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Neutron Compton scattering by proton and deuteron systems with entangled spatial
and spin degrees of freedom
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Several recent experiments on liquid and solid samples containing protons or deuterons have shown an
interesting anomaly, which is apparently absent when the hydrogen isotopes are replaced by heavier particles.
The anomaly is a shortfall in the intensity of energetic neutrons scattered by the samples; specifically, the
intensity per hydrogen isotope in bulk samples is smaller than the intensity for total scattering by an isolated
hydrogen isotope. Short-lived correlations in the spatial and spin degrees of freedom of the hydrogen isotopes
have been proposed as an explanation of the anomaly. The correlations involve entanglements of the degrees
of freedom created by the requirements of quantum mechanics applied to identical particles. By using energetic
neutrons to perform Compton scattering experiments on the hydrogen isotopes, the time scale of the experi-
mental probe covers the region of 10216– 10215 s where entangled states might still be expected to survive. The
proposed explanation is pursued here by reporting the cross section for Compton scattering, also known as
deep inelastic scattering, by two identical nuclei occupying nonequivalent states. The model reproduces the
observed dependence of the cross section on energy transfer, in which intensity accumulates at the recoil
energy of a single nucleus. Several features of the model demand that the intensity at the recoil energy is
indeed less than the intensity for total scattering by an isolated nucleus. Although the pair approximation used
here is unquestionably a first approximation to real many-body entanglements, it is a compelling explanation
of all the observations, including the restoration of the normal cross section at longer observation times
achieved by moving to longer scattering times.

PACS number~s!: 34.90.1q, 03.65.2w, 61.12.2q
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I. INTRODUCTION

Several very carefully controlled neutron scattering e
periments@1–4# have shown a shortfall in the intensity re
corded for scattering by hydrogen isotopes. In the exp
ments, primary neutrons with energies of a few eV a
utilized to perform Compton scattering~also known as deep
inelastic scattering!, which is described by the impulse ap
proximation, to a good approximation@5#. The shortfall in
intensity is as much as 40% of the normally expected cr
sections. In two@2,3# of the recent papers it has been de
onstrated that the shortfall exists only during the first 10215s
for protons loaded in metals, whereas in other H-contain
materials@1,4# the shortfall is similar in size but has a long
lifetime.

No complete theoretical explanation of the anomalo
findings has yet been given. It has been proposed@1# that the
findings in question, and similar results obtained from R
man scattering by mixtures of protons and deuterons in w
@6#, might be caused by entanglement of the spatial deg
of freedom of the hydrogen isotopes probed in scatter
For identical particles, with spinI, entanglement of the spa
tial and spin degrees of freedom is created by the requ
ment of quantum mechanics that on interchange of two p
ticles the complete wave function acquires a phase fac
(21)2I . Such an entanglement of atoms is known fro
quantum optics experiments, where it may exist for times
to 1025 s in very well shielded environments@7#, but it has
never been directly observed in condensed matter where
1050-2947/2000/61~6!/062714~7!/$15.00 61 0627
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exists, it would have a very much shorter lifetime. Howev
some unexplained proton correlations in metal hydrides, e
strongly isotope-dependent diffusion of hydrogen isotop
on a metal surface@8# and diffusion anomalies of protons i
the presence of positive muons@9~a!#, can be viewed as in-
direct evidence for short-lived quantum correlations in t
isotopically pure systems, enhancing the diffusion. Similar
nonlinearities in the ionic conductivity of water as functio
of the deuterium-hydrogen content@10# have been taken a
evidence for quantum correlations that are broken in
mixed H-D systems.~The possibility of ‘‘coherent dissipa
tive systems,’’ including short-lived and spatially strong
restricted entanglement between atoms in condensed ma
has been discussed in several papers@11–13#.!

Following a preamble in the next section on the interp
tation of entanglement in quantum systems and known li
tations of our model, based on scattering by a unit consis
of two identical particles, Secs. III and IV describe the c
culation we have done. Section V contains the application
our theoretical findings to the interpretation of the expe
ments in question. Conclusions are gathered in Sec. VI.

