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Building multiparticle states with teleportation
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We describe a protocol which can be used to generateNapgrtite pure quantum state using Einstein-
Podolsky-Rosen pairs. This protocol employs only local operations and classical communication between the
N parties N-LOCC). In particular, we rely on quantum data compression and teleportation to create the
desired state. The protocol can be used to obtain upper bounds for the bipartite entanglement of formation of
an arbitraryN-partite pure state, in the asymptotic limit of many copies. We apply it to a few multipartite states
of interest, showing that in some cases it is not optimal. Generalizations of the protocol are developed which
are optimal for some of the examples we consider, but which may still be inefficient for arbitrary states.

PACS numbd(s): 03.67—a

[. INTRODUCTION then be bounded from above by the number of EPR pairs
used per copy ofi) generated. We note that in general the
Quantum entanglement represents a resource that can pgocedure will be irreversible.
used for many applications, such as teleportafin super-
dense codind 2], quantum cryptographic key distribution Il. PROTOCOL P1
[3], and entanglement-enhanced communication complexity
[4]. Much progress has been made in the analysis of bipartite N this section we describe a protocol that builds a large
entanglement of pure and mixed states. The characterizatidmber of copies of an arbitrafy-partite pure state using
of multiparticle entangled states is, however, much harder th-LOCC and EPR pairs only. Let us first see how it would
attain, as some key theorems that apply to the bipartite stata¥0rk for an arbitrary three-qubit pure stdig).
cannot be easily extended to the multipartite case. The basic idea is very simple, and consists of distributing
In the case of bipartite pure states a single satisfactor{he state using a series of teleportations, keeping track of the
measure of entanglement has been fo{fi@]: the partial amount of EPR pairs used in each step. Let us suppose that
von Neumann entropy of one of the parties. This quantitywe start with a large numbed of copies of| ) at Charlie’s
equals both the state’s distillable entangleniéné number laboratory. Let us label the three qubits according to their
of Einstein_Podo|Sky_RoseqrEPQ pairs that can be asymp- von Neumann entropies, C]Ublt 1 being the one with least
totically obtained from it using only classically coordinated entropyS;, and so on in ascending order. The first step is to
local operationsand the state’s entanglement of formationdo quantum data compressi¢@] on subensembles corre-
(the number of EPR pairs necessary to asymptotically buil¢ponding to qubits 1 and 2, resulting in two groups of par-
the state with classically coordinated local operatiofifie  ticles asymptotically containing1S, and MS, maximally
characterization of entanglement in multiparticle states igompressed qubits.
still an elusive goal. There seems to be qualitatively different Now Charlie teleports the set corresponding to qubit 1 to
kinds of entanglement ilN-partite states, making it hard to Alice and the other set to Bob. Thanks to the data compres-
even find higher bounds for the number of different kinds ofsion we performed, these two teleportation steps will require
entangled states necessary to build N-partite states reversibdply MS; EPR pairs shared with Alice and S, with Bob.
[7]. To end the process we decompress the sets at Alice and Bob,
In this work we describe a protocol for creating any asymptotically recoveriny/ qubits at each party with negli-
N-partite pure statéy) using only local operations and clas- gible error. The resulting state consistsMfcopies of| )
sical communication between theparties (N-LOCC), and a  distributed among the three parties. The above discussion
certain number of EPR pairs. As discussed bef@je any ~ shows us that an arbitrary three-partite pure state can be built
measure of entanglement must be nonincreasing undétsing 3-LOCC and a bipartite entanglementSf+ S, EPR
N-LOCC. This will enable us to identify the number of EPR pairs, if we consider the manipulation of a large number of
pairs used as an upper bound for the bipartite entanglemefipies of the state.
of formationE(|#)). It is likely that multipartite states will This protocol can be simply generalized for any number
be built from EPR pairs in future practical applications of of partiesN>3. To see how, let us first recall the subaddi-
multiparticle entanglement; our protocol would then providetivity property of von Neumann entropies: A and B are
bounds for the efficiency of such a procedure. We also hopgubsystems of a larger systeiB, their entropies must obey
that our approach may help clarify the relations between bithe inequality
partite and multipartite entanglements, still a problematic
theoretical issue. Sat Sg=Sps-
Our protocol needs to rely on an asymptotically large
number of EPR pairs, creating a correspondingly large numkn order to create thil-partite distributed states) using our
ber of copies of the desired-partite statd ). Ex(|)) will protocol we will need to perfornN—1 teleportations. Each

