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Phase-matched high-order harmonic generation and parametric amplification
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Investigations of high-order harmonic generation and frequency mixing in absorbing and dispersive media
are reported. Detailed analysis of propagation effects and factors limiting the frequency conversion efficiency
is given. Experimental results obtained by us and other groups are discussed and compared with calculations.
The development of high-order parametric amplifiers as a new possibility to solve the frequency conversion
problem is analyzed.

PACS number~s!: 42.65.Ky, 32.80.Wr, 42.65.Re
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I. INTRODUCTION

For the efficient generation of high-order harmonics w
ultrashort laser pulses, it is of principle importance to hav
perfect phase matching between the driving laser pulse
the generated harmonic signal. This topic has attracted
siderable attention during the last years@1–13#. In @4#, it has
been demonstrated that high-order difference-frequency m
ing can be phase matched in weakly ionized plasmas. La
phase matching has been observed in gas-filled hollow-
fibers @8,13#, gas jets@9#, and self-guided laser beams@10#.
But even in case of perfect phase matching the harmo
output is limited. Therefore, the improvement of the hig
order harmonic generation efficiency~well above 1025) re-
mains a challenging problem.

In this paper, all factors limiting the high-order harmon
generation efficiency are discussed. Taking them into
count a very good agreement between calculations and
perimental results is obtained. In Sec. II, which has an in
duction, a ‘‘practical’’ phase-matching condition an
expressions for maximum high-order harmonic intensit
and conversion efficiencies are derived. In Sec. III, evolut
of the nonlinear refractive index during the laser pulse
analyzed. In this section we also define optimum laser int
sities required for an efficient generation of a certain h
monic and show that the pulse duration of this harmonic
be in the attosecond range. In Sec. IV and Sec. V, effect
geometrical~or fiber! phase mismatch and of attenuation
the pump wave are discussed. A review of some recent
periments together with our calculations is given in Sec.
The experimental setup and results obtained by our group
presented in Sec. VII. In Sec. VIII, prospects for the dev
opment of high-order parametric generators and amplifi
operating in the extreme ultraviolet~XUV ! spectral range are
analyzed.

*Permanent address: P.N. Lebedev Physics Institute, Lenin
Prospect 53, Moscow, Russia.
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II. HARMONICS IN DISPERSIVE
AND ABSORBING MEDIA

Throughout this paper we use the slowly varying env
lope approximation for the pump laser fieldE1(z,t) and for
the generated fieldE(z,t)

E1~z,t !5
1

2
A1~z,t !exp@ i ~k1z2v1t !#1c.c.,

~1!

E~z,t !5
1

2 (
q

Aq~z,t !exp@ i ~kqz2vqt !#1c.c.,

wherek1 , kq are the wave vectors andv1 , vq are the fre-
quencies of the pump wave and of theq-order harmonic,
respectively. In this approximation the generation of t
q-order harmonic can be described by

dAq

dz
1

aq

2
Aq5 igq exp@2 iDkqz#, ~2!

whereaq is the absorption coefficient,Dkq5kq2qk1 is the
wave-vector mismatch, andgq is the nonlinear driving term

gq5
2pvq

cnq
Ndq

NL , ~3!

which is determined by the medium response to the app
laser field. Heredq

NL is the amlitude of the nonlinear atomi
dipole moment defined bydq(z,t)5(dq

NL/2)exp@iq(k12v1t)#
1c.c., N is the particle density, andnq is the refractive index
for the generated harmonic. In perturbation theory

Ndq
NL5

x (q)

2(q21)
A1

q , ~4!

wherex (q) is the susceptibility for thevq5qv1 process.
Solving Eq.~2! by integrating over the medium lengthL,

we get for the intensity of theq-order harmonic I q
5nqcuAqu2/8p

ky
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I q5
pvq

2

2cnq
udq

NLu2N2L2 exp~2aqL/2!

3
sin2~DkqL/2!1sinh2~aqL/4!

~DkqL/2!21~aqL/4!2

5
2pvq

2

cnq

udq
NLu2

sq
2

F, ~5!

wheresq5aq /N is the absorption cross section and

F5
4

11d2
exp~2tq/2!@sin2~dtq/4!1sinh2~tq/4!#

5
1

11d2
@11exp~2tq!22 cos~dtq/2!exp~2tq/2!#<1.

~6!

These expressions are analogous to that used in@9,13#. Here
tq5aqL is the optical thickness for theq-order harmonic
andd52Dkq /aq . The factorF determines the strength~in-
tensity! of the harmonic signal. This factor is independent
the sign of the wave-vector mismatchDkq , which can be
positive or negative depending on the medium dispers
For large optical thicknessestq@1, F.1/(11d2).

The general dependence of theF factor on the parameter
d andtq is illustrated in Fig. 1~a!. As can be seen, the max
mum valueF51 can only be achieved ford50. This cor-
responds to a perfect phase matchingDkq50 or to a strong
absorptionaq@2Dkq . For dÞ0 the location of the maxi-
mum of theF functiontq

max5(NL)maxsq and the maximum
valueF(tq

max) are shown in Fig. 1~b!. For practical purposes
it is sufficient to haveF>1/2, which is fulfilled for udu<1
andtq>3, as can be seen in Fig. 1. Therefore, we can
mulate a ‘‘practical’’ phase-matching condition as

uDkqu/N<sq/2 and NsqL>3. ~7!

For sufficiently large absorption cross sections this ‘‘prac
cal’’ condition can be easily realized. From this point t
absorption is an ally because it simplifies the phase-matc
requirements. On the other hand, for a process accompa
by a strong absorption it is impossible to obtain a high c
version efficiency, since the high-order harmonic intensity
inversly proportional to the square of the absorption cr
section@see Eq.~5!#.

The maximum high-order harmonic intensity~in the case
of F51) is determined by

I q
max5

8p3c

nq

udq
NLu2

lq
2sq

2
, ~8!

wherelq5l1 /q is the wavelength of theq-order harmonic.
Taking into account that the cross section of the pump la
beam is approximatelyq times larger than that of theq-order
harmonic, we get for the maximum conversion efficien
hmax5I q

max/qI1, whereI 1 is the pump laser intensity.
06381
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In Fig. 2 maximum conversion efficiencies that can
obtained in helium using as a pump 25 fs laser pulses at
nm are shown. In calculations the value of the nonline
atomic dipole moment is found by solving numerically th
time dependent Schro¨dinger equation in the single activ
electron approximation@14#. Photoabsorption cross section
are taken from Ref.@15#.