II. PREAMBLE

As concerns neutron scattering, it is tempting to try
trace the shortfall in intensity back to a mixing of scatteri
amplitudes for total spinI 2 1

2 and I 1 1
2 , since these ampli-

tudes are strongly different, in particular for scattering
protons. The assumption is then that the eV neutrons, wh
©2000 The American Physical Society14-1
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have such short wavelengths that each of them can ‘‘s
only particles at one of the hydrogen sites involved, sca
on a quantum state that is a superposition of compon
with different spin projections. Such superpositions are
characteristic of quantum entanglement of the spin deg
of freedom of two or more particles. Spin entanglemen
necessarily coupled to a spatial entanglement~and vice
versa! for identical particles. This means that the comple
wave function for the system is also a superposition of co
ponents where particle labels have changed places betw
the hydrogen sites involved. For the moment, we leave
question open about how such entanglement can possib
created and carry out a calculation of the consequences
neutron Compton scattering should entanglement indeed
ist at the encounter of the neutron with the proton~or deu-
teron! system.

A starting point is the case of two protons, labeleda and
b. Such a pure system~which nobody has so far been able
study experimentally! was recently considered theoretical
@14#. If the two protons are produced by separating th
from each other~and from the bound electrons! in a hydro-
gen molecule, they will exhibit a quantum entanglement
pressed~for a spin singlet stateJ50 for the pair! through the
wave function,

C~J50! } @P~Ra!Q~Rb!1P~Rb!Q~Ra!#@↑~sa!↓~sb!

2↑~sb!↓~sa!#, ~2.1!

whereP ~right-hand channel, say! andQ ~left-hand channel,
say! are distinct one-particle orbitals. The spin part is, sim
larly, expressed through a superposition of spin-up↑(sa)
and spin-down↓(sb) functions for the protonsa andb. Evi-
dently, this wave function would lead to an equal probabil
for finding the two particles in the~separated! product states,

P~Ra!↑~sa!Q~Rb!↓~sb!, P~Ra!↓~sa!Q~Rb!↑~sb!,

P~Rb!↑~sb!Q~Ra!↓~sa!, P~Rb!↓~sb!Q~Ra!↑~sa!.
~2.2!

One of these four states would also be the result if all
tanglement~in spin and coordinate space! were broken by a
measurement process. Equation~2.1! represents a so-calle
maximally entangled state, enforced by the Pauli rules
fermions. Similar expressions are well known from t
photon-photon pairs studied extensively in Einste
Podolski-Rosen-type experiments~where, however, the spa
tial part of the two-particle wave function is usually not wr
ten out!. At the right-hand side~and similarly for measuring
at the left-hand side! it is therefore not known,a priori,
whether the particle observed will bea or b, nor whether
this particle will have spin up or spin down.

Of course, the real situation for protons~or deuterons! in
a condensed matter system is very different from that
isolated, entangled proton pairs assumed so far. First of
the particles are strongly interacting with their environme
which limits the survival of spatial entanglement drastica
~decoherence times in a metallic hydride are estimated to
of the order of 10216s for correlated objects of a few ang
06271
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stroms extension@2#!. Secondly, protons or deuterons a
normally not in paired states but each of them interacts w
more than one neighbor at a time. If entanglement exists,
therefore likely to be shared by several particles, and the
model used here can only be seen as a model to illust
principles for treating scattering on entangled systems~al-
though it should be noted that coherent dissipative syst
@11# are expressed in terms of ‘‘geminals,’’ i.e., two-partic
wave functions!. A further consequence of going beyond th
two-particle entanglement in a system of identical partic
would be that particlesg,d,... in the labeling seriesa,b,g,d,...
are now also allowed as partners for the particle to be
pelled in a Compton process. The strength of entanglem
between, say, particlesa andb and particlesb andg is also
expected to vary with time, with possibility for entangleme
swapping@15,16#, so that suddenlyg would turn out to be
the appropriate partner ofa, rather thanb. This would bring
about a fast decrease of entanglement for particles situate
two neighboring sites.

III. THE NEUTRON SCATTERING CROSS SECTION
AND ITS COMPTON LIMIT

In this section we derive the cross section for scatter
by a system consisting of only two identical particles. Ar
ing from the principle of indistinguishability of identical par
ticles is a correlation in the quantum numbers that define
states of the system, also described as an entanglement o
system’s spatial and spin degrees of freedom. The exp
form of the correlation in the quantum numbers found here
correct for two particles with arbitrary spin. There are tw
spatial centers, labeled 1 and 2, and the distance betw
them is similar to the distance between neighboring ions
the crystal. A particle has spinI, and I 5 1

2 (1) for a proton
~deuteron!. The complete wave function acquires a pha
(21)2I when the particles are interchanged.

