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Controlled source of entangled photonic qubits
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We consider a general proposal for generating a train of entangled single-photon wavepackets. The photons
are created inside a resonator via an interaction with an active medium. In the course of the generation process
photons are transferred to the continuum outside the resonator through cavity loss. We show that wave packets
generated in this way can be regarded as independent logical qubits. This and the possibility of producing
strong entanglement between the qubits suggests many applications in quantum communication. We give a
specific example in the context of cavity QED and show that undesired decoherence effects can be efficiently
reduced in the considered scheme.

PACS number~s!: 03.67.Hk
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I. INTRODUCTION

A controlled source of entangled qubits is necessary
most quantum communication and computation procedu
@1,2#. For communication purposes the choice of photons
qubits is especially appropriate, since they propagate relia
over long distances@3#. In this sense, an important exper
mental step has been taken in quantum communication
the recent successful teleportation of a qubit between
spatially distant locations@4,5#. The quintessential ingredien
to a successful implementation of this quantum commun
tion process was the availability of a source of entang
qubits. The source presently in use is parametric downc
version in a crystal, which is a reliable source of entang
twin-photons. However, the generation process of entan
photons is random and largely untailorable, and the e
ciency of the process is quite low. Although there is an
trinsic limitation on the number of entangled qubits that c
be produced directly by downconversion, novel schem
have been found to extract a GHZ state from two pairs
twin-photons by measuring the state of one qubit@6#. Yet the
efficiency of this process is low and it is foreseeable that
instance teleporting simultaneously several qubits will
quire a novel source of entangled qubits. In principle,
obvious choice for such a source appears to be a higher o
nonlinear process. However, the efficiency of such proce
is extremely small which renders their use unpractical.

In this paper we propose a scheme for the generation
train of entangled single-photon wave packets which are w
resolved in time@7#. This feature permits us to regard the
as individual qubits. Our scheme is based on well-establis
techniques from cavity quantum electrodynamics~CQED!
@8–10#. We consider a nonclassical medium~for instance, an
atom or ion! inside a high quality optical resonator. With th
use of external pump fields, the coupling of the active m
dium to the resonator allows a single photon transfer to
resonator and therefrom via cavity decay to the continu
outside. The process may be regarded as aquantum data bus
where the logical state is encoded in the active medium
then mapped onto a photonic qubit generated in the c
tinuum outside the resonator. Before the process is repe
the medium is coherently recycled to its initial state, whi
provides the basis for a build-up of entanglement betw
1050-2947/2000/61~6!/062311~13!/$15.00 61 0623
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subsequently generated photonic qubits. An encoding
quantum information in the one-photon wave packets co
either take place by identifying two orthogonal polarizati
states of the single photon with logical ‘‘0’’ and ‘‘1,’’ or by
regarding the absence of a photon as logical ‘‘0’’ while
presence would correspond to logical ‘‘1.’’

The advantage of our scheme over other conventio
sources of single-photon wave packets such as do
conversion is twofold. First of all, our scheme offers exc
lent control over the instances in time when a qubit is crea
as well as over the spectral composition of the wave pac
The qubits may thus be generated with a well definedtact
frequency. Second, the coherent recycling of the state of
active medium after the generation of a qubit gives rise
entanglement between subsequent qubits. In partic
n-qubit maximally entangled states~MES!, e.g., GHZ-states
@11# for n53, can be conveniently generated in this way.

The qubits produced by our scheme can be utilized
various quantum cryptography@12# and teleportation@13#
schemes, as well as in tests of non-locality and multipart
interference@14#. Because the production of MES ofn qubits
is straightforward, our scheme is well suited for quantu
communication between three or more parties. Several re
proposals forn-users quantum cryptography key distributio
@15#, quantum secret sharing@16#, cryptographic conferenc
ing, and multiparticle generalizations of superdense cod
@17# assume the parties involved to sharen-qubit maximally
entangled states. In a future quantum network our sche
could be used by a trusted provider to generate entan
states on demand and distribute them to clients throug
network with star-shaped topology. Subsequent commun
tion between the recipients who now share an entangled s
only needs to take place classically thus freeing them fr
the need to maintain separate quantum channels betw
each other.

While in @7# we introduced our proposal by considering
specific type of active medium, namely, a trapped and ex
nally driven atom or ion inside an optical resonator, we h
give a model independent formulation. This is important
sofar as other implementations based on quantum dots@18#
or molecules@19,20# may emerge in the course of time. I
Sec. II we give a general description of the requirements
©2000 The American Physical Society11-1
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both the source and type of interaction necessary to war
entangled photon wave-packet generation. We also s
how the physical creation process may be represente
terms of abstract quantum circuit diagrams. The general
malism is presented in Sec. III. In Sec. IV we demonstr
that if there is no significant temporal overlap between s
cessively generated photons we may regard the multiph
state as a product state of independent entities. This is es
tial for an interpretation of the individual wave packets
independent logical quantum bits. In a further section
underpin the validity of several assumptions made in
derivation by comparing the theoretical predictions with t
corresponding numerical solutions. In Sec. V we presen
cavity QED based soluble example to illustrate the gen
argument. We briefly recapitulate the explicit model cons
ered in@7# to illustrate the more general results obtained
the preceding sections. Finally, we discuss the effect of
coherence in this system and show that up to ten maxim
entangled qubits can be generated with a fidelity of at le
90%. In Sec. VI we summarize our findings and give a br
discussion of possible applications of multiqubit entang
states in quantum communication.

II. MOTIVATION

As already pointed out in the preceding introductory p
one-photon wave packets are presently perceived as the
amenable carriers of quantum information. There is thu
clear need for a tailorable source of one-photon wave pa
ets. Any such source should be able to produce a well
solved train of one-photon wave packets with an adjusta
spectral envelope. The most promising proposal so far
been thephoton gunproposed by Law and Kimble@21,22#.
This proposal differs from previously made ones@18–20# in
so far as it offers perfect control over the pulse shape as
as the time windowT during which the wave packet is cre
ated, cf. Fig. 1~a!. Several quantum information protocols@3#
which so far have to rely on the use of attenuated cohe
fields would benefit from such a cleaner source. For ot
purposes in future quantum networks the source propose
@21# may not be adequate since it lacks one key ingred
that is entanglementbetween subsequently created photo
cf. Fig. 1~b!.

With multiparty quantum communication in mind th
need for a source ofentangledphotonic qubits becomes im
mediately obvious. The scheme we propose here emp
conditional wave-packet creation. This means that the po
ization of the created wave packet depends on the inte
state of the medium, see Fig. 1~b!. The encoding of quantum
information in the photonic qubit is accomplished most co
veniently using two orthogonal polarization states of t
field. Thus we have to consider a medium which reflects
fact: in our proposal it has two possible initial states ea
giving rise to a photon with a different polarization state.
the medium is initially in a superposition of these two sta
we may create entangled medium-field states. Figur
shows a schematic representation of the proposal.