III. NONLINEAR REFRACTIVE INDEX

In an intense laser field the refractive indexn(l) becomes
a function of time~or light intensity! due to the mutual action

FIG. 1. ~a! General dependence of theF factor ~6! on the pa-
rametersd52Dkq /aq and tq5aqL. ~b! Maximum value of this
factor,F(tq

max), and its locationtq
max.

FIG. 2. Calculated maximum conversion efficiencies for h
monics generated by 25 fs, 400 nm laser pulses in helium.
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FIG. 3. Temporal evolution of
the electron densityNe /N0 and of
the nonlinear refractive index (n
21)Ncr /N0 during the laser pulse
in argon.~a! and ~c! Laser inten-
sity profiles are shown by thick
solid lines. Calculations are per
formed for two laser intensities~a!
and ~b! I 15831013 W/cm2 and
~c! and ~d! I 15231014 W/cm2

and different pulse durations~5 fs,
25 fs, and 100 fs!.
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of the Kerr effect and optical field ionization,

n~l!215na~ t !1ni~ t !1ne~ t !, ~9!

wherena , ni , ne are the atomic, ionic, and electronic co
tributions to the refrative index. These contributions are
termined by

na~ t !5
l2

2p
r eNa~ t !da~v!1Na~ t !n2

a~l!I ~ t !, ~10!

ni~ t !5
l2

2p
r eNi~ t !d i~v!, ~11!

ne~ t !52
l2

2p
r eNe~ t !, ~12!

whereNa , Ni , Ne are the corresponding particle densitie
r e5e2/mc252.818310213 cm is the classical electron ra
dius,n2

a is the single atom nonlinear refractive index coef
cient,n2

a5n2/2.431019 (cm5/W), andn2 ~in cm2/W) is the
Kerr coefficient at atmospheric pressure.I (t) is the laser
intensity, and

d (a,i )~v!5RH (
k

(a,i )
v2f 0k

v0k
2 2v21 ig0kv

J ~13!

describes dispersive characteristics of atoms or ions~the sum
is performed over atomic or ionic transitions!. The atomic
contribution to the refractive index for the pump laser rad
tion is usually positive, whereas the free electron contri
tion is always negative. In our calculations below we negl
the ionic contribution completely, since usually the conditi
d i(v)!da(v) is fulfilled.

The temporal evolution of the particle densities during
laser pulse is described by optical field ionization
06381
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Ne~ t !5N0F12expS 2E
2`

t

Wtun~ t8!dt8D G ,
~14!

Ni~ t !5Ne~ t !, Na~ t !5N02Ne~ t !,

whereN0 is the initial atomic density, andWtun is the prob-
ability of tunnel ionization in an intense laser field given b
@16,17#

Wtun~ t !5va

~2l 11!

8p

A~ t !

Z
PS 4eZ3

n* 4A~ t !
D 2n*

3expS 2
2Z3

3n* 3A~ t !
D . ~15!

Here va54.131016 s21 is the atomic frequency,l is the
orbital quantum number,A(t) is the laser field amplitude in
atomic units,P is a polarization dependent factor withP
5@3A(t)n* 3/pZ3#1/2 for a linear polarization,Z is the
charge of a produced ion, andn* 5Z(R/Ei)

1/2 is the effec-
tive quantum number for the ground state of an atom~ion!
with the ionization potentialEi (R513.6 eV!.

For argon the evolutions of the electron densityNe /N0
and of the nonlinear refractive index (n21)Ncr /N0, where
Ncr5p/r el

2 is the critical electron density, are illustrated
Fig. 3 for 5 fs, 25 fs, and 100 fs Ti:sapphire laser puls
(l5800 nm!. Laser intensity profiles are shown in Figs. 3~a!
and 3~c! by thick solid lines. Other lines in Figs. 3~a! and
3~c! demonstrate the evolution of the electron density
different pulse durations and laser intensities~a! I 158
31013 W/cm2 and ~c! I 15231014 W/cm2, respectively.

In calculations of the refractive indices,n259.8310220

cm2/W is used@18#. As can be seen in Fig. 3~b!, in a low
intensity laser field~weak ionization! the refractive index for
the fundamental laser radiation initially grows due to t
Kerr effect. This effect is more pronounced for shorter la
pulses. Then, the refractive index decreases due to ion
1-3
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electrons. In a high intensity laser field~strong ionization!,
the influence of the Kerr effect is negligible compared to
negative free electron contribution@see Fig. 3~d!#. In this
case the sign of the factorn21 changes during the lase
pulse.

For high-order harmonics~far from atomic and ionic reso
nances! the refractive indexnq is very close to one. There
fore, analogous to the above discussions, at sufficiently h
laser intensities there always exists a time moment when
dispersive wave-vector mismatchDkq

d5kq2qk152pq(nq

2n1)/l1 becomes equal to zero. Assumingnq51, in Fig. 4
the evolution of the dispersive wave-vector mismatchDkq

d/q

FIG. 4. Evolution of the dispersive wave-vector mismatch
argon at 30 Torr for different laser intensities in W/cm2 and pulse
durations:~a! 100 fs,~b! 25 fs, and~c! 5 fs.
06381
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is shown for different pulse durations and laser intensiti
At the beginning, the wave-vector mismatch is negative~due
to neutral atoms! and then becomes positive~due to ionized
free electrons!. The time moment, whenDkq

d is equal to zero,
depends on the laser intensity. In calculations of the conv
sion efficiency the value of the dispersive phase mismatc
the peak of the laser pulse is important. AssumingDkq

5Dkq
d , whereDkq is the total wave-vector mismatch, it i

clear that to get a highest conversion efficiency, the mom
of Dkq

d50 should coincide with the peak of the laser pul
~or be close enough!. This defines an optimum laser intensi
for the high-order harmonic generation. Corresponding
tensities are shown in Fig. 4 by solid lines. The optimu
intensity is higher for shorter laser pulses due to a low
degree of ionization.