The one-particle spatial orbitals discussed in the previ
section are taken to be nonequivalent and purely real
they are denoted byw1(R) andw2(R), with

E dR w1
2~R!5E dR w2

2~R!51. ~3.1!

The particles are at positionsR5Ra and R5Rb . Suitably
normalized, the spatial wave function of the initial state
the two particles is

@2~11zS12
2 !#21/2@w1~Ra!w2~Rb!1zw1~Rb!w2~Ra!#.

~3.2!

Here,z5(21)J where the total spin of the particles,J, is an
integer andz251. The overlap integral forw1 and w2 de-
noted in Eq.~3.2! by S12 is assumed to be small on accou
of the large distance between the two centers and, he
forth, it will be neglected. The orbitalsw1 andw2 , and the
energy to which Eq.~3.2! corresponds, might depend on th
magnitude ofJ or whetherJ is an even or an odd integer. Th
spinor for the two particles is
4-2
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xM
J ~a,b!5(

mn
~ I amIbnuJM!uI am&uI bn&. ~3.3!

The Clebsch-Gordan coefficient in Eq.~3.3! is defined in
accord with Edmonds @16# and xM

J (b,a)5

(21)2IzxM
J (a,b). In keeping with the nonrelativistic limit

of quantum mechanics, the complete wave function of
two particles is the product of Eqs.~3.2! and ~3.3!, and on
interchanging the particles the complete wave function d
acquire a phase (21)2I ~In the case of a system with three
more identical particles, the spatial wave function need
necessarily be either symmetrical or antisymmetrical w
respect to the interchange of any pair of particles, as
complete wave function must be.!

The wave function that describes the particles after
scattering event should also acquire a phase (21)2I when
the two particles are interchanged. As we shall see, in o
for our model to reproduce the observed distribution of
tensity as a function of neutron energy transfer, one of
two particles must be found in a state described by a pl
wave, to a good approximation, with a wave vector alm
equal to the wave-vector transfer,k. The magnitude ofk in
the experiment is purposely made very large.

Let the plane wave be proportional to exp(ip8R) and de-
note the second one-particle orbital byc(R). The plane
wave can be normalized in a box, andc(R) is normalized to
unity like w1 andw2 . The normalization box has a volumeV
and the normalization factor attached to the plane wave
be absorbed in a momentum wave function@Eq. ~3.8! be-
low#. For the moment,c(R) is not specified and a comple
function is allowed.

The neutron-nuclear interaction operator is

V5ba exp~ ik•Ra!1bb exp~ ik•Rb!, ~3.4!

where the scattering-length operatorb is independent of the
position variable. A matrix element ofV taken between the
initial orbital ~3.2! and the proposed final-state orbita
namely,

1

A2V
@exp~ ip8•Ra!c~Rb!1z8 exp~ ip8•Rb!c~Ra!#,

~3.5!

contains eight terms, four of the form

E dRa exp@ iRa•~k2p8!#w1~Ra!E dRbc* ~Rb!w2~Rb!,

~3.6!

and four of the form

E dRa exp~ iRa•k!c* ~Ra!w1~Ra!E dRb

3exp~2 ip8•Rb!w2~Rb!. ~3.7!

Consider the first integral in Eq.~3.7!. Because the magni
tude ofk is very large, the phase factor exp(iRa•k) contains
very many oscillations, between11 and21, asRa varies in
06271
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the volume of space in whichw1(Ra) is appreciably differ-
ent from zero; a volume that is of the order of a unit cell
the crystal. In consequence, the integral in question is c
to zero. The corresponding integral in Eq.~3.6! can be sig-
nificantly different from zero whenp8 is chosen close tok,
so exp@iRa•(k2p8)# has relatively few oscillations in a uni
cell. From the conservation of momentum it follows thatk
2p85p is the initial wave vector of the struck particle. Wit
p8.k the second integral in Eq.~3.7! is close to zero and the
product of integrals in the expression can be safely negle
in comparison to Eq.~3.6!. For the latter we writeK1(p)T2 .
Here, the momentum wave function

K1~p!5V21/2E dR exp~ iR•p!w1~R! ~3.8!

satisfies

(
p

uK~p!u25
V

~2p!3 E dpuK~p!u251,

and the overlap integral

T25E dR c* ~R!w2~R!. ~3.9!