An algorithm for the creation of entangled states wou
thus read:
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~1! Prepare initially the medium in a stateuC&m5c0u i 0&
1c1u i 1&, hereu i 0& and u i 1& span the medium qubit.

~2! Find an interaction which maps each medium st
u i a& to a unique ancilla stateu f a& thereby creating a single
photon with logical state ua&p , i.e., after some timeT:
u i a&uvacuum&→u f a&ua&p . Herep denotes photon.

~3! Next recycle the medium:u f a&→u i a&. We have cre-
ated an entangled stateuC8&5c0u i 0&u0&p1c1u i 1&u1&p in the
process.

~4! Alter the state of the medium as desired by a one-qu
rotation of the statesu i a& and repeat steps~2!–~4!. This way
we are able to create higher order entangled medium-fi
states.

In the next section we will give a detailed description
the physics involved in this procedure. For now we wou
like to stress a more general schematic point of view. W
may employ a quantum circuit diagram as in Fig. 2 to illu
trate the algorithm. The creation of a photon wavepac
involves three distinct steps~1!–~3! as listed above which are
reiterated for each qubit to be generated~cf. the numbers
shown on top of the gate operation symbols in Fig. 2!. In
step~1! photon creation takes place, in step~2! the medium
is recycled back to its initial state, finally in step~3! the
medium is prepared for the next generation sequence. In
2 the medium is decribed by a qubit initially in state sayu i 0&.
In phase I we perform a one-qubit operation on the medi
to create the desired initial medium state. Note that the p
tonic qubits initially do not actually exist since they are on
created at a later stage in the course of the interaction. T
still can be incorporated in the diagram assuming each
them initially in logical stateu0& j , wherej labels the instance

FIG. 1. This figure illustrates the main differences between
photon gun~a! and a scheme capable of conditional wave-pac
generation~b!. In Fig. 1~a! a system initially in a unique stateu i & is
transferred to an ancilla stateu f & by applying an externally control-
lable stimulus. In the course of this a single photon is created. U
recycling the medium back to its initial state~dashed arrow! the
generation sequence may be reinitiated. This produces a strea
tailorable but disentangled wave packets. Fig. 1~b! uses a similar
principle but the medium is initially in a superposition state ofu i 0&
and u i 1&. Corresponding to each of these two states a wave-pa
component with a different~orthogonal! polarization state is gener
ated. The system winds up in an entangled state. Recycling of
ancilla statesu f 0/1& back to the initial state and reinitiating the s
quence allows one to create higher order entangled states.
1-2
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CONTROLLED SOURCE OF ENTANGLED PHOTONIC QUBITS PHYSICAL REVIEW A61 062311
in time when they will later come into existence. In phase
the first photon is created by a two qubit operationUc which
has the effect of a controlled-NOT ~CNOT! gate,

u i 0&u0&1→u i 0&u0&1 , and u i 1&u0&1→u i 1&u1&1 .

This operation concatenates thus steps~1! and~2! mentioned
above. A further single qubit rotation (U18) concludes phase
II. In phase III another photon is created. Upon complet
we have created a three particle entangled state compr
two photonic qubits and a medium qubit.

III. MODEL

In this section we will develop a theory to describe t
wavepacket generation in a rather general context. The
phasis is on the exact treatment of the cavity-mode de
into the continuum of modes outside the cavity, rather th
on a detailed investigation of the medium-cavity dynamics
in @8#. Right now we are not concerned with any speci
model for the active medium, e.g., a single trapped atom
ion inside the resonator, and we first consider interaction
the medium with a single~polarization! mode only. These
simplifications will be abandoned in Sec. IV C when we e
tablish the interpretation of 1-photon wavepackets as qub
The Hamiltonian of our model reads as follows~in the stan-
dard dipole and rotating wave approximations!:

H/\5H01V,

H05vca
†a1E dv vb†~v!b~v!1Hm ,

V5 i E dvk~v!@ab†~v!2b~v!a†#

1(
j

u~ t2t j !u~ t j1T2t !Vmc~ t !, ~3.1!

wherevc denotes the cavity frequency;a†, b†(v) @a, b(v)]
are the creation~annihilation! operators of the cavity and
reservoir modes, respectively. The reservoir modes sa
standard bosonic commutation relations:@b(v),b†(n)#
5d(v2n). The coupling between the cavity and the res

FIG. 2. A quantum network diagram of the algorithm for pr
paring entangled photonic qubits. In phase I the medium qub
initialized with a one-qubit gate operation (U1), in phases II and III
the first and second qubit states are prepared by applying two (Uc)
and one-qubit gate operations (U18 , U19 , etc.!. The numbers shown
above the gate operations refer to the steps described in the te
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voir modes is described byk(v). Assuming the coupling to
be flat around the cavity resonance frequency~i.e., adopting
the first Markov approximation! we may setk(v)'Akc /p
@23#. The termH0 contains the free dynamics withHm de-
noting the free Hamiltonian of the active medium. Final
Vmc describes the interaction between the cavity mode
the active medium. We assume that the~repeated! creation of
a single photon inside the cavity takes place within a ti
window of durationT starting at timest j , with the condition
that t j 112t j.T. The Heaviside step functions employed
Eq. ~3.1! serve the purpose of expressing in a conveni
fashion the limited durationT during which the interaction in
each wave-packet generation sequence is switched on;
that we assume thatVmc vanishes smoothly at the end poin
of each time window. In an interaction picture with respe
to the free dynamics given byH0 we have

VI5 iAkc

p E dv@ab†~v̄ !eivt2b~v̄ !e2 ivta†#1Vmc
I ~ t !,

~3.2!

wherev̄[v1vc and

Vmc
I ~ t !5(

j
u~ t2t j !u~ t j1T2t !eiH 0tVmc~ t !e2 iH 0t.

~3.3!

The evolution operator corresponding to the medium-cav
interaction is defined as

Umc~ t !5Te2 i *0
t dt8Vmc

I (t8),

whereT denotes temporal ordering. The family of intera
tions that we wish to consider may be characterized by
requirements:

~i! the interaction transforms a given initial~metastable!
state of the medium into a known final~metastable! state:
u i &m→u f &m .

~ii ! in the course of the interactionat mostone photon is
deposited in the cavity mode. The interaction is slow on
timescale given by the cavity lifetimekc

21 , i.e., T@kc
21 .

We assume both the cavity and the reservoir to be initia
in the vacuum state. Then, endowed with the above m
tioned premisses the evolution fort,t1 is restricted to a
subspace with only one photonic excitation present. Thus
following ansatz is appropriate for the wave function evo
tion:

uc~ t !&5uw~ t !&mcu0& r1E dvuwv̄~ t !&mcu1v̄& r . ~3.4!

