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B-spline-based multichannelK-matrix method for atomic photoionization
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We present @8-spline-based multichann&-matrix method following an extension fromBspline-based
configuration-interaction approach. Theoretical procedures are presented in detail for its application to photo-
ionization from two-electron and divalerg.g., alkaline-earthatoms. Numerical examples, including doubly
excited photoionization spectra above the 2 threshold from the HesPs 'S metastable state, are also given.

PACS numbses): 32.80.Fb, 32.80.Dz, 32.80.Gc, 31.2%.

[. INTRODUCTION the eigenchannelsre intimately related to the dynamics of
the atomic process, although they do not in general represent
Using aB-spline-based configuration-interactigBSCI) directly the atomic states.

approach for a single continuufi,2], Chang and co- In Sec. I, we present explicitly the theoretical procedures
workers examined in detail the effects of mutlielectron inter-which extend the single channel BSCI approach to the
actions on strongly energy-dependent doubly excited photoB-spline-based multichanné{-matrix approach. Although
ionization spectra from ground and bound excited states of attempts are made to minimize the formulas that are already
number of two-electron and light divalerie.g., alkaline- presented elsewhere in othématrix works, some equations
earth atoms[3,4]. The purpose of this paper is to present anare included at times to ensure that a precise and consistent
extension of the BSCI approach for a single continuum to dheoretical procedure is presented. Fenatrix is evaluated
B-spline-based multichannéd-matrix (BSK) approach for numerically using adiscretizationprocedure similar to the
multiple continua. Explicit theoretical procedures for appli- one employed by Moccia and co-workgf. Detailed com-
cations to photoionization from two-electron or divalent at-putational procedures are presented in Sec. lll. In Sec. IV,
oms are given in detail. Similar to the BSCI approach, thewe demonstrate the effectiveness of the BSK method by its
radial part of the basis functions in the BSK approach is als@pplications to the photoionization from the ground state of
set tozeroat the boundaryi.e., atr =R) to retain the sim- He and H. Also presented are the doubly excited resonance
plicity in the computational algorithm enjoyed by the BSCI spectra above thi=2 threshold following the photoioniza-

approach. tion from He 1s2s'S metastable state.
The basic theoretical procedures of the BSK approach
closely follow theK-matrix methods detailed earlier by Sta- Il. THEORETICAL PROCEDURES

race[5] and Moccia and co-worker$]. In essence, for a
particular ionization channe}, its correspondingncoming-
wave-normalizeg¢hannel wave functioW g is expressed as Similar to the BSCI approach, the basis set employed in
a linear combination of eigenchannétsmilar to Eq.(4.54  the BSK approach consists of a number of two-electron-

of Ref.[5]]. Parallel to all other multichannel theoretical ap- figuration series f;l [1,2]. Eachn;l;| series includes a set of
proaches, the eigenchannel, designated by a channel Ihdextwo-electron configurations corresponding to one of the elec-
at a total energyE, is given as a linear combination of a trons in a fixedinner orbital n;l; and an outer electron with
judiciously chosen open-channel wave functidmyOE), orbital angular momentrh but variable energyboth nega-

A. Discretized basis set

which represents thimdividaul open channei.e., tive and positive over an entire set of eigenfuntions, of a
one-particle radial equation
hE () xa(N) =2 uxu(r), @)
ITE)=2 |®, )V, r(E)cosy(E), (1)
Yo

whereh?'" is an effective one-particle radial Hamiltonian.
For a two-electron atonh?'" represents a simple hydrogenic
Hamiltonian. For alkaline-earth atoms, thieozen-core

whereU E) is an orthogonal transformation matrix at an NN .
yor( ) g Hartree-Fock(FCHF) Hamiltonian(including the model po-

gnergk))/E, and tqr;e eige_lphphase Sh?f reprt;sents tdhehinterac- tentialg detailed in Ref[2] remains to be our choice. Fol-
tions betweerj®, e). The eigenphase shiffr and the ma- ing” the same numerical procedures employed in the

trix U, r(E) are obtained by diagonalizing then-the-  BSC| approach, the radial functigp, is expanded in terms
energy-shell Kmatrix, which will be discussed in detail in of a set ofB splinesB;(r) of total numberN, confined be-
Sec. Il. Similar to thenormal modedor a complex system, tweenr=0 andr=R, i.e.,
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X(r)=2 CiBy(r). 3 €a(r) — Asin k—%|+_mn(|<2kr)
I —R

r

+0'|C+ 5,1, (8

The boundary conditions that(r=0)=x(r=R)=0 leads \whereq is the effective nuclear charge experienced by the
to a total ofN,—2 discretizedbasis functions for each;l;! outgoing electrong is the Coulomb phase shift, a), is
configuration series. For elosed channelwe have already the scattering phase shift due to the short-range interaction.

learned from our BSCI calculations that such a choice isppq amplitudeA approaches a value af2/mk asR—.
particularly effective for a numerical computation.