The four terms that survive the Compton limit are

1
2 $ba@K1~p!T21zK2~p!T1#1z8bb@K2~p!T11zK1~p!T2#%,

wherep5k2p8, andK2 andT1 are defined in accord with
the foregoing definitions, Eqs.~3.8! and ~3.9!.

In writing down the result for the matrix element ofV we
will assume that the momentum wave functions construc
from w1 andw2 are almost the same and denote the comm
value byK(p). One finds

^finaluVu initial&5K~p!F~J8,J!, ~3.10!

where

F~J8,J!5 1
2 ~^J8ubauJ&1zz8^J8ubbuJ&!~T21zT1!

~3.11!

and

^J8ubuJ&5@xM8
J8 ~a,b!#1bxM

J ~a,b!. ~3.12!

To achieve a simple notation, inF and the matrix element o
b we do not displayM andM 8.

The explicit form of the scattering-length operator is

b5A1Bs•I . ~3.13!

In this result,s is the operator for the spin of the neutron a
A andB are linear combinations of the scattering lengths
the two possible states of the total spin,I 6 1

2 . One sees tha
the matrix element~3.12! is purely real. The single-atom
cross section is 4pb2 whereb2 is obtained by averagingb2

over random orientations ofI , or, equivalently, random ori-
entations ofs, and the result is
4-3
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b25A21 1
4 B2I ~ I 11!. ~3.14!

Let us now consider the change in energy of the partic
between the initial and final states. Because the duratio
the scattering event is by design very small, we anticip
that the position of the struck particle is almost unchang
and its potential energy is essentially the same in the in
and final states of the scattering event. On the other hand
kinetic energy of the struck particle changes from (\p)2/2M
to \2uk2pu2/2M . Assuming the potential energy is the sam
in the initial and final states, it cancels out in the conser
tion of energy of the struck particle, which then reads,

E1
~\p!2

2M
5E81

\2uk2pu2

2M
,

whereE andE8 are the initial and final energies of the ne
tron. Moreover, measured on the scale of energy for
change in kinetic energy of the struck particle, the energy
the other particle is unchanged in the scattering event. W
ing \v5E2E8, the cross section for scattering is propo
tional to

(
p

dS \v2ER1
\2

M
k•pD uK~p!u2uF~J8,J!u2, ~3.15!

where the recoil energyER5(\k)2/2M . Regarded as a func
tion of energy transfer the cross section~3.15! peaks at the
recoil energy, in accord with the observations we aim
interpret. The width in energy of the recoil peak is related
the momentum densityuK(p)u2 in the ground state. Thes
features of the energy dependence of Eq.~3.15! are signa-
tures of the Compton limit of scattering, which has be
extensively studied@5#.

Having established the correct energy dependence of
cross section, we turn attention to the intensity that accu
lates aroundER . From Eq.~3.11!,

uF~J8,J!u25 1
4 ~^J8uba1zz8bbuJ&!2uT11zT2u2.

~3.16!

This expression depends on the total spin of the initial a
final states through the matrix elements of the scatter
length operator and the phasesz andz8. In the following text
we evaluate expression~3.16! for the intensity, or structure
factor, associated with the Compton scattering by a pai
correlated particles.

The initial and final wave functions belong to states of t
two particles with widely different energies and the overl
of the wave functions is negligible. Using

@xM8
J8 ~a,b!#1xM

J ~a,b!5dJ,J8dM ,M8 ,

one finds

^finalu initial&5 1
2 dJ,J8dM ,M8~11zz8!@K1~2p8!T2

1zK2~2p8!T1#. ~3.17!
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The required zero overlap is achieved withJÞJ8, for all p8
and c(R). Hence, not all values ofJ8 are accepted in the
evaluation of the structure factor. In the latter, nonzero v
ues of the matrix element of the scattering-length opera
obey the selection ruleJ85uJ21u, J, andJ11, sinceb con-
tainsI , which is a tensor of rank 1@cf. Eq. ~4.3! below#. The
outcome of the selection rule and the orthogonality condit
is to restrictJ8 to the valuesuJ21u and J11, whencezz8
521.

