1

aT~r!

3
P2~cosu! D2

F~r!

r 5

3P4~cosu!2
1

r 6 S C0~r!

10
1

C1~r!

7

3P2 ~cosu!1
12C2~r!

35
P4~cosu! D

1
1

r 6 @ 3
2 bS~r!1 1

2 bT~r!P2~cosu!#

2
1

r 6 S E1~r!

7
P2~cosu!1

E2~r!

35
P4~cosu! D

1¯ , ~1!

where rW is the internuclear axis of the H2
1 ion, rW is the

coordinate of the Rydberg electron relative to the ion’s c
ter of mass,u is the angle betweenrW andrW, and all terms are
in atomic units.Veff has no dependence on the coordinate
the inner electron, but depends implicitly on this electr
through the parameters that appear as coefficients inVeff . In
addition,Q is the quadrupole moment,aS ,aT are the scalar
and tensor adiabatic dipole polarizabilities,F is the hexade-
capole moment,C0 ,C2 ,C4 are the adiabatic quadrupole po

g-
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JACOBSON, KOMARA, STURRUS, AND LUNDEEN PHYSICAL REVIEW A62 012509
larizabilities, bS ,bT are the scalar and tensor nonadiaba
dipole polarizabilities, andE1 ,E2 are the adiabatic dipole
octupole polarizabilities. The Rydberg fine structure can
described by a perturbation expansion inVeff :

E~n,R,n,L,N!5E@0#~n,R,n!1E@1#~n,R,n,L,N!1E@2#

3~n,R,n,L,N!1E@3#~n,R,n,L,N!1¯ .

~2!

The zeroth-order energyE@0# does not contribute to the fin
structure since all states of commonn,R,n are degenerate in
this order. For states withR50, such as those studied her
only the scalar terms inVeff contribute toE@1#, and these
produce a fine-structure pattern consisting of a single eig
state for each value ofL. Except for its scale, this pattern
similar to the fine structure of atomic helium, and so we re
to these Rydberg states of H2 and D2 as ‘‘heliumlike.’’ For
high-L levels, the contribution of successive scalar terms
Veff decreases rapidly as the inverse power ofr increases,
and the leading term, proportional toaS , dominates the fine-
structure pattern. The higher-order perturbation energiesE@2#

andE@3# are generally small corrections to the structure. O
approach in this experiment is to find, from the experime
tally measured intervals, an estimate of the energy inter
due toE@1# alone, by subtracting calculated contributions
E@2# andE@3# and relativistic corrections from the measur
intervals. The variation ofDE@1# with L can then be used to
separate out the leading contribution and determineaS .

II. EXPERIMENTAL TECHNIQUE

The Rydberg fine-structure measurements reported
are obtained using techniques similar to those used in pas2
@1# and helium@6# fine-structure measurements. A fast Ry
berg beam is obtained by charge transfer from an acceler
beam of H2

1 or D2
1 ions. Specific fine-structure levels in th

fast beam are detected by a three-step process consisti
~1! resonant excitation to a very highly excited state usin
Doppler-tuned CO2 laser,~2! Stark ionization of the highly
excited state, and~3! collection of the resulting ion current
Direct fine-structure transitions are induced with rf elect
fields and detected by the consequent change in popula
of the detected fine-structure level and the associated
current. Figure 1 shows a schematic diagram of the m
components of the apparatus, along with a generic level
gram describing the experiment.

A number of apparatus improvements were made for
experiment which greatly improved the signal-to-noise~S/N!
ratio over past H2 measurements@1#. These included the fol-
lowing.

~1! Use of a Cs vapor charge-exchange cell@7# instead of
a simple gas charge-exchange cell. This improves the f
tion of the Rydberg population that is formed in the detec
n59 and 10 levels.

~2! Use of a two-stage preionizer after the charg
exchange cell. The purpose of the preionizer is to reduce
population of the very highly excited states that would o
erwise contribute to a background ion current and degr
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the S/N ratio for the fine-structure measurement. In previ
studies, it was noted that a single-stage preionizer was
effective in reducing background for a H2 beam than for a
helium beam. Presumably this is because of repopulatio
highly excited Rydberg levels after ionization resulting fro
transfer of rovibrational energy into electronic excitation,
process that has been studied elsewhere@8#. Our two-stage
preionizer consists of two short regions of strong longitu
nal electric field, separated by a region of zero field. W
this device, we observed background ion current compara
to that obtained with an atomic helium beam.

~3! Use of an improved Rydberg ionizer/detector. Th
device consists of two regions of longitudinal field with a 3
field strength ratio. This design ionizes, at a specific locat
in space, all Rydberg levels that Stark ionize over a facto
3 in field strength. The potential at that location (Vs) results
in an energy boost to these ions which allows them to
separated from ions produced in other ways, such as c
sional ionization along the beam path. Following the ioniz
an einzel lens focuses the signal ions and deflection fie
steer them into a Channeltron electron multiplier. For tun
purposes, these deflection fields can be reversed, and the
nal focus adjusted while the signal ions are viewed on
beam viewer ~Colutron BVS-1!. The entire detector is
mounted inside a 10-in. conflat tee, and maintained at a p
sure of less than 131028 Torr. This reduces backgroun
ions which are otherwise produced by collisional ionizati
of neutral molecules close to the point where Stark ionizat
occurs.