1050-2947/2000/62)/0123096)/$15.00 62 012309-1 ©2000 The American Physical Society



ERNESTO GALVAO AND LUCIEN HARDY PHYSICAL REVIEW A 62012309

P PY A. N-GHZ states
B : s |€ Let us apply protocol P1 to build a generalizReGHZ
state
1
IN-GHZ>=E(|0®N>+I1®N>), (1)
Al e e |D which is a maximally entangled state lfqubits, also known
as aN-cat state. 1iX is a nontrivial subset of the parties, then

the reduced density matrix of subséis defined as
FIG. 1. This four-partite pure state consists of four EPR pairs

shared between partig§ B, C, andD. A naive approach would px(|1))=Trx(|¥){ ), (2

involve teleporting each party’s subsystem from pagtyusing a

total of Sp\+Sg+Sp=1+3+1=5 EPR pairs per copy. Protocol \whereX denotes the complement of ¢t

P1 invokes the most economical sequence of teleportations, one of The N-GHZ states have the property that for every non-

which in this case i§: first subsysteﬁB from siteC, and then the  trivial subsetX we haveSX(| ¢>) —=1. This means that we use

other two teleportations, spending the optimal amourB@f+ Sy exactly one EPR pair in each teleportation step, no matter

+5=2+1+1=4 EPR palirs. which subsystem ofN-GHZ) we choose to teleport. There-
fore, all sequences of teleportations that distribute the state

teleportation takes the compressed subensemble correspotl-GHZ) will use exactly the same amount of EPR pairs,

ing to subsystenpy (which may include one or more of the this number being

final parties’ subsystems we want to distriufeom one

party to another, usin@yx EPR pairs in the process. Due to P1(IN-GHZ))=(N~-1). ©)

the subadditivity property of entropy, the most economical

series of teleportations will, in general, involve teleporting

larger subparts dfy) first, in order to save on the number of

EPR pairs used in total. As an example, in order to distribut

a state among four partiés B, C, andD, it may be advan-  o5ch qubit is in a maximally mixed state, the quantum data
tageous to first teleport the compressed subsy&énfrom 5 mpression would be of no use, making it unnecessary for
siteAto siteC, and then teleport subsyste@andD to their 5 to operate on multiple copies of the state.

respective sites. This establishes the correspondence between protocol P1
We are interested in finding the best series of teleportagnd the one by Zeilingeat al.[10] for building a single copy

tions from a list of all possible sequenceshvf-1 teleporta-  of aN-GHZ state ofN qubits fromN— 1 EPR pairs. Protocol

tions that distribute thé\-partite statdy) from a single lo- P1 is as efficient as Zeilingeet al’s but has a different

cation. This optimal series of teleportations can be founcghysical meaning: we are simply teleporting each party’s

through an exhaustive search and constitutes what we shalibsystem from a single location, using a totaNef 1 EPR

call protocol P1 for creatingy); the number of EPR pairs pairs.

Since all teleportation sequences are equivalent, we may as
well choose one in particular: let us consider the one that
distributes each subsystem directly to its definitive party,

fhus teleportingN—1 qubits from a single location. Since

used per copy of statg) created will be called Rfi)) for The above discussion generalizes trivially for the case of
short. An example of the use of protocol P1 for a simpleN-GHZ states in which each party posses&dsvel sub-
four-partite system can be seen in Fig. 1. systems instead of qubits. Incidentally, theGHZ states

represent the worst case scenario for protocol P1, in the
sense that a single copy afiy N-partite state oN qubits can
Ill. RESULTS FOR SOME CLASSES OF STATES be prepared locally and distributed usiml(|N-GHZ))

) . . EPR pairs. It is not known whether protocol P1 is optimal for
In this section we calculate H#)) for some multipartite  N\_GHZ states.

