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Phase-matched high-order harmonic generation and parametric amplification
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Investigations of high-order harmonic generation and frequency mixing in absorbing and dispersive media
are reported. Detailed analysis of propagation effects and factors limiting the frequency conversion efficiency
is given. Experimental results obtained by us and other groups are discussed and compared with calculations.
The development of high-order parametric amplifiers as a new possibility to solve the frequency conversion
problem is analyzed.

PACS numbdrs): 42.65.Ky, 32.80.Wr, 42.65.Re

I. INTRODUCTION II. HARMONICS IN DISPERSIVE
AND ABSORBING MEDIA

For the efficient generation of high-order harmonics with ~ Throughout this paper we use the slowly varying enve-
ultrashort laser pulses, it is of principle importance to have dope approximation for the pump laser fieid(z,t) and for
perfect phase matching between the driving laser pulse aritte generated fiel&(z,t)
the generated harmonic signal. This topic has attracted con-
siderable attention during the last yefts-13. In [4], it has
been demonstrated that high-order difference-frequency mix-
ing can be phase matched in weakly ionized plasmas. Later, (1)
phase matching has been observed in gas-filled hollow-core 1
fibers[8,13], gas jetd9], and self-guided laser bearfis0]. E(zh=3 > Agztexdi(kgz— wgt)]+c.c.,

But even in case of perfect phase matching the harmonic q

output is limited. Therefore, the improvement of the high-
order harmonic generation efficien¢yell above 10°) re-
mains a challenging problem.

In this paper, all factors limiting the high-order harmonic
generation efficiency are discussed. Taking them into ac-
count a very good agreement between calculations and ex-

) . . : . qu q
perimental results is obtained. In Sec. I, which has an intro- — Aq=iygexd —iAk,z], 2
duction, a “practical” phase-matching condition and dz
expressions for maximum high-order harmonic intensities .
and conversion efficiencies are derived. In Sec. Il evolutionVheré«q is the absorption coefficientky=k,—qk, is the
of the nonlinear refractive index during the laser pulse igWave-vector mismaich, ang, is the noniinear driving term
analyzed. In this section we also define optimum laser inten-
sities required for an efficient generation of a certain har- :ZW“’quNL &)
monic and show that the pulse duration of this harmonic can Ya Cny
be in the attosecond range. In Sec. IV and Sec. V, effects of
geometrical(or fiben phase mismatch and of attenuation of which is determined by the medium response to the applied
the pump wave are discussed. A review of some recent exaser field. Here!:iNL is the amlitude of the nonlinear atomic
periments together with our calculations is given in Sec. Vl.dipole moment defmed bgty(z,t) = (dNL/Z)exmq(kl wit)]

The experimental setup and results obtained by our group aréc.c., N is the particle density, ana, is the refractive index
presented in Sec. VII. In Sec. VIII, prospects for the devel-for the generated harmonic. In perturbation theory

opment of high-order parametric generators and amplifiers

operating in the extreme ultravioleXUV) spectral range are X

analyzed. Ndy"=

E.(z,t)= 1A1(z t)exdi(kiz— w4t)]+c.C.,

wherek,, k, are the wave vectors andy, wq are the fre-
quencies of the pump wave and of thyeorder harmonic,
respectively. In this approximation the generation of the
g -order harmonic can be described by

g
2(a- 1)A @

where (9 is the susceptibility for thes,=qw; process.
Solving Eq.(2) by integrating over the medium length
*Permanent address: P.N. Lebedev Physics Institute, Leninskwe get for the intensity of theg-order harmonicl,
Prospect 53, Moscow, Russia. =nyC|Ag|?/87
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whereo,= a4 /N is the absorption cross section and

1 ng expl — 74/2)[ SINP( 574/4) + SinkP(74/4) ]

[1+exp(—7q) —2 cog 67g/2)exp( — 7¢/2) |<1.

1+ 62

(6)

These expressions are analogous to that us¢®,118]. Here
Tq=aqL is the optical thickness for thg-order harmonic
and 6=2Akq/a4. The factorF determines the strengtin-
tensity of the harmonic signal. This factor is independent of

the sign of the wave-vector mismatatk,, which can be

positive or negative depending on the medium dispersion.

For large optical thicknesseg>1, F=1/(1+ 6%).

The general dependence of thdactor on the parameters
6 andr is illustrated in Fig. 18). As can be seen, the maxi-
mum valueF =1 can only be achieved fa$=0. This cor-
responds to a perfect phase matchixiy,=0 or to a strong
absorptiona >2Ak,. For 5#0 the location of the maxi-
mum of theF function 73 ®*= (NL)"*, and the maximum
valueF(7; ) are shown in Fig. (b). For practical purposes
it is sufficient to haveF=1/2, which is fulfilled for|§|<1
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FIG. 1. (a) General dependence of tlefactor (6) on the pa-
rametersé=2Ak,/aq and 7,=ag4L. (b) Maximum value of this
factor, F(7;®), and its locationry*.

In Fig. 2 maximum conversion efficiencies that can be
obtained in helium using as a pump 25 fs laser pulses at 400
nm are shown. In calculations the value of the nonlinear
atomic dipole moment is found by solving numerically the
time dependent Schdinger equation in the single active

and 7,=3, as can be seen in Fig. 1. Therefore, we can forelectron approximatiof14]. Photoabsorption cross sections

mulate a “practical” phase-matching condition as

|Akg|/N=<0g/2 and NoyL=3. (7)

For sufficiently large absorption cross sections this “practi-
cal” condition can be easily realized. From this point the
absorption is an ally because it simplifies the phase-matching
requirements. On the other hand, for a process accompanie

by a strong absorption it is impossible to obtain a high con- "

version efficiency, since the high-order harmonic intensity is
inversly proportional to the square of the absorption cross
section[see Eq.(5)].

The maximum high-order harmonic intensiin the case
of F=1) is determined by

8mc |d2”‘|2

n 2 2"
a Agog

max__
q

8

where\ =\ 1/q is the wavelength of thg-order harmonic.
Taking into account that the cross section of the pump laser
beam is approximatelg times larger than that of thegorder

are taken from Refl15].