The first step in studying the Rydberg fine structure
obtaining CO2 excitation spectra that resolve the fine stru
ture of the states in question. Figure 2 shows typical

FIG. 1. Schematic diagram showing the major components
the apparatus. The incident ion beam~H2

1 or D2
1! is neutralized in

the Cs vapor cell. A region of strong electric field removes a
remaining ions and also Stark-ionizes Rydberg electrons in we
bound states. Two CO2 lasers, LIR1 and LIR2, drive transition
upward fromn59 or 10 to a weakly bound level. The region of
electric field causes transitions between fine-structure levels of
samen. Finally, the Rydberg detector Stark-ionizes and collects a
weakly bound levels. The level diagram below illustrates the
quence of population transfers used to observe the resonance s
corresponding to the 10I -10K transition.
9-2
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MICROWAVE SPECTROSCOPY OF HELIUMLIKE . . . PHYSICAL REVIEW A 62 012509
FIG. 2. ~a! Laser excitation
spectrum corresponding to 10-2
transitions in H2. The vertical axis
is the Stark-ionized current mea
sured in the Rydberg detector. Th
horizontal axis is the difference
between the Doppler-tuned CO2

laser frequency and the zeroth
order transition frequency
~946.584 cm21!. ~b! Laser excita-
tion spectrum corresponding t
10-27 transitions in D2. As in 2~a!
the horizontal axis is the differ-
ence between the Doppler-tune
CO2 laser frequency and the
zeroth-order transition frequency
but in this case, the zeroth-orde
frequency is 946.713 cm21 be-
cause of reduced mass corre
tions.
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amples of such optical spectra for H2 and D2. Below the
experimental spectra are shown simulated spectra base
the calculated fine structure and an assumed pattern of
tive line intensities. All the lines identified in the spect
come from Rydberg levels that are bound to ground vib
tional states of the core ions. Vibrationally excited states
expected to rapidly autoionize after charge capture, and
are not expected to appear in the spectrum. As an ai
interpreting the spectra, the simulation shown in Fig. 2 se
rates the contributions ofR50,1,2 levels. A striking differ-
ence between the H2 and D2 spectra is that theR51 levels
dominate the H2 spectrum, butR50 and 2 levels dominate
the D2 spectrum. It was because of the weakness of thR
50 lines in H2 that noR50 lines were conclusively identi
fied in the initial reports of H2 spectra of this type@9#. Even
with the higher S/N ratio of the present measurement,
R50 lines are not completely resolved in the H2 spectrum.
By contrast, in the D2 spectrum, theR50 lines are among
the strongest lines in the spectrum. The difference in rela
line intensities in the two spectra is due to nuclear statist
H2

1 contains two spin-12 fermions which must be in an ant
symmetric state. Consequently, the even-R levels haveI
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50, while the odd-R levels haveI 51. This gives the odd-R
levels a 3:1 advantage in statistical weight in H2. D2

1, how-
ever, contains two spin-1 bosons which must be in a sy
metric state. Thus, in D2

1 the even-R levels haveI 50 or 2
and the odd-R levels haveI 51, giving the even-R levels a
6:3 advantage in statistical weight. In spite of the differen
in relative intensities in the two spectra, theR50 lines are
actually weaker in the D2 spectra. In other words, even th
largest signals for D2 are smaller than the weakR50 lines
for H2. The reason for this is the much larger number of D2

1

states populated in the ion source. Then50 fraction is esti-
mated to be about 9.0% for H2

1 and 3.3% for D2
1 @10#.

Within then50 states, theR50 fraction, as estimated from
a room-temperature Boltzmann distribution including t
nuclear statistics factor, is about 23% for H2

1 and 45% for
D2

1. Here the factor of 6 statistical advantage ofR50 states
in D2

1 is largely compensated by the smaller rotational
terval and the consequent higher degree of rotational exc
tion. When the smallerv50 population fraction is also in-
cluded, the fact that the D2 R50 lines are weaker than th
H2 R50 lines is in agreement with estimates.
9-3
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JACOBSON, KOMARA, STURRUS, AND LUNDEEN PHYSICAL REVIEW A62 012509
Precision spectroscopy of the fine-structure intervals
obtained by using one of the optical resonance lines a
detector of rf-induced transitions directly between fin
structure levels of the samen. For example, Fig. 2 shows a
R50 line at E2E050.09 cm21 in the D2 10-27 excitation
spectrum, which by comparison with the simulation is ide
tified as the (0,0)10H5-(0,0)27I 6 transition. Since then
527 levels have been emptied by the preionizer, the stren
of this signal is proportional to the population of th
(0,0)10H5 Rydberg state of D2. If, prior to this laser excita-
tion, the D2 beam encounters a rf electric field whose fr
quency matches the transition to either of the two neighb
ing n510 fine-structure levels satisfying theDL571
selection rule, the rf-induced fine-structure transition c
change the population of the (0,0)10H5 level and the result-
ing optical signal strength. Measuring the strength of
optical signal as a function of the rf frequency gives a way
detect direct fine-structure transitions. Since the interac
time with the rf electric field is many times longer than t
interaction time with the CO2 laser, the resolution obtaine
with the direct rf spectroscopy is many times greater th
with the optical spectroscopy. With this method, the size
the rf signal is proportional to the initial population diffe
ence between the two coupled levels. In order to ensure
such a population difference exists, an initial laser interact
region~LIR1! is used to deplete the population of one of t
two levels involved in the transition. The sequence of opti
and rf transitions used to observe a typical signal,
10I -10K, is illustrated schematically in Fig. 1.