Taking into account the evolution of the dispersive pha
mismatch during the laser pulse, we can determine the t
poral dependence of theF factor. This dependence is illus
trated in Fig. 5 for the 31st harmonic of Ti:sapphire las
radiation (l15800 nm! generated in argon. Calculations a
performed for 25 fs laser pulses with the optimum peak
tensity of I 151.631014 W/cm2. In Fig. 5~a! the F factor is
shown for different medium lengths at a constant gas p

FIG. 5. Temporal behavior of theF factor for the 31st harmonic
of Ti:sapphire laser radiation (l15800 nm! generated in argon
Calculations are performed for~a! different medium lengths and~b!
pressures for 25 fs laser pulses with the optimum peak intensit
I 151.631014 W/cm2.
1-4
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PHASE-MATCHED HIGH-ORDER HARMONIC . . . PHYSICAL REVIEW A 61 063811
sure of 30 Torr. Since the phase-matching conditionDkq
50 is fulfilled only at the peak of the laser pulse, the wid
of the F factor decreases with the medium length. The sa
dependence is observed when the gas pressure is incre
@see Fig. 5~b!#.

At sufficiently high medium length~or gas pressure! the
pulse duration of the high-order harmonics is determined
the propagation effects, i.e., by the temporal behavior of
F factor. In Fig. 6 the ratios of the duration of high-ord
harmonic signal to that of the pump laser pulse are shown
the 31st and 41st harmonics. These values are well below
prediction of the perturbation theoryDtq /tp51/Aq. As can
be seen in Fig. 6, due to the propagation effects the 31st
41st harmonics become 50 times shorter than the pump
pulse. This corresponds to the generation of attosec
pulses. Note that the same dependences, demonstrat
Figs. 5 and 6, are obtained when the calculations are repe
for 100 fs and 5 fs pulses with the optimum intensitiesI 1
51.331014 and I 152.131014 W/cm2, respectively.

For large optical thicknessestq@1 ~or large medium
length and/or high gas pressure! the shape of theF factor is
determined byF.1/$114@Dkq(t)/aq#2%. This expression
defines the limiting temporal width of theF factor and of the
high-order harmonics.

IV. GEOMETRICAL OR FIBER PHASE MISMATCH

In the high-order harmonic generation experiments sh
laser pulses are usually focused into a gas jet~cell! or sent
through a gas-filled hollow-core fiber. In these cases
wave-vector mismatch is a sum of a time dependent dis
sive mismatchDkq

d , considered in the previous section, a
of a time independent geometrical mismatchDkq

g

Dkq5Dkq
d1Dkq

g . ~16!

For pulses weakly focused into a gas jet the geometr
phase mismatch is given by

Dkq
g52~q21!/b.0, ~17!

FIG. 6. Temporal pulse widthsDtq ~in units of laser pulse du-
ration tp) of the 31st and 41st harmonics generated in argon a
function of medium length.
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whereb is the confocal parameter (b@L is assumed!. For
pulses coupled into a hollow-core fiber@19#

Dkq
g5

l1

4pa2
~qu1

22uq
2/q!.0, ~18!

wherea is the fiber radius,u1 and uq are the propagation
mode constants for the pump pulse andq-order harmonic,
respectively. In both cases the geometrical phase mismat
positive and has the same dependence on the harmonic
Dkq

g;q for q@1. Therefore, for phase matching there is
principle difference between gas jets and hollow-core fibe

In the presence of a time independent geometrical ph
mismatch, the phase-matching condition is given byDkq

d

1Dkq
g50. To satisfy this condition at the peak of the las

pulse, a lower laser intensity is required than in case
Dkq

g50, sinceDkq
d is negative at the beginning of the las

pulse andDkq
g is usually positive. In Fig. 7 dependences

the optimum laser intensity on the geometrical phase m
match are shown for argon. Calculations are performed
different pulse durations and gas pressures. In the case
zero geometrical phase mismatch, the phase-matching co
tion (Dkq

d50) can be fulfilled for each pulse duration at
certain optimum intensity, independent of the gas press
For Dkq

gÞ0 optimum laser intensities are different for di
ferent gas pressures~especially for positiveDkq

g).
The effect of the geometrical phase mismatch on theF

factor, which determines the high-order harmonic intens
@see Eq.~6!#, is demonstrated in Fig. 8. Calculations are p
formed for Xe with an absorption cross section for the hig
order harmonicsq57.4 Mb and a medium lengthL50.1
cm. This absorption cross section corresponds to the gen
tion of the ninth harmonic using pump radiation at 400 n

As can be seen, due to the geometrical phase mism
the shape of theF factor becomes asymmetric. Since th
dispersive phase mismatch grows with the gas pressure~par-
ticle density!, the pressure independent parameterDkq

d/p is

a
FIG. 7. Optimum peak laser intensity as a function of the g

metrical wave-vector mismatch.
1-5



et

a
s
s

n

le

-
he

or

9.

n for
-
.
e

the
e
ach

ef-
tch.
to

t
e

a-
pa-
his
nsity
ion.
ven
dra-
ffi-

me-
and

is
m

e
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used as one of the axes. For a fixed value of this param
Fig. 8 illustrates the variation of theF factor with the gas
pressure.

The maximum value of the high-order harmonic sign
~and of theF factor!, considered as a function of the ga
pressure, is not automatically determined by the pha
matching conditionDkq

d52Dkq
g ~or d50). To make this

clear, we introduce a density independent parameterkq
d

5Dkq
d/N that allows us to rewrited52Dkq /aq in the form

d52(kq
d1Dkq

g/N)/sq . The phase matching occurs~when
kq

d is negative! at the particle densityNpm5Dkq
g/ukq

du. At this
density theF factor given by Eq.~6! reduces toF5Fpm

5@12exp(2tq
pm/2)#2, wheretq

pm5NpmsqL.
Another limiting case is realized at very high particle de

sities N→`, where d→d`52kq
d/sq and F→F`51/(1

1d`
2 ). It is clear that whenFpm is smaller thanF` , the

maximum value of theF factor is reached at higher partic
densitiesN.Npm . To have a maximum atN5Npm , the
conditiontq

pm@2 or Dkq
gsqL/ukq

du@2 should be fulfilled. In
this caseFpm.1, whereasF`,1. In practice, as our calcu
lations show,tq

pm>4 is already enough to ensure that t
maximum value of theF factor is reached very close toN

FIG. 8. Illustration of the effect of the geometrical phase m
match on theF factor ~6!. Calculations are performed for a 0.1 c
long xenon medium, usingsq57.4 Mb.
06381
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5Npm. At fixed values ofsq and kq
d , one can fulfill this

condition by increasing the geometrical phase mismatch
the medium length.

