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Imaging atomic Stark spectra

S. N. Pisharody, J. G. Zeibel, and R. R. Jones
Department of Physics, University of Virginia, Charlottesville, Virginia 22901

~Received 28 October 1999; published 8 May 2000!

Photoabsorption spectra have been measured as a continuous function of energy and applied electric field for
the m50, 1, and 2 Rydberg series in sodium. The spectra are Fourier transformed in scaled coordinates,
generating scaled recurrence maps. The continuous nature of the scaled maps allows us to investigate patterns
in the recurrence strength with good resolution.

PACS number~s!: 32.60.1i, 32.80.Rm, 39.30.1w
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I. INTRODUCTION

Electron dynamics in the presence of strong static elec
fields continues to be a topic of considerable interest
atomic physics. The large spatial extent of Rydberg ato
makes them extremely sensitive to applied fields and, th
fore, particularly interesting in this context. The dynamics
nonhydrogenic Rydberg electrons in the presence of
static field depend greatly on the relative strengths of
average Coulomb binding field and the applied electric fi
as well as the size of the non-Coulombic parts of the bind
potential. In the frequency domain, these quantities de
mine the relative sizes of the energy splittings between~i!
states of different principal quantum numbern,DEn.1/n3;
~ii ! states of different parabolic quantum numbersk,DEk
.3Fn; and~iii ! states with different Stark shifts undergoin
avoided level crossings,DEx . We use atomic units through
out and assumen@1. In the time domain, the important tim
scales are the inverse of the energy splittings noted ab
tKepler52pn3 is the time required for a classical Rydbe
atom to move from the nucleus to the outer turning point
the radial potential and back;tStark52p/3Fn is the time
required for the angular momentum of a classical electro
precess in the field from its initial value through all possib
values and back; and 2p/DEx is the time required for an
electron in a classical orbit aligned with the field to scat
into an orbit aligned opposite to the field due to precession
the Runge-Lenz vector in the non-Coulombic potential@1#.

While experimental@2,3# and theoretical@4# time and fre-
quency domain studies on this subject abound, relatively
provide a comprehensive quantitative view of the elect
dynamics within a specific atom due to the large param
space that must be investigated@5#. We have applied an im
aging detection system to collect frequency domain photo
sorption spectra as a continuous function of excitation
ergy and static electric field. We have used Fourier transfo
analysis of the two-dimensional spectra to identify featu
in the global dynamics.

In the experiment, an entire Stark map is measured. E
map is a landscape of photoabsorption strength as a func
of excitation energy and applied electric field@6#. The map
can also be presented using ‘‘scaled variables,’’ nam
scaled energy and scaled action@7#. Scaled energy is define
as the quantitye5EF21/2 whereE is the energy relative to
the zero field ionization limit andF is the applied electric
field in atomic units. Scaled action is the Fourier transfo
variable conjugate tov5F21/4. This scaling is based on
1050-2947/2000/61~6!/063405~10!/$15.00 61 0634
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transformation properties of the classical Hamiltonian o
hydrogen atom in an electric field, which can be written
cylindrical coordinates as

H5
1

2
~pz

21pr
2!2

1

Ar21z2
1Fz. ~1!

After multiplication by F21/2 and the following change o
variables,

r̂5rF1/2, ẑ5zF1/2, ~2!

p̂r5prF21/4, p̂z5pzF
21/4, ~3!

t̂5tF1/4, ~4!

the Hamiltonian becomes

Ĥ5HF21/25
1

2
~ p̂z

21 p̂r
2!2

1

Ar̂21 ẑ2
1 ẑ. ~5!

This scaled Hamiltonian depends only on the scaled
ergy e, and not on the applied field or excitation ener
independently. For any given value of the scaled energy,
classical dynamics of the system do not depend indep
dently on the binding energy and static field. The electr
dynamics are revealed by Fourier transforming the photo
sorption strengthI with respect to the scaled variablev, at
constant scaled energye. Resonance peaks in this ‘‘recu
rence’’ spectrum are associated with electrons mov
around the nucleus in classical periodic orbits that are clo
at the atomic core@7,8#.