Four different rf interaction regions were used in th
study. The geometry of each region is illustrated in Fig.
Three of the regions,A, B, andC, were 50-V TEM transmis-
sion lines of various geometries. In these regions, the rf e
tric field propagates with a velocityc either parallel or anti-
parallel to the Rydberg beam. The3’s in Fig. 3 indicate the
approximate position of the Rydberg beam within the cr
section of the transmission lines. RegionsA and B were
about 1 m in length, while regionC was about 30 cm. A
fourth region D consisted of an 80-cm length ofG-band
waveguide. The limited frequency range of each of the
gions, indicated in Fig. 3, made it necessary to use all fou
access the transitions of this study.

The initial identification of theR50 lines in the spectra is
made by comparison with the simulated spectra. In m
cases, theR50 lines are not fully resolved, but are blende
with other lines. After a rf resonance is found, the location
the relevant optical lines can be confirmed free of the ov
lapping lines by measuring the rf resonance size as a func
of the two laser tunings. Once the tuning of both LIR1 a
LIR2 is optimized for the size of the rf signal, the signal
measured repeatedly and averaged to obtain the best pos
S/N ratio. Figure 4 shows typical resonance shapes for
9K-9L transitions in both isotopes. Another typical sign
the 9I -9K, was illustrated in our earlier report@5#.

The resonances of Fig. 4 show the influence of unresol
spin structure on the resonance shape. This structure is d
a combination of the hyperfine interactions in the ion co
and the magnetic and exchange interactions between the
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electrons. To a sufficient approximation, these can be wri
as @11#:

Hspin5@bIW•SW c1c~ IW•r̂!~ r̂•SW c!1dRW •SW c#

1
a2Ry

r 3 $LW •SW R22LW •SW c12SW R•@SW c23r̂ ~ r̂•SW c!#%

2Vx~
1
2 12SW c•SW R!, ~3!

whereb, c, andd are hyperfine constants of the free ion,I is
the total nuclear spin, andSc ,SR are the spins of the core an
Rydberg electron.Vx is the exchange energy, which is ne
ligible for all but the lowest-L states (L54) studied here.
Since the effect of the interactions inHspin is only to produce
the substructure on the rf resonances, we will assume th
retical values of the hyperfine constants@12# to calculate the
structure.

Using these constants,Hspin can be diagonalized within
the (0,0)nL space. The results are illustrated in Fig. 5, whi
shows the spin structure of a typical level (0,0)10H5 of both
H2 and D2. In the case of H2, the spin structure is very
simple. SinceI 50 for an R50 state of H2

1, there is no
hyperfine structure, and the only spin structure results fr
the magnetic and exchange interactions in Hspin. These are
exactly the same as the interactions that occur in Rydb

FIG. 3. Cross-sectional geometries of the several rf regions u
in this experiment. RegionsA, B, andC are 50-V TEM transmission
lines, while regionD is a standard rectangular waveguide. In ea
case, the3 shows the approximate beam position within the cro
section. Also shown, for each region, are its operating freque
range and the maximum value of the reflection coefficient from o
end of the region.
9-4
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MICROWAVE SPECTROSCOPY OF HELIUMLIKE . . . PHYSICAL REVIEW A 62 012509
states of the helium atom@13# and result in the same fourfol
splitting of the (0,0)nL state. This structure is almost en
tirely due to the two spin-orbit terms inHspin. One possible
difference between the spin structure of H2 and He is the size
of the exchange energyVx , which would be expected to b
larger for H2 since the H2

1 core is larger than the He1 core.
Indeed, fitting the positions of the four well-resolved sp
components of the 10G-10H transition in H2 leads to the
conclusion thatVx(10G)51.12(20) MHz. This is still much
smaller than the spin-orbit magnetic structure, so the t
electron spin quantum number is spoiled just as in the hel
atom. The same value is assumed for the exchange ener
D2, while Vx is taken to be zero for all levels withL.4.

In the case of D2, the structure is more complicated. He
I 50 or 2 for theR50 state, and so there are three possi
values of the total core spin:

FW c5 IW1SW c .

The hyperfine splittings between these three levels are r
tively large, even larger than many of the fine-structure
tervals to be measured. However, electric dipole selec
rules forbid transitions between states of differentFc , so
these intervals do not contribute to the observed resona
substructure. WhenFc is coupled toN andSR , however, 24

FIG. 4. Typical examples of rf resonance signals observed
~a! H2 and~b! D2. Both signals correspond to the 9K-9L transition
for rf and molecular beam copropagating. The smooth curves
respond to fits of the signals to the theoretical composite line sh
described in the text. The stick diagram shows the positions of
individual resonance components.
01250
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eigenstates result, as illustrated for one case in Fig. 5. E
tric dipole selection rules strongly favor transitions betwe
corresponding eigenstates in adjacentL manifolds, so this
results in 24 closely spaced transition frequencies instea
the four seen in H2. The smooth curves in Fig. 4 are fits o
observed resonances to a superposition of four (H2) or
24~D2! spin components. The component positions relat
to the ‘‘spinless’’ transition frequency are taken from the
calculations, and their relative strengths are taken to be
portional to the statistical weight of the lower-L state of the
transition. The value of the ‘‘spinless’’ interval that is ex
tracted from these fits is what we report here as the fi
structure interval. We consider later the uncertainty int
duced into the measurement by this unresolved substruc

For each fine-structure interval, measurements were ta
for both directions of propagation of the rf field with respe
to the beam velocity. Table I shows the fitted center frequ
cies for both Doppler shift directions and their geomet
mean, which is our best estimate of the transition freque
for stationary molecules@14#. The uncertainties shown ther
are entirely statistical, resulting from the fit.

