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Accuracy of a teleported cavity-field state

N. G. de Almeida,1 R. Napolitano,2 and M. H. Y. Moussa1
1Departamento de Fı´sica, Universidade Federal de Sa˜o Carlos, Via Washington Luis, km 235, Sa˜o Carlos 13565-905, SP, Brazil

2Instituto de Fı´sica de Sa˜o Carlos, Universidade de Sa˜o Paulo, Caixa Postal 369, Sa˜o Carlos 13560-970, SP, Brazil
~Received 28 January 2000; published 15 June 2000!

We present a calculation of thefidelity of a cavity-field state teleported by means of a scheme that requires
only two high-Q cavities. Based on current experimental capabilities, we demonstrate the feasibility of our
scheme if the mean photon number of the cavity field is on the order of unity, allowing a reasonably accurate
teleportation.

PACS number~s!: 03.65.Bz, 03.67.2a, 32.80.Rm, 42.50.Dv
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Quantum nonlocality has recently become the cornerst
of a set of striking proposals, which open the way to n
quantum technologies: bit commitment@1#, teleportation@2#,
computation@3#, and communication@4#. Inspired by these
theoretical advances, experimentalists have developed t
niques for the realization of teleportation@5# and to demon-
strate quantum logic operations@6#. However, the realization
of all these proposals faces a crucial problem, intrinsic to
nature of entanglement: the decoherence of quantum s
subjected to the action of the environment. This drastic p
cess, transforming superpositions of quantum states into
tistical mixtures, has been discussed by a number of aut
@7,13# and, recently, observed experimentally@14#. Since the
coherence decays with a lifetime proportional to the inve
of the system excitation number@7#, it becomes indispens
able to estimate, from a given superposition, thefidelity of a
resulting process. Recently, Braunstein and Kimble@8# have
computed the fidelity of a teleported ‘‘Schro¨dinger cat’’-like
state~SCLS! generated by parametric down-conversion a
running wave. Here, however, we focus on the specific pro
lems of quantum-state engineering and teleportation in ca
quantum electrodynamics~CQED!. In this realm, a SCLS
teleportation protocol has recently been proposed, requi
three high-Q cavities@9#. In the present paper, we advan
computation of the fidelity of atrapped SCLS, teleported
through a scheme based on only two high-Q cavities, whose
feasibility we also analyze. The advantage of adopting
two-cavity scheme for teleporting a SCLS, as opposed to
alternative one in the literature@9#, is twofold: it minimizes
field dissipation through cavity damping mechanisms a
also provides topological simplification of the experimen
setup.

Previously presented two-cavity schemes@10,11# have not
envisaged teleportation of mesoscopic field states. In
work, the quantum channel employing a mixed atomic-fi
state, prepared through the interaction between a two-l
atom and a cavity field, is more suitable to mesoscopic-s
teleportation. Teleportation ofN(.2)-dimensional states
has also been proposed in the CQED domain@12#.

The teleportation apparatus is depicted in Fig. 1. T
SCLS engineering consists of a two-level Rydberg atomA
that crosses a Ramsey-type arrangement, i.e., a high-Q mi-
cromaser cavityC1 located between two Ramsey zonesR1
andR2. After interacting with this arrangement, the atom
counted by detectorDA , projecting the SCLS inC1. Subse-
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e

ch-

e
tes
-

ta-
rs

e

a
-
ty

g

r
ts

d
l

is
d
el
te

e

quently, this SCLS is teleported from Alice’s cavityC1 to
Bob’s identical cavityC2. The quantum channel required fo
teleportation is here played by another two-level Rydb
atom B, entangled to the receptor field inC2. Additional
Rydberg atoms, Ramsey zones, and ionization chambers
used as needed.

The two-level atoms comprehend the circular Rydbe
statesu1& and u2&, with principal quantum numbers 50 an
51, respectively. Each micromaser cavity is initially prepar
in a single-mode coherent stateua0& by a monochromatic
source. Classical microwave fields are injected into the ca
ties and the amplitudes of these fields can be adjusted
varying the injection time.

Here we take into account the errors introduced only
the cavity dissipation mechanism. The efficiency of the io
ization chambers is considered to be unity, and two out
three atoms are able to travel the distance of the whole s
without decaying. In fact, since a Rydberg-atom excited s
has a lifetime on the order of 1022 s, the probability of
staying in this state is 0.67 for an experiment duration
about 431023 s.