Previous experiments in which electron dynamics w
studied using recurrence spectroscopy have relied on sim
taneous variation of the electric field and laser frequency
measureI (v) at constant scaled energy@7,9–12#. Using this
technique, identification of global trends in the spectra a
function of scaled energy is difficult, since typically only
small number of discrete scaled energy spectra can be m
sured in any reasonable amount of time. For example, E
mannet al. looked at sodium spectra, but only fore522.5
@7#. Hogervorst and co-workers have studied the spec
scaled energies ofe522.94, 22.35, and21.76 in great
detail with good experimental accuracy in barium@10#.
While their choices of scaled energies represent points b
above and below the classical ionization limit (e522.0),
the work does not provide complete information on the e
©2000 The American Physical Society05-1
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lution of electron dynamics as a function of scaled ener
Courtneyet al. @5,9# were the first to look for global pattern
in experimental recurrence spectra. They measured phot
sorption spectra over a quasicontinuous range of scaled
ergies frome522.6 to e524.0 in steps ofDe50.1 @5#.
They discovered recurrence maxima in their Li data that
no analog in computed hydrogen spectra. These feat
were attributed to combination orbits, apparently caused
scattering from the nonhydrogenic core. The work of Kee
and Morgan@12# in helium has come the closest to observi
a recurrence spectrum that was continuous in scaled ene
with individual scaled energy scans separated byDe50.02
from e522.0 to e523.4. From their recurrence map
Keeler and Morgan identified combination orbits as well a
periodic modulation of the scaled-energy-integrated rec
rence strengths within various sequences of resonance p
corresponding to different periodic orbits@12#.

While quantum simulations can reproduce the experim
tal data, much of the real insight into electron dynamics
external fields has come from classical and semiclass
analyses@1–4,7,8,13–15#. In particular, closed orbit theory
has provided an elegant semiclassical explanation for
majority of the experimental results observed in recurre
spectroscopy@7,8#. The theory relates the observed maxim
in the recurrence spectrum to the probability for launching
electron into a particular closed orbit. Despite its succes
the original theory, which assumed hydrogenic atoms,
not account for all of the observed features in the nonhyd
genic spectra@5,7,8#. In a modification of the theory, elec
trons incident on the nonhydrogenic core have a finite pr
ability of being scattered into all possible orbits, leading
the observed ‘‘combination’’ peaks in the recurrence spe
@5,10,11#. However, current semiclassical theory has not
reproduced all the details in measured nonhydrogenic re
rence spectra@5,10,11#. Shaw and Robicheaux have com
pared quantum scaled energy calculations with semiclas
closed orbit theory for H, K, and Cs@13#. They found slight
deviations between the quantum and closed orbit calculat

FIG. 1. A schematic representation of the experimental app
tus. Parallel wires connected through a resistor chain create a
gradient which enables spectroscopic measurements to be
over a continuous range of applied field.
06340
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near the locations of recurrence maxima, which they w
able to account for with a correction term. They also inve
tigated patterns observed within a given recurrence m
mum as a function of scaled energy, but did not identify a
overall trends.

The goal of the work described here is to investiga
variations in the recurrence strength as a continuous func
of scaled energy and scaled action, thereby providing a be
understanding of electron dynamics in a combined Sta
Coulomb system~in this case, the sodium atom!. Recurrence
spectra are collected over a range of scaled energies24.5
<e<21.5 and scaled actions 0<S<30. In the following
sections, we describe our experimental procedure and
merical analysis of the data. We introduce a set of modifi
scaled parameters that guides our interpretation of the d
We then compare our results with quantum simulations
Na and H. We conclude with a brief summary of our fin
ings.