In order to estimate the additional uncertainty in the sp
less fine-structure interval due to the effects of the un
solved spin structure, we used the 10G-10H and 10H-10I

r

r-
pe
e

FIG. 5. Calculated spin structure for the (0,0)10H5 state of~a!
H2 and~b! D2. In the case of H2, only four sublevels exist, just as in
the helium atom. In D2, however, there are 24 separate sp
structure levels, as described in the text. This spin structure lead
the 4- and 24-component stick diagrams in Fig. 4.
9-5
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TABLE I. Fitted values of the H2 and D2 fine-structure intervals. The errors shown forn1 , n2 , andn0

are purely statistical errors. The rf regions used for each measurement are identified in the notation o

Interval rf region n1 ~MHz! n2 ~MHz! n0 ~MHz!

H2

10G-10H D 5188.044~34! 5159.867~37! 5173.936~25!

10H-10I A 1664.896~11! 1653.544~9! 1659.210~7!

10I -10K A 632.945~8! 628.649~7! 630.793~5!

10K-10L A 274.982~18! 273.167~19! 274.073~13!

10L-10M A 130.073~15! 129.275~13! 129.673~10!

10L-10M A~reversed! 130.128~15! 129.219~12! 129.673~10!

9H-9I C 2311.11~33! 2296.29~33! 2303.69~23!

9I -9K A 867.518~6! 861.621~6! 864.564~4!

9K-9L A 371.962~9! 369.431~6! 370.694~5!

D2

10G-10H D 5334.08~11! 5316.82~10! 5325.44~7!

10H-10I B 1691.45~9! 1683.42~8! 1687.43~6!

10I -10K A 639.576~8! 636.507~11! 638.040~7!

10K-10L A 273.698~11! 272.392~11! 273.044~8!

10L-10M A 129.741~10! 129.132~9! 129.436~7!

9I -9K B 875.389~45! 871.139~33! 873.261~28!

9K-9L A 360.390~17! 358.646~19! 359.517~13!
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resonances in H2, which show well-resolved spin structur
to check the validity of the assumptions used in fitting t
other resonances. When these resonances were fitted, f
varying the amplitude and position of each of the four co
ponents, they indicated that the relative positions of the f
components were correct to within about 0.1% of the p
dicted spin structure. In addition, the fitted relative amp
tudes agreed with the assumed statistical weights to wi
about 10%. When we simulated compound resonances
this degree of variation in amplitudes, and fitted these to
assumed form, the fitted center was altered by about 1%
the unresolved linewidth. For example, in Fig. 4, whi
shows the 9K-9L resonances for H2 and D2, we estimated
the unresolved width as 3.5 MHz. We assigned an additio
uncertainty equal to 1% of this unresolved width to refle
our uncertainty in the precise underlying structure in the
resonances. In the two cases where the spin structure
fully resolved, 10G-10H and 10H-10I in H2, we assigned an
additional uncertainty equal to 0.1% of the largest spin d
placement. These uncertainties,sspin, are shown in Table II,
along with other systematic uncertainties. For comparis
the purely statistical uncertainties for the line fits,sfit , are
also shown in Table II. For all except the fully resolve
cases,sspin dominates oversfit indicating that the primary
limit in the precision of this measurement is the unresolv
spin structure.

Another potentially important systematic effect is the po
sible presence of stray electric fields, which could Stark-s
the observed resonances from their true positions. Such s
fields, in the range 0–100 mV/cm, have proved to be a p
sistent difficulty in similar studies of atomic helium fin
structure@6#. They are a much less severe problem here si
the larger fine structure of H2 and D2 is less sensitive to stra
fields. In order to reduce stray fields due to motional fiel
01250
ely
-
r
-

-
in
ith
r

of

al
t
f
as

-

n,

d

-
ft
ay
r-

e

,

all four rf interaction regions were enclosed in mu-me
shielding to reduce the earth’s magnetic field to less than
mG. In this experiment, the ambient stray electric fields w
measured by using high-n rf transitions in helium as stray
field meters. These transitions shift rapidly in electric field
and their zero-field positions have been calculated preci
enough@15# that they can be considered to be known exac
Table III lists six transitions in helium that were used for t

TABLE II. Uncertainties and systematic corrections for ea
measured interval. All results are in kHz. The values fors ref and
DEstark are shown to 0.1 kHz precision for clarity, while the n
result is rounded to the nearest kHz.

Interval sfit sspin s ref 2DEstark Cor6s tot

H2

10G-10H 625 610 60.3 11.360.4 1627
10H-10I 67 66 60.6 0.160.1 069
10I -10K 65 620 61.5 0.060.0 0621
10K-10L 613 620 63.8 20.160.1 0625
10L-10M 67 620 60 20.460.1 0621
9H-9I 6230 6100 614.0 10.560.2 06251
9I -9K 64 611 61.1 20.160.1 0612
9K-9L 65 630 62.6 20.860.2 21630

D2

10G-10H 670 6110 60.2 11.460.4 16130
10H-10I 660 670 60.9 115.065.0 15692
10I -10K 67 640 61.1 0.060.0 0641
10K-10L 68 630 62.5 20.260.1 0631
10L-10M 67 620 67.9 20.660.2 21622
9I -9K 628 660 61.8 21.960.6 22666
9K-9L 613 635 61.9 20.360.1 0637
9-6
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TABLE III. Stray electric field diagnostic lines.