Under these assumptions the Hamiltonian including
required dispersive interaction between an atom and the
sipating cavity field is described, through the assumption o
linear coupling, as

H5\va†a1
\v0

2
sz1(

k
\vkbk

†bk

1(
k

\~lka
†bk1lk* abk

†!1\xa†asz , ~1!

FIG. 1. Experimental setup for engineering and teleporting
SCLS.
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wheresz5u2&^2u2u1&^1u, a and a† are, respectively, the
creation and annihilation operators for the cavity mode
frequencyv, whereasbk andbk

† are the analogous operato
for the kth bath oscillator mode, whose corresponding f
quency and coupling constant writevk andlk , respectively.
The frequency of the cavity mode lies between the ato
energy levels, separated by\v0, in a way that the detuning
d5uv2v0u is large enough that only virtual transitions o
cur between the statesu1& and u2&. We assume thatx50
when the atom is outside the cavity. The atom-field coupl
parameter isx5V2/d inside the cavity, whereV is the Rabi
frequency. The last term in Eq.~1! is valid under the assump
tion that V2n!d21g2, wheren is a characteristic photon
number andg is the spontaneous-emission rate@15#. For
simplicity, we suppose that the atom-field coupling is turn
on ~off! suddenly at the instant the atom enters~leaves! the
cavity region.

The Schro¨dinger state vector associated with Hamiltoni
~1! can be written using

uC~ t !&5eiv0t/2u1&uF1~ t !&1e2 iv0t/2u2&uF2~ t !&, ~2!

where

uF l ~ t !&5*~d2a/p!*$d2bk /p%Al ~a,$bk%,t !ua,$bk%&,

l 51,2, the complex quantitiesa andbk stand for the eigen-
values ofa andbk , respectively, andAl (a,$bk%,t) are the
expansion coefficients foruF l (t)& in the basis of coherent
state products,̂ ua,$bk%&‰. Using the orthogonality of the
atomic states and Eqs.~1! and ~2! we obtain the uncoupled
time-dependent Schro¨dinger equations:

i\
d

dt
uF l ~ t !&5Hl uF l ~ t !&, ~3!

Hl 5\v l a†a1(
k

\vkbk
†bk1(

k
\~lka

†bk1lk* abk
†!,

~4!

with v l 5@v1(21)l x#. Note that the problem has bee
reduced to that of the dissipation of a cavity field who
frequencyv is shifted by2x (1x) when interacting with
the atomic state 1~2!. To solve Eq.~3!, we assume zero bat
temperature, which is an excellent approximation for, in c
rent experiments, the cavity environment is cooled to 0.6
by a 3He-4He refrigerator, making blackbody radiation ne
ligible @14#. Moreover, in the microwave regime the states
the environmental oscillators can be approximated by
vacuum states, so that, initially, for a given cavit
uF l (0)&5ua0 ,$0k%&. Here, we invoke the remarkable pro
erty, following from the Heisenberg equations of motion@7#,
that at absolute zero both the system and the environm
remain coherent, despite exchanging excitation, in suc
way that

uF l ~ t !&5ua l ~ t !,$b l ,k~ t !%&, ~5!

where the coherent-state amplitudes satisfy the time ev
tion equations
01010
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ȧ l ~ t !52 iv l a l ~ t !2 i(
k

lkb l ,k~ t !, ~6a!

ḃ l ,k~ t !52 ivkb l ,k~ t !2 ilk* a l ~ t !. ~6b!

Ideal process.Let us consider the ideal process, i.e.,lk
50 in Hamiltonian~1!. The SCLS to be teleported is pre
pared inC1 where the coherent stateua0&1 has been previ-
ously injected. This is done by sending atomA acrossC1.
The atom is assumed to be velocity selected such thatxt
5p/2, wheret is the atom-field interaction time. After bein
laser excited to the stateu2&A and rotated inR1 to an arbi-
trary superpositionc1u1&A1c2u2&A at t50, atomA under-
goes a dispersive interaction with the field inC1 and ap/2
pulse inR2. The process is accomplished by detecting
atom atDA , inducing the collapse of the cavity field to th
SCLS

uCP
6~ t !&15NP~c1ua1&16c2ua2&1), ~7!

wherea l 52(21)l ia0 , Np is a normalization factor, and
the 1 (2) sign occurs ifA is detected in stateu1&A (u2&A).
Simultaneously to the preparation of the SCLS, the quan
channel is generated by sending atomB, assumed velocity
selected exactly as atomA, acrossC2. After undergoing a
p/2 pulse inR3 ~leaving the zone att50) and a dispersive
interaction inC2 the atom plus cavity system ends up,
time t, in the entangled state

uC~ t !&B,25
1

A2
~eiv0t/2u1&Bua1&21e2 iv0t/2u2&Bua2&2),

~8!

where the phases e6 iv0t/2 are a consequence of adopting t
Schrödinger picture.