For anopen ionization channgh choice of radial func-
tions which closely represent the outgoing ionized electron
may lead to a more precise physical interpretation of the For each energy degenerate open changgl we define
atomic process. In the BSK approach, first, we denote each wave function at an enerdy using the basis set given by
open channely, by a configuration series,l,l which cor-  Eq. (5) in the form
responds to an outgoirigelectron leaving the inner electron
in a nyl, orbital of the residual ion. The hydrogenic and B, ) =|y,E)+ D) ds79|ys><78| K(E) [%0E) 9)
FCHF orbitals remain our choice as the one-particle radial YoE © Y E—e ’
function for theinner nyl, electron. For the one-particle ra- ) )
dial function representing the outer electron, we follow theWhere the sun¥’= (2 +[) includes the summation over all
BSCI procedure by diagonalizing the Hamiltonian matrix 0fdllscrete components and th_e mtegrauon over t'he entire con-
the total nonrelativistic Hamiltoniai, constructed from a finua, and? denotes the principal part of the integral. For
basis includingonly a singlen, |, configuration series. The €ach basis séty’e’), the condition
outer electron, now denoted by, will then be represented , _
by a one-particle function de??fled by E&O) of Igef. [2], (v'e’|H-E |(I)VoE>_O (10
ie.,

B. Multichannel K-matrix approach

leads to a set of coupled integral equation for khenatrix,

Ny -2 ie.,
Ea(N=2 Chy ixa(r), (4) . -
: v e (7' | K(E) [7oE)=(v"&"| V(E) | 7oE)
whereCf |, represents an eigenvector corresponding to a

+>" de P(y'e'| V(E) | ye
new orbital ul. This new orbital is equivalent to the one- Y (ve'l [ve)

particle orbital generated by E¢LO) in Ref.[7], where we (ye| K(E) | 74E)
have already demonstrated that it more effectively represents NOLALER A (12)
the orbital of the outer electron in an open channel. E-e
Symbolically, thediscretizedbasis set in the BSK ap- Th d deM matrix. ai b
proach corresponding to a configuration series can be ex- € energy-dependetmatrix, given by
pressed as (v'e'|V |ye)y=(y'e| H—E|78>—(8—E)5yr75(s—8(’1)2,)

chH Nelg, vl open channgl . .
|yu)= Ey ”0'0'”'| olo,71) (0P ® (5) can be evaluated with the same numerical procedure em-

ployed in the BSCI calculation. The open-channel wave
functions defined by Eq9) satisfy the samerthogonality
where y is the channl index. In other words, for an open ¢ondition obtained in th&-matrix approach by Moccia and
channel, the basis is constructed from the produck,pf. co-workers[6], i.e.,

and ¢, and for a closed channel the produc:t)(qfc,C and

X, - The basis are orthogonal between any two configura- (P, e/|®,e)=8(E'~E)
tion series, i.e.,

[ncle,ul)  (closed channg

8yt 722 (y'E|K(E)|y'E)
Y

(V' 'l yp)=68yy8urp (6) X(y"E| K(E) | yE) |. (13
In addition, the basis functions correspondingpfen chan-
nel also satisfy an addition condition .
C. Eigenchannels
(Yo' Hlyom) =8y, 81y - () Following the same procedure employed by Staf&de

the eigenstatél'E) of the eigenchannel’ at an energyE
Asymptotically, at large, the radial functioré,;, corre- may be expressed as a linear combination of the open-
sponding to an outgoinigelectron in an open channglwith channel wave functions according to Efj). It can be shown
a linear momentunk,=k and an energ}eﬂ=k2=s, is  readily that the eigenstat€' E) satisfies the usuarthonor-
given by mality relation
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(T"E'|TE)= 68 8(E' —E) (14) AE 2

WE=35

lallM’s

(W2 TilvE) (22
if the transformation matrixU .},OF(E) and the eigenphase

shift - are obtained by diagonalizing then the energy and
shell Kmatrix, i.e.,

2
fO(E)= > (Y v*i|7E>‘ (23

> (VEIK(E)yE)U p=— 7 YamprU, r. (19 39/(AE) 4im's
Y

are theeffectiveoscillator strengths corresponding length
Similar to the increase of the scattering phase shift by a valuandvelocityapproximations, respectively. The excitation en-
of 7 across a resonance embedded in a single continuurergy AE=E—E, is given in Ry units and the degeneracy of
Hazi [9] simplified a more general expression derived bythe intial statel is given by g,=(2S+1)(2L,+1). The
Macek[8], and showed that the sum of the eigenphase shifivave function|W,) for the initial statel is calculated using
over all eigenchannels, i.e., the BSCI procedure.