Here uwv̄(t)&mc and uw(t)&mc denote medium-cavity state
with and without the transfer of a photon having taken pla
into the reservoir mode with frequencyv̄, respectively. Their
behavior is governed by the following equations:

is

t.
1-3
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SAAVEDRA, GHERI, TÖRMÄ, CIRAC, AND ZOLLER PHYSICAL REVIEW A 61 062311
uẇ~ t !&mc52 iVmc
I ~ t !uw~ t !&mc

2Akc

p E dve2 ivta†uwv̄~ t !&mc,

uẇv̄~ t !&mc52 iVmc
I ~ t !uwv̄~ t !&mc1Akc

p
eivtauw~ t !&mc,

with uw(0)&mc5u i &mu0&c Formal integration of the evolution
equation foruwv̄(t)&mc yields

uwv̄~ t !&mc5Akc

p E
0

t

dt8Umc~ t,t8!eivt8auw~ t8!&mc,

~3.5!

whereUmc(t,t8)5Umc(t)Umc
† (t8). Insertion of Eq.~3.5! into

the evolution equation ofuw(t)&mc yields, within the validity
of the Markov approximation@24#,

uw~ t !&mc5Umcr
eff ~ t !uw~0!&mc, ~3.6!

where

Umcr
eff 5T expS 2 i E

0

t

dt8@Vmc
I ~ t8!2 ikca

†a# D ~3.7!

is the effective evolution operator generated by a n
Hermitian Hamiltonian describing both the medium-cav
interaction and the decay into the reservoir. Hence we ob

uwv̄~ t !&mc5Akc

p E
0

t

dt8eivt8Umc~ t,t8!aUmcr
eff ~ t8!uw~0!&mc.

~3.8!

We are interested in the state of the reservoir after
photon has left the resonator with near certainty. We the
fore only consider timest exceedingT by a few cavity life-
times. The contribution to the integral from times larger th
T vanishes since thereUmcr

eff (t) represents merely an expo
nential decay, i.e.,

uw~ t !&mc5e2kca†a(t2T)uw~T!&mc ~3.9!

Any one-photon component ofuw(t)&mc will thus be strongly
suppressed. The assumption of efficient transfer~i! guaran-
tees that the projection ofuw(T)&mc on the vacuum compo
nent is insignificant. We may thus assume that the contr
tion of stateuw(t)&mcu0& r to the total stateuc(t)& vanishes.
We may therefore write

uc~ t !&5Akc

p E E
0

T

dvdt8

3eivt8Umc~ t,t8!aUmcr
eff ~ t8!uw~0!&mcu1v̄& r .

~3.10!

According to the requirement~i! the interaction with the me
dium must guarantee an efficient transfer of a single pho
to the resonator within its durationT, i.e., it will connect the
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initial state u i &mu0&c only to the stateu f &mu1&c . Conse-
quently, the action of the termUmc(t,t8) in the integral ker-
nel on the right hand side of Eq.~3.10! will be twofold. First
it will erase the state component proportional tou i &mu0&c and
transformu f &mu1&c into u f &mu0&c . The latter is not affected
by the interaction thusUmc(t,t8) leaves it unaltered. In for-
mal terms this can be rephrased as:Vmc(t)u f &mu0&c50.
Physically, this means that the generation of photons st
after the first generated photon has left the cavity. We m
then recast Eq.~3.10! in the following simpler form

uc~ t !&5E dvaG~v,T!uw~0!&mcu1v̄& r , ~3.11!

where

G~v,T![g~v,T!a†s f i5Akc

p E
0

T

dteivtUmcr
eff ~ t !.

~3.12!

The operators f i maps the stateu i &m to the stateu f &m . The
spectral envelope of the created wave packet is given
g(v,T) ~a merec-number function!. Conservation of the
norm of uc& implies *dvug(v,T)u251. Note that we have
already shown in a previous publication@22# that a time-
dependent decay ratekc(t) and central frequencyvc(t) can
be employed to generate a one-photon wavepacket of an
bitrary spectral composition. Such an approach may be
garded as a description of the presence of a medium in te
of an effective model.

We may now recycle the medium back to its initial sta
u i &m and repeat the generation anew starting at some t
t1.T. For times larger thant11T we have then created
two-photon wavepacket with no significant temporal over
of the individual photons. After a few lines of algebra on
obtains the following approximate result for the state
times t.t11T

uc~ t !&5E dv dn aG~n,T!

3eint1s i f aG~v,T!uw~0!&mcu1v̄1n̄& r . ~3.13!

It can be quite instructive to illustrate the theory dev
oped by considering a simple example which is exac
soluble within the Markov approximation. Let us imagine
instantaneouscreation of a photon by the medium-cavi
interaction at the timet050, i.e., we start from the initial
statea†s f i uw(0)&mc. With this initial condition the effective
evolution operator defined by Eq.~3.7! becomesUmcr

eff (t)

5e2kca†ata†s f i , andG(v,T) can be easily calculated from
Eq. ~3.12!. We obtain

G~v,T!5Akc

p

1

kca
†a2 iv

a†s f i . ~3.14!

With regard to the chosen initial condition, i.e., the cav
being in the vacuum state att5t0 we may replacea†a in the
denominator of the rhs of Eq.~3.14! by unity. By direct
1-4
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CONTROLLED SOURCE OF ENTANGLED PHOTONIC QUBITS PHYSICAL REVIEW A61 062311
comparison of the preceding equation with Eq.~3.12! we
may identify the spectral envelopeg(v,T) of the generated
wavepacket. Thus the corresponding wave function after
instantaneous injection of a second photon inside the res
tor explicitly reads as

uc~ t !&5
kc

p E dv
1

kc2 iv
b†~v̄ !

3E dn
1

kc2 in
eint1b†~ n̄ !u f &mu0&cu0& r .

~3.15!

The theory just presented is independent of the type
medium used. Before considering an explicit example fr
CQED in Sec. V we discuss the interpretation of the crea
wavepackets as independent entities—as logical quan
bits.

IV. PHOTON WAVE PACKETS AS QUBITS

Any physical realization of logical qubits is continge
upon the availability of distinguishable and independen
controllable~two-state! quantum systems which interact wit
each other only in a controlled manner. In other words,
annihilation and creation operators corresponding to dif
ent qubits must commute. We will now show that within t
framework of the present theory we may isolate such
proximately commuting creation and annihilation operato
They can be identified with the multimode operators t
create~annihilate! the individual wave packets. This thus a
lows us to regard the wave packets as independent qua
entities. The physical prerequisite for this to hold true is
vanishing temporal overlap between successively gener
wave packets.