III. NONLINEAR REFRACTIVE INDEX

In an intense laser field the refractive indet) becomes
a function of time(or light intensity due to the mutual action

]O’2 T T T T T T T T T
ﬂx =400 Helium
10°F | = 10" Wiem'

—®-5x10" W/em®

—A— 10" W/em®

A
10° F AT
10° F
10° F
n

10-7 I i ! !

13
Harmonic order q

harmonic, we get for the maximum conversion efficiency FIG. 2. Calculated maximum conversion efficiencies for har-
7"¥=14"1qly, wherel , is the pump laser intensity. monics generated by 25 fs, 400 nm laser pulses in helium.
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FIG. 3. Temporal evolution of
the electron densitiN./Ny and of
the nonlinear refractive indexn(
—1)N.,/Ng during the laser pulse

0.02101
0.0

in argon.(a) and(c) Laser inten-
sity profiles are shown by thick
solid lines. Calculations are per-

formed for two laser intensitig®)

2 0005y Z ol (d) and (b) 1,=8x10" Wicn? and

5 5 (¢) and (d) I,=2x10" Wicn?
E 0.02001 E 0zl and different pulse duratiors fs,
z '; 25 fs, and 100 fs
~ 0.0195F = st

0.01903 2 1 0 1 2 3 043 2 1 0 1 2 3
t/1, t/t,
of the Kerr effect and optical field ionization, t
Ne(t):NO 1—ex _f Wtun(t’)dt, ’
N(N) = 1=ny(t) +ni(t) +ng(t), 9 -

wheren,, n;, n, are the atomic, ionic, and electronic con-

(14)

Ni(t)=Ne(t), Na(t)=No—Ng(t),

tributions to the refrative index. These contributions are deyhereN, is the initial atomic density, an@,,,, is the prob-

termined by

2

ability of tunnel ionization in an intense laser field given by
(16,17

)\ a
Na(t) = 5—TeNa(t) da(@) + Na(nz(M)1(1), (10 @+ A 4o |2
, Wiin(t) = o, S 7 n*4A(t)
ni(t) EfeNi(t)@(ﬁ)), (11) 273
exp( -, (15
) 3n*3A(t)
A
Ne(t)=—5_TeNe(l), 12 Here w,=4.1X10' s71 is the atomic frequencyl, is the

orbital quantum numbe#\(t) is the laser field amplitude in

whereN,, N;, N, are the corresponding particle densities,atomic unitss,P i35 a polarization dependent factor with
re=e?mc*=2.818<10 ** cm is the classical electron ra- =[3A()n**/wZ°]"* for a linear polarization.Z is the
dius, n3 is the single atom nonlinear refractive index coeffi- charge of a produced ion, amf =Z(R/E;)™* is the effec-

cient, n5=n,/2.4x 10'° (cn®/W), andn, (in cn?/W) is the
Kerr coefficient at atmospheric pressutét) is the laser
intensity, and

(ai)

2f
5(a,i)(w):%[ ; $}

(13
wgk— w2+i Yok®

describes dispersive characteristics of atoms or (ressum
is performed over atomic or ionic transitionghe atomic

tive quantum number for the ground state of an at@on)
with the ionization potentiak; (R=13.6 e\j.

For argon the evolutions of the electron dendity/Ng
and of the nonlinear refractive indexi{ 1)N., /Ny, where
N, = m/r A2 is the critical electron density, are illustrated in
Fig. 3 for 5 fs, 25 fs, and 100 fs Ti:sapphire laser pulses
(A=800 nm. Laser intensity profiles are shown in Figgaj3
and 3c) by thick solid lines. Other lines in Figs.(® and
3(c) demonstrate the evolution of the electron density for
different pulse durations and laser intensitiey 1,=38

contribution to the refractive index for the pump laser radia-x 10** W/cn? and (c) 1, =2x 10** W/cn?, respectively.

tion is usually positive, whereas the free electron contribu- In calculations of the refractive indices,=9.8x10"2°

tion is always negative. In our calculations below we negleccn?/W is used[18]. As can be seen in Fig.(8), in a low

the ionic contribution completely, since usually the conditionintensity laser fieldweak ionization the refractive index for

Si(w) < 54(w) is fulfilled. the fundamental laser radiation initially grows due to the
The temporal evolution of the particle densities during theKerr effect. This effect is more pronounced for shorter laser

laser pulse is described by optical field ionization pulses. Then, the refractive index decreases due to ionized
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FIG. 5. Temporal behavior of the factor for the 31st harmonic
of Ti:sapphire laser radiation\(=800 nm) generated in argon.
Calculations are performed féa) different medium lengths an)
pressures for 25 fs laser pulses with the optimum peak intensity of

1=1.9x10"
I,=1.6x 10" W/cn?.

n —— —— ——

is shown for different pulse durations and laser intensities.
At the beginning, the wave-vector mismatch is negattge
to neutral atomsand then becomes positivdue to ionized
free electrons The time moment, whek? is equal to zero,
depends on the laser intensity. In calculations of the conver-
sion efficiency the value of the dispersive phase mismatch at
the peak of the laser pulse is important. Assumikg,
. : . . . =AkY, whereAk, is the total wave-vector mismatch, it is
FIG. 4. Evolution of the dispersive wave-vector mismatch in a a - . .
argon at 30 Torr for different laser intensities in W/cand pulse clear tdhat togeta h'Qhe_St corlver5|on efficiency, the moment
durations:(a) 100 fs, (b) 25 fs, and(c) 5 fs. of Aky,=0 should coincide with the peak of the laser pulse
(or be close enoughThis defines an optimum laser intensity
electrons. In a high intensity laser fie{dtrong ionizatioly  for the high-order harmonic generation. Corresponding in-
the influence of the Kerr effect is negligible compared to thetensities are shown in Fig. 4 by solid lines. The optimum
negative free electron contributigsee Fig. &)]. In this intensity is higher for shorter laser pulses due to a lower
case the sign of the factor—1 changes during the laser degree of ionization.
pulse. Taking into account the evolution of the dispersive phase
For high-order harmonio$ar from atomic and ionic reso- mismatch during the laser pulse, we can determine the tem-
nances the refractive indexn, is very close to one. There- poral dependence of the factor. This dependence is illus-
fore, analogous to the above discussions, at sufficiently higkrated in Fig. 5 for the 31st harmonic of Ti:sapphire laser
laser intensities there always exists a time moment when thediation ;=800 nm generated in argon. Calculations are
dispersive wave-vector mismatamkg: kKq—aky=2mq(ng  performed for 25 fs laser pulses with the optimum peak in-
—n;)/\; becomes equal to zero. Assuming=1, in Fig. 4  tensity ofl,=1.6x 10" W/cn?. In Fig. 5a) the F factor is
the evolution of the dispersive wave-vector mismaMtg/q shown for different medium lengths at a constant gas pres-

t/t,
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FIG. 6. Temporal pulse width&t, (in units of laser pulse du- Akg [em™]

rationt,) of the 31st and 41st harmonics generated in argon as a

function of medium length. FIG. 7. Optimum peak laser intensity as a function of the geo-

metrical wave-vector mismatch.