Wtotzz Ny, (16) IIl. NUMERICAL PROCEDURE

A. Discretized K matrix
also increases by a total af as the energy increases across The second term on the right-hand side of twupled

an isolated resonance. As a result, the total width of a resQntegral equationfor the K matrix given by Eq(11) can be
nance can be calculated readily from the energy variation ofgquced into a single discretized teth?) if y represents a

ot - . o closed channel, i.e.,
To calculate the partial and total photoionization cross
sections, we shall first proceed to construct a state wave (ye, |K(E)|y.E)
Y

function |yE ), which satisfies the energy normalization ~ K®=> > <7’a'|V(E)|7s,y>
y b

according to E-e,

(29)

(Y'B'TIyET)=0,,0(E'~E) 17 wherel, in Eqg. (24) is the index for the discrete basis in

for each of the ionization channel. From H4), it can be channely . If y represents anpenchannel, a contribution

. 3 A . . . . 2
shown immediately that the normalization conditipeq.  rom @ second discretized teri?,

(16)] is satisfied if
I( E 2: p i+l )4 K E VOI
“ y i f 8< ,8,|V( )| 8>< 8| E(—)e| >’

|yE‘>=; ITE)Cr.,, (19 (25)

i e ) , i should be added. Thprincipal part of the integral in Eq.
where Cp,=e """Ur,e '®. The interchannel interactions ;g is evaluated only wher lies within theith energy
betwgen_ all open channels are included in the stat_e f“nCt'ofﬁtervals betweer; ands; . ; for the openchannely.
[¥E 7 in terms ofU,, - and ;. The channel function Alternatively, the termk ™) can be expressed as a matrix
. . . . element of a product of three matici®4E), X(E), and
W oe(riSy, - INSN)=(r1S1, - - InSN[YET) (19 K(E), i.e.,

i6

contains outgoing spherical waves only in chanpehnd its KO =(y"e'|V(E)X(E)K(E)|yE), (26)
asymptotic form is identical to Eq4.56 in Ref.[5].
where
D. Photoionization cross sections
The total photoionization cross section is given by the (v e, |X(E)|ye,)=6,, vt By (27)

sum of the partial cross sections over all open channels, i.e.,

More elaborate procedures are required to evaluate the
Otot= Z T,. (20 principal value intergration itk (?). We will follow a proce-
Y dure similar to the one employed by Moccia and co-workers
) o ) [6]. Instead of starting from the usual Lagrange interpolation,
The partial cross section in unit aﬁ for each open channel {he value of a functiorf at x may be interpolated using an

y is given by alternative expression in terms of a polynomial
07=4772afy, , (21 N /
f= 2 (2 amm,f<xm>>xm ! (28)
where m=1\m
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wheremandm’ are indices for a set df grid points, and the

expansion coefficienta,,,y are functions of the grid points.

The matrices(y'e’|V(E)|ye) and{ye|K(E)|y,E) in Eq.
(25) can be approximated as

N

>

m'=1

(;amm/<y's'|V<E)|ysm>)s”‘"l (29)

and

N

>

n'=1

(; ann’<'}’8n|K(E)|70E>)8n,_lv (30)

respectively. Similar to the expression given in E2f) for
K@), we can now express the ted{?) as a matrix element
of a product of three maticie¥/(E), Y(E), andK(E), i.e.,

K@=(y'e'|V(E)Y(E)K(E)| y.E), (3D)
where
(7 enl Y(B) yen) = 8, 20 Yiih (32)
and
- " Bit1 gm +n'-2
Y§r|1)n= E Xm v &n n’J’ dS'P?. (33

m',n'=1

From Eqgs.(24)—(26) and(31), the coupled intergral equa-

tions for theK matrix shown in Eq(11) can now be written
as a set of equations in terms ofdiscretized Kmatrix
KY(E),