II. EXPERIMENTAL SETUP

Figure 1 shows a schematic of the experiment. Therm
excited Na atoms from a resistively heated oven interact w
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ld
de

FIG. 2. Density plot of the measured Stark map of sodium
parallel field and laser polarization,m50,1. Dark regions represen
high excitation probability. Expanded views of selected locations
the spectrum can be found in insets~a!, ~b!, and ~c!. In particular,
~c! shows the avoided crossing of then518 downhill state with the
n517 uphill state. Such crossings between then and n11 mani-
folds for 17<n<21 are used as an absolute field calibration. T
dashed line is the classical field ionization limit,F51/16n4.
5-2
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IMAGING ATOMIC STARK SPECTRA PHYSICAL REVIEW A61 063405
two copropagating nanosecond dye lasers in a spatially in
mogeneous electric field. The two lasers are pumped at
Hz repetition rate by the second and third harmonics o
Nd:YAG ~where YAG is yttrium aluminum garnet! laser,
respectively. The first laser excites the 3S ground state Na
atoms to an intermediate 3P1/2, umj u5

1
2 state. The second

laser pulse is delayed relative to the first by;5 ns and is
linearly polarized either perpendicular or parallel to the a
plied electric field. The parallel and perpendicular polariz
tions allow for excitation of pureumj u5

1
2 or umj u5

1
2 , 3

2

states, respectively. The frequency of the second dye las
tunable, permitting the excitation of the 3P1/2 atoms to Ry-
dberg states with principal quantum number 17<n<30. The
second dye laser is in a double-grating Littman configurat
@16# and it has a linewidth of 0.14 cm21. The spatially vary-
ing electric field is prepared using a parallel plate geome
with a voltage gradient along the lower field ‘‘plate.’’ Th
field gradient is produced by a set of 13 parallel wires in

FIG. 3. Density plot of the measured Stark map for sodium
perpendicular field and second laser polarization,m50,1,2. Dark
regions represent high excitation probability. Them52 features
dominate the spectrum. Note that unlike them50 case, them52
oscillator strength is predominantly located in the center of e
manifold. Therefore, the center manifold states are more visibl
this figure than in the correspondingm50 data in Fig. 2. Expanded
views of selected locations in the spectrum can be found in in
~a!, ~b!, and ~c!. The dashed line is the classical field ionizatio
limit, F51/16n4.
06340
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resistor chain with a fixed voltage difference applied to t
two ends of the chain. By keeping the distance between
jacent wires much smaller than the distance from the wire
the interaction region, the horizontal component of the el
tric field is minimized. The top field plate is 7.5 cm on a sid
The lower plate wires are fixed 12 mm below the top pla
and are each separated by 2 mm. The atomic beam enter
interaction region;5 mm below the top plate.

Fifty nanoseconds following the Rydberg state excitatio
a strong voltage pulse (;10 kV) is applied to all the wires in
the resistor chain. Any Rydberg atoms produced by the la
are ionized either by the static field or by the voltage pul
The resulting ions are accelerated toward a microchan
plate assembly through a 1.6 mm325 mm slit in the top
field plate. The microchannel plates generate electrons in

r

h
in

ts

FIG. 4. Density plot of the measured scaled energy recurre
map of m50,1 in sodium. The action axis used here differs by
factor ofA2e from those in previous studies. This action coordina
S8 identifies the number of primary Kepler orbits. In contrast
previous work, the recurrence map represents the Fourier trans
of the scaled data, not the square of the Fourier transform. T
choice makes it easier to see small features in the recurre
strength.

FIG. 5. Density plot of the measured scaled energy recurre
map ofm52 in sodium analogous to Fig. 4.
5-3
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rect proportion to the number of incident ions, and the
electrons are accelerated toward a phosphor screen tha
directly behind the microchannel plates. The electro
induced fluorescence from the phosphor is observed wi
charge-coupled device~CCD! camera. The ionization yield
as a function of position along the slit in the upper field pla
is directly proportional to the excitation probability vers
electric field. The range of electric fields present in the int
action region is determined by the difference in the volta
applied to the two ends of the lower ‘‘plate’’ resistor chai
To avoid severe nonlinearity in the field gradient, only sign
originating beneath the central 50% of the extraction sli
used to generate the Stark map. The frequency of the se
laser is scanned to generate a portion of a Stark map th
continuous in both energy and applied field.