Label Transition n0 ~MHz! Shift rate@MHz/~V/Cm!2#

Primary
1 He: 271F3-271G4 105.065 27904
2 He: 271D2-271F3 558.643 21882
3 He: 273F3-273G4 106.493 27602
4 He: 173F3-173G4 424.049 2281.3
5 He: 271P1-271D2 4757.09 11059.7
6 He: 103G5-103H6 491.967 211.62

Secondary
7 H2: (0,1)27H6-(0,1)27I 7 196.800~22! 2956.2
8 D2: (0,2)27I 3-(0,2)27K9 112.699~6! 2945.3
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primary diagnostic transitions in this work, showing the
zero-field position and Stark-shift rate. Using these prim
diagnostics, two secondary transitions, in H2 and D2, were
calibrated, i.e., their zero-field positions were determined
Stark-shift corrections derived from one of the primary dia
nostic lines. These secondary diagnostics were more co
nient to use since they did not require a change of ion bea
Once the rms stray electric field was determined from one
these diagnostic lines, the Stark shift of the resonance u
study could be calculated and a correction could be app
to the measured line center. The Stark-shift rates of eac
the measured resonances range from 0.3 to 1
MHz/~V/cm2!. The inferred Stark-shift corrections for eac
of the transitions, shown in Tables II and IV, are genera
very small.

Another potential systematic error comes from the f
that the rf electric field encountered in the rf interaction

TABLE IV. Measured Stark shifts of H2 and D2 transitions at
average ambient stray electric fields, as determined using the d
nostics of Table III.

Interval Diagnostic no.
Estray

~mV/cm!
Shift rate

@MHz/~v/cm!2#
DEstark

~MHz!

H2

10G-10H 5 36.5 21.01 20.0013
10H-10I 7 6.9 21.98 20.0001
10I -10K 7 6.5 20.36 0.0000
10K-10L 3 8.4 12.05 10.0001
10L-10M 3 7.6 110.75 10.0006
10L-10M 1 4.6 110.75 10.0002
9H-9I 2 34.1 20.39 20.0005
9I -9K 4 15.7 10.35 10.0001
9K-9L 4 15.9 12.98 10.0008

D2

10G-10H 5 36.5 21.03 20.0014
10H-10I 6 86.5 22.01 20.0150
10I -10K 8 8.6 20.37 0.0000
10K-10L 8 8.8 12.08 10.0002
10L-10M 8 7.2 110.93 10.0006
9I -9K 6 71.9 10.36 10.0019
9K-9L 8 9.6 13.03 10.0003
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gion is not a completely pure traveling wave~either with or
against the Rydberg beam!, but contains a small componen
of oppositely traveling wave due to reflections at the out
end of the rf region. When the reflection coefficientG is
small, its primary effect on the resonance line shape
through interference with the larger traveling wave, lead
to a line shape of the form

S~n!5S sin@p~n12n!T#

@p~n12n!T# D 2

12 Re~G!

3S sin@p~n12n!T#

@p~n12n!T#

sin@p~n22n!T#

@p~n22n!T# D ~4!

where

n15n0S A11v/c

A12v/c
D and n25n0S A12v/c

A11v/c
D .

The second term, proportional to Re(G), can shift the center
of the first term by an amount that depends onG, b, n0 , and
T. The reflection coefficientG is the reflection from the out-
put end of the rf region. If, when the direction of rf prop
gation is reversed, the reflection coefficient of the oth
physical end of the region is identical in amplitude a
phase, then the two line-center shifts cancel exactly. In p
vious studies@6#, the physical ends of the rf region wer
routinely reversed to ensure that on the average the two e
would be identical. In this study, estimation of the typic
reflection coefficients of the rf regions~see Fig. 3! showed
that this was not necessary in most cases. Even assuming
the reflection coefficients from the two ends differed by
factor of 2 ~a very cautious estimate in view of measur
ments of the net reflection from both ends! leads to a pos-
sible line-center shift that is small compared to statisti
errors. These calculated possible line shifts are taken to
resent a one standard deviation uncertainty from this eff
and are shown in Table II ass ref . In the one case that wa
closest to being significant, the 10L-10M interval, this esti-
mate indicated a possible shift of 14 kHz. As a check,
implemented the physical reversal of the rf region A for th
one interval, and found a difference of 0~14! kHz between
the results measured with the two different orientations

g-
9-7
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the rf region, as shown in Table I. By directly averaging t
results obtained for the two orientations of the rf region, t
uncertainty was completely eliminated for the H2 10L-10M
interval.

III. DATA ANALYSIS AND RESULTS

A direct comparison between measured intervals and
oretical predictions is clouded by the fact that the coeffici
of the leading term in the theory,aS , has not been calculate
at the level of precision of the measurements. Conseque
we will instead use the measurements to determine a valu
aS . This analysis is based on the assumption that each m
sured interval can be expressed as

DE5DE@1#1DE@2#1DE@3#1DErel, ~5!
ro
ill
b

to

n-
on

n
m
r

at
io

un

01250
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whereE@ i # represents thei th order perturbation energy inVeff

and Erel is the relativistic correction to the kinetic energ
The first term,DE@1#, is almost entirely responsible for th
observed fine-structure intervals, with the last three ter
giving only small corrections. We will calculate each of th
last three terms and subtract their contributions from
measured value of each interval. This will give an expe
mental estimate ofDE@1#, from which aS may be deter-
mined. BothE@2# andE@3# contain, in principle, many differ-
ent multipole contributions from the various terms inVeff .
Both expressions simplify considerably when applied to
state withR50, as is the case here. For example, each ten
order inVeff couples to a unique value ofR8 in E@2#, leading
to the expression~in atomic units!
E@2#
„~0,0!nLL…

5 (
n8,n8

z^~0,0!nLLu@aS~r!/2#~1/r 4!1@C0/1023bS~r!/2#~1/r 6!u~n8,0!n8LL& z2

E~0,0,n!2E~n8,0,n8!