A. Factorized photon wave packets

Let us assume that the time between subsequent ph
generation processes is so long that the previous photon
leaked out of the cavity with almost certainty before the n
photon is produced. Then we can generalize the result for
state of two photonic qubits as given by Eq.~3.13! to the
case ofn qubits, and formally express the state as a prod
of multimode creation operators applied to the vacuum of
continuum. Then-photon wave packet state can be written

uc& r5)
j 50

n

B†~ t j ,T!u0& r ~4.1!

with t050 and

B†~ t j ,T!5E dv eivt jg~T,v!b†~v̄ !. ~4.2!

In order to arrive at a description of then-photon wave
packet in terms of a product ofn photonic qubits we have to
show that

@B~ t j ,T!,B†~ tk ,T!#5d jk ~4.3!
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holds to a very good approximation. Inserting Eq.~4.2!
yields

@B~ t j ,T!,B†~ tk ,T!#5E dveiv(tk2t j )ug~v,T!u2.

It is clear that the shape ofg(v,T) will depend on the type
of interaction used to implement the scheme. It is thus
possible to give a general result for the commutator. In fac
would need to be checked for each chosen implementat
We may however adopt the following general line of arg
ment to show why Eq.~4.3! should nevertheless hold when
ever successively generated wave packets do not tempo
overlap. It is plausible to assume that the mode distribut
function ug(v)u2 is a reasonably well behaved smooth fun
tion which may be assigned something like a half width
half maximum. Let us refer to this quantity asdv,kc . Its
inverse may by associated with the pulse durationt51/dv.
The Fourier transform ofug(v,T)u2 will thus be approxi-
mately given by an expression of the following type:

E dveiv(t j 2tk)ug~v,T!u2'$exp@2~ ut j2tku/t!r#%j,

~4.4!

with j.0 andr>1 ~the latter only holds provided the spe
tral density drops off asymptotically at least as fast asv22

which may be assumed since the distribution is limited
width by the Lorentzian line shape of the resonator!. We
realize that the rhs of Eq.~4.4! becomes extremely small i
ut j2tku@t, that is if there is no overlap between succe
sively generated wave packets.

For instance, in the example of instantaneous photon
jection discussed above

@B~ t j ,T!,B†~ tk ,T!#5e2kcut j 2tku, ~4.5!

which approachesd jk provided ut j2tku;T@kc
21 for j Þk.

This thus permits us to interpret each of theB(t j ,T) as act-
ing on its own vacuum. Physically, this corresponds to
fact that the individual wavepacket can be thought of as
ing localized each within a box of lengthcT, all of which do
not overlap and travel at the speed of light, cf. Fig. 1. So
can rewrite Eq.~4.1! as

uc& r5)
j 50

n

uc& j ,

uc& j5B†~ t j ,T!u0& r j
. ~4.6!

This paves the way for an interpretation of the wave pack
as distinguishable quantum entities.

B. Numerical simulation of the wave-packet generation and
factorization

We have numerically studied the validity of both the Ma
kov approximation and the interpretation of the wave pack
as independent entities in the case of instantaneous ph
injection into the cavity. Of course, this can be extended
1-5
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the case of an atom playing the role of the medium. Num
cal simulations are restricted to the case of few photons
to the exponential growth of the whole system’s Hilbe
space with increasing excitation number. A numerical tre
ment brings with it the need to model the reservoir by a
of M discrete modes. Morover we assume that the distri
tion of reservoir frequencies is flat and centered around
cavity frequency. Thus the coupling between the cavity a
reservoir modes in a rotating frame with respect to the ca
center frequency~discrete version of Eq.~3.2! for the case of
instantaneous photon injection! is given by

VI5 i (
j 50

M21

k8~v j !~abj
†ei (v j 2vc)t2bja

†e2 i (v j 2vc)t!,

with

k8~v j ![Akcdv/p

andv j5v01 j dv, dv5Dv/(M21), v05vc2Dv/2. Dv
is the considered full range of reservoir frequencies. Here
approximate the reservoir by a large numberM of quasicon-
tinuum modes. The scaled interaction parameter in the
pression ofk8(v j ) was chosen to give the same decay co
stant as for the continuum limit~i.e., kc). This approach
remains valid for times smaller than the spurious revi
time, tR52p/dv, which emerges as a consequence of
using a finite number of reservoir modes with equidist
spacing.

We will assume that the cavity was initially prepared in
one photon state and the reservoir modes are in their vac
states. The system evolves on a subspace of dimensioM
11 and the discrete version of Eq.~3.4 ! holds as

uC~ t !&5a~ t !u1&cu0& r1 (
j 50

M21

b j~ t !bj
†u0&cu0& r ,

whereu0& r denotes the vacuum state of reservoir modes.
ter a timeT@kc

21 a new photon is injected into the cavit
thereby enlargening the accessible portion of the Hilb
space. The system will then evolve on a subspace of dim
sion M21M11, which is numerically still manageable fo
M up to around 1000. The probability amplitudea(t) for the
photon still being inside the resonator is the solution to
integral equation

ȧ~ t !.2
2kc

p E
0

Dvt/2sin~z!

z
aS t2

2z

Dv Ddz, a~0!51.

~4.7!

If the size of the frequency window and the number of r
ervoir modes go to infinity, i.e.,Dv, M→`, we recover the
continuum limit. This becomes obvious from the followin
approximate solution to Eq.~4.7! which is valid for t!tR :

a~ t !.e2kct sinc(2kct/px)(11x)1x[12cos(2kct/px)] ,

b j~ t !5Akcdv

p E
0

t

a~ t8!ei (v j 2vc)t8dt8, ~4.8!
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wherex54kc /pDv is a small perturbation parameter, an
the sinc function

sinc~x!5
2

pE0

xsinz

z
dz, ~4.9!

with sinc(̀ )51. From Eq.~4.8! we note that the length o
the frequency windowDv gives rise to a time dependen
cavity decay rate, which approaches the continuum limitkc

for t.kc
21 .

Our primary goal here is to demonstrate the validity of t
factorisation approximation used in Eq.~3.13!. To this end
we first have to convince ourselves that the chosen nume
model closely reproduces the continuum limit. In Fig. 3 w
plot the probability to find the photon still inside the cavi
as a function of time. Curve~a! corresponds toua(t)u2 while
curve ~b! is the corresponding exponential dec
exp(22kct) valid for the continuum limit. For short times w
observe a slight deviation from the continuum result which
due to the finite size of the frequency windowDv. The inset
depicts the mode densities of the wavepacket generated
both models. Note the excellent agreement which mad
necessary to introduce an offset for the continuum resul
order for both of them to be distinguishable. In our numeri
treatment we have model the continuum byM51024 dis-
crete modes embedded in a frequency windowDv of width
40kc centered around the cavity resonance frequencyvc .
We are now in the position to test the factorisation assum
tion. We assume that at timet1 the cavity is again prepare
in a one-photon Fock state. The new initial condition rea

uC~ t1!&5 (
j 50

M21

b j~ t1!bj
†u1&cu0& r .