IV. THE INTENSITY OF SCATTERED NEUTRONS

Attention in this section is on the intensity at the rec
energy appropriate to unpolarized neutrons. The intensit
calculated from Eq.~3.16!, and its dependence on the tot
spin of the initial and final states,J andJ8, arises from both
the matrix elements ofba andbb and the phasesz5(21)J

and z85(21)J8. The dependence of the structure fact
uF(J8,J)u2 on J8 is solely in the matrix element of the sca
tering length, for

^J8ubbuJ&5zz8^J8ubauJ&52^J8ubauJ&, ~4.1!

a result that follows directly from Eqs.~3.3! and ~3.12! and
J1J85odd integer. Using Eq.~4.1! in Eq. ~3.16!,

uF~J8,J!u25^J8ubauJ&2uT11zT2u2. ~4.2!

To obtain the observed intensity we average^J8ubauJ&2

over the projections of the initial total spin and sum over t
values of the projection of the final total spin. Starting fro
Eq. ~3.13! a straightforward calculation yields

1
2 (

mnmn8

1

~2J11! (
MM8

z^ 1
2 mn8u^J8ubauJ&u 1

2 mn& z2

5dJ,J8A
21 1

4 B2~2J811!I ~ I 11!~2I 11!H I 1 I

J8 I JJ
2

,

~4.3!

where the last quantity on the right-hand side is the squar
a 6j symbol @16#. The results~4.2! and ~4.3! completely
determine the intensity of the Compton scattering of un
larized neutrons by a pair of correlated nuclei.

In considering the application of expression~4.3!, thought
must be given to the dependence of the energy of the
ticles on their total spin, arising ultimately from the princip
of indistinguishability of identical particles. ForI 5 1

2 , to
each energy level there corresponds one definite value o
total spin, 0 or 1. There is not necessarily a one-to-one c
respondence between the spin values and the energy le
for particles with spinI . 1

2 , and energy levels to which ther
correspond symmetrical~antisymmetrical! spatial wave func-
tions can occur for any even~odd! value of the total spin.
The magnitude of the energy dependence, known as the
change splitting, is related to the overlap of one-particle
bitals at different centers. For the moment, we will assu
the energy dependence is very small and unimportant in
dressing the questions at hand. Rather, all values ofJ andJ8
are now regarded as equally likely, subject to the tenets
4-4
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quantum mechanics. In consequence, we will sum the in
sity over the allowed values ofJ8 and average it with respec
to J.

In executing the sum onJ8 we recall the conditionJ8
ÞJ, which stems from the orthogonality of the initial an
final states of the particles. From Eq.~4.3!,

(
J8ÞJ

1
2 (

mnmn8

1

~2J11! (
MM8

z^ 1
2 mn8u^J8ubauJ&u 1

2 mn& z2

5~s inc/4p!S 12
J~J11!

4I ~ I 11! D , ~4.4!

wheres inc5pI (I 11)B2 is the single-atom incoherent cros
section.

The result~4.4! is central in subsequent developments
it is fitting to record an alternative derivation of it. From th
first equality in Eq.~4.1! we find^JubauJ&5^JubbuJ& and the
sum

(
J8M8

z^J8M 8u~ba2bb!uJM& z25^JMu~ba2bb!2uJM&

contains no contribution from the termJ5J8. For unpolar-
ized neutrons,

~ba2bb!25 1
4 B2~ Ia2Ib!25 1

4 B2~2Ia
212Ib

22K2!,

whereK5(Ia1Ib). Using Ia
25Ib

25I (I 11) we find

^JMu~ba2bb!2uJM&5B2I ~ I 11!S 12
J~J11!

4I ~ I 11! D .

Now, previously we have establishedzz8521 so the quan-
tity considered here is precisely the quantity needed for
structure factor~3.16! when it is summed over allJ8. Note
that the algebraic factor is positive, since it is the diago
matrix element of the square of an operator, and it redu
the matrix element below the value appropriate to sim
incoherent scattering by an isolated particle.

The value of the structure factor corresponding to E
~4.4!, namely,

(
J8ÞJ

uF~J8,J!u25~s inc/4p!uT11zT2u2S 12
J~J11!

4I ~ I 11! D ,

~4.5!

depends on whetherJ is an even or an odd integer, the tw
possibilities giving opposite signs forz5(21)J. Hence, the
average of Eq.~4.5! with respect toJ is to be made sepa
rately for J even andJ odd.

The integerJ50,1,2,...,2I , and the total number of initia
spin states is

(
J50

2I

~2J11!5~2I 11!2.

Also,
06271
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(
J50

2I

~2J11!S 12
J~J11!