<v’s'|[1—V<E)P<E>]K"(E>|yoE>=<v’s’IV(E)lvoE(>3,4)

whereP(E) is a square matrix given by
P(E)=X(E)+Y(E). (35

Most of the off-diagonal elements of tH E) matrix equal

zero, and its near diagonal structure was discussed in detail

by Moccia and co-worker$6]. Finally, the K matrix, in
terms ofKY, is evaluated numerically from

KYE)= E). (36)

1—vE)pE)]

B. Transition amplitude
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FIG. 1. Partial photodetachment cross sections nealNth&
threshold of H from the H ground state.

and

(2L, +1)

—ag I TE

Y (39)

fE) = S5, 5
The total transition amplitud& , is given by
Tu(E)=2 t, (E)U, r(E)cosnr(E)Cr,(E), (39
F'}’o (0] (o]

where

tyOIIFyoE,I+ ,2 Fyv’,|<7V,|P|7V><7V|K|70E>'
v,y

(40)
The same expression given by Ed3) in Ref.[2] can then
be applied to evaluate the transition matfi, , .

IV. RESULTS AND DISCUSSIONS

Figure 1 presents the partial photodetachment cross sec-
tions from the ground state of Hinto the Zep, 2pes, and
2ped channels near the resonance belowNe3 threshold

For a two-electron atom or an alkaline-earth atom, similaiof H. The partial photodetachment cross sections into the

to the the BSCI approach, Eg22) and (23) can be written

1sep ionization channel shown in Fig. 2 are similar in mag-

in a form which can be evaluated more conveniently after #itude to those into the individuél =2 ionization channels.
straightforward application of the angular momentum alge-The totalN=2 partial cross sections and the total kgho-

bra, i.e.,

(2L, +1)

Yo

3 @7

fUIE) =55 s AE[TEHE)?

todetachment cross sections are also shown in Fig. 2. Our
calculated spectrum is in close agreement with the earlier
experimental and theoretical resulésg., see Ref$10,11] ).

Our calculated width of 2.4410 3 Ry is also in close
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FIG. 2. Partial and total photodetachment cross sections near t

12.70

N=3 threshold of H from the H ground state.

[10-13. The agreement between our length and velocity re;

sults are very good as shown.

As a second test, we have applied the BSK
the He photoionization above tié=2 threshold.

1275

approach t

Our cal-
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TABLE I. Comparison of the widthgin a[ u]=aXx10* eV)
from the BSK calculation for a few selected resonances converging
to the N=3 threshold of Hé with theoretical data from Moccia
and co-workerg6] and the complex rotational method of H©7].
The resonances are labeled according to the notation introduced by
Lin [18].

State Present Reff17] Ref.[6]
13 1.9 —1] 1.80—1] 1.84-1]
2, 9.30 —4] 9.24 — 4] 8.79 —4]

-13 3.7 -2] 3.97-2] 3.74-2]
1; 7.97-2] 7.89 —2] 8.14 — 2]
0, 6.60 —4] 6.1 —4] 5.84 —4]
2 5.5 —4] 5.90 - 4] 5.9 —4]

-1 1.31-2] 1.47-2] 1.87-2]
1. 3.1 - 2] 3.5 -2] 2.91 2]
05 2.99-4] 2.91-4] 2.79-4]

culated partial photoionization cross sections into tke[®,
2pes, and Ped ionization channels are shown in Fi@).
Again, our resultgincluding the partial cross sections into
fbe 1sep ionization channel not shown herare in close
agreement with the earlier results by Moccia and co-workers
[6] and Zhou and Lin[14]. The calculated spectrum also
agree well with the observed specfib,16. The widths of

the resonances are determined from the energy variation of
the sum of the eigenphase shifts as discussed in Sec. Il C. In
Table I, we compare our calculated widths for a few selected
Pesonances with the earlier theorectical results by Moccia
co-workerg[ 6] and the complex rotational calculation by Ho
[17]. The agreement is in general very good. More detalied
reviews of He photoionization above thé=2 threshold
were already given in Ref$6] and[14].