In this experiment, each dye laser scan covers elec
binding energies from2114.5 cm21 to 2371.2 cm21 and a
field range of approximately 300 V/cm. Five laser scans c
ering different field ranges are combined to produce a sin
Stark map over a field range from 300 V/cm to 1600 V/c
Relative frequency calibration is achieved by monitoring
second laser transmission through a 2 mmsolid étalon. The
envelope of the maxima in the e´talon fringe pattern is used a
a normalization to correct for variations in laser intens
over the scans. Absolute frequency calibration is obtai
from the known zero fields state energies. The electric fie
is calibrated using the theoretically calculated fields at
center of the avoided crossings of the reddest state of
(n11)th manifold with the bluest state of thenth manifold
for 17<n<21. Figures 2~c! and 3~c! show the avoided
crossing of the reddest state of then518 manifold with the
bluest state of then517 manifold for parallel and perpen
dicular laser polarization, respectively. Relative field calib

FIG. 6. Scaled actions of the primary hydrogenic uphill a
downhill orbits and their repetitions as a function of scaled ener
The dark lines represent the uphill orbits, while the lighter lin
represent the downhill orbits. To a good approximation, fore
,22.5, the i th repetition of the uphill orbit crosses the (i 1 j )th
repetition of the downhill orbit atS85 i 1 j /2. The dashed curve
are the expressione5A3(S81 j /2)/4j , which identifies the crossing
of the i th downhill orbit with the (i 1 j )th uphill orbit. The approxi-
mate expression is valid fore&22.5.
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tion is performed by tracking the position of a particul
feature in the Stark map as the voltage offset applied to
resistor chain is varied.

Figures 2 and 3 show two Stark maps for parallel a
perpendicular second laser polarization, respectively. W
m50,1,2 states contribute to the image in Fig. 3, them52
structure dominates. Henceforth we refer to Fig. 3 as them
52 spectrum. In Fig. 2, them50 and 1 resonances hav
relative weights of 1:2. These Stark maps may be used
generate recurrence maps by rescaling the energy and
axes as described above, and Fourier transforming with
spect tov5F21/4. However, we use a different method fo
displaying scaled spectroscopic data. Instead of Fou
transforming with respect tov, we divide v by the factor
A2ueu, yielding v851/A2uEu5n* . Conversion tov8 before
Fourier transforming serves two purposes. First, the dep
dence on field is removed from the new action coordinateS8,
eliminating uncertainties due to the field calibration or inh
mogeneity. Second, in these units the strongest recurre
are localized at integer or half-integer values of the indep
dent variableS8.

.

FIG. 7. Density plot of quantum calculations of the recurren
spectra of sodium.~a! shows the recurrence map withm50,1 char-
acter weighted to match the experimental conditions for para
laser polarization, while~b! shows the recurrence map with them
50,1,2 characters weighted to match the perpendicular polariza
case~primarily m52).
5-4
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IMAGING ATOMIC STARK SPECTRA PHYSICAL REVIEW A61 063405
The experimental results form50,1 ~Fig. 4! and m52
~Fig. 5! show clear sequences of recurrence maxima.
m52 sequences are more separated and distinct than
corresponding sequences form50,1. The cross section fo
excitation ofm52 Stark spectra is larger near the center
the manifolds, while form50 the oscillator strength is
peaked near the highest and lowest energy states in
Stark manifold. The Fourier transform of them52 data dis-
plays better resolved sequences in the recurrence map a
periodicity of the center of the Stark manifolds is quite e
dent. Successive manifolds are relatively unaffected
neighboring ones due to the small quantum defect of
higherm states. However, in them50, 1 spectra, neighbor
ing Stark manifolds interact quite strongly due to the larg
quantum defect. The strong intermanifold periodicity th
was evident in them52 spectrum is not as pronounced.