sure of 30 Torr. Since the phase-matching conditi
=0 is fulfilled only at the peak of the laser pulse, the widthwhereb is the confocal parameteb®L is assumed For
of the F factor decreases with the medium length. The sam@ulses coupled into a hollow-core fibgi9]
dependence is observed when the gas pressure is increased
[see Fig. B)].

At sufficiently high medium lengttior gas pressujethe
pulse duration of the high-order harmonics is determined by
the propagation effects, i.e., by the temporal behavior of the
F factor. In Fig. 6 the ratios of the duration of high-order
harmonic signal to that of the pump laser pulse are shown for ) _ ) _
the 31st and 41st harmonics. These values are well below théherea is the fiber radiusu, andug are the propagation
prediction of the perturbation theotyt,/t,=1/J/q. As can mode constants for the pump pulse apdrder harmonic,
be seen in Fig. 6, due to the propagation effects the 31st ar{&sp(_actwely. In both cases the geometrical phase m|sm_atch is
41st harmonics become 50 times shorter than the pump IasBPSg'“Ve and has the same dependence on the harmonic order
pulse. This corresponds to the generation of attosecon@tkq~d for g>1. Therefore, for phase matching there is no
pulses. Note that the same dependences, demonstrated principle difference betwgen gas jets and hollow-cqre fibers.
Figs. 5 and 6, are obtained when the calculations are repeated [N the presence of a time independent geometrical phase
for 100 fs and 5 fs pulses with the optimum intensitlgs Mismatch, the phase-matching condition is given
=1.3x 10" and |, =2.1x 10" W/cn?, respectively. +Akg=0. To satisfy this condition at the peak of the laser

For large optical thicknesses,>1 (or large medium pulse, a lower laser intensity is required than in case of
length and/or high gas pressputae shape of th& factor is Akg=0, sinceAkg is negative at the beginning of the laser
determined bszl/{1+4[Akq(t)/aq]2}. This expression pulse andAkg is usually positive. In Fig. 7 dependences of
defines the limiting temporal width of tHefactor and of the the optimum laser intensity on the geometrical phase mis-
high-order harmonics. match are shown for argon. Calculations are performed for
different pulse durations and gas pressures. In the case of a
zero geometrical phase mismatch, the phase-matching condi-
tion (AngO) can be fulfilled for each pulse duration at a

In the high-order harmonic generation experiments shortertain optimum intensity, independent of the gas pressure.
laser pulses are usually focused into a gaggetl) or sent  For Akgaﬁo optimum laser intensities are different for dif-
through a gas-filled hollow-core fiber. In these cases thgerent gas pressurdsspecially for positive&kg).
wave-vector mismatch is a sum of a time dependent disper- The effect of the geometrical phase mismatch on Fhe
sive mismatchAk], considered in the previous section, andfactor, which determines the high-order harmonic intensity
of a time independent geometrical mismatbhg [see Eq(6)], is demonstrated in Fig. 8. Calculations are per-
formed for Xe with an absorption cross section for the high-
order harmonico,=7.4 Mb and a medium length=0.1
cm. This absorption cross section corresponds to the genera-
atlion of the ninth harmonic using pump radiation at 400 nm.

As can be seen, due to the geometrical phase mismatch
the shape of thd- factor becomes asymmetric. Since the
dispersive phase mismatch grows with the gas pregpaire
ticle density, the pressure independent parame‘tkg/p is

A1
Ak%=4wa2(qu%—u?q)>0, (18)

IV. GEOMETRICAL OR FIBER PHASE MISMATCH

Akq=AkJ+AkS. (16)

For pulses weakly focused into a gas jet the geometric
phase mismatch is given by

Ak=2(q—1)/b>0, (17)
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(b) FIG. 9. Dependence of thE factor on the geometrical phase

mismatch and gas pressure,= 7.4 Mb andL=0.1 cm. The thick
solid line corresponds tak3*°™+ Akg's":o. Maximum values of
the F factor are shown by the dashed line.

=Nym. At fixed values ofo, and Kg, one can fulfill this
condition by increasing the geometrical phase mismatch or
the medium length.

An illustration to the above discussion is given in Fig. 9.
In this figure the behavior of thie factor as a function of the

0.0 %‘%ﬁé@%: 200 & geometrical phase mismatch and gas pressure is shown for
T2 g4 e 100 9 04=7.4 Mb and medium length. =0.1 cm. The phase-
AK"p fem” mypar 0.8 matching condition is fuffilled along the thick solid line.
ar’] Maximum values of theF factor are reached along the

. 9 i
FIG. 8. lllustration of the effect of the geometrical phase mis-daSth line. As can be seen, for smAqu the phase

match on theF factor (6). Calculations are performed for a 0.1 cm Matching condition is realized at low pressures, before the
long xenon medium, using,=7.4 Mb. maximum of theF factor is reached. With the growth of the

geometrical phase mismatch both curves approach each

used as one of the axes. For a fixed value of this paramete?ther. _ _ _ _

Fig. 8 illustrates the variation of thE factor with the gas ~ Concluding this section we note that the geometrical ef-

pressure. fects can be included into the dispersive phase mismatch.
The maximum value of the high-order harmonic signal This can be done by introducing a geometrical correction to

(and of theF facton, considered as a function of the gas the refractive indexnS=—\/mb for a gas jet andn®

pressure, is not automatically determined by the phase= —A°u’/8m?a® for a fiber. Adding this term to the right

matching conditionAkg: —Akg (or 6=0). To make this ha_nd side of Eq(9), th(/a tO'[Z,il wave-vector mismatch can be

clear, we introduce a density independent paramefer written asAkq=2mq(ny—ny)/\1, wheren’=n+n? are the

= Ak{/N that allows us to rewritéd=2AKk,/aq in the form modified refractive indices.