An illustration to the above discussion is given in Fig.
In this figure the behavior of theF factor as a function of the
geometrical phase mismatch and gas pressure is show
sq57.4 Mb and medium lengthL50.1 cm. The phase
matching condition is fulfilled along the thick solid line
Maximum values of theF factor are reached along th
dashed line. As can be seen, for smallDkq

g the phase-
matching condition is realized at low pressures, before
maximum of theF factor is reached. With the growth of th
geometrical phase mismatch both curves approach e
other.

Concluding this section we note that the geometrical
fects can be included into the dispersive phase misma
This can be done by introducing a geometrical correction
the refractive indexng52l/pb for a gas jet andng

52l2u2/8p2a2 for a fiber. Adding this term to the righ
hand side of Eq.~9!, the total wave-vector mismatch can b
written asDkq52pq(nq82n18)/l1, wheren85n1ng are the
modified refractive indices.

V. ATTENUATION OF THE PUMP WAVE

In theoretical modelling of high-order harmonic gener
tion, any changes of the pump wave intensity during pro
gation in a nonlinear medium are usually neglected. T
assumption seems very reasonable, since the pump inte
is much higher than the intensity of the generated radiat
Here we demonstrate that this is not generally true. E
small changes in the pump wave intensity can have a
matic effect on the high-order harmonic generation e
ciency.

Changes of the pump wave intensity inside a gaseous
dium occur due to scattering, various self-action effects,

-

FIG. 9. Dependence of theF factor on the geometrical phas
mismatch and gas pressure (sq57.4 Mb andL50.1 cm!. The thick
solid line corresponds toDkq

geom1Dkq
disp50. Maximum values of

the F factor are shown by the dashed line.
1-6
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PHASE-MATCHED HIGH-ORDER HARMONIC . . . PHYSICAL REVIEW A 61 063811
multiphoton absorption. In hollow-core fibers the pum
losses are due to the energy transfer into nonguiding sp
modes. To take all these effects into account we introduc
attenuation coefficienta1 for the pump intensity~on the
beam axis! I 15I 10exp(2a1z), where I 10 is the boundary
value.

The general dependence of the nonlinear dipole mom
on the pump field is given bydq

NL;A1
p , where the exponen

p can be arbitraryp<q. In our discussions below, the actu
value of the exponentp is not of principle importance. With-
out a lack of generality we can assumep5q and dq

NL

5dq0
NLexp(2qa1z/2), where the value ofdq0

NL is calculated at
the medium boundary (z50). ForpÞq the same result will
be obtained whena1 is replaced bya1p5qa1 /p.

Solving Eq.~2! taking into account the attenuation of th
pump wave, we obtained a modified expression for the
tensity of theq-order harmonic

I q5
pvq

2

2cnq
udq0

NLu2N2L2 exp@2~qa11aq!L/2#

3
sin2~DkqL/2!1sinh2@~qa12aq!L/4#

~DkqL/2!21@~qa12aq!L/4#2
~19!

5
2pvq

2

cnq

udq0
NLu2

sq
2

F ~20!

with a new form factor given by

F5
4

~h21!21d2
exp@2tq~h11!/2#

3$sin2~dtq/4!1sinh2@tq~h21!/4#%

5
1

~h21!21d2
$exp~2tqh!1exp~2tq!

22 cos~dtq/2!exp@2tq~h11!/2!#%. ~21!

Here h5qa1 /aq is the attenuation parameter. Other no
tions are the same as in Eq.~6!. For large attenuation param
etersh@1, F.exp(2tq)/(h

21d2)→0.
Due to the attenuation of the pump laser radiation,

maximum value of theF factor~21!, considered as a functio
of the gas pressure, can be reached at lower pressures, b
the phase-matching condition d50, giving Fpm
5@exp(2tqh/2)2exp(2tq/2)#2/(h21)2, is realized.

In Fig. 10 dependences of theF factor ond and h are
demonstrated for~a! tq51 and~b! tq53. It can be clearly
seen that the growth of the attenuation parameterh results in
a rapid decrease of theF factor and conversion efficiency.

Propagation of short laser pulses in gaseous media ca
accompanied by self-focusing and self-guiding effects du
a positive nonlinear refractive index coefficientn2.0. For a
self-focusing laser pulse the field amplitude on the beam
grows with the medium length. In this case the attenuat
coefficient a1 is negative. What happens for the negati
attenuation coefficient is illustrated in Fig. 10. As can
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seen, for the self-focusing laser pulse the maximum value
the F factor can be larger than 1. This regime is very attra
tive from the point of conversion efficiency. Very efficien
high-order harmonic generation can be expected when,
to the self-focusing, the pump laser intensity initially grow
inside the medium up to the optimum value~giving Dkq
50 at the peak of the laser pulse!, and then a self-channele
propagation of the laser pulse with negligible losses occ
This regime can be easier realized with ultrashort la
pulses allowing us to obtain higher intensities without
onset of medium ionization.

Before turning to a discussion of experimental results,
outline here the limits of the above presented approxim
model for high-order harmonic generation. In this model t
radial dependence of the field intensity, in a plane norma
the beam axis, is neglected. The value of the dispers
phase mismatch is calculated at the peak of the laser pu
To reproduce experimental data the attenuation cross se
for the pump wave is considered as a fit parameter. Apply
the above model for ultrashort laser pulses with only a f
optical cycles one should take into account higher-or
terms of the dispersion theory and be careful with the slow

FIG. 10. Dependences of theF factor ~21! on d52Dkq /aq and
on the attenuation parameterh5qa1 /aq for different optical thick-
nesses~a! tq51 and~b! tq53.
1-7
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varying envelope approximation which can lose its valid
@20#. In a high-intensity laser field the tunneling theory~Eq.
15! slightly overestimate the ionization rate. In this case o
should take into accout corrections due to above barrier
ization @21#.