In them52 recurrence map, peaks in recurrence stren
occur at either integer or half-integer values of the act
coordinateS8. Up to nine separate sequences of maxima
observed, each occurring forS85 j or S85 j 1 1

2 , for j
51,2,3, . . . . To a good approximation, fore,22.5, the
m50,1 spectra also show maxima located primarily at eit
integer or half-integer values ofS8. Over this range of scaled

FIG. 8. Density plot of quantum theoretical calculations of t
recurrence spectra in hydrogen.~a! shows them50 spectrum and
~b! shows them52 spectrum.
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energies, the actions of the ‘‘uphill’’ and ‘‘downhill’’ repeti-
tion orbits of hydrogen cross each other at integer or h
integer values ofS8 as well ~see Fig. 6!. Roughly, for m
50,1, the maxima in recurrence strengths occur when
uphill and downhill orbit share the same value ofS8. Se-
quence I maxima occur at the intersection of thei th uphill
and (i 11)th downhill repetition orbits. Fore,22.5 in se-
quence I, these crossings occur atS85( i 11/2). More gen-
erally, sequencej maxima appear at the intersection of th
i th repetition of the uphill orbit with the (i 1 j )th repetition
of the downhill orbit atS85 i 1 j /2. Figure 6 shows action
versus scaled energy for the primary uphill and downh
orbits in hydrogen. It should be noted that fore.22.5 the
crossings of the uphill and downhill orbits and the associa
maxima in the recurrence strength diverge from integer
half-integer values ofS8.

III. ANALYSIS AND DISCUSSION

A. Theoretical simulations

Our experimental results can be compared to full quant
simulations. Quantum-mechanical calculations of the St

FIG. 9. Density plot of the experimental recurrence spectra
sodium with the area around each integer and half-integer valu
scaled action integrated.~a! shows the recurrence map withm
50,1 character, while~b! shows the integrated recurrence map w
mainly m52 character.
5-5
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FIG. 10. Comparison between theoretical a
experimental recurrence strength as a function
e at constant values ofS8 for m50,1. Quantum
calculations are shown in gray and experimen
data are in black. TheS859.5, 14.5, and 16.5
curves show selected curves from the first s
quence of recurrence maxima. TheS8526.0 and
40.0 curves are obtained from the second
quence of recurrence maxima, while theS8
525.5 graph shows a region of recurren
maxima in the third sequence.
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spectrum of sodium in an applied field have been perform
for m50,1,2. The calculations use the known quantum
fects of sodium and a Numerov integration routine to obt
the off-diagonal matrix elements of the atomic Hamiltoni
in the field@6#. Only bound states withn<47 are included in
the calculation. Since no continuum levels are included,
simulation results are only strictly valid for energies belo
the classical saddle point,e,22. The theoretical photoab
sorption spectra are scaled in a manner identical to the
perimental data and the corresponding recurrence spectr
displayed in Figs. 7~a! and 7~b!. A weighted mixture of the
different m values~32% m50, 68% m51 for the m50,1
spectrum and 13.5%m50, 29% m51, 57.5% m52 for
the m52 spectrum! is used to simulate them state distribu-
tion in the experimental spectra. This distribution ofm val-
ues is in reasonable agreement with the expectedm state
distributions from angular momentum coupling rule
33% m50, 66% m51 for parallel polarization and
18% m50, 27% m51, and 55% m52 for perpendicular
polarization. A calculation of the Stark map of hydrogen~up
to second order in the applied field! was also performed fo
m50 andm52, and scaled to obtain the hydrogenic rec
rence spectra. These are presented in Fig. 8. Them52 re-
currence map for hydrogen closely matches both the theo
ical and experimentalm52 spectra observed in sodium. Th
is to be expected due to the small quantum defect of thl
>2 states in sodium. While there are some similarities
06340
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tween them50 hydrogen recurrence map and them50,1
recurrence spectra for sodium, the agreement is not so
nounced.