5:2(K3+Akg/N)/0'q. The phase matching occufahen

«§ is negative at the particle densiti,,= Ak3/| x§|. At this V. ATTENUATION OF THE PUMP WAVE

density theF factor given by Eq.(6) reduces toF =Fp In theoretical modelling of high-order harmonic genera-

=[1-exp(-7"12)]%, whererg"=Npnogl. _ tion, any changes of the pump wave intensity during propa-
”Another limiting case is re_al|z(3d atvery high paﬁlcle den'gation in a nonlinear medium are usually neglected. This
S'“%S N—oo, where 6—6.=2k¢/oq and F—F.=1/(1  35sumption seems very reasonable, since the pump intensity
+62). It is clear that wherF ., is smaller thanF.., the s much higher than the intensity of the generated radiation.
maximum value of thé= factor is reached at higher particle Here we demonstrate that this is not generally true. Even
densitiesN>Np,. To have a maximum aN=N,n,, the  small changes in the pump wave intensity can have a dra-
condition 75™>2 or Akdo,L/|«§/>2 should be fulfilled. In  matic effect on the high-order harmonic generation effi-
this caseF,,=1, wheread-.,<1. In practice, as our calcu- ciency.
lations show,rgm>4 is already enough to ensure that the Changes of the pump wave intensity inside a gaseous me-
maximum value of thd- factor is reached very close &  dium occur due to scattering, various self-action effects, and
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multiphoton absorption. In hollow-core fibers the pump T =
losses are due to the energy transfer into nonguiding spatic ¢
modes. To take all these effects into account we introduce al
attenuation coefficienty; for the pump intensity(on the 0.20
beam axiy 1,=1,exp(~a12), wherelq is the boundary F
value.

The general dependence of the nonlinear dipole momen 01
on the pump field is given bgly~Af, where the exponent
p can be arbitraryp<gq. In our discussions below, the actual  0.10
value of the exponer is not of principle importance. With-
out a lack of generality we can assunpe=q and dg"
=dygexp(—geyz/2), where the value oy is calculated at
the medium boundaryz& 0). Forp+#q the same result will
be obtained whem, is replaced byw,=qa;/p. 0_10

Solving Eq.(2) taking into account the attenuation of the
pump wave, we obtained a modified expression for the in-
tensity of theg-order harmonic

0.051| 1 22

_ T
Tw? Tq =3 ]
q  —
Iq:_chq |dig12N2L? exyf — (qay + aq)L/2] il
1.4
><sinZ(Akql_/z)+sinh?[(qa1—aq)l_/4] 19 F s ——
(AKgLI2)2+[(qary— ag)L/4]? 10 I —
27 w? |dN|? 08 ]
q 1Yq0 L
= > F (20 06 ///1
qu O-q LTI T 7/’ /
04 =
with a new form factor given by 02 %E:;%m L
; = -
e
F= ——exf — 74(7+1)/2] -0 5 "“‘é‘é‘w AERN
(p—1)2+ 6 S 5 10 -
X{sin?(874/4) + sint?[ 74( —1)/41} FIG. 10. Dependences of tiiefactor (21) on 6= 2Ak,/ g and

on the attenuation parametgr=qa, / a4 for different optical thick-
_ 1)2+ 52{exq _ an)+exp(— Tq) nessega) 7q=1 and(b) 7,=3.
(7 seen, for the self-focusing laser pulse the maximum value of
—2 cog d7gl2)exd — mq( 7+ 1)/12)]}. (21)  theF factor can be larger than 1. This regime is very attrac-
tive from the point of conversion efficiency. Very efficient
Here n=da;/aq is the attenuation parameter. Other nota-high-order harmonic generation can be expected when, due
tions are the same as in E@). For large attenuation param- to the self-focusing, the pump laser intensity initially grows
etersy>1, F=exp(—1o)/(7+ &)—0. inside the medium up to the optimum valdgiving Ak,

Due to the attenuation of the pump laser radiation, the=Q at the peak of the laser pujsand then a self-channeled
maximum value of thé factor(21), considered as a function propagation of the laser pulse with negligible losses occurs.
of the gas pressure, can be reached at lower pressures, befqigis regime can be easier realized with ultrashort laser
the phase-matching condition 6=0, giving F,,  pulses allowing us to obtain higher intensities without an
=[exp(—1qm/2) — exp(~74/2)1°/(n—1)?, is realized. onset of medium ionization.

In Fig. 10 dependences of tife factor on s and » are Before turning to a discussion of experimental results, we
demonstrated fofa) 7,=1 and(b) 74=3. It can be clearly outline here the limits of the above presented approximate
seen that the growth of the attenuation paramgtegsults in ~ model for high-order harmonic generation. In this model the
a rapid decrease of the factor and conversion efficiency. radial dependence of the field intensity, in a plane normal to

Propagation of short laser pulses in gaseous media can lige beam axis, is neglected. The value of the dispersive
accompanied by self-focusing and self-guiding effects due tphase mismatch is calculated at the peak of the laser pulse.
a positive nonlinear refractive index coefficiant>0. Fora  To reproduce experimental data the attenuation cross section
self-focusing laser pulse the field amplitude on the beam axifor the pump wave is considered as a fit parameter. Applying
grows with the medium length. In this case the attenuationhe above model for ultrashort laser pulses with only a few
coefficient «; is negative. What happens for the negativeoptical cycles one should take into account higher-order
attenuation coefficient is illustrated in Fig. 10. As can beterms of the dispersion theory and be careful with the slowly
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FIG. 11. Signals of the 29th and 31st harmonics observé]in FIG. 12. F factors for the 29th and 31st harmonics observed in

as a function of argon gas pressure. Results of our calculations aLé_]' In the left insert the temporal behavior of the dispersive_ phase
shown by solid lines for a medium length &=3.2 cm and by mismatch for the 31st harmonic at 30 torr argon pressure is illus-
dashed lines fot. = 4.3 cm. trated. The variation of the factor with the medium length at this

pressure is shown in the right inset.