VI. RECENT EXPERIMENTS

Here we give a brief review of experimental results o
tained by other groups. In@8# phase-matched high-order ha
monic generation in argon-filled hollow-core fibers was de
onstrated. Using Ti:sapphire pump laser pulses at 800
the 29th and 31st harmonics with an estimated conver
efficiency of 1026 to 1025 were generated. The 29th an
31st harmonic signals observed in@8# as a function of gas
pressure are shown in Fig. 11 by empty and filled circl
Using Eq.~21! for theF factor~multiplied by a constant! and
the attenuation cross section for the pump waves1 as a fit
parameter, we obtain results shown in Fig. 11 by the s
~for the medium lengthL53.2 cm! and dashed (L54.3 cm!
lines. Calculations are performed for two medium leng
since in @8# there is some uncertainty with its actual valu
Other parameters used in calculations are shown in inser
Fig. 11 and correspond to the experimental data@8#. The
geometrical phase mismatch is determined by Eq.~18! with
u152.4, neglecting the high-order harmonic contributio
The dispersive phase mismatch is calculated at the pea
the laser pulse (1.431014 W/cm2) assumingnq51. Absorp-
tion cross sections for the high-order harmonics are ta
from @15#.

It is important that only taking into account the attenu
tion of the pump wave we are able to reproduce the exp
mental observations. The attenuation cross sections1
50.214310218 cm2 corresponds approximately to 50% in
tensity losses at the fiber output, which seems very rea
able. In the left insert in Fig. 12 the temporal behavior of t
dispersive phase mismatch for the 31st harmonic at 30
argon pressure is illustrated. As can be seen, the ph

FIG. 11. Signals of the 29th and 31st harmonics observed in@8#
as a function of argon gas pressure. Results of our calculation
shown by solid lines for a medium length ofL53.2 cm and by
dashed lines forL54.3 cm.
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matching conditionDkq
d1Dkq

g50 is really fulfilled at the
peak of the laser pulse. In spite of this, the value of theF
factor calculated using Eq.~21! is much smaller than 1~see
Fig. 12!. This demonstrates that the phase matching alon
not able to provide a high conversion efficiency. It is al
important to minimize losses of the pump wave intensi
The variation of theF factor with the medium length at 30
torr is shown in the right insert. For a 1 cmlong fiber our
calculations predict five times higher conversion efficien
than it was observed with the 3 cm long fiber in@8#.

In @9# high-order harmonic generation in a gas jet and i
gas injected into a hollow-core fiber were compared. In th
experiments only the gas backing pressure was given. Th
fore, to find the actual gas pressurepa we have to introduce
a correction factora giving pa5p/a, wherep is the backing
pressure. This factor enters in Eq.~21! as an additional fit
parameter. In Fig. 13 experimental results@9# and our fits for
the 15th harmonic of Ti:sapphire laser radiation are sho
Laser intensities and other parameters used in calculat
are given in inserts. Values of the dispersive phase mism
are calculated at the peak of the laser pulse using for
refractive indices nq.12231024 ~xenon! and nq.1
21024 ~argon! taken at atmospheric pressure. For xen
n258.1310219 @18# is used. As can be seen in Fig. 1
experimental results@9# can be very good reproduced by E
~21!. From our calculations it follows that at the peak of th
laser pulse phase-matching condition was not realized in
non. In this case phase matching was reached earlier in
at lower intensities. For argon the phase-matching condi
was fulfilled at 110 mbar backing pressure. The obser
signal for argon was lower due to a larger absorption cr
section for the 15th harmonic and smaller polarizability.

VII. EXPERIMENTAL SETUP AND DISCUSSIONS

In our investigations of high-order harmonic generati
and frequency mixing in gaseous media, a 150 fs Ti:sapp

re

FIG. 12. F factors for the 29th and 31st harmonics observed
@8#. In the left insert the temporal behavior of the dispersive ph
mismatch for the 31st harmonic at 30 torr argon pressure is il
trated. The variation of theF factor with the medium length at this
pressure is shown in the right inset.
1-8
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FIG. 13. Experimental results
@9# and our fits for the 15th har-
monic of Ti:sapphire laser radia
tion.
.
on
-
is
th
bl

ou

c

e
ith
ith
m
x

e
ium

ntal

he
the
ce-
ole
ase

xi-
ond

r-

as
en-

en-
of

r-

e
he
r-

-
ar-

da-

pro-
ng
tch.
ect

ec-
: in
fer-
inty
es;
laser system~BMI Alpa 10A! operating at 790 nm is used
To perform two-color mixing experiments the laser radiati
is frequency doubled in a 2 mmpotassium dihydrogen phos
phate ~KDP! crystal. The typical experimental setup
shown in Fig. 14. The fundamental is separated from
second harmonic by a beam splitter. Owing to a varia
delay the fundamental and the second harmonic can be
combined. Each of the beams is focused with anf 51000
mm lens into the nonlinear medium. Pulse energies in
experiments can be varied in the range of<50 mJ for the
fundamental and<25 mJ for the second harmonic, respe
tively.

As nonlinear media gas jets injected by one of two puls
nozzles are used. One nozzle has a single output hole w
diameter of 1 mm. Another nozzle has five output slits w
a width of 0.2 mm and lengths ranging from 1 mm to 5 m
By moving this nozzle perpendicular to the laser-beam a
one can vary the interaction length.

Below we present results of three experiments perform
with xenon using different laser parameters and med

FIG. 14. Experimental setup.
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lengths. High-order harmonics are generated by fundame
radiation (v), second harmonic (2v), and two-color
(v,2v) laser radiation. Adding the second harmonic to t
fundamental laser radiation allows for an increase in
high-order harmonic generation efficiency. This enhan
ment appears due to a growth of the nonlinear atomic dip
moment and due to additional possibilities for a better ph
matching.