B. The mÄ0,1 spectrum

The maxima in both them50,1 and them52 sodium
scaled energy maps occur at or near the scaled actions
responding to the crossing of the uphill and downhill orb
in them50 hydrogen scaled energy map. The description
the m50,1 spectra is analogous to that presented by Co
ney et al. in reference to their Li data@5#. In hydrogen, re-
currence maxima lie along the repetitions of the prima
‘‘uphill’’ and ‘‘downhill’’ orbits ~see Fig. 6!. The strongest
features correspond to bifurcations of these fundamental
jectories into other orbit types. However, in Na, the nonh
drogenic core allows scattering to occur directly between
fundamental uphill and downhill orbits. Maxima in the re
currence strength identify, primarily, combination orbits
which the electron precesses through a combination of up
and downhill orbits. The static-field-induced modification
the Coulomb potentialincreasesthe period of the downhill
motion while itdecreasesthe period of the uphill motion. At
the recurrence maxima, the ratios of the periods of the up
and downhill motions are rational fractions~i.e., i 1 j uphill
orbits for everyi downhill orbits!. For e,22.5, the changes
in period of these fundamental orbits are nearly equal
5-6
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FIG. 11. Comparison between theoretical a
experimental recurrence strength as a function
e at constant values ofS8 for m52. Quantum
calculations are shown in gray and experimen
data in black. Selected regions of scaled energ
are shown for various scaled action values as
scribed in Fig. 10.
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absolute magnitude. Therefore, since the action variableS8
acts as a Kepler orbit index, the action vs scaled ene
curves for the (i 1 j )th uphill orbit and thei th downhill orbit
should cross at a mean valueS85 i 1 j /2. Indeed, the princi-
pal features in ourm50,1 spectra are found at integer an
half-integer values ofS8 for e,22.5.

C. The mÄ2 spectrum

Although the recurrence maxima for them52 spectra
also occur at integer and half-integer values of S8, the under-
lying dynamics must be different, since the uphill and dow
hill orbits do not exist formÞ0 @14#. Nevertheless, the
strong global patterns in the experimental and theoret
scaled maps must reflect the classical dynamics in these
tems. Since them52 sodium and hydrogen spectra are e
sentially identical, we can make a classical interpretation
the spectrum by assuming a hydrogenic atom.

In weak applied fields, the Kepler period of radial motio
tK52pn3, is significantly smaller than the Stark period,ts
52p/3Fn. The Stark period identifies the time scale for t
pendular motion of the major axis of the Kepler ellipse ab
the static field axis as well as the associated precession o
electron angular momentum@1#. Electrons that are launche
from the core asl 52, m52 Rydberg electrons travel awa
from the nucleus in, or near, thexy plane. If the applied field
is weak, then the net angular momentum tra
06340
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fer per Kepler orbit due to the Stark field is small. So, af
one Kepler period, there is a large probability that the el
tron will return to the nucleus on roughly the same trajecto
with the same angular momentum. For a finite sized co
there is a range of initial launch angles which create traj
tories that are not sufficiently deflected by the weak appl
field to avoid being reincident upon the core after a sin
Kepler period. In scaled units, a weak applied field cor
sponds to low scaled energy, and therefore, fore&23, there
is a pronounced recurrence peak at very low scaled ac
corresponding to a single Kepler period~see Fig. 8!. For
lower e there is an increasing probability that the electr
will return to the nucleus before the Stark field can su
ciently affect the electron’s orbit. With decreasing values
e, the electron visits the core several times before its ang
momentum increases to a level that prohibits its return to
nucleus. As a result, fore,24.0 there are several maxima
small integer values ofS8. In the limit of zero applied field,
e→2` andtS→`, the electron returns to the nucleus aft
every Kepler orbit, leading to an infinite number of recu
rence maxima at integer values ofS8.