The teleportation process is achieved when atomB under-
goes a dispersive interaction withC1 and ap/2 pulse inR4,
leading the whole system to the entangled state

uC~ t !&B,1,25
NP

2
$eiv0t/2u1&B@ u2a0&1~c1ua1&26c2ua2&2)

6ua0&1~c2ua1&26c1ua2&2)] 2e2 iv0t/2u2&B

3@ u2a0&1~c1ua1&27c2ua2&2)

6ua0&1~c2ua1&27c1ua2&2)] %. ~9!

So, by detecting atomB at DB and measuring the phase o
the field inC1 we project the field state inC2 on one of the
four possibilities described by Eq.~9!. By injecting a refer-
ence field of known amplitudea0 in C1, through its corre-
spondent source, the field statesu2a0&1 andua0&1 in Eq. ~9!
evolve respectively to the statesu0&1 andu2a0&1. Such states
can be easily distinguished by sending throughC1 a stream
of ground-state two-level atoms that are made reson
with the cavity field @16#. Considering the outcome
u1&Bu2a0&1, the SCLS teleported toC2 is exactly the same
as the original one. For the outcomeu1&Bua0&1, one must
now send an auxiliary atom, prepared in the excited st
1-2
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to interact dispersively withC2 for, by selecting the ve-
locity of this atom such thatxt5p, the cavity mode inC2
evolves exactly to the original SCLS. About th
outcomesu2&Bu2a0&1 and u2&Bua0&1, one can still obtain,
from the projected states inC2, the original SCLS. However
this feat demands considerable effort, working against
fidelity of the teleportation process, as we will discuss el
where.

Real process: preparation of the SCLS.After the interac-
tion between atomA ~prepared in the arbitrary statec1u1&A
1c2u2&A) and the cavity fieldua0&1, the state of the system
is c1(t)u1&Aua1(t),$b1,k(t)%&11c2(t)u2&Aua2(t),$b2,k(t)%&1,
where cl (t)5cl exp@2(21)l iv0t/2#. The field amplitudes
a l (t) and b l ,k(t) evolve according to Eqs.~6! during the
time interval the atom spends inside the cavity from inst
t1.0 to t2. The evolution outside the cavity obeys Eqs.~6!
with x50. By detecting the atom atDA after undergoing a
p/2 pulse inR2, the resulting field-environment entangle
state thus is written as

uCP
6~ t !&15NP$c1ua1~ t !,$b1,k~ t !%&1

6c2ua2~ t !,$b2,k~ t !%&1%, ~10!

where Np is a normalization factor and the1 (2) sign
occurs if atomA is detected in stateu1&A (u2&A).

The fidelityF p
6(t) of the prepared SCLS, i.e., the overla

between the state vector of Eq.~10! and the expected SCLS
uCE

6(t)&15NE$c1ua1
G50(t)&16c2ua2

G50(t)&1%, is given by
F P

6(t)5i^CE
6(t)uCP

6(t)&i2. Here,G is the relaxation con-
stant of the cavities. The quantitiesa l

G50(t) are obtained
from the expressions ofa l (t) evaluated forG50. For sim-
plicity let d15c1 , d256c2. Hence,

F P
6~ t !5uNEN Pu2 (

m,n,m8,n8
dm* dndm8dn8

* ^am
G50~ t !uan~ t !&

3^an8~ t !uam8
G50

~ t !&^$bn8,k~ t !%u$bn,k~ t !%&, ~11!

where summations over Greek indices run from 1 to 2.
calculate the scalar products appearing in this equation
use the exact results that follow from Eqs.~5! and ~6!.

Teleportation of the SCLS. Let us assume, without loss o
generality, that atomB, velocity selected equally as atomA
and prepared in the state (u1&B1u2&B)/A2 by crossingR3,
reachesC2 at time t1 and leaves it att2. Thus, the required
entangled quantum channel is given att.t2 as

uC~ t !&B,25
1

A2
(

l
e2(21)l iv0t/2ul &Bua l ~ t !,$b l ,k~ t !%&2 .

~12!