varying envelope approximation which can lose its validity ) - g : ) ]
[20]. In a high-intensity laser field the tunneling thedfig. ~ Matching conditionAky+Akg=0 is really fulfilled at the
15) slightly overestimate the ionization rate. In this case onéPeak of the laser pulse. In spite of this, the value of fhe

should take into accout corrections due to above barrier ionfactor calculated using Eq21) is much smaller than {see
ization[21]. Fig. 12. This demonstrates that the phase matching alone is

not able to provide a high conversion efficiency. It is also
important to minimize losses of the pump wave intensity.
The variation of the~ factor with the medium length at 30

Here we give a brief review of experimental results ob-torr is shown in the right insert. Fa 1 cmlong fiber our
tained by other groups. i8] phase-matched high-order har- calculations predict five times higher conversion efficiency
monic generation in argon-filled hollow-core fibers was dem-than it was observed with the 3 cm long fiber[81.
onstrated. Using Ti:sapphire pump laser pulses at 800 nm, In[9] high-order harmonic generation in a gas jet and in a
the 29th and 31st harmonics with an estimated conversioflas injected into a hollow-core fiber were compared. In these
efficiency of 10°® to 10°° were generated. The 29th and experiments only the gas backing pressure was given. There-
31st harmonic signals observed[8] as a function of gas fore, to find the actual gas pressyrgwe have to introduce
pressure are shown in Fig. 11 by empty and filled circles@ correction factor giving p,= p/a, wherep is the backing
Using Eq.(21) for theF factor (multiplied by a constaniand ~ pressure. This factor enters in EQ1) as an additional fit
the attenuation cross section for the pump wayeas a fit ~parameter. In Fig. 13 experimental res{ii$ and our fits for
parameter, we obtain results shown in Fig. 11 by the solidhe 15th harmonic of Ti:sapphire laser radiation are shown.
(for the medium lengtth.=3.2 cm and dashedl(=4.3 cm) Laser intensities and other parameters used in calculations
lines. Calculations are performed for two medium lengthsare given in inserts. Values of the dispersive phase mismatch
since in[8] there is some uncertainty with its actual value.are calculated at the peak of the laser pulse using for the
Other parameters used in calculations are shown in inserts figfractive indices ng=1-2x10"* (xenon and ny=1
Fig. 11 and correspond to the experimental deh The —10 * (argon taken at atmospheric pressure. For xenon
geometrical phase mismatch is determined by @6) with ~ N,=8.1x10 ' [18] is used. As can be seen in Fig. 13,
u,=2.4, neglecting the high-order harmonic contribution.experimental resultg] can be very good reproduced by Eq.
The dispersive phase mismatch is calculated at the peak 621). From our calculations it follows that at the peak of the
the laser pulse (1x410% W/cn?) assumingi,= 1. Absorp- laser pulse phase-matching condition was not realized in xe-
tion cross sections for the high-order harmonics are takefion. In this case phase matching was reached earlier in time
from [15]. at lower intensities. For argon the phase-matching condition

It is important that only taking into account the attenua-was fulfilled at 110 mbar backing pressure. The observed
tion of the pump wave we are able to reproduce the experisignal for argon was lower due to a larger absorption cross
mental observations. The attenuation cross Secm_n section for the 15th harmonic and smaller polarizability.
=0.214x 10 *® cn? corresponds approximately to 50% in-
tensity losses at the f_iber. output, which seems very reason- ;. exbERIMENTAL SETUP AND DISCUSSIONS
able. In the left insert in Fig. 12 the temporal behavior of the
dispersive phase mismatch for the 31st harmonic at 30 torr In our investigations of high-order harmonic generation
argon pressure is illustrated. As can be seen, the phaseand frequency mixing in gaseous media, a 150 fs Ti:sapphire

VI. RECENT EXPERIMENTS
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laser systen{BMI Alpa 10A) operating at 790 nm is used. lengths. High-order harmonics are generated by fundamental
To perform two-color mixing experiments the laser radiationradiation @), second harmonic (@), and two-color
is frequency doublechia 2 mmpotassium dihydrogen phos- (w,2w) laser radiation. Adding the second harmonic to the
phate (KDP) crystal. The typical experimental setup is fundamental laser radiation allows for an increase in the
shown in Fig. 14. The fundamental is separated from theigh-order harmonic generation efficiency. This enhance-
second harmonic by a beam splitter. Owing to a variablgnent appears due to a growth of the nonlinear atomic dipole
delay the fundamental and the second harmonic can be rgjoment and due to additional possibilities for a better phase
comblned: Each of thg beams is focused Wlthfaqloqo matching.
mm lens into the nonlinear medium. Pulse energies in our ot experiment These results are obtained at approxi-
experiments can be varied in the range<e80 mJ for the 01y the same intensities of the fundamental and second
fpn(ljamental and=25 mJ for the second harmonic, reSPEC-parmonic radiation of % 108 W/en? for a 5 mmlong me-
tively. : : : -
Aﬁ nonlinear media gas jets injected by one of two pulsead'um. length. In F!g. L&) the signals of the nine-order har-
nozzles are used. One nozzle has a single output hole with onic generated In xenon by fundamena) (anq two color
w,2w) laser radiation are shown as a function of the gas

diameter of 1 mm. Another nozzle has five output slits with )

a width of 0.2 mm and lengths ranging from 1 mm to 5 mm. Packing pressure. The confocal parameter for the fundamen-

By moving this nozzle perpendicular to the laser-beam axid@! laser radiation is in the range bf=5+6 mm. This cor-
responds for the ninth harmonic generated by the fundamen-

one can vary the interaction length. o~ . .
Below we present results of three experiments performed®! radiation alone toa geometrical phase mismatch of
mately 30 cm-. The calculated value of the disper-

with xenon using different laser parameters and mediunfPProxi _
sive phase mismatch at the peak of the laser puls&ek&

=—0.8p,, wherep,=p/a is the actual pressure inside the
f % gas jet andp is the backing pressure. In calculations of the
temporal evolution of the refractive index for the ninth har-
monicn, effects(like cross phase modulatipare neglected
20 andng=1- 10 3 (at atmospheric pressyns used as a start-
ing value. The absorption cross section for the ninth har-
monic is 0y=22 Mb [15]. Using 0;=0 anda=15 as fit
f parameters for the ninth harmonic generated by the funda-
mental radiation alone, the dashed curve in Figals ob-