states of interest. We will see that protocol P1 is not optimal,
at least for some classes of states(|/#2 will then repre-
sent an upper bound fdE(|)). PL|#)) will also be an
upper bound for the amount of bipartite entanglement dis- These are states which can be written in Schmidt form,
tillable from |¢), as this quantity is bounded from above by
Er. BC- Ny _ JiAV[iBV[iCy L L[N

The tripartite case is especially simple: if the three sub- " ) EI ailiT N[, @
systems ofly) have entropies;, S,, andS; (labeling the
systems such th&, <S,<S;), then P1{y))=S,+S, EPR  where|i*) represents an orthonormal basis in pattg Hil-
pairs. In the case of aN-partite staté¢) (N>3) there is not  bert space. Note that the coefficiemsmay be made to be
such a closed formula for Fj#)); as we discussed above, in real by convenient redefinition of the basis vectors. For these
order to find P1/¢)) we will need to find the most economi- states all reduced density matriceg have the same von
cal series oN—1 teleportations that will distributgp). Neumann entropy 08s¢hmid= —Eiaizlogzaf, and therefore

B. N-partite Schmidt decomposable states
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PL1(|"B Ny)=(N—1)Sschmide (5)  The fact that statgN-sharedl consists of a collection ofy)
EPR pairs makes it obvious theg(|N-sharedl)=(}),

Bennettet al. [7] showed that a state/"® M) can(in  \hich is clearly below P{-sharedl). For these states
the asymptotic limit of many copig¢de transformed revers-

ibly by N-LOCC into a set 0fSg.pmiqtN-GHZ states ofN P1(|N-shared) (N—1)2 2(N-1)

qubits. Thus we may achieve the creation| pf8¢ Ny py E-(N-shared) (% N ®
two different routes: either using protocol P1 directly or first 2

creating SscnmigtN-GHZ states with protocol P1 and then \yhich shows that our protocol is particularly inefficient for

usiré%_ﬁennett etal's procedure to turn them into IN-sharedl states: P1N-shared) is as high as twice the
A ). We have seen above that RI{GHZ))=(N  4cqyq) bipartite entanglement of formation for lange
—1) EPR pairs, which means that the two routes demand the

same number of EPR pairs for creating the state. In view of
this, we see that protocol P1’s optimality for creatdgsHZ
states(if it can be proved would mean that protocol P1 ~ We have just seen that protocol P1 is not optimal. This
would be an optimal protocol for Schmidt decomposableinefficiency prompts us to obtain bounds ¢ using other

IV. OTHER BOUNDS FOR E¢

N-partite states as well. methods, as a way of assessing the protocol’s shortcomings.
This can be done for the specific caseNdfGHZ states by
C. Symmetrical N-partite states of () EPR pairs appealing to a recent theorem proved by Julia Keifridg:

Let us consider the N-partite staftd-sharel consisting . Definitiont Two N-partite states are said to heLOCC

of (N)—[N(N—l)]lz shared EPR pairs. one between eachmcommensurate when they cannot be transformed into each
A2 f_ ties.(This state h | P b ' ferred t other either way by aniN-LOCC protocol.

pair of parties.(This state has also been referred to as an Theorem(Kempe: Two N-partite statesy) and|4) are

N-toast state after the custom of clinking glasses during -LOCC incommensurate if and only if they are not equiva-
toast[7].) We choose these states here as an example of ”lSm under local unitary transformations at each party.

inefficiency of protocol P1 for some classes of states. . . ]
The most economical series of teleportations that builds Kempe applied this theorem to prove tiht 1 N-GHZ

IN-sharedl consists again of teleporting each party’s Sub_states and ajN-share(l state areN-LOCC incommensurate.
4 gain ¢ P 9 party’s In both cases the density matrices of each party are identical
system directly from an initial party. In order to see this, let

us calculate the entropies of the reduced density matrice%nd equal to

corresponding to all nontrivial sets of parti¥s

Let px denote the reduced density matrix corresponding
to an arbitrary set oM parties (=M=<N-1). Given this
partition of the set of parties, théz\‘x EPR pairs in state