10 P
- He N=2 tot?l cross section 3
. Srffrom1s2s’s ” ]
Ee 6 F 1; 4 3
S 't 5
o 4F — Length .
© S A R Velocity ]
2F E
o :I U T N TN N T T NN T VNN N T NN T TN T N Y Y O T O O N 1 L1 |-
48.418 51.918
0.20 P
[ He N=2 total cross sectlon from 1s21S ]
- 015 | A 3
o] - ]
£ 010 o 3
S i ]
0.05 F 3
o.oo :I I N T I T N i T N T U T T T T T A O | a1l L |:
690 695 700 705 710 715 720 725

Photon Energy (eV)

FIG. 4. Comparison of doubly excited spectra converging to the

FIG. 3. Partial photoionization cross sections converging to theN=3 threshold of Hé between photoionization from thes2s 'S
N=3 threshold of Hé from the He ground state.

metastable state and?'S ground states.
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0.5 TTTTTTTTT T T T 5 —r——T——7—
— [ 1 ]
2 04l He pﬂrtlal 1sep cross sec:_lon from 1szf& ? . " He partial 2ped cross section -
vn_os_- s s 13 ekl ] 4T fromis2s's 1
30.2; — b@:\gtll: ] S i i
o'o- I T TN T N T TN TN T N TN TN O N TN 1 ] B T
5 LI I N NI S B L L LI R ML L T T &2 T
— - He partlal 2sep cross section : o} J
8 4T from1s2s's ]
= 1 ]
S 3f .
[~} i 1 o
8 2r ] 0
o 1[ . 51.49 51.52 51.55 51.58 51.61
0 R T R S A T TN T N T N T W T N T o A T K AT e SN Photon Energy (eV)
5 T
= of He partlal 2pes cross sectlon h FIG. 6. Separation between Hd; and 1 resonances seen in
= L0 from1s2s 'S 1 the Hels2s 'S partial 2ped spectrum.
= i
2, ] photoionization, is its ability to extend to photoionization
é}' 1 ] from bound excited states with little additional effort. As a
I e — Mf ] by-product of our ground?sta_tte palculation, we have carried
5 out a four-channel photoionization calculation between the
T rrrrrrrrrrreorrrrprrrrrrrorrrrr
—~ . | He partial 2ped crass sectio . N=2 and 3 thresholds of Hefrom the 1s2s'S metastable
g 4T from1s2ss ] state. Figure 4 compares the told=2 cross sections from
=3 ] the 1s2s!S state to the ones from the He ground state.
§_ 2 . Clearly, the resonance profiles for the narrow resonances are
g 1 i far more prominent than those seen in the ground-state spec-
o b —M : . trum. The substantially larger cross sections from the meta-
48.8 49.3 498 503 508 513 51.8 stable state should also help the experimental measurement.

Photon Energy (eV) Detailed partial photoionization cross sections are presented
in Fig. 5. Unlike photoionization from the ground state, the
FIG. 5. Partial phOtOioniZation cross sections Converging to th%ar“a' Cross sections going into tie=2 channels are sub-
N=3 threshold of Hé from the He k2s'S metastable state. stantially larger than the one going into the=1 channel.
The main difficuty for a detailed comparison of the nar- We also note that some of the resonancs which have been
y P identified theoretically are difficult to resolve in the photo-

row resonances between the experiment and theory IS du? #8n|zat|on spectrum. One such example is the two neighbor-
the windowlikenature of the spectrum. The cross sections in + 4
L : ing —1, and I resonances. Only on an enlarged scale and

the vicinity of the resonances are also relatively small due to . S
only in the 2ped spectrum shown in Fig. 6 can these two

the simultaneous excitation of two electrons. In spite of the b ted. O its al i tit
substantial recent advancement in vacum ultraviolet "ghsgesonances € separated. Lur resulis also confirm guantita

source, the energy resolution is not sufficient to resolve mo \;]ely thz I(_a_ar[lllir]hypersphencal close-couplingesults by

of the narrow structures which are barely visible in the cal- ou and LinL 14]. . .
culated spectra. As we, and a few others, have suggested in In conclus!on, we have presented a deta_lled theprefucal
recent years, an alternative and perhaps more precise Chaﬁa%_ocedure using the BSK approach for atomic photoioniza-

terization of the doubly excited resonances may be obtainet" from two-electron and divalerie.g., alkaline-earthat-
oms. We have also demonstrated its effectiveness as a viable

using spectra from the bound excited stded.4,19,20. A g)uantitative approach. Finally, it is hoped that our theoretical

new experimental technique has indeed been developed o .
measure the photoionization from bound excited states Witﬁesu“ for the photoionization from excited state may lead to

success. In fact, one of our recent works on photoionizatior'{'(':'W experimental advancement.
from bound excited states to nonresonant redi@h] has
already been confirmed by such an experinj@aj.

Similar to the R-matrix or close-coupling approach This work was supported by the NSF under Grant No.
[23,24], one of the key advantages enjoyed bpBapline- PHY98-02557 and the Institute of Atomic and Molecular
based calculational approach, when it is applied to atomi&ciences, Academia Sinica, Taiwan, Republic of China.
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