A2 plate

e ﬁglzszii tained. Keeping these parameters unchanged, we can repro-
OI £=1000:mm duce results of the two-color experiment by slightly varying
@ oL J—l_hﬂ_L the values of the geometrical and dispersive phase mismatch.
S = This is a legitimate procedure since it is reasonable to expect
— L\—J rr that both values will be modified in the presence of the sec-
(;e;; £'=1000 mm - ond field. There are several reasons for this modification: in
pump a two-color laser field harmonics can be generated by differ-
ent mixing processes; there exists always some uncertainty
FIG. 14. Experimental setup. in the spatial and temporal overlap between the two pulses;
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F ( ) / N FIG. 16. Second experiment. Generation of the 15th harmonic
\ . . -
08} / N\ o g by single frequency and two-color laser fields in a 1.5 mm long
/ AN xenon medium. Maximum values of thefactor (21) (F,,,) are
/ ~ . .
L AN 4 . &
06 / - shown. Parameters used in calculcationseye 10 Mb anda=2
/ .
/ S~ mm, whereas for the second harmonic the confocal param-
0.4r / o260 7 eter was increased up =2 cm by an apperture.
/ In Fig. 16 the generation of the 15th harmonic by single
02+ // - frequency and two-color laser fields is illustrated. In calcu-
7 lations, for the 15th harmonic the absorption cross section
0 & . s . . . . 0q=10 Mb and the refractive indem,~1-2x10"* (at at-
200 300 400 500 600 700 800 900 mospheric pressurare used. Using experimental values for

the geometrical and dispersive phase mismatch, the signal of
_ _ the 15th harmonic generated by the fundamental radiation
FI_G. 15. First experlme_nt. Signals of the ninth harmonic as agjgne is calculated. As fit parameters=0 anda=2 are
function of the xenon backl_ng_ pressure generated by fundamentd)saq Results of the two-color experiments are reproduced
((j‘,") a“d(;"go'w'or Iase(;.raduat:om(,szzlér; (@ a5 mm long me'd with the parameters shown in insert. As can be seen, in ad-
dium and(b) corresponding values of ttiéfactor. Parameters used iy 1o Ak9 and AkY the attenuation cross section should
in calculations arery=22 Mb, 0,=0, a=15, and given in the a .~ = A ; .
insets. also be modified in this case. We relate this to the attenuation
of the second harmonia;(2»)=0.06 Mb (this assumption
the second pulse changes refractive index for the fundameiis proved in the next figuje Phase-matched generation of
tal wave due to cross phase modulation and ionizagm  the 15th harmonic occurs at the backing pressure of 300
vice versa. The attenuation cross sectiofj(w) can also be mbar. The maximum values of thefactor are given in the
modified by the second puls@specially when this pulse figure.
arrives earlier in timg Moreover, the attenuation of the sec-  In Fig. 17@) signals of the seventh and ninth harmonics
ond harmonic itselfg;(2w) # 0, can become important. generated by the second harmonic radiation alone are shown.
Data given in inserts in Fig. 18 show that the phase- These results are reproduced without any fit parameters, us-
matched generation of the ninth harmonic by and inga=2 ando(2w)=0.06 Mb obtained before. The values
+ 2w fields occurs in both cases at the same backing presf the dispersive phase mismatch are calculated at the peak
sure of 560 mbar. At this pressure, as can be seen in Fi@f the laser pulse witm,_;=1—-3X 104 and Ng=9o=1-2
15(b), the F factor (21) reaches its maximum value=1. X 10" * taken at atmospheric pressure. All parameters are
The fact that the ninth harmonic signal is stronger in theshown in inserts. As follows from our calculations, phase
two-color field can be explained by a reduced order of thematching for the seventh and ninth harmonics is fulfilled at
required nonlinearity and by a higher atomic polarizability. 46 and 76 mbar, respectively. The signals continue to grow
These results are analogous to that obtainef4in where and have their maxima at higher pressures, since the total
phase-matched high-order harmonic generation by a two¢alue of the mismatch is not large. Corresponding values of
color laser field has been demonstrated for the first time. theF factor (at curve maximumare given in the figure.
Second experimenthis experiment is performed with a Phase matching in a two-color field is not automatically
1.5 mm medium length. To get a higher particle density, thebetter than in a single frequency case. In FiglblThe gen-
laser pulses were focused very close to the nozzle outpueration of 13th harmonic by and w+2w laser fields is
Estimated intensities of the fundametal and second harmonighown. The signal of the 13th harmonic generated by the
are 4x 10" and 5x 10" W/cn?, respectively. The confocal fundamental alone is calculated without any fit parameters
parameter for the fundamental was left unchangedb + 6 (with a=2 ando;=0). Dispersive phase mismatch is deter-

Backing pressure p [mbar]
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FIG. 18. Third experimentxenon,L=4 mm,Akg=2 cm 1,

. . _ 4 a=10, 0,=0.4 Mb). (a) Signals of the fifth harmonic generated by
_rplned atdthe peakl of tfheh laser pullse “"5 _l 3X10°. 2w and w+2w laser radiation and signals @¢b) 9th and 12th

0 reprp u_ce rgsu ts _O t _e two-color experiment, parameterﬁarmonics andc) 11th harmonic generated by two-color laser ra-
shown in right insert in Fig. 1(b) are used. As can be seen, giation.