|N-sharedl can be grouped in three categorieg':) (shared . s
between parties i (VM) shared between parties % other than a single parfgee Eq(6)]. The st'ate conS|st|ng of
TA2 _ —  N—1 N-GHZ's has separablgy for all choices ofX. Using
andM(N— M) shared between a party ¥iand another irX.  Kempe’s theorem and the fact that local unitaries cannot in-
The trace operation over ti— M parties will resultin @x  crease entanglement between parties, we prove that the states
that is a tensor product of thg'f EPR pairs withinX, and  under consideration are N-LOCC incommensurate. A similar
the identity matrix corresponding to the EPR pairs that wergesult was also obtained by Bennettal. in Ref. [7].
“broken” betweenX andX. Thus we have We will now argue that this result holds true for exact
transformations between arbitrarily large numbers of copies
M M of N-GHZ and EPR states. Let us consider the two following
5 ) EPR’S> <( 5 ) EPR'%, (6)

|
P= N 9

The|N-sharedl state has inseparabgg for any choice ofX

N-partite systems: the sta{&sHZ) consisting of a tensor
product ofk(N—1) N-GHZ states ofN qubits, each party

wherel denotes the identity matrix. The entropy @f can ~ P0SSessing a subsystem wifN—1) qubits in state
then be easily evaluated to & =M(N—M). Sy corre-

|
pXZZM(N—M)®‘

sponds to the number of EPR pairs necessary to teleport _ . (10)
subsystenpy as part of protocol P1. Since protocol P1 con- PGHZ™ SkN—1)

sists ofN—1 teleportations, we cannot hope to perform pro-

tocol P1 and use less than and statd ¢) consisting of the tensor produfdt-shared®",

with each party’s subsystem in state

(N=1)min{Sg}=(N—1)?

EPR pairgwhere the minimum is taken over all possibg.
This is actually achievable, as we may teleport each party’s

subsystem directly from an initial one, using a total number ) . )
of EPR pairs equal to We will have equal density matrices at each party| @®HZ)

and | ¢) if k/n=1, making it possible for us to apply the
P1(|N-shared)) = (N— 1)2. (7) same reasoning as we did above for the case with two GHZ

p(b:m. (11)
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states and three EPR states. Thus we have established tisabsystems, each having the dimension of one of the prime
IN-GHZ)®*(N~1) and |N-shared®" are incommensurate factors. All possible subsystems of systémonsist either of
states. In particular, this means that we need strictly moréhesem prime-dimensional subsystems, or of the composite-
than @‘)/(N— 1)=N/2 EPR pairs to create od¢GHZ state, dimensional subsystems obtained by grouping these in dif-
no matter how clever ouN-LOCC protocol is. In all of the ferent ways. To obtain the most general way of identifying
above we have been considering exact transformations b&ubsystems we can consider performing unitary transforma-
tween the states. In Ref§5,7] the authors defined larger tions at each party, either passivegn the Hilbert spageor
equivalence classes betwedhpartite states, allowing for actively on the system itsefin which case we would need to
slightly imperfect fidelity (1-¢) in the transformation and undo the transformation at a later stage
for k/n that deviates from 1 by a small quantig The Now let us see the steps that constitute protocol P2. We
question of whether the bound B2 EPR pairs peN-GHZ  start by preparing many copies of the state we wish to build
state created holds for the transformations considered iat one location. Then we consider all possible ways in which
Refs.[5,7] is open. the system#\,B, ... ,Z (which must be distributed to each
Combining the lower bound dfi/2 EPR pairs peN-GHZ ~ party) can be decomposed in a tensor product of prime-
with the higher bound given by protocol P1, we can write dimensional subsystems. The idea now is to analyze all pos-
sible ways in which these subsystems, or groups of them, can
N be successively compressed at one party, teleported and de-
5< Er(IN-GHZ))<N-1. (120 compressed at another party. Protocol P2 is taken to be the
most efficient way of building thé&l-partite state by such a

It is interesting to note that the above result implies that ther&€ries of teleportations of subsystems. _
is a fundamental irreversibility when we transfoirpartite This protocol will be optimal for any state that consists of
entanglement into bipartite, and vice versa, using exact tranét tensor product of shared bipartite states, in particular for
formations of a large number of copies. For example, d\-shared states. This becomes clear if we consider a simple
3-GHZ cannot be asymptotically converted into 3/2 of an€x@mple. Take a 3-shared state
EPR pair, yet we need strictly more than 3/2 of an EPR pair 1 1
to asymptotically recreate a 3-GHZ. ) _ - L