1 (
n8,n8L8

z^~0,0!nLLu$Q~r!~1/r 3!1aT~r!/3~1/r 4!1@C1~r!/72bT~r!/21E1~r!/7#~1/r 6!%P2~cosu!u~n8,2!n8L8L& z2

E~0,0,n!2E~n8,2,n8!
.

~6!
we
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A similar expression involving the fourth-order tensors, p
portional toP4(cosu), has been omitted for reasons that w
be explained shortly. Each of the terms shown could
sorted according to matrix element products proportional
given total inverse power ofr, r 2s. The first term contains
three products withs58, 10, and 12, while the second co
tainss56, 7, 8, 9, 10, and 12. We find that the contributi
of these separate products decreases withs, and so choose to
truncate the expression after terms up tos59 have been
included. The omitted sum from fourth-order tensors co
tains no terms of this order. In addition, we the limit su
over n8 to n850,1,2 only, since the contributions of highe
vibrational levels also decrease rapidly. In order to illustr
these truncations, Table V shows the calculated contribut
to a typical level (0,0)10H5 separated according tos andn8.

In our previous report@5# values ofE@2# were calculated
by an explicit summation over discrete levelsn8 and numeri-

TABLE V. Contributions toE@2#
„(0,0)10H5…, sorted bys and

n8. This illustrates the convergence by which the calculation’s tr
cation is justified. The total value for this state is 47.41~190! MHz.

s n850 n851 n852

6 47.405 20.797 0.028
7 3.463 0.002 20.007
8 22.350 20.323 0.000
9 20.006 0.000 0.000
-

e
a

-

e
ns

cal integration over the continuum states. For this report,
have recalculated all theE@2#’s using the Dalgarno-Lewis
method@16#, in which the summation is replaced by the s
lution of a differential equation. This reduces the numeri
uncertainty in the result, and also increases confidence in
mutually consistent results. The remaining uncertainty in
calculatedE@2#’s comes from the parameters that enter t
calculation, namely, the values of the matrix elements of
various core properties between different rovibrational sta
of the core and also the energies of the various rovibratio
states themselves. Since, as Table V illustrates, the net r
is dominated by thes56, n850 contribution, the most criti-
cal parameters are the matrix element ofQ(r) between the
~0,0! and~0,2! core levels and the energy difference betwe
these two core levels. The matrix elements used,

^0,0uQ~r!u0,2&5H 1.644 55ea0
2 for H2

1

1.608 62ea0
2 for D2

1,

were calculated using the adiabatic wave functions for
core ions@17#, and are expected to be accurate at the leve
0.2%. This leads to a 0.4% uncertainty in the calcula
E@2#’s.

The other critical core property is the excitation ener
between the~0, 0! and~0, 2! core states. Here we have use
values from the literature@18,19#,

-

9-8



d

ties for
to each

MICROWAVE SPECTROSCOPY OF HELIUMLIKE . . . PHYSICAL REVIEW A 62 012509
TABLE VI. Calculated values ofDE@2#, DE@3#, and DErel for each measured transition. Tabulate
uncertainties forDE@2# do not include the 0.2% uncertainty in the^00uQu02& matrix element, but do include
the estimated convergence error and the 0.2% uncertainty in all other matrix elements. Uncertain
DE@3# are estimated at about 10%. The final column shows the total of these calculated contributions
measured interval.

Transition DE@2# ~MHz! DE@3# ~MHz! DErel ~MHz! DEcalc ~MHz!

H2

(0,0)10G-H 2110.521~105! 10.654~65! 17.076 2102.791~123!
(0,0)10H-I 232.822~5! 20.030~3! 14.899 227.953~6!

(0.0)10I -K 212.056~7! 20.028~3! 13.593 28.491~8!

(0,0)10K-L 22.555~3! 10.002~0! 12.747 10.194~3!

(0,0)10L-M 21.082~0! 20.002~0! 12.169 11.085~0!

(0,0)9H-I 122.091~26! 20.044~4! 16.720 128.767~26!

(0,0)9I -K 14.116~7! 20.025~3! 4.928 19.019~8!

(0,0)9K-L 13.784~4! 20.008~1! 13.769 17.545~4!

D2

(0,0)10G-H 1194.795~178! 10.242~24! 17.077 1202.114~180!
(0,0)10H-I 145.281~25! 20.159~16! 14.900 150.022~30!

(0,0)10I -K 114.222~5! 20.045~5! 13.593 117.770~7!

(0,0)10K-L 14.580~2! 20.013~1! 12.747 17.314~2!

(0,0)10L-M 12.521~1! 20.004~1! 12.170 14.687~2!

(0,0)9I -K 138.416~33! 20.235~24! 14.929 143.110~47!

(0,0)9K-L 13.044~35! 10.353~35! 13.769 17.166~49!
.0
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E~0,2!2E~0,0!5H 174.238 cm21 for H2
1

88.050 cm21 for D2
1.

These values are probably accurate to better than 0
cm21. In the one case where similar values have been te
by a precise experiment, the~0, 1!-~0, 3! rotational interval in
H2

1 was confirmed to an accuracy of 0.002 cm21 @3#. Even
if we assume an uncertainty of 0.010 cm21, however, the
resulting uncertainty in the calculatedE@2#’s is negligible in
comparison with the uncertainty from the quadrupole ma
element.