in the w+2w laser field phase-matching condition is not

fulfilled. In spite of that, in this case thE factor is much ) ) ,
smaller, the observed 13th harmonic signals have comparé&'aﬂve'y large attenuation cross section for the second har-

intensities. This can be explained by a larger nonlineafMonic, compared to the previous experiment, can be ex-
atomic dipole moment produced hy+ 2 field. plained by a stronger defocusing. By way of exception, the
Third experimentThis experiment is performed with a 4 signal of the 11th harmonic shown in Fig.(&Bcan only be
mm medium length. The intensity and the confocal param¥eproduced assuming;=0.
eter for the fundamental is left unchanged. For the second In the last experiment the generation of all harmonics is
harmonic the confocal parametere=4 cm is used and the not phase matched. This is a result of not optim(rary
intensity is increased to>610" W/cn?. high) second harmonic intensity. A very small geometrical
The signals of the fifth harmonic generated by the@1d  phase mismatch is also disadvantageous. In this case propa-
w+ 2w laser radiation are shown in Fig. . The value of gation effects are not able to suppress harmonics generated
the geometrical phase mismatch for this harmonia&lﬂ without a perfect phase matching.
=2 cm L. In calculations of the dispersive phase mismatch Concluding this section we emphasize that, only taking
for the fifth harmonic the valug@,=1—-5X 10 % is used. into account all factors limiting the high-order harmonic gen-
Below we keep the value of the geometrical phase mismatchration efficiency(pump losses, harmonic absorption, geo-
the same for all neighbor harmonics. The fit paramegers metrical and dispersive phase mismajcke are able to ob-
=10 ando;=0.4 Mb allow for reproduced experimental tain a very good agreement between calculations and
results for all harmonics shown in Figs.(d8and 18b). The  experimental results.
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VIIl. PARAMETRIC GENERATORS AND AMPLIFIERS Using Aj; and Agy as boundary value&t z=0) for the

The highest conversion efficiency that has been obtainef eld amphtudes and |_n'_[r0ducmg new notat|.ons for the non-
inear coupling coefficients between the idler and signal

so far for the 15th harmonic generated in xenon sl °
: L e waves
[9]. Here we analyze theoretical possibilities promising to
improve this efficiency further. We hope that this can be 5 _
done by the development of high-order parametric amplifiers Vi :&NX, (25)
(HOPA's), which has been recently suggested [i22]. " Chgj
HOPA's can be used as efficient generators of XUV radia- _
tion and as amplifiers of high-order harmonic signals. In conih§ general solution of the system of E¢82) can be ob-
trast to the current x-ray lasers having very narrow amplifi-tained
cation bandwidth, broadband HOPA's will be able to
amplify femto- and attosecond pulses. N Y . %
In HOPA's, signal ) and idler ;) waves are gener- A=) ~1 5 AxSinN(G2)+Ajg coshiG2)
ated as a result of the multiphoton procegs,= ws+ ;,
wherew, is the pump-laser frequency and= w; . The idler ] F{ o )
exp — 5z—pBz/,
2
B .
cosiGz)— Esmr(Gz)

B .
frequency is arbitrary and can be in the visible, vacuum ul- + asmr(Gz)
traviolet (VUV) or XUV spectral range. In our previous pub-
lication [22] we have presented some new ideas on HOPA'’s
and provided simple theoretical descriptions assuming, for As:{

eore i = Al sin(G2) + Agg
example, that the medium is transparent for the generated

1

fields. Here we consider high-order parametric amplification o
in absorbing media. Xex;{ — ?Sz+ Bz, (26)
We start from an idealized case, when there is only one
processqw,= ws+ w; responsible for the generation of the
signal and |dler waves. For weak generated and strong punijghereG= B+ y* and
fields this process can be described by the following equa-
tions that commonly appear in nonlinear optjes] llas—q
B== —iAk],
2 2
dA «q; 2
—A'+—'Ai=i1“iexp:—iAkz], 2 12 @0
dz 2 (o )1/2:_77 Wjwg NIX|
(22) Y=Y Vs c | ning .
dAS S . .
oz T2 AsTilsexd —iAkz], Here we assume tha; is in the visible(or infrared range,

so thatwg> w; is valid. In inert gases the absorption coeffi-
cient for weak visiblgor infrared radiation is equal to zero,
i=0. The phase-matching condition for the process,
=wst w; is satisfied when at the peak of the pump laser
pulseqwy(np,—Nng) = wi(n;—ny) is fulfilled for the time de-
pendent refractive indices. Assumiddc=0, we obtain for

where A; and a; are the field amplitudes and absorption
coefficients, Ak=ks+ ki — gk, is the wave-vector mismatch,
and

Fi_277w. o). FSZ%NdNL(wS). 23 large propagation distances-1/G
cn; cns
. [ 2 g+1
In these expressions is the atomic densityp; are the re- A= _Ia_SgASO+ 29 O exi as(g—1)2/4],
fractive indices, dV'(w;)=X(w)AX and d“(wy) (29)
=X(wg)AF are the amplitudes of the nonlinear atomic di- 2y, g-1
pole moments oscillating at the frequenciesand s, re- Aﬁ( " gA.*mL 29 so)exlf{as(g—l)ZM],

spectively. X(w;) and X(w) are the cross polarizabilities
relating the induced dipole moments with the signal and idler

fields. In perturbation theory whereg= 1+ (4y/as) )2>1 andG= ag/4. As can be seen

from these expressions, the field amplitudes grow exponen-
tially with the medium length. The growth rate depends on
(q+ )X D(ws, ) the strength of the nonlinear coupling coefficieat For a
e P' (24 weak coupling between the idler and signal wayesa /4,

we have

X(w3|)

Sufficiently far from the resonances the cross polarizabilities AF = 2y
X(wgi)=X are equal. s

A+ Al

Wherex(q”)(ws,i) are the nonlinear atomic susceptibilities. %
( —i exp(2v?zl ay),
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2 2\ oy w A
[ ﬁ'Ai*o+ 47/—2
ag ag

Ag= Ago

exp(2y%zl ag) =i %A-* ......
S as (I T\wl T

(29

AssumingA,,=0, we get for the signal intensity

:Cnsl 73|2

2
s

|Aiol® exp(4y°2l )

|
S
27a

27w; |dy ()|

cng ol

exp(4yzl ay), (30

(b) ©

whered) “(wg) = X A% ando is the absorption cross section.  FIG. 19. Schematic illustration of the possibility of gain trans-
This expression is equivalent to EG) for the intensity of ~ fer-

the g-order harmonic with thé& factor replaced by an expo-

nent. In Eq.(30) the parametric gain coefficient is given by @i Shown in Fig. 1€). For this particular process one can
always produce better phase matching than for the compet-

270w, |dB‘L(wS)|2 ing lowest-order absorption process 2+ w; = .. Due to a
ap=4'y2/as= 3 N, (3D higher-order nonlinearity, the influence of all other processes
€hs 109 quwp=ws*w; (q=4) on the idler field can be neglected.
Assuming that the absorption coefficieats «, for the idler
and additional fields are equal to zero, we can write for the
idler amplitude analogous to EqQR6)

wherel,q is the idler intensity.