Note that there are fewer small action recurrence max
in them52 data than in the correspondingm50 recurrence
spectra. An l 52, m52 electron experiences a great
static-field-induced torque,t5rW3FW , than the corresponding
m50 electron, since its orbit is essentially perpendicular
5-7
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the applied field. For orbits with a greater perpendicu
component,DL/Dt is greater and the electron misses t
core after fewer Kepler orbits due to its increased angu
momentum.

After the initial recurrences in them52 map, there is a
region of scaled action values without recurrence maxim
This empty region corresponds to times when the electro
orbit is precessing around the field axis through various
gular momentum values. After a number of Kepler perio
determined by the launch angle and the scaled energy
electron returns to the nucleus as indicated by a second
gion of strong recurrences. These recurrence maxima~se-
quence I! are located at anS8 value that corresponds to th
Stark period. During the first Stark period, the major axis
the Kepler ellipse completes one-half of a pendular cy
about the applied field axis while the electron angular m

FIG. 12. Integrated recurrence strength as a function of ave
scaled energy for the first three sequences inm50,1. Quantum
calculations are indicated with dashed lines while experimental
are indicated with solid lines. Reducible orbits are indicated w
filled circles while irreducible orbits are indicated with open circle
Note the periodicity of the strong features in the various sequen
The integrated recurrence strengths in each sequence are ind
ally normalized to unity. However, a single normalization fac
sets the relative amplitudes of the experiment and calculation in
three plots.
06340
r

r

a.
’s
-
,
he
re-

f
e
-

mentum completes a full precessional cycle from lowl to
high l and back. When the electron returns to the core w
low angular momentum at this time, the major axis of
orbit has precessed through an angle of approximatelyp. In
essence, the pendular motion of the ellipse adds an extra
Kepler orbit to the motion. As a result, the return of th
electron to the core~sequence 1 recurrence maxima! occurs
at or very near a half-integer value ofS8.

In a similar fashion, after another Stark period, the el
tron again returns to lowerl values and the nucleus, creatin
another region of recurrence maxima~sequence II! located at
values ofS8 that are twice those of sequence I. At this tim
the electron has completed two Stark periods and the m
orbit of its axis has finished a full pendular cycle@1#. The
returns to the nucleus occur after an integer number of
mary Kepler orbits, and therefore the recurrence maxima
located at integer values ofS8. Continuing in this manner
numerous sequences are observed in the recurrence
trum, with the i th sequence corresponding to electrons t
have completedi Stark periods.
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FIG. 13. Integrated recurrence strength as a function of ave
scaled energy for the first three sequences inm52. Quantum cal-
culations are indicated with dashed lines while experimental d
are indicated with solid lines. Reducible orbits are indicated w
filled circles while irreducible orbits are indicated with open circle
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For e523.0, recurrence maxima are observed forS8

510.5, 11.5, 12.5, and 13.5, corresponding to 101
2 ,111

2 ,121
2 ,

and 131
2 Kepler orbits, respectively. If we look at the seco

sequence, the range of Kepler orbits that contribute re
rence strength is larger, with significant recurrence max
observed atS8522, 23, 24, 25, 26, and 27. In general, for
given value ofe, the higher the sequence number, the grea
is the range of scaled actions that have significant recurre
strengths within a given sequence.