Protocol P1 is obviously optimal for a trivial set of states, |3-shareji \/§(|OA1051>+|1A1131>)® \/§(|OA2001>
such as that in Fig. 1. It is, however, inefficient for states like

that of Sec. lll C above. FON-GHZ states, as far as we 1

know, there is no known protocol more efficient than P1, and +]1a2lc1))® E(|032002>+|1321C2>)-
inequality (12) represents what seems to be the best bounds

as yet for their bipartite entanglement of formation. If it can (13

be proved that protocol P1 is optimal fNkGHZ states, then
it would be optimal for Schmidt decomposabid:-partite We have seen that protocol P1 is inefficient at creating
states as well, as we discussed in Sec. Il B above. N-shared states; protocol P1 would take four EPR pairs to
create this tensor product of three EPR pairs. We write sys-
tem A as being composed of two two-dimensional sub-
systemsA; and A,, systemB as being composed of sub-
Protocol P1 is not the most general protocol using quansystemsB; and B,, and systemC as being composed of
tum data compression and teleportation to build multipartitesubsystem ofC; and C,. This state can be built in three
states. In this section we will briefly describe three succesteleportation steps. We start with many copieg®fharey
sive generalizations. These generalizations all involve takingt locationA. First we teleport syster@d; to locationC (since
advantage of the fact that each party’s system may be corsubsystenC,; is maximally mixed, there is no need to com-
sidered as consisting of subsystems which can be conpress if. Then we take subsystent;, B,, and C, and,
pressed and teleported independently. regarding them as one subsystem, we compress and teleport
First we describe protocol P2. Take hipartite state in  them to locationB, where they can be decompressed. Fi-
the Hilbert space HA®@Hp®Hc®---®Hz (where nally, we teleport subsyste@, from locationB to location
A,B, ... .Z are the partigs Now, it may be the case that C (again, there is no need for compressioBach of these
some or all of the spaced,,Hg, . .. ,Hz can themselves three steps requires one EPR pair per copyBeghared, and
be written as tensor products of smaller spaces. For examplaence this procedure is optimal, constituting an example of
we may write the spack/, as a tensor product @h spaces: protocol P2. It is clear that this protocol will be optimal for
any state consisting of shared bipartite states.
Hpo=HrOH2® - - @HY. Protocol P2 reduces to protocol P1 in the case where all
systemsA,B, ...,Z have a prime number of dimensions
Writing the Hilbert space in this way corresponds to dividing (thus being not decomposahlélhis observation motivates
each party’s system into subsystems. The most general wayrotocol P3. In protocol P3 we allow the introduction of

V. OTHER PROTOCOLS

of doing this for a partyA is the following. We first write  ancillary systemdR,,Rg, ... ,R; prepared in some known
dim(H,) as the product of its prime factors. If there ame  state. Let system\’ consist ofA andR,, and similarly for
such prime factors then we can rega@ds consisting om  B’,C’, ...Z’. Protocol P3 consists of applying protocol P2
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to the primed systems, and also optimizing over all possibleninimally entangled with the rest of the system. By the same
ancilla choices. The introduction of ancillas allows for continuity argument we see that Pa3§) is as close as we
greater flexibility of manipulation of the prime-dimensional like to P2(3-shared)) =3, for smalle. This provides us with
subsystems, as unprimed systems with prime dimension magn example for which protocol P3 is better than both proto-
result in primed decomposable systems. cols P1 and P2.