FIG. 3. Plot of the probability for the initial photon to remai
inside the cavity as predicted by the discrete modelua(t)u2 @curve
~a!# and the corresponding continuum limit result@curve ~b!#. The
inset depicts the spectral density of the wave packetug(v)u2 gen-
erated by our discrete model forkct512 @curve ~a!#. In curve ~b!
we plot the Lorentzian distribution predicted by the continuu
model. Note that the frequency is given in units ofkc . Since both
distributions completely overlap we have added an offset of 0.
to the continuum result. The system was initially prepared in s
u1&cu0& r .
1-6
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We make the following ansatz for the wave function va
for times t greater thant1

uC~ t !&5a~ t !u2&cu0& r1 (
j 50

M21

b j~ t !bj
†u1&cu0& r

1 (
j <k50

M21

g jk~ t !bj
†bk

†u0&cu0& r . ~4.10!

We again let the system evolve up to a timeT satisfyingT
2t1512/kc . As the temporal width of the wave packet
roughly given by 2kc

21 we should find the following relation
to be fulfilled to good approximation:

g jk~T!'b j~ t1!bk~ t1!3H ein jDt1einkDt, for j ,k

A2ein jDt, for j 5k
,

~4.11!

whereDt5T2t1, andn j5v j2vc . The rhs of Eq.~4.11! is
a discrete version of Eq.~3.15!. A contour plot ofug jk(T)u is
given in Fig. 4. It displays both the bifurcation and interfe
ence fringes predicted by the rhs of Eq.~4.11!. The fringes
and bifurcation are due to the same origin. The modulus
the phasefactors on the rhs of Eq.~4.11! is a constant for
nk5n j62pn/Dt, for integern. Along these rays a bifurca
tion into two local maxima occurs because of the produc
the b coefficients of which one is now centered aroundvc

62pn/Dt. Let us refer to the rhs of Eq.~4.11! asg jk
fac. We

have found thatg jk
fac closely reproducesg jk . We thus refrain

from plotting portions of both distributions side by side. W
rather try to characterize their closeness by introducing
following quantity:

d5

(
j <k50

M21

ug jk2g jk
facu

(
j <k50

M21

~ ug jku1ug jk
facu!

. ~4.12!

For the chosen scenario we find thatd is of the order of
102421023 which thus proves that the distribution functio
of the generated two-photon wave packet factorizes to g
approximation in the limit of temporally nonoverlapin

FIG. 4. Modulus of the two-photon spectral density distributi
ug jku for the case of instantaneous photon injection.
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single photon pulses. Evidently this will also hold for a
subsequently generated wave packets.

C. Logical qubit states with polarized photons

Up to now, for reasons of notational simplicity we hav
restricted our condiderations to a resonator supporting o
one polarization mode of the field. Let us now make use
both polarization states~e.g.,s1 , s2) of a single longitudi-
nal mode of an optical resonator. Formally, we will th
have to consider two independent resonator modesaa , a
50,1. In order to warrant clean conditional wave-pack
generation as shown in Fig. 1~b! the medium-cavity interac-
tion must not contain any polarization mixing terms. As i
dicated in the motivational section the medium must be p
pared in a superposition state. Let us denote byu i a&m , u f a&m
(a50,1) the states involved in the creation of as1 ~0! and
s2 ~1! polarized photon, respectively. In the absence of
larization mixing terms the subsystems corresponding to
ferent values ofa are completely decoupled and we ma
expect the scheme to implement the following mapping:

u i a&mu0&c→aa
† u f a&mu0&c , a50,1.

The generalization of the developed formalism to the cas
two polarization degrees of freedom is straightforward. If w
assume the medium to be initially prepared in a superp
tion stateuw(0)&m5c0u i 0&1c1u i 1& then the final state of the
total system can be directly obtained from the superposi
principle by issuing each partial solution with the appropria
probability amplitudeca . We can define wavepacket cre
ation operators like in Eq.~4.6! for both polarizations,
B0

†(t j ,T) and B1
†(t j ,T), which are composed of the singl

frequency creation operatorsb0
†(v̄) andb1

†(v̄). We are thus
able to identify the one-photon wave packets as qubits w
logical states

ua& j[Ba
†~ t j ,T!u0& r , ~4.13!

wherea50,1 refers to the logical~polarization! state.
The process described above can be realized by ma

use of two L-type energy-level configurations, cf. Fig.
which we will discuss in more detail in Sec. V. We have th
shown that it is permissible to regard then-photon pulse

FIG. 5. A single atom with six internal states interacts with tw
cavity modes of orthogonal polarizationa0 , a1. In a Raman process
~step 1! an initial superposition state of levelsu i 0& andu i 1& is trans-
formed into an entangled cavity-atom state. Due to cavity leak
the photon will leave the cavity and produce a photon wave pac
in the continuum modes outside the resonator. In step 2 the ato
recycled back tou i 0& and u i 1&. Inbetween two photon generatio
sequences levelsu i 0& and u i 1& can be coupled~step 3! to tailor the
outgoing state.
1-7
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generated by our scheme as an array ofn qubits in an en-
tangled state with the logical state being assoociated with
polarization state of each one-photon wave packet the p
is made up of.

D. Quantum state engineering

Logical states of the multiqubit system are created by p
paring the active medium initially in a superposition state

uc~0!&5~cosf1u i 0&m1sinf1eiw1u i 1&m)u0&cu0& r .

This is accomplished by connecting levelsu i 0& and u i 1&
through an appropriate interaction mechanism, e.g., in
case of the medium being an atom, a Raman laser pulse
microwave field of appropriate duration and detuning is
plied to the transition. Such a one-quibt rotation is realize
te
en
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unitary transformation parametrized by the anglesf1 and
w1. After the generation of the first photon the state results

~cosf1u f 0&mu0&11sinf1eiw1u f 1&mu1&1)u0&c .

Note that after each generation process the medium and
polarization state of the generated wave packet will be in
entangled state. We can now recycle the statesu f a&m back to
u i a&m and repeat the procedure, with anglesf2 andw2:

u i 0&m→cosf2u i 0&m1eiw2 sinf2u i 1&m ,

u i 1&m→cosf2u i 1&m2e2 iw2 sinf2u i 0&m .