D. Global properties of the scaled energy maps

A comparison of the relative intensities of the individu
recurrences within each sequence has also been perfor
To facilitate the comparison, the recurrence map is binne
half-integer units of the action coordinateS8 ~see Fig. 9!.
This allows us to study several features of the scaled s
trum. First, we are able to investigate recurrence strength
constant scaled actionsS8, as a function of scaled energ
Kips et al. @11# examined recurrence strength in this mann
in their theoretical calculations; however, they were una
to compare their results to any experimentally measu
spectra. Figure 10 shows recurrence maxima as a functio
scaled energy for various values ofS8, showing both experi-
mental data and quantum calculations form50,1 in sodium.
Figure 11 shows similar graphs form52. A global shift in
scaled energy ofde510.03 is applied to all the experimen
tal data to obtain the best agreement between experimen
theory. Presumably, this small error is due to the uncerta
in the measurement of the applied electric field. TheS8
526 andS8540 graphs provide a view of a region of s
quence II. TheS8525.5 curve focuses on a region of s
quence III. The curves in Figs. 10 and 11 are representa
and there is good overall agreement between data and th
particularly in the first two sequences. Note that, aside fr
the slight shift in the experimental value ofe, there are no
adjustable parameters in the calculation. A single normal
tion factor is used on the entire data set to allow compari
between experiment and theory.

Integrating the binned maps over a range of scaled e
gies yields the total recurrence strength for a given clo
orbit as a function of sequence number. The recurre
strength value within610% of the center of each sequen
is integrated to obtain the total recurrence strength per o
per sequence. We define the center of the sequences a
crossing of the hydrogenic uphill and downhill repetition o
bits ~see Fig. 6!. For the j th sequence ande,22.5, the
center is given approximately by the closed form express
for the crossing of thei th downhill repetition with the (i
1 j )th uphill repetition,

e j~S8!5A3~S81 j /2!

4 j
. ~6!

The resulting curves~see Figs. 12 and 13! represent inte-
grated recurrence strengths as a function of scaled energ
each sequence. In general, each curve shows a modul
with a period ofj Kepler orbits for a given sequencej. The
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integrated strength curves are sensitive to background n
in the recurrence map. As a result, the agreement betw
theory and experiment is only qualitative. Keeler and Mo
gan noticed similar structure within each sequence of in
grated recurrence strength in their studies of helium@12#.
They associated the oscillations with the types of orbit,
ducible or irreducible, within each sequence. Our data, l
those of Keeler and Morgan@12#, exhibit strong definable
modulations only over a limited range of scaled action. F
ure 12 shows the integrated recurrence strength as a fun
of average scaled energy in the first three sequences fom
50,1 theory and experimental data. Figure 13 shows
corresponding sequences form52. Relative maxima and
minima appear to be functions of whether the orbit in qu
tion is reducible or not; however, the functional dependen
on whether reducible orbits correspond to relative maxima
to relative minima changes as a function of scaled action
general, the scaled action values at which the crossovers
cur are approximately the same as those at similar cross
features in He@12#. Also, the scaled action values at th
crossovers in Na are the same in both the calculated
experimental spectra.

The observed periodicity is more evident in them50,1
experimental data than in the correspondingm52 data. The
lack of any such structure in the quantum calculation of
m52 sodium recurrence spectrum and the small quan
defect of them52 states in sodium suggest that the prese
of these features in them52 experimental data is due sole
to the presence ofm50,1 states in them52 spectra.

IV. SUMMARY

We have measured Na Stark maps as a continuous f
tion of energy and applied static electric field. Using a mo
fied set of scaled variables, the data are Fourier transfor
to produce recurrence maps as a continuous function
scaled energy and scaled action. We have identified sev
global features of the recurrence map, including a propen
for recurrence strength to cluster at integer or half-inte
values of the scaled action. Because of the continuous na
of the maps, we have been able to study with high resolu
the recurrence strength as a function of scaled energy
scaled action.

Complicated modulations in the differential recurren
strength~strength vs scaled energy at fixed scaled action! and
integrated recurrence strength~energy-integrated strength v
scaled action! that are observed in the data are in agreem
with quantum simulations. It would be extremely interesti
to determine at what level semiclassical methods can re
duce these structures. Theoretical investigations along th
lines are currently underway@17#.
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