Another type of uncertainty in the calculatedE@2#’s arises
from the truncation of the multipole series. In our previo
report@5#, where only terms up tos58 were included in the
01250
10
ed

x

calculation, this was the dominant source of error. By inclu
ing thes59 terms here, however, the uncertainty due to
truncation, which we estimate by half the smallest term
greatly reduced. The total calculated values ofDE@2# for all
the transitions involved in this study are shown in Table V
The uncertainty shown there does not include the 0.4%
certainty in the leading term~s56, n50!, but does include a
0.4% uncertainty in all other contributions and also the tru
cation error.

In view of the improved precision ofE@2#, we were con-
cerned thatE@3# might contribute at a level comparable to th
uncertainty inE@2#. With this in mind, we calculated the
leading terms inE@3#, which haves59 and 10, and resul
from the expression
E@3#
„~0,0!nLL…5 (

n8,R8,n8,L8
n9,R9,n9,L9

^~0,0!nLLuVu~n8,R8!n8L8L&^~n8,R8!n8L8LuVu~n9,R9!n9L9L&^~n9,R9!n9L9LuVu~0,0!nLL&
@E~0,0,n!2E~n8,R8,n8!#@E~0,0,n!2E~n9,R9,n9!#

2^~0,0!nLLuVu~0,0!nLL& (
n8,R8,n8,L8

^~0,0!nLLuVu~n8,R8!n8L8L&^~n8,R8!n8L8LuVu~0,0!nLL&
@E~0,0,n!2E~n8,R8,n8!#2 , ~7!
where, for present purposes,

V5VQ1VaT
1VaS
where each term represents the part ofVeff proportional toQ,
aT , andaS .

As in the case ofE@2#, the sums overn8 and n9 can be
9-9
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replaced by solutions of a differential equation, and this
duces the expression to a simple radial integral for e
choice of operators and ofn8,L8,n9,L9. The result does in-
deed turn out to be comparable to the quoted uncertaint
E@2#, and therefore not negligible. The uncertainty inE@3# is
taken to be 10% of the result, since terms withs511 have
not been calculated. The calculated values ofDE@3# for all
the transitions of this study are also shown in Table VI.

The relativistic corrections to the fine-structure interv
are due to thep4 term in the kinetic energy, and have be
given elsewhere@1#. The appropriate corrections for the fi
nite mass of the ions have been discussed recently@20#.
Table VI shows the calculated contribution ofDErel for the
transitions of this study. The sum of these three contributi
represents the total calculated contribution to each transit
and is also shown in Table VI.

Using the values ofDE@2#, DE@3#, andDErel from Table
VI, the measured fine-structure intervals from Table I, c
rected as indicated in Table II, can be used to infer exp
mental estimates ofDE@1#. The results are shown in Tabl
VII, along with the estimates reported previously@5#. The
uncertainties quoted for the new estimates ofDE@1# include
only the statistical errors from Table I and the errors
DEcalc from Table VI, but of course still exclude the unce
tainty due to thê 00uQu02& matrix element.

In order to extract the best values ofaS , we fit all the data
to the form

DE@1#5B4D^r 24&1B6D^r 26&1B7D^r 27&,

where the radial expectation values are standard function

TABLE VII. Values of DE@1#, inferred from measurements an
calculated higher-order terms. Column 3 shows the values infe
from this study, while column 2 shows the less precise values
ported previously. Column 4 shows the values returned with
best-it values of the parametersB4 , B6 , B7 , andBQ , as described
in the text.

Interval DE@1# @5# DE@1# ~this work! DE@1# ~fit!

H2

10G-10H 5276.728~126! 5276.731
10H-10I 1687.4~1.4! 1687.163~11! 1687.162
10I -10K 639.31(18) 639.284~22! 639.297
10K-10L 273.83(4) 273.879~25! 273.854
10L-10M 128.588~21! 128.599
9H-9I 2274.923~252! 2274.982
9I -9K 855.49~22! 855.545~14! 855.550
9K-9L 363.12~4! 363.148~30! 363.106

D2

10G-10H 5123.327~222! 5123.330
10H-10I 1637.8~1.3! 1637.423~97! 1637.396
10I -10K 620.19~17! 620.270~42! 620.298
10K-10L 265.76~8! 265.730~31! 265.698
10L-10M 124.748~22! 124.763
9I -9K 830.25~22! 830.149~78! 830.175
9K-9L 352.25~8! 352.351~61! 352.309
01250
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n andL, with appropriate reduced mass corrections, and
terms are expressed in a.u. In this fit, the coefficientsB4 , B6 ,
and B7 vary freely for each ion. Only the errors shown
Table VII are considered in the fit. The resulting fit match
the data to within these statistical errors for the D2 measure-
ments~x252.8 for four degrees of freedom! and very nearly
so for the H2 measurements~x2516.4 for five degrees of
freedom!. Examination of the fit residuals, however, show
that they are not random, but can be significantly reduced
a small adjustment in the size of the leading contribution
DE@2#. This, of course, would be the effect of adjusting t
size of the^0,0uQu0,2& matrix element. Since the degree
adjustment required for the best fit of the data is compara
to our estimated uncertainty in these matrix elements,
choose to let the fit determine the best values. This is equ
lent to expanding the fit of theDE@1# values shown in Table
VII to include an additional term:

DE@1#5B4D^r 24&1B6D^r 26&1B7D^r 27&

2BQDE@2#~s56, n850!.