After a successfully completed second generation seque
~including the recycling step! we obtain the state
~cosf1 cosf2u i 0&mu0&1u0&21cosf1 sinf2eiw2u i 1&mu0&1u1&21cosf2 sinf1eiw1u i 1&mu1&1u1&2

2sinf1 sinf2ei (w12w2)u i 0&mu1&1u0&2)u0&c ,
e
vity
eri-
vel
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and similarly for all subsequently generated photons.
In this way we are able to generate various logical sta

of the n-qubit system. Not all possible ones, though: a g
eral state in a basis spanned byn qubits is defined byN
52n1122 independent coefficients, which correspond ton

complex coefficients minus a normalization and a glo
phase factor. In the above described state engineering pr
dure we have only 2n independent coefficients at hand, th
the size of the class of states that can be prepared is lim
by this fact. This limitation is due to the structure of th
active medium which is solely a two-state system as fa
conditional wave packet generation is concerned. We h
chosen the active medium to be well suited for the engine
ing of various kinds of strongly entangled states.

Eventually the residual entanglement with the medi
can be removed by measuring the medium state in an ap
priate basis. For example, in the three-photon case, if
choosef15p/4, f25f35w15w25w350, disregarding a
normalization constant the final state is (u f 0&mu0&1u0&2u0&3
2u f 1&mu1&1u1&2u1&3)u0&c . By measuring the atom in the ba
sis u f 0&m6u f 1&m we can remove the entanglement with t
medium and obtain one of the two Greenberger-Hor
Zeilinger statesu000&7u111&; the preparation of a highe
dimentional MES

uC&51/A2~ us1 ,s2 , . . . ,sn&1u12s1,12s2 , . . . ,12sn&),

sj50,1,

is analogous.

V. REALIZATION WITH THREE-LEVEL L ATOMS

In this part we will briefly recapitulate the results of Re
@7# the intention behind this being our wish to illustrate ho
s
-

l
ce-

ed

a
ve
r-

ro-
e

-

the general formalism carries over to an explicit model. W
consider a single atom or ion trapped inside an optical ca
@9,10# as the implementation closest to present day exp
mental reality. For the atom we assume a double three-le
L structure in the large detuning limit as depicted in Fig.
The levelsu i a& (a50,1) are coupled to the upper levelsur a&
via classical fieldsVa(t)e2 i [vat1fa(t)] , where va are the
field center frequencies and the subscript refers to the
polarization states. The external control parameters are
real amplitudesVa(t) and the phasesfa(t). The levelsu f a&
are coupled to the upper levels by the cavity modesaa , with
a common frequencyvc but with orthogonal polarization
with coupling constantsga . The large detuning (d) assump-
tion allows us to adiabatically eliminate the upper atom
levels. We are left with two effective two-level systems d
scribable by generalized spin operatorss i a j a

5u i a&^ j au. The

center frequencies of the external laser pulses fulfil the
man resonance condition. Note that any offsets can still
accommodated in the phasesfa(t). The field outside the
resonator is described as outlined in Sec. III. During the p
cess of photon wave-packet generation~step 1 in Fig. 5!
there is no interaction connecting the twoL-systems. Thus,
as pointed out in Sec. IV C, we may independently wo
with each system corresponding to a single indexa, and
drop this index for the time being. In this example the to
system consists of three building blocks: the continuum o
side the resonator, the cavity modes and the internal deg
of freedom of the atom inside the resonator. We switch to
interaction picture with respect to the free dynamics of
compound system, cf. Eq.~3.3!. This eliminates the fast op
tical timescales from the dynamics and leaves us with a s
pler effective interaction term:
1-8



on
th
e
ia

ha

n
s

r-
e
e
y

at
on

ar
th
E
nd

o-
on
or
it
i

-

e-

e
uent

y
al
and
e

ap-

de-

ns
he

sate
nal
pe
t the

e
di-

stant
hich
ows
cket,

CONTROLLED SOURCE OF ENTANGLED PHOTONIC QUBITS PHYSICAL REVIEW A61 062311
Vmc
I ~ t !5

r 2~ t !

Ds
u i &^ i u1Dsa

†au f &^ f u1 ir ~ t !

3~e2 if(t)a†u f &^ i u2eif(t)u i &^ f ua!,

wherer (t)5gV(t)/2d ~Rabi frequency of Raman transition!
andDs5g2/d ~cavity induced Stark shift!. For simplicity, we
have assumed a common detuning parameter between
pump fields and the cavity modes and real coupling c
stants. Any additional frequency shifts can be included in
phase of the classical field. The time and intensity depend
terms correspond to dynamical shifts arising from the ad
batic elimination of the upper atomic level. We assume t
the atom-cavity system is initially in the stateuw(0)&mc
5u i &u0&c . Therefore, the action of the effective evolutio
operatorUmcr

eff (t) @cf. Eq. ~3.7!#, on the chosen initial state i
completely characterized by the following expression:

Umcr
eff ~ t !5Ci~ t !e2 iu(t)11Cf~ t !e2 iDsta†s f i , ~5.1!

where u(t)5*0
t dt8uVu2(t8)/4d. The slowly varying func-

tions evolve according to

Ċi~ t !52r ~ t !Cf~ t !eiuc(t),

Cf~ t !5E
0

t

dt8r ~ t8!Ci~ t8!e2 iuc(t8)2kc(t2t8), ~5.2!

whereuc(t)5u(t)1f(t)2Dst. In the bad cavity limit the
main contribution to the integral will stem from time diffe
encest2t8 of the order of the intracavity photon lifetim
kc

21 . If both coefficients vary slowly on this time scale w
may approximate the solution of the previous equation b

Cf~ t !.
r ~ t !

kc
e2m(t)2 iuc(t),

Ci~ t !5e2m(t),

wherem(t) is an effective decay constant defined by

m~ t ![E
0

t

dt8
r 2~ t8!

kc
.

So far we have found an expression for the st
uw(t)&mc. In order to warrant reliable wave packet creati
during a time windowT we have to require thatm(T)@1.
Note that this sets a lower bound on the size of the pulse
of the externally applied laser fields. Assuming this to be
case we simply have to work out the expression given by
~3.10! which now fully characterizes the state. To this e
we have to apply the mode destruction operatora to the state
Umcr

eff (t)uw(0)&mc. As we have already argued in Sec. III d
ing so will yield a state that is not affected by the interacti
HamiltonianVmc

I (t); in the present case this state is prop
tional to u f &u0&c . One may easily convince oneself that
does not evolve under the influence of the interaction Ham
tonian, i.e.,Umc(t)u f &u0&c5u f &u0&c . Finally, the spectral en
velope as introduced in Eq.~3.12! can be written as
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the
-
e
nt
-
t

e

ea
e
q.

-

l-

g~v,T!5Akc

p E
0

T

dt8
r ~ t8!

kc
e2[m(t8)2 i (v2Ds)t81 iuc(t8)] .