It is easy to find examples of states for which protocol P3  The introduction of the ancillas in protocol P3 was not
is more efficient than both protocols P1 and P2. For exampledone in the most general way possible. We considered local
let us consider the following tripartite state closely resem-operations at each party that entangled ancillas to the sys-
bling the|3-sharedl state, but in a % 5x 5 dimensional Hil-  tems corresponding to a single copy of the state we want to

bert space: prepare. As we have argued, this allows for a more general
manipulation of the state, and perhaps to a more efficient
|¢)=1—¢|3-sharedi+ \/e[4,4,4) series of teleportations that build it. We may, however, op-
erate with a large number of copies of the state, introducing
i 11 10,0,0+/0,1,+|1,0,2+1,1,3 ancillas which couple to a certain numbgrof copies, in-
- _Sﬁ +]2,2,00+]2,3,+|3,2,2+|3,3,3 stead of a single one. Then our basic units would consist of
one ancilla for each set @fcopies of systend, one for each
+\/g|4,4’4>, (14) g copies of systenB, and so on up to the last system

Protocol P4 can then be defined as the application of proto-

where we have rewritten th@-sharejl state in a different €0l P2 to these larger units, optimizing ovgrand ancilla
form, adding a term proportional tge and orthogonal to the ~ Sizes. Proto_cc_)l P4 is more general than protocol P3, and may
space spanned by th8-sharedl state. be more efficient for some states.

Eigenvalues of density matrices that are continuous func-
tions of a parametets are themselves continuous functions
of £ [12]. Hence the entropies of the partial density matrices

obtained from p, will differ from those of We have described a protocol that can be uéadthe
|3-sharedi(3-sharedl by arbitrarily small amounts, for suit-  asymptotic limit of many copiesto build anyN-partite pure

able values ok. We are now dealing with subsystems in & gyantum state. Protocol P1 uses quantum data compression
prime-dimensionalEq. (5] Hilbert space, which means that 4nq teleportation to distribute a large number of copies of the
we are unable to identify subsystems in each party’s systetate among thal parties, consuming bipartite entanglement

VI. CONCLUSIONS

and apply protocol P2. Therefore, in the form of EPR pairs.
_ _ The efficiency of the protocol depends on the state we
PaA[¢)) =P $))=S(pa) + S(pa). want to create. It is optimal for some simple stafgsch as
which is arbitrarily close to 4, for sma. that in Fig. 1, but can be shown to be inefficient for

Protocol P3 improves on this by adding a three-qubit an!\N-shared states, discussed in Sec. Ill C. lts efficiency for
cilla to each five-level system. We then map the state of eacAPitrary states is hard to evaluate, as there are not many
five-level system into its ancilla through the unitary opera-"ésults for the exact bipartite entanglement of formatign

tion that takegfor Alice’s system of N-partite states. Lower bounds fEg of N-GHZ states are
presented for comparison with protocol P1’s results. We also
[Oaice)|Or1,0r2,0r3) — | Ontice)| Or1,0r2,0r3) » show that proof of optimality of protocol P1 faX-GHZ
states would imply its optimality for Schmidt decomposable
|1 atice)|Or1,0r2,0r3) — [Oalice) | Or1: 1r2,0ra), states as well.
We consider some generalizations of protocol P1, which
|2 atice)|Or1,0r2,0r3) — [Oalice) | Lr1:0r2:0Rs) can be shown to be more efficient than protocol P1 for some
classes of statesuch adN-shared stateslt would be inter-
|3atice)|Or1,0r2:0r3) — [Oalice) | Lr1: 1r2:0Rs) esting to investigate in more depth the bounds Egr ob-
tained by the proposed generalizations.
|4 atice)|Or1,0r2,0r3) — [Oalice) | Or1:Or2: 1rs) Note addedRecently, some new interesting results about

multiparticle states were obtained; in particular, it was

and similarly for Bob’s and Charlie’s systems. This amount roved that the conversion of EPR pairsNepartite states

basically to increasing the dimensionality of each syste N>2) is an irreversible process, even if we consider

frgm o108, as we may discard the Qriginal systems and deEglightly imperfect transformations in the asymptotic limit
with the ancillas instead. Since 8 is a composite numberE7 13]

now we can apply protocol P3, which consists of finding the
optimal way of distributing this nine-qubit system among
Alice, Bob, and Charlie through teleportation. It suffices to
say that the optimal way will be similar to the one we
adopted when we applied protocol P2 to fBesharey state, We acknowledge support from the Royal Society and the
with the difference that now we have one extra qubit at eaclBrazilian agency Coordenaz de Aperfejoamento de Pes-
party (like ancillary bit R3 in the example aboyavhich is  soal de Nivel Superio(CAPES.
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