First experiment.These results are obtained at appro
mately the same intensities of the fundamental and sec
harmonic radiation of 431013 W/cm2 for a 5 mmlong me-
dium length. In Fig. 15~a! the signals of the nine-order ha
monic generated in xenon by fundamental (v) and two color
(v,2v) laser radiation are shown as a function of the g
backing pressure. The confocal parameter for the fundam
tal laser radiation is in the range ofb.546 mm. This cor-
responds for the ninth harmonic generated by the fundam
tal radiation alone to a geometrical phase mismatch
approximately 30 cm21. The calculated value of the dispe
sive phase mismatch at the peak of the laser pulse isDkq

d

520.8pa , wherepa5p/a is the actual pressure inside th
gas jet andp is the backing pressure. In calculations of t
temporal evolution of the refractive index for the ninth ha
monicn2 effects~like cross phase modulation! are neglected
andnq.121023 ~at atmospheric pressure! is used as a start
ing value. The absorption cross section for the ninth h
monic is sq.22 Mb @15#. Using s150 and a515 as fit
parameters for the ninth harmonic generated by the fun
mental radiation alone, the dashed curve in Fig. 15~a! is ob-
tained. Keeping these parameters unchanged, we can re
duce results of the two-color experiment by slightly varyi
the values of the geometrical and dispersive phase misma
This is a legitimate procedure since it is reasonable to exp
that both values will be modified in the presence of the s
ond field. There are several reasons for this modification
a two-color laser field harmonics can be generated by dif
ent mixing processes; there exists always some uncerta
in the spatial and temporal overlap between the two puls
1-9
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MEYER, CHICHKOV, WELLEGEHAUSEN, AND SANPERA PHYSICAL REVIEW A61 063811
the second pulse changes refractive index for the fundam
tal wave due to cross phase modulation and ionization~and
vice versa!. The attenuation cross sections1(v) can also be
modified by the second pulse~especially when this pulse
arrives earlier in time!. Moreover, the attenuation of the se
ond harmonic itself,s1(2v)Þ0, can become important.

Data given in inserts in Fig. 15~a! show that the phase
matched generation of the ninth harmonic byv and v
12v fields occurs in both cases at the same backing p
sure of 560 mbar. At this pressure, as can be seen in
15~b!, the F factor ~21! reaches its maximum valueF.1.
The fact that the ninth harmonic signal is stronger in
two-color field can be explained by a reduced order of
required nonlinearity and by a higher atomic polarizabili
These results are analogous to that obtained in@4#, where
phase-matched high-order harmonic generation by a t
color laser field has been demonstrated for the first time

Second experiment.This experiment is performed with
1.5 mm medium length. To get a higher particle density,
laser pulses were focused very close to the nozzle out
Estimated intensities of the fundametal and second harm
are 431013 and 531013 W/cm2, respectively. The confoca
parameter for the fundamental was left unchangedb.546

FIG. 15. First experiment. Signals of the ninth harmonic a
function of the xenon backing pressure generated by fundame
(v) and two-color laser radiation (v,2v) in ~a! a 5 mm long me-
dium and~b! corresponding values of theF factor. Parameters use
in calculations aresq522 Mb, s150, a515, and given in the
insets.
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mm, whereas for the second harmonic the confocal par
eter was increased up tob.2 cm by an apperture.

In Fig. 16 the generation of the 15th harmonic by sing
frequency and two-color laser fields is illustrated. In calc
lations, for the 15th harmonic the absorption cross sec
sq510 Mb and the refractive indexnq.12231024 ~at at-
mospheric pressure! are used. Using experimental values f
the geometrical and dispersive phase mismatch, the sign
the 15th harmonic generated by the fundamental radia
alone is calculated. As fit parameterss150 and a52 are
used. Results of the two-color experiments are reprodu
with the parameters shown in insert. As can be seen, in
dition to Dkq

g and Dkq
d the attenuation cross section shou

also be modified in this case. We relate this to the attenua
of the second harmonics1(2v)50.06 Mb ~this assumption
is proved in the next figure!. Phase-matched generation
the 15th harmonic occurs at the backing pressure of
mbar. The maximum values of theF factor are given in the
figure.

In Fig. 17~a! signals of the seventh and ninth harmoni
generated by the second harmonic radiation alone are sh
These results are reproduced without any fit parameters
ing a52 ands1(2v)50.06 Mb obtained before. The value
of the dispersive phase mismatch are calculated at the p
of the laser pulse withnq57.12331024 andnq59.122
31024 taken at atmospheric pressure. All parameters
shown in inserts. As follows from our calculations, pha
matching for the seventh and ninth harmonics is fulfilled
46 and 76 mbar, respectively. The signals continue to g
and have their maxima at higher pressures, since the
value of the mismatch is not large. Corresponding values
the F factor ~at curve maximum! are given in the figure.

Phase matching in a two-color field is not automatica
better than in a single frequency case. In Fig. 17~b! the gen-
eration of 13th harmonic byv and v12v laser fields is
shown. The signal of the 13th harmonic generated by
fundamental alone is calculated without any fit paramet
~with a52 ands150). Dispersive phase mismatch is dete

a
tal

FIG. 16. Second experiment. Generation of the 15th harmo
by single frequency and two-color laser fields in a 1.5 mm lo
xenon medium. Maximum values of theF factor ~21! (Fmax) are
shown. Parameters used in calculcations aresq510 Mb anda52.
1-10
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PHASE-MATCHED HIGH-ORDER HARMONIC . . . PHYSICAL REVIEW A 61 063811
mined at the peak of the laser pulse withnq.12331024.
To reproduce results of the two-color experiment, parame
shown in right insert in Fig. 17~b! are used. As can be see
in the v12v laser field phase-matching condition is n
fulfilled. In spite of that, in this case theF factor is much
smaller, the observed 13th harmonic signals have comp
intensities. This can be explained by a larger nonlin
atomic dipole moment produced byv12v field.

Third experiment.This experiment is performed with a
mm medium length. The intensity and the confocal para
eter for the fundamental is left unchanged. For the sec
harmonic the confocal parameterb.4 cm is used and the
intensity is increased to 631013 W/cm2.

The signals of the fifth harmonic generated by the 2v and
v12v laser radiation are shown in Fig. 18~a!. The value of
the geometrical phase mismatch for this harmonic isDkq

g

52 cm21. In calculations of the dispersive phase misma
for the fifth harmonic the valuenq.12531024 is used.
Below we keep the value of the geometrical phase misma
the same for all neighbor harmonics. The fit parametera
510 and s150.4 Mb allow for reproduced experimenta
results for all harmonics shown in Figs. 18~a! and 18~b!. The

FIG. 17. Second experiment~xenon, L51.5 mm, a52). ~a!
Signals of the seventh and ninth harmonics generated by se
harmonic radiation and~b! signals of the 13th harmonic generate
by fundamental (v) and two-color (v,2v) laser radiation.
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relatively large attenuation cross section for the second
monic, compared to the previous experiment, can be
plained by a stronger defocusing. By way of exception,
signal of the 11th harmonic shown in Fig. 18~c! can only be
reproduced assumings150.