We may now also check whetherug(v)u2 is a normalized
distribution as it should be in the case of reliable wav
packet generation. We find

E dvug~v!u252E
0

T

dt8ṁ~ t8!e2m(t8)512e2m(T).

~5.3!

If e2m(T) is small, which is the underlying assumption, w
have created a wave packet with near certainty. Subseq
wave packets can be generated by recycling theL-system
back to stateu i & through auxiliary atomic levels immediatel
before switching on the external light pulse again. Logic
qubit states are generated by using a two-mode cavity
two L-systems, as explained in Sec. IV C and Fig. 5. W
simply obtain two wavepackets each weighed with the
propriate probabilty amplitude and spectral envelopesga
wherea50,1 now accounts for the fact that bothL systems
need not be identical in terms of coupling strengths and
tunings.

Figure 6 shows the evolution of the atomic populatio
for an external driving field with Gaussian pulse shape. T
phase of the pump field was chosen in order to compen
the time dependent Stark shift introduced by the exter
field, i.e.,uc(t)[0. The inset displays the spectral envelo
of the created one-photon wave packet. We observe tha
wavepacket has a Gaussian distribution centered aroundvc
1Ds . This shift is due to the Stark shift introduced by th
cavity field which has not been compensated for. The con

FIG. 6. Temporal evolution of the atomic populations„levelsu i &
~a! and u f & ~b!… of one the of atomicL configurations and the time
dependence of the applied external pump field~normalized! ~c!. The
parameters are as listed in Sec. V B. Since the cavity decay con
exceeds all other rates we are in the overdamped regime, w
explains why we do not observe Rabi oscillations. The inset sh
the asymptotic spectral envelope of the created photon wave pa
i.e., kct510.
1-9
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SAAVEDRA, GHERI, TÖRMÄ, CIRAC, AND ZOLLER PHYSICAL REVIEW A 61 062311
tion m(t)@1 ensures a full transfer of the atomic state fro
level u i & to the ancilla levelu f & with concomitant photon
wave-packet generation in the continuum outside the ca
by way of photon leakage from the cavity.

A. Wave-packet tailoring

The present proposal offers great control over the sh
of the generated wave packet since we may manipulate
the amplitudes and phases of the external fields used in
generation process. This provides two external knobs wh
may be used to independently tailor each outgoing log
wave-packet component.

An interesting question arising in this context is that
wave-packet reverse engineering. Suppose we wish to creat
a wavepacket with a certain pulse shape. It is then crucia
find a way to determine the temporal behavior of amplitu
and phase of the external field whose action will eventua
produce the desired wave packet.

Let us refer to the desired temporal pulse shape of
wave packet to be generated asg̃(t):

g̃~ t !5
1

A2p
E dv g~v,T!e2 ivt. ~5.4!

As shown previously, the spectral envelope of the wa
packet is determined by the Fourier transform of the coe
cient Cf(t). We thus find

g̃~ t !5A kc

2p2E0

T

dt8Cf~ t8!e2 iDst8E dn e2 in(t2t8)

5A2kcCf~ t !e2 iDst, ~5.5!

with g̃(t) being nonzero only fortP@0,T#. In the general
case the time dependence of the Rabi frequency and pha
the laser pulse can in principle be determined from Eqs.~5.2!
although this might represent quite a challenge.

A simple relation may, however, be established in the b
cavity limit, for which we obtain the following relations:

r 2~ t !

kc
5

ug̃~ t !u2/2

12E
0

t

ug̃~ t8!u2dt8

, ~5.6!

u̇c~ t !1Ds5 i

S dg̃~ t !

dt
g̃* ~ t !2

dg̃* ~ t !

dt
g̃~ t ! D

2ug̃~ t !u2
. ~5.7!

We would like to note that in the the limit of an overdamp
atom-cavity system the presence of the atom can be
counted for by an effective model which comprises an em
cavity ~prepared initially in a one-photon Fock state! with
time dependent cavity decay constant and center freque
cf. @22#.
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B. Decoherence

Up to now, we have considered an idealized model w
no sources of errors present during the generation of
entangled multiphoton wave packets. A rough estimate of
qubit generation rate our scheme would seem capable o
given by the inverse of the duration of a gener
tion/preparation sequence. For a classical pump fieldV(t)
with a peak frequencyV0555 Mhz and a Gaussian puls
shape,d51.5 GHz, g555 Mhz, and kc550 Mhz one-
photon pulse durations of around 10 cavity lifetimes are f
sible, as can be seen from Fig. 6. Taking into account re
cling and reinitialization of the medium a conservati
estimate would yield a generation rate of around 1 MH
However, the maximum numbern of entangled photon wave
packets~qubits! that our scheme can generate with a cert
fidelity is limited by technical imperfections, atomic spont
neous emission, and random loss of photons inside the
put coupler~cavity mirror!. Below we will analyze the im-
pact of each of these perturbations on the reliability w
which a certain state can be generated from the point of v
of the model just considered.

1. Laser phase and amplitude fluctuations

In principle, stabilization of laser phase fluctuations belo
1 kHz represents a technical challenge. In the pres
scheme, the state produced after each cycle only depend
the phase difference between the laser beams driving
transitions in Fig. 5. Note that the logical encoding tak
place in the polarization state of the photon wave pack
Therefore both driving fields can be derived from the sa
source~there is no need to distinguish logical components
frequency!. Thus fluctuations in the phase difference of dri
ing fields are effectively suppressed. Amplitude fluctuatio
cause a distortion of the pulse form and lead to incomp
population transfer. An estimate gives thatn!I /DI;104,
whereDI /I are the relative intensity fluctuations.

2. Spontaneous emission during the atomic transfer

Spontaneous emission from the auxiliary levelsur &a at
rate G is quenched by choosing a large detuningudu which
leads to an effective decay rateGeff5GV2/4d2 with V
5max(Va ,ga). For the above mentioned parameters a
G55 MHz the probability of spontaneous emission per cy
is ,1023. So even in the case of a 100 entangled qubits
be generated the probability for a single spontaneous e
sion event remains small.

3. Absorption in the cavity mirrors

Photon absorption in the cavity mirrors is an essen
effect for high-Q optical cavities. In general, it leads to tw
types of errors: Photon absorption and concomitant dest
tion of the entanglement. The first type of errors are eva
by using postselection schemes, which correspond her
discarding sequences with a number of detected pho
smaller thann. State distortion@25# can occur even in the
absence of loss of a photon according to
1-10
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uC&5 (
xP$0,1%n

qxux&→ (
xP$0,1%n

qxe
2k1n1(x)T2k0n0(x)Tux&

5e2k0nT (
xP$0,1%n

qxe
2(k12k0)Tn1(x)ux&, ~5.8!

where thex are binary representations of different phot
states,n1(x) and n0(x) are the numbers of ones and zer
contained inx @n1(x)1n0(x)5n#, respectively, andk0,1 are
the loss rates for modes 0 and 1, respectively. Errors a
Eq. ~5.8! vanish for a cavity with equal absorption rates f
both polarizations, i.e.,k0.k1.