Here we calculate the value of the gain coefficient in he
lium for the following parametric processs=6w,— ;. In
calculations 25 fs pulses at the third harmonic of the Ti:sap-

* __ * H
phire laser radiation are used as a pump=3w (0=1.55 AT =B expliAk;2/2),

eV), and radiation atv; = w/2 is taken as an idler. This pro- %

cess is very attractive from the point of phase matchigeg BX=_ij 7_iA sinh G2)+ A*| cosi Gz

[22]). For the pump intensity ,=5x 10" W/cn? and the ' G AaoSINN(G2)+ Alg cosiiG2)

idler intensity1;,=10" W/cn?, the value of the nonlinear Ak

atomic dipole momentdN"(wg)|=3.2<10"3 (in atomic — —Z5inh(G2)|, (33)
units) is calculated by solving numerically the time- 2G

dependent Schdinger equatiorj14]. The absorption cross .
sectiono,=6.4 Mb for the signal wave ab,=17.5} o is whereA,q, Ao are the boundary values of the corresponding

taken from[15]. Using these data we obtain for the coupling field amplitudes az=0, G=\/y;— (Ak,/2)?,

coefficient y=4x10"® N [cm ]=a/16 and for the "

; ; " 1019 —1 27 w; 27| wjw
parametrlg gain co§ﬁ|9|err%p—10 N [Cm_ 1, whereN yi= i Xy, o= iWa N[X,), (34)
is the particle density in ci?. At atmospheric pressure, cn; c | njng
=24 cm .
In the opposite case of a very strong couplipgr a4,  Xo=d""(w))/A} =dy"(w)/AYy, and Ak,=k+k,—2K,.
which is more difficult to realize, we obtain The idler amplitude grows exponentially with the medium

length when| y,|>|Ak,|/2 is fulfilled.

. v 1 For the process shown in Fig. @, the signal amplitude
Af=| —i Z/Aso+ EAiO exd (y— agd)z], is described by
y 1 %2 A o iyar iAk
Asz<i2—;Ai*o+ EAso)exq(«y—as/4)z]=i(«ysl«yi*)lszi*. az "2 AT AT explmiakal,
(35

For practicgl purposes it is sufficient to haye=a¢/4 or g %ZﬂN[dQL(ws)/Afo ,

=4/2. In this case HOPA's can be used as generators and as €N

amplifiers of the signal waves. ) )
We assumed above that the idler field is generated by thwhere  Ak=kstki—qky. Introducing ~a=ay/2-iAk

procesgjw,= ws+ ;. This is equivalent to the assumption +1Akz/2 and assuming”+G*, we obtain

that the wave-vector mismatch for all other channels is much

larger. In general, the situation is more complicated. There B iys " dB;

are many different channels that can lead to the generation As= a?— G2 aBy - dz

(or absorption of the low-frequency idler field. Usually the

strongest is the lowest-order generation process,=2w, +Cexp — agsz/2),

*

)exq—i(Ak—AkZ/Z)Z]
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i e Concludingl this sectiqn we note tha’g in an _ordinary high-
C=Ag— - l(a+tidk/2)Al+iv{Ay], (36  order harmonic generation experimeniith a single pump
a—G field) low-order harmonics can automatically serve as idler
. ~radiation. In this case parametric amplification of harmonics
where BI IS glven. by Eq(33) A\.S can be seen from this in the process pr: won+1+ ®ome1 Can occur, where
expression, at sufficiently large distances-(L/G) the signal w5j+1= (2] +1)wy, J=n,m=1, andk=n+m-+ 1. Detailed
amplitude grows exponentially #g~exp(G2) with the gain  theoretical discussion of this possibility will be published

coefficient determined by the low-order process. elsewherd24].
The same is true for the process shown in Fig(clL9
which is described by IX. CONCLUSION
dA, a Theoretical and experimental investigations of high-order
—S4 _SASZWSAi exfd —iAkz], harmonic generation and frequency mixing processes in ab-
dz = 2 sorbing, dispersive, and ionizing media have been reported.
All factors limiting the frequency conversion efficiency have
VSZZWO)SN[dS'L(ws)/Aio], 37) been analyzed. It has been shown that attenuation of the

cng pump wave can have a dramatic effect on the frequency con-
versions efficiency. Taking this into account, a very good
whereAk=Kks—k; — gk, andA; is obtained by complex con- agreement between the theoretical and experimental results
jugating of Eq.(33). The solution of the above equation is has been obtained. It has been demonstrated that, due to a
given by rapid temporal variation of the wave-vector mismatch during

the laser pulse, generation of attosecond pulses is possible.

i ¥s dB; , The development of high-order parametric generators and

ST 2. G2 aBi— | exi —i(Ak+Ak,/2)Z] amplifiers(HOPA’s) as a new possibility to improve the fre-
quency conversion efficiency in the XUV spectral range has
+Cexp — agsz/2), been considered. High-order parametric amplification has
been analyzed taking into account absorption effects. First
i s . . calculations of the parametric gain coefficients, showing that
C=As— m[(a_|Ak2/Z)Ai0_ 17iA%], (389  a,=1 cm ! can be obtained, have been performed. Whereas

the generation of high-order harmonics is limited by their
absorption, HOPA's are free of this limitation due to expo-

h =a2—iAk—iAK,/2. . ; . . . !
where nowa=ag/2-i 18k, nential growth of the idler and signal fields with the medium

It is very important that for the processes shown in Fig.
19, the growth of the high-order signal waves is not Iimitedlength' . . .
by their absorption. In this regime, which we call gain trans- Furt_her theo_re_t_lc_:al and ?Xpe“me”‘?" efforts are required
fer, HOPA's can be used as generators. One can also thirfR realize possibilities considered in this paper.
about the development of synchronously pumped high-order
parametric oscillatorsHOPO’s with a resonator cavity for
idler radiation. We hope that such devices will soon be able This work was supported by the Deutsche Forschungsge-
to provide higher conversion efficiency in the XUV spectral meinschaft. We also acknowledge financial support from
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