In the last experiment the generation of all harmonics
not phase matched. This is a result of not optimum~very
high! second harmonic intensity. A very small geometric
phase mismatch is also disadvantageous. In this case pr
gation effects are not able to suppress harmonics gener
without a perfect phase matching.

Concluding this section we emphasize that, only tak
into account all factors limiting the high-order harmonic ge
eration efficiency~pump losses, harmonic absorption, ge
metrical and dispersive phase mismatch!, we are able to ob-
tain a very good agreement between calculations
experimental results.

nd

FIG. 18. Third experiment~xenon,L54 mm, Dkq
g52 cm21,

a510, s150.4 Mb!. ~a! Signals of the fifth harmonic generated b
2v and v12v laser radiation and signals of~b! 9th and 12th
harmonics and~c! 11th harmonic generated by two-color laser r
diation.
1-11
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VIII. PARAMETRIC GENERATORS AND AMPLIFIERS

The highest conversion efficiency that has been obtai
so far for the 15th harmonic generated in xenon is 431025

@9#. Here we analyze theoretical possibilities promising
improve this efficiency further. We hope that this can
done by the development of high-order parametric amplifi
~HOPA’s!, which has been recently suggested in@22#.
HOPA’s can be used as efficient generators of XUV rad
tion and as amplifiers of high-order harmonic signals. In c
trast to the current x-ray lasers having very narrow amp
cation bandwidth, broadband HOPA’s will be able
amplify femto- and attosecond pulses.

In HOPA’s, signal (vs) and idler (v i) waves are gener
ated as a result of the multiphoton processqvp5vs1v i ,
wherevp is the pump-laser frequency andvs>v i . The idler
frequency is arbitrary and can be in the visible, vacuum
traviolet~VUV ! or XUV spectral range. In our previous pub
lication @22# we have presented some new ideas on HOP
and provided simple theoretical descriptions assuming,
example, that the medium is transparent for the gener
fields. Here we consider high-order parametric amplificat
in absorbing media.

We start from an idealized case, when there is only o
processqvp5vs1v i responsible for the generation of th
signal and idler waves. For weak generated and strong p
fields this process can be described by the following eq
tions that commonly appear in nonlinear optics@23#

dAi

dz
1

a i

2
Ai5 iG i exp@2 iDkz#,

~22!

dAs

dz
1

as

2
As5 iGs exp@2 iDkz#,

where Aj and a j are the field amplitudes and absorptio
coefficients,Dk5ks1ki2qkp is the wave-vector mismatch
and

G i5
2pv i

cni
NdNL~v i !, Gs5

2pvs

cns
NdNL~vs!. ~23!

In these expressionsN is the atomic density,nj are the re-
fractive indices, dNL(v i)5X(v i)As* and dNL(vs)
5X(vs)Ai* are the amplitudes of the nonlinear atomic d
pole moments oscillating at the frequenciesv i and vs , re-
spectively.X(v i) and X(vs) are the cross polarizabilitie
relating the induced dipole moments with the signal and id
fields. In perturbation theory

X~vs,i !5
~q11!x (q11)~vs,i !

2q
Ap

q , ~24!

wherex (q11)(vs,i) are the nonlinear atomic susceptibilitie
Sufficiently far from the resonances the cross polarizabili
X(vs,i)5X are equal.
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Using Ai0 and As0 as boundary values~at z50) for the
field amplitudes and introducing new notations for the no
linear coupling coefficients between the idler and sig
waves

gs,i5
2pvs,i

cns,i
NX, ~25!

the general solution of the system of Eqs.~22! can be ob-
tained

Ai* 5H 2 i
g i*

G
As0 sinh~Gz!1Ai0* Fcosh~Gz!

1
b

G
sinh~Gz!G J expS 2

a i

2
z2bzD ,

As5H i
gs

G
Ai0* sinh~Gz!1As0Fcosh~Gz!2

b

G
sinh~Gz!G J

3expS 2
as

2
z1bzD , ~26!

whereG5Ab21g2 and

b5
1

2 S as2a i

2
2 iDkD ,

~27!

g5~g i* gs!
1/25

2p

c Fv ivs

nins
G1/2

NuXu.

Here we assume thatv i is in the visible~or infrared! range,
so thatvs@v i is valid. In inert gases the absorption coef
cient for weak visible~or infrared! radiation is equal to zero
a i50. The phase-matching condition for the processqvp
5vs1v i is satisfied when at the peak of the pump las
pulseqvp(np2ns)5v i(ni2ns) is fulfilled for the time de-
pendent refractive indices. AssumingDk50, we obtain for
large propagation distancesz@1/G

Ai* .S 2 i
2g i*

asg
As01

g11

2g
Ai0* Dexp@as~g21!z/4#,

~28!

As.S i
2gs

asg
Ai0* 1

g21

2g
As0Dexp@as~g21!z/4#,

whereg5A11(4g/as)
2.1 andG5asg/4. As can be seen

from these expressions, the field amplitudes grow expon
tially with the medium length. The growth rate depends
the strength of the nonlinear coupling coefficientg. For a
weak coupling between the idler and signal wavesg!as/4,
we have

Ai* .S 2 i
2g i*

as
As01Ai0* Dexp~2g2z/as!,
1-12



n.

-
y

e

ap

-

r

-

g

d

th
n
uc
er
ti

n
pet-

ses
.

the

ing

m

s-

PHASE-MATCHED HIGH-ORDER HARMONIC . . . PHYSICAL REVIEW A 61 063811
As.S i
2gs

as
Ai0* 14

g2

as
2

As0D exp~2g2z/as!5 i
2gs

as
Ai* .

~29!

AssumingAs050, we get for the signal intensity

I s5
cnsugsu2

2pas
2

uAi0u2 exp~4g2z/as!