4. Atomic motion

The optimal way to suppress fluctuations induced by
motion of the atom is to place the atom at an antinode
both the cavity modes and the laser beam~which therefore
have to be standing waves!. In these positions the effect o
spatial variations is minimum. The system must operate
the Lamb-Dicke regime, where the size of the atomic wa
packetL is smaller than the optical wavelengthh5L/|!1
and the population left behind in the wrong level ish4/4,
which puts a limit on the number of photon pulsesn!4/h4.

5. Imperfections in the recycling of states

Rather unexpectedly, the most prominent source of de
herence is due to imperfections in the recycling between
ground statesu f a&→u i a&. The requiredp pulses could be ill
timed or their effect influenced by the motion of the ato
Moreover, there could be a dephasing between the prob
ity amplitudes of the statesu f a& of the twoL systems due to
laser fluctuations in the Raman transitions. To assess
importance we assume the following imperfect mapping
each of the generation sequences:

u f a&→Aau i a&1Bau f a&,

where Aa5(12ea)exp(ida). When preparing ann-qubit
MES the resulting state is, for fixedAa

j , of the form

uC&5~A0
1A0

2 , . . . ,A0
nu00, . . . ,0&1A1

1A1
2 , . . . ,A1

nu11, . . . ,1&

1others)/A2,

where ‘‘others’’ refers to states containing less thann pho-
tons~qubits!. We assume that the magnitude ofea is evenly
distributed over a range of@0,em#. The dephasing angle i
evenly distributed over@2dm ,dm#p. The final density ma-
trix is given as an average over different realizations,r
5avg@ uC&^Cu#. In Fig. 7 we plot the fidelityF(n) of an
n-qubit MES produced by our model source. The fidelity
defined as
06231
in

e
f

in
e

o-
e

.
il-

eir
n

F~n!5 1
2 ~^00, . . . ,0u1^11, . . . ,1u!

3r~ u00, . . . ,0&u1u11, . . . ,1&!

5 1
4 Avg@ uA0

1A0
2 , . . . ,A0

nu21uA1
1A1

2 , . . . ,A1
nu2

12 Re„A0
1A0

2 , . . . ,A0
n~A1

1A1
2 , . . . ,A1

n!* …#.

~5.9!

and represents the average overlap between the de
n-photon wave packet and the one resulting from an imp
fect sequence of recycling steps. Figure 7 shows that
process is rather robust against global dephasing (da) but
that the correct timing of thep-pulses is critical. From curve
~a! we gather that for errors in the 2% range approximat
10 qubits can be created with a fidelity of 90%.

The fidelityF(n) drops off exponentially with the numbe
of qubits, as can be seen from a simple analytical estimat
the case of Gaussian-distributed error. Let us consider
simplicity the caseda

j 50. We assume that the widths of the
error distribution is so small that we can extend the up
limit ea

j 51 in the integrations into infinity. The fidelity turn
out to be

F~n!5
1

4E0

`

(
a50,1

)
j 51

n
2

sAp
dea

j e2 ea
j 2/s2F)

j 51

n

~12e0
j !2

1)
j 51

n

~12e1
j !212)

j 51

n

~12e0
j !~12e1

j !G
5

1

2 F 2n

snApn F E
0

`

dee2 e2/s2
~12e!2Gn

1F E
0

`

dee2 e2/s2
~12e!G2nG . ~5.10!

For s!1 this yieldsF(n).@122s/Ap#n. For largen we
obtain the exponential decay

F~n!;e2 2s/Ap n. ~5.11!

In accordance with the simulation,s50.0125 givesF(10)
;0.87.

FIG. 7. Ensemble averaged fidelity as a function of the num
of qubits n. Curves ~a!, ~c!, and ~e! assumedm50 and em

50.0125,0.025,0.1, respectively. Curves~b! and~d! are the same as
~a! and ~c! with dm50.05.
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VI. SUMMARY

We have presented a general proposal for the contro
generation of entangledn-qubit states, where nonoverlappin
one-photon wave packets are identified with the logical
bits. The theory developed is general although a CQ
based implementation seems most promising from
present point of view. However, it can be easily adapted
other implementations, for instance quantum dots or sin
atoms embedded in a host material@18#, which may become
available in the future as quantum systems with long coh
ence times. We have also given an explicit example o
CQED based implementation, where the medium is an a
with two L-type level configurations. The logical qubit stat
are identified with two orthogonal transverse polarizat
states~e.g., s1/2 of the cavity and reservoir modes. Ou
investigation of decoherence in this model indicates t
such a proposal is in principle experimentally doable w
state-of-the-art equipment. It could thus form the experim
tal basis for multiparty communication in future quantu
networks. Of particular interest are several recent propo
@16,17# which have suggested to make use of many-qu
entangled states in order to share quantum information
tween several parties. An example is quasi-simultane
transfer of information ton clients using ann-qubit MES. In
this way a key to be used later in an RSA encryption sche
is transferred ton parties in one fell swoop. As has bee
shown by Molotkov and Nazin@15# such a procedure no
only implements key distribution but also allows one
check efficiently for the presence of an eavesdropper.
other interesting application is a controlled quantum co
munciation network, which consists of a single ‘‘provider
~P! who is connected to the clients (A–D) via photonic
channels@8#. The provider creates entangled photonic qub
on request and transmits them to the clients, e.g.,A andB in
Fig. 8. Upon transmission all three parties involved share
entangled three-qubit state. In order forA or B to teleport the
state of an additional qubit between each other the cen
N.

-

cu

c
ter
s.

v
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stationP has to measure the state of its qubit~which would
be the internal state of the medium! and disclose the result to
A and B. The advantage of such a scheme is its relativ
simple topology which eliminates the need for photon
channels between the individual nodesA-D. Moreover, no
successful transfer of information is possible without t
consent of the provider. We have thus a network in wh
the transfer of information between two parties is alwa
controlled by a third one. This may be of practical impo
tance if the time at which information transfer takes pla
should be determined by the third party. Another scenario
which GHZ states and their higher order analogues may
useful is quantum secret sharing@16#. The provider may use
his qubit to teleport the state of another qubit he holds
clients A and B. These two now share a Bell state but th
are only able to extract the teleported state if they are will
to cooperate. This could be useful in situations when neit
of them can be completely trusted on his own or if at t
time of teleportation it is not yet clear who of the two
supposed to eventually receive the information.
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FIG. 8. Topology of a quantum communication network whi
consists of a single provider of entanglementP and several clients
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