4I ~ I 11! D5 1
2 ~2I 11!2,

and the sum withJ restricted to odd integers is found to b
one-half this value. Thus, averages of the structure fa
over J-even andJ-odd states generate the same numer
factor 1

4. Assembling the results, the intensity per particle
the recoil energy, summed overJ8 and averaged with respec
to J, is

1

2~2I 11!2 (
J

~2J11! (
J8ÞJ

uF~J8,J!u2

5
1

4 S s inc

4p D 1
2 ~ uT12T2u21uT11T2u2!

5
1

4 S s inc

4p D ~ uT1u21uT2u2!. ~4.6!

This result is seen as our central finding. In arriving at t
final expression we assume the single-particle orbitals inT1
andT2 are the same for all values ofJ.

For the combination of overlap integrals in Eq.~4.6! we
submit the inequality

~ uT1u21uT2u2!<1. ~4.7!

The inequality follows by expressingc(R) as an expansion
in terms of complete sets of single-particle orbitals for t
two sites. Equality in~4.7! is achieved when coefficients i
the expansion are zero for all orbitals except those describ
the ground state, denoted in Eq.~3.2! by w1(R) andw2(R).

The result~4.6! is smaller than the result corresponding
total scattering by an isolated particleb25(s/4p), whereb2

is given in Eq.~3.14! and s is the total single-atom cros
section. In part, the shortfall in intensity in Compton scatt
ing is due to the absence of the initial wave function E
~3.2! in the final state; the Compton scattering process
inelastic and incoherent, and the cross sections inc appears
instead ofs>s inc . In our model result there is also a facto
1
4 in the intensity that has its origin in the same physic
process, which manifests itself in the calculation by the
pearance in Eq.~3.16! of the difference in scattering-lengt
operators for the two particles and no contribution to t
scattering event from states with the same total nuclear
J.

To conclude this section, let us return to a fact alrea
mentioned, that the energy of the particles depends on t
total spin. For a system consisting of only two identical p
ticles, the solution of Schro¨dinger’s equation for the spatia
wave function that corresponds to the lowest eigenvalue
an even value of the total spin, since the wave function
this eigenvalue is not antisymmetrical. In the case ofI 5 1

2

the structure factor per particle for this state is

1
2 (

J8ÞJ

uF~J8,0!u25 1
2 ~s inc/4p!uT11T2u2.
4-5
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Taking T15T2 , on the grounds that the two spatial cente
have the same local structure, use of Eq.~4.7! brings us to
the result (I 5 1

2 ),

1
2 (

J8ÞJ

uF~J8,0!u2<~s inc/4p!. ~4.8!

Consider nextI 51. The state of lowest energy correspon
to J50 or 2. The structure factor per particle satisfies

1
2 (

J8ÞJ

uF~J8,0!u2<~s inc/4p! ~4.9!

and

1
2 (

J8ÞJ

uF~J8,2!u2< 1
4 ~s inc/4p! ~4.10!

while their average is less than or equal to3
8 (s inc/4p).

V. COMPARISON WITH EXPERIMENTS

The intensity per particle in Compton scattering from tw
identical nuclei has been shown to be less than the sin
atom incoherent cross section. There are various reasons
our favored expression for the intensity per particle is
result~4.6!. For one thing, the result can be interpreted as
incoherent addition of intensity for each center, and t
structure in the result is consistent with the incoherent na
of Compton scattering as a probe of matter. The result~4.6!
is arrived at by including all the initial states with the appr
priate quantum statistical weights. We expect this to be
plicable because of the energy scales in the experiment.
separation in energy of the initial states is small, as we h
previously mentioned, and surely the separation is very sm
relative to the temperature of the sample and, also, the sp
in energy sampled in the experiments.

We will evaluate Eq.~4.6! with T15T2 , which is an as-
sumption consistent with our earlier use of a common va
for the momentum wave function of the one-particle orbit
in the initial state. In this case, the intensity per particlesK
relative to the single-atom cross section is

f 5sk /s5 1
2 ~s inc /s!T1

2, ~5.1!

and we submit the inequalityT1
2< 1

2 . One finds

f 50.49T1
2 for the proton,

and,

f 50.13T1
2 for the deuteron. ~5.2!

The main features of the experimental results@1–3# are
the following.

~a! A big shortfall in the cross section for protons in m
tallic hydrides; about 30% in Nb-H and about 50% in Pd-
when the neutron scattering time~observation time! is less
than 5310216s @1,2#.
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~b! A cross section of normal size for protons for tim
larger than 10215s in the Nb and Pd hydrides@1,2#.