5
2pvs

2

cns

ud0
NL~vs!u2

ss
2

exp~4g2z/as!, ~30!

whered0
NL(vs)5XAi0* andss is the absorption cross sectio

This expression is equivalent to Eq.~5! for the intensity of
the q-order harmonic with theF factor replaced by an expo
nent. In Eq.~30! the parametric gain coefficient is given b

ap54g2/as5
2pvsv i

cns

ud0
NL~vs!u2

I i0ss
N, ~31!

whereI i0 is the idler intensity.
Here we calculate the value of the gain coefficient in h

lium for the following parametric processvs56vp2v i . In
calculations 25 fs pulses at the third harmonic of the Ti:s
phire laser radiation are used as a pump,vp53v (v51.55
eV!, and radiation atv i5v/2 is taken as an idler. This pro
cess is very attractive from the point of phase matching~see
@22#!. For the pump intensityI p5531014 W/cm2 and the
idler intensity I i051011 W/cm2, the value of the nonlinea
atomic dipole momentudNL(vs)u53.231023 ~in atomic
units! is calculated by solving numerically the time
dependent Schro¨dinger equation@14#. The absorption cross
sectionss56.4 Mb for the signal wave atvs517.53v is
taken from@15#. Using these data we obtain for the couplin
coefficient g.4310219 N @cm21#5as/16 and for the
parametric gain coefficientap.10219 N @cm21#, whereN
is the particle density in cm23. At atmospheric pressureap
52.4 cm21.

In the opposite case of a very strong couplingg@as/4,
which is more difficult to realize, we obtain

Ai* .S 2 i
g i*

2g
As01

1

2
Ai0* Dexp@~g2as/4!z#,

~32!

As.S i
gs

2g
Ai0* 1

1

2
As0Dexp@~g2as/4!z#5 i ~gs /g i* !1/2Ai* .

For practical purposes it is sufficient to haveg.as/4 or g
.A2. In this case HOPA’s can be used as generators an
amplifiers of the signal waves.

We assumed above that the idler field is generated by
processqvp5vs1v i . This is equivalent to the assumptio
that the wave-vector mismatch for all other channels is m
larger. In general, the situation is more complicated. Th
are many different channels that can lead to the genera
~or absorption! of the low-frequency idler field. Usually the
strongest is the lowest-order generation process, 2vp5va
06381
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1vi shown in Fig. 19~a!. For this particular process one ca
always produce better phase matching than for the com
ing lowest-order absorption process 2vp1v i5vc . Due to a
higher-order nonlinearity, the influence of all other proces
qvp5vs6v i (q>4) on the idler field can be neglected
Assuming that the absorption coefficientsa i , aa for the idler
and additional fields are equal to zero, we can write for
idler amplitude analogous to Eqs.~26!

Ai* 5Bi* exp~ iDk2z/2!,

Bi* 52 i
g i*

G
Aa0 sinh~Gz!1Ai0* Fcosh~Gz!

2
iDk2

2G
sinh~Gz!G , ~33!

whereAa0 , Ai0 are the boundary values of the correspond
field amplitudes atz50, G5Ag2

22(Dk2/2)2,

g i5
2pv i

cni
NX2 , g25

2p

c Fv iva

nina
G1/2

NuX2u, ~34!

X25dNL(v i)/Aa* 5d0
NL(v i)/Aa0* , and Dk25ki1ka22kp .

The idler amplitude grows exponentially with the mediu
length whenug2u.uDk2u/2 is fulfilled.

For the process shown in Fig. 19~b!, the signal amplitude
is described by

dAs

dz
1

as

2
As5 igsAi* exp@2 iDkz#,

~35!

gs5
2pvs

cns
N@d0

NL~vs!/Ai0* #,

where Dk5ks1ki2qkp . Introducing a5as/22 iDk
1 iDk2/2 and assuminga2ÞG2, we obtain

As5
igs

a22G2 S aBi* 2
dBi*

dz Dexp@2 i ~Dk2Dk2/2!z#

1C exp~2asz/2!,

FIG. 19. Schematic illustration of the possibility of gain tran
fer.
1-13
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C5As02
igs

a22G2
@~a1 iDk2/2!Ai0* 1 ig i* Aa0#, ~36!

where Bi* is given by Eq.~33!. As can be seen from thi
expression, at sufficiently large distances (z@1/G) the signal
amplitude grows exponentially asAs;exp(Gz) with the gain
coefficient determined by the low-order process.

The same is true for the process shown in Fig. 19~c!,
which is described by

dAs

dz
1

as

2
As5 igsAi exp@2 iDkz#,

gs5
2pvs

cns
N@d0

NL~vs!/Ai0#, ~37!

whereDk5ks2ki2qkp andAi is obtained by complex con
jugating of Eq.~33!. The solution of the above equation
given by

As5
igs

a22G2 S aBi2
dBi

dz Dexp@2 i ~Dk1Dk2/2!z#

1C exp~2asz/2!,

C5As02
igs

a22G2
@~a2 iDk2/2!Ai02 ig iAa0* #, ~38!

where nowa5as/22 iDk2 iDk2/2.
It is very important that for the processes shown in F

19, the growth of the high-order signal waves is not limit
by their absorption. In this regime, which we call gain tran
fer, HOPA’s can be used as generators. One can also t
about the development of synchronously pumped high-o
parametric oscillators~HOPO’s! with a resonator cavity for
idler radiation. We hope that such devices will soon be a
to provide higher conversion efficiency in the XUV spect
range than at present.
,

.
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r,

n,
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Concluding this section we note that in an ordinary hig
order harmonic generation experiment~with a single pump
field! low-order harmonics can automatically serve as id
radiation. In this case parametric amplification of harmon
in the process 2kvp5v2n111v2m11 can occur, where
v2 j 115(2 j 11)vp , j 5n,m>1, andk5n1m11. Detailed
theoretical discussion of this possibility will be publishe
elsewhere@24#.

IX. CONCLUSION

Theoretical and experimental investigations of high-ord
harmonic generation and frequency mixing processes in
sorbing, dispersive, and ionizing media have been repor
All factors limiting the frequency conversion efficiency hav
been analyzed. It has been shown that attenuation of
pump wave can have a dramatic effect on the frequency c
versions efficiency. Taking this into account, a very go
agreement between the theoretical and experimental re
has been obtained. It has been demonstrated that, due
rapid temporal variation of the wave-vector mismatch dur
the laser pulse, generation of attosecond pulses is possi

The development of high-order parametric generators
amplifiers~HOPA’s! as a new possibility to improve the fre
quency conversion efficiency in the XUV spectral range h
been considered. High-order parametric amplification
been analyzed taking into account absorption effects. F
calculations of the parametric gain coefficients, showing t
ap>1 cm21 can be obtained, have been performed. Wher
the generation of high-order harmonics is limited by th
absorption, HOPA’s are free of this limitation due to exp
nential growth of the idler and signal fields with the mediu
length.

Further theoretical and experimental efforts are requi
to realize possibilities considered in this paper.
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