This expanded fit gives an excellent fit of all the data
both isotopes. The fitted values ofDE@1# are shown for com-
parison in Table VII, and the best-fit parameters are sum
rized in Table VIII. The rms relative deviation of the fitte
DE@1#’s is less than 0.01% for both isotopes, as illustrated
Table VII.

The fitted values ofBQ indicate that the adiabatic calcu
lations of the^0,0uQu0,2& matrix element@17# overestimate
the matrix element by 0.26~7!% in H2

1 and 0.15~30!% in
D2

1. Although nonadiabatic calculations of these matrix
ements have not yet been reported, the required correctio
the adiabatic matrix element in H2

1 is only about a factor of
2 larger than the correction reported for the^00uasu00& ma-
trix element@21#. The fitted coefficientsB6 are in reasonable
agreement with those calculated recently by Taylor, D
garno, and Babb (H27.77,D27.24) @21#. The coefficientsB4
give our best estimates of the ion polarizabilities:

aS„H2
1~0,0!…53.167 96~15!a0

3;

as„D2
1~0,0!…53.071 87~54!a0

3.

d
e-
e

TABLE VIII. Best-fit parameters resulting from fits ofDE@1#.

H2 D2

B4 21.583 98~7! 21.535 93~27!

B6 7.877~43! 7.421~86!

B7 218.80~27! 217.48~58!

BQ 0.0052~14! 0.0029~59!

x2 3.84 2.60
Degrees of freedom 4 3
9-10
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The smaller uncertainty for the H2
1 result is due to a com

bination of factors. First, the statistical errors are smaller
H2

1 due to better S/N ratio and simpler spin structure. S
ondly, the pattern of measurements gives tighter determ
tion of the^00uQu02& matrix element for H2

1 because of the
change in sign ofDE@2#(s56,v850) between then59 and
10 intervals for that isotope.

In relatingB4 andaS , we use the simple corresponden

B45
2as

2

instead of the equation used in our earlier report,

B45~11«!2
~2as!

2
where «[

me

2MN1me
.

We had argued@22# that the factor (11e)2, which occurs in
the derivation of the polarization potential, should not
included in the definition ofaS , and that therefore the coe
ficient B4 should be written with this factor shown explicitly
However, in the meantime, several sources have pointed
that precisely this factor occurs in any derivation of the e
ergy shift of the H2

1 ion in an electric field, and so it is
naturally included in the definition ofaS @23#.

Table IX compares the measured values of the pola
abilities with theory. Prior to our initial report@5#, the only
existing calculations used the adiabatic approximati
which is likely to be in error at the level ofme /MN , about
0.1% for H2

1. The initial report was sufficiently precise t
indicate the need for improved calculations. This is illu
trated for the case of H2

1 in Fig. 6. Since that time, a numbe
of new calculations have appeared that do not make the a
batic approximation. The results of these ‘‘nonadiabati
calculations are summarized in Table IX. The most prec
of these new calculations, that of Taylor, Dalgarno, a
Babb @21#, is also illustrated in Fig. 6. The value ofas re-
ported here for H2

1 is sufficiently precise to reveal a clea
discrepancy with this calculation. The less precise result
ported for D2

1 is in satisfactory agreement with the sam

TABLE IX. Comparison between measured and calculated v
ues of ground-state scalar polarizabilities of H2

1 and D2
1. All re-

sults in units ofa0
3.

aS„H2
1(0,0)… aS„D2

1(0,0)…

Experiment
Jacobsonet al. @5# 3.168 1~7! 3.071 2~7!

This report 3.167 96~15! 3.071 87~54!

Theory ~adiabatic!
Jacobsonet al. @5# 3.173 0 3.073 9

Theory ~nonadiabatic!
Bhatia and Drachman@27# 3.168 0 3.067 1
Shertzer and Greene@28# 3.168 2~4! 3.071 4~4!

Taylor and Babb@21# 3.168 725 6~1! 3.071 988 7~2!

Moss @29# 3.168 726 3.071 989
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calculation. Specifically, the comparison between our m
surements and the calculation of Ref.@21# gives

as~H2
1!

TNA
5120.000 242~47!,

aS~D2
1!

TNA
5120.000 039~176!.

There are a number of effects, so far omitted from all t
calculations, that could possibly affect the result at this lev
Among these are relativistic, radiative, and retardation c
rections. However, if the nonadiabatic calculation has elim
nated discrepancies of relative orderme /MN , then one
would expect each of these omitted terms to contribute
proximately equally to both isotopes. This is not ruled out
the experimental results, which are consistent with th
weighted average,

S aS

TNA
D

Isotope average

5120.000 228~45!.

Perhaps by coincidence, this is about the level at which th
omitted terms enter into calculations of the polarizability
the He1 ion. In that case, the nonrelativistic result can
calculated analytically, and is equal to932 @24#. Relativistic
corrections reduce this by 0.022%@25#. There are additiona
corrections to the energy of helium Rydberg states due
retardation and radiative corrections which are proportio
to ^r 24& and which are therefore effectively corrections
the polarizability @26#. The retardation corrections ar
equivalent to a further reduction of 0.010%, while the rad
tive corrections lead to an increase of10.003%. While there
may be semantic questions as to which of these ought to
included in the definition of the H2

1 polarizability, all of
them would clearly be included in the experimental res
quoted above. Further theoretical study will be required
estimate the size of these additional corrections for H2

1 and

l-

FIG. 6. Comparison of calculated and measured values of
polarizability of H2

1(0,0). The horizontal lines show the adiabat
and more recent nonadiabatic calculations, as shown in Table
The points show the result of the preliminary@5# and present ver-
sions of this experiment.
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