~c! A small ~about 10%! but time-independent shortfall in
the cross section for deuterons in Nb-D@2#.

~d! A big shortfall in the H/D cross section ratio for mix
tures of D2O/H2O @1#. This ratio is'30% below the conven-
tionally expected one for admixturesXD5@D#/@H1D#
,0.4, but approaches the conventional value forXD50.9.

The values off in Eq. ~5.2! at once admit the entangle
ment of spatial and spin degrees of freedom in pairs of id
tical particles as a candidate for the explanation of the sh
fall in the observed intensity for scattering by protons
deuterons. TakingT1

25 1
2 , a fraction 0.4 of pairs of correlate

protons yields a shortfall of 30% in the intensity relative
s, and a fraction 0.7 of pairs gives a 50% shortfall@1,2#.

With a purely quantum-mechanical effect as the expla
tion of the anomalies one expects progressively sma
anomalies with increasing mass of the particles. It is enco
aging to find our proposal fits this trend. A fraction of on
0.1 of pairs of deuterons gives a 10% shortfall in the inte
sity, in line with the experimental result@2#. With more mas-
sive particles even fewer pairs of correlated particles sho
be formed; thus the attendant shortfall in intensity will
very small and, we propose, too small to be measured.

It can be shown that, if quantum correlations are dele
in the final state, by settingz850, the conventional cross
section is recovered. The gradual transition from anomal
to normal cross sections as the scattering times are incre
@1,2# can be seen as due to the destruction of entangleme
the states of the unit of two particles. Such decoherenc
most likely associated with the interaction of the partic
with the environment. Certainly, we expect the Compt
event to destroy an entangled state enjoyed by the st
particle.

VI. CONCLUSION

We report a theoretical discussion of scattering of en
getic neutrons by particles in a solid, with a view to inte
preting recent experiments on samples loaded with prot
or deuterons. A prime objective is a complete and transp
ent account of the influence on scattering of entanglemen
the spatial and spin degrees of freedom of the particles. T
is realized by recourse to a simple model built from elem
tary units of two particles~nuclei!, which might capture es-
sential features expected of a many-body quantum sys
The initial and final states of the two particles in a unit a
represented by nonrelativistic wave functions; a wave fu
tion is the product of a spin and an orbital wave function, a
each of these is a linear combination of products of n
equivalent one-particle orbitals. An interchange of the t
particles in the initial or final wave functions creates a pha
factor (21)2I where I is the magnitude of the spin of
particle.

The initial state in the scattering event is a state of eq
librium, and use of one product wave function to describe
initial state is expected to be an acceptable approximatio
the true ground-state wave function. For the final state
use a wave function in which a particle is represented b
4-6
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plane wave, and the second one-particle orbital is unspec
but assumed to be spatially localized. This highly exci
state of a two-particle unit has no overlap with the init
state. We demonstrate that the specified final state of the
particles produces in the cross section the observed de
dence on the energy transferred to the sample, which
typical Compton profile centered at the recoil energy of o
particle.

With regard to the interpretation of experiments, our k
finding is a reduction of the cross section per particle be
the cross section for a single isolated particle. The reduc
is caused by entanglement of the spatial and spin degree
freedom of the two particles in a unit.

In the favored model, two factors contribute to the calc
lated reduction in the cross section. First, orthogonality
the initial and final states means that these states have d
ent total spins, so in the expression for the cross section
sum over all allowed values of the final total spin exclud
the value of the initial total spin. Secondly, scattering
volves only the ~incoherent! spin-dependent part of th
nuclear scattering-length operator. Absence of the s
independent part of the scattering length, which is equa
the coherent scattering length, means the cross section c
F.
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lated for a unit of two particles is a fraction of the incohere
single-atom cross section.

The model is shown to fit key experimental results. In
doing, it is found that there are fewer correlated pairs in
system of deuterons than in the system of protons. This fi
ing is quite consistent with an explanation based on a pu
quantum-mechanical effect. Another relevant example is
isotope effect observed in the localization ofm1 and protons
in metal hydrides@9~b!#.

Persuasive as our argument appears, it might be casu
After all, in the properties of quantum many-particle syste
there is abundant evidence of great subtleties.

Note added in proof.Recent papers by Fillaux@17# and
Ikeda and Fillaux@18# discuss a related scattering problem
which protons participate in hydrogen bonds. We are grate
to François Fillaux for information about this work.
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