Considering that atomA is detected byDA at instantt3, the
tensor productuCP

6(t)&1^ uC(t)&B,2 can be expressed at tim
t.t3, before atomB entersC1, as
01010
e
-
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NP

A2
(
l l 8

e2(21)l 8iv0t/2dl ul 8&Bua l ~ t !,$b l ,k~ t !%&1

3ua l 8~ t !,$b l 8,k~ t !%&2 . ~13!

After atomB interacts withC1 during the time interval from
t4.t3 to t5, a free evolution of the system follows until tim
t6, when the atom undergoes ap/2 pulse inR4 leading the
entanglement~13!, at instantt.t6, to the state

NP

2 (
l l 8l 9

~21! l 8(l 911)e2(21)l 9iv0t/2dl

3ul 9&Bua l l 8~ t !,$b l l 8,k~ t !%&1

3ua l 8~ t !,$b l 8,k~ t !%&2 , ~14!

with a l l 8(t)5(21)d l l 8a(t), where we have chosenxt
5p/2, so that, from Eqs.~5! and ~6!,

a~ t !5a0e2(G/21 iv)t, ~15!

andb l l 8,k(t.t8) is the result of Eqs.~6! for b l 8,k(t) with
initial condition given byb l ,k(t8).

To accomplish the teleportation we now measure, ana
gously to the corresponding lossless process, the stat
atom B in detectorDB and the phase of the field inC1. In
about 25% of the trials the final teleported state will be e
actly the original SCLS corresponding to the detection
u1&Bu2a(t)&1:

uCT
6~ t !&25NTeiv0t/2(

l
dl u$b l l ,k~ t !%&1

3ua l ~ t !,$b l ,k~ t !%&2 , ~16!

whose fidelityF T
6(t)5i^CE

6(t)uCT
6(t)&i2 is written

FIG. 2. Fidelity for both the prepared~solid line! and teleported
~dashed line! SCLS, fora51/2, 1, and 3/2. The SCLS decoheren
times are t1/252/G,t151/(2G), and t3/252/(9G), respectively
~considering the photon lifetimeG2151022 s).
1-3
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F T
6~ t !5uNEN Tu2 (

m,n,m8,n8
dmdn* dm8

* dn8

3^$bm8,k~ t !%u$bm,k~ t !%&2

3^an
G50~ t !uam~ t !&^am8~ t !uan8

G50
~ t !&. ~17!

In Fig. 2 we present the fidelity for both the prepared~11!
and teleported SCLS’s~17!, calculated with parameter va
ues achievable using nowadays technology. For the ph
lifetime we considerG2151022 s, accounting for a cavity
Q factor around 108 @14#, whereas the atom-field couplin
parameter is fixed so thatxt5p/2. The effective atom-
cavity interaction time is set tot530 ms by selecting atoms
with velocity around 240 m/s, implying the typical valu
x/2p'10 kHz @14#. Considering a Rabi frequency given b
V/2p'25 kHz, and a detuning ofd'500 kHz ~perfectly
within the range of nowadays CQED technology!, the con-
dition for the dispersive atom-field coupling is satisfied, i.
V/d&1.

A successful realization of the teleportation process is
tained fora50.5. In this representative case both the fide
ties are approximately unity, even att5G2151022 s,
which is about one half of the SCLS decoherence time.
a51.0, the fidelity of the prepared SCLS by the time t
teleportation is concluded is definitely significant,;0.75,
showing that the teleported state has not been consider
d

on
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v
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d
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-
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r
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degraded. Indeed, the teleportation is achieved before
SCLS decoherence time (531023 s). For a51.5, by the
time the teleportation process is achieved, the prepa
SCLS has already lost its initial quantum coherence, wh
occurs at about 231023 s. However, we stress that the fi
delity of such a prepared SCLS starts with an apprecia
value above 0.8. It is also apparent in Fig. 2 that, by the ti
the teleportation occurs, the fidelity of the prepared SC
has already diminished appreciably. Thus, our result prev
any attempt to teleport a SCLS witha.1, regarding nowa-
days experimental capabilities. Fora51.5, despite the fac
that the fidelity of the prepared SCLS is considerable,
fidelity of the teleported state drops to about 0.55. Hence,
present calculation shows why the experiments requiring
the preparation of a SCLS, as has been the case of Ref.@14#,
leads to results that fit very well the theoretical calculatio

We notice that we have indeed calculated a conditio
fidelity, i.e., the one resulting from 25% of the trials co
cerning the expected measurement of the state of atomB in
detectorDB and the phase of the field inC1. However, one
can still obtain, from whichever measurement results,
original SCLS, at the expense of a smaller fidelity, as we w
discuss elsewhere.
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