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Entangling dipole-dipole interactions for quantum logic with neutral atoms
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We study a means of creating multiparticle entanglement of neutral atoms using pairwise controlled dipole-
dipole interactions. For tightly trapped atoms the dipolar interaction energy can be much larger than the photon
scattering rate and substantial coherent evolution of the two-atom state can be achieved before decoherence
occurs. Excitation of the dipoles can be made conditional on the atomic states, allowing for deterministic
generation of entanglement. We derive selection rules and a figure of merit for the dipole-dipole interaction
matrix elements, for alkali atoms with hyperfine structure and trapped in localized center of mass states.
Different protocols are presented for implementing two-qubit quantum logic gates such as the controlled-phase
and swap gates. We analyze the error probability of our gate designs, finite due to decoherence from coopera-
tive spontaneous emission and coherent couplings outside the logical basis. Outlines for extending our model
to include the full molecular interactions potentials are discussed.

PACS numbgs): 03.67.Lx, 32.80.Qk, 32.80.Lg, 32.80.Pj

[. INTRODUCTION the spread of errors among atoms. To create entanglement
one must accurately control both the atomic internal and ex-
The ability to coherently manipulate multiparticle en- ternal degrees of freedom so that the interatomic coupling
tanglement represents the ultimate quantum control of &an be applied in a coherent manner and with high fidelity.
physical system and opens the door to a wide variety of In this paper we consider the creation of entanglement via
fundamental studies and applications, ranging from improvete€sonantly induced dipole-dipole interactions between atoms
ments in precision measuremdni to quantum simulation N t]ghtly confining traps, such as those pro_duced by o_pt|cal
[2,3] and quantum computatidd]. Several physical realiza- lattices[18] or magnetic trap$19]. Our goa_l is to establ_lsh
tions have been proposed in quantum optics, including iofome general features that can be applied in a variety of
traps[5] and cavity QED[6], and “engineered” entangle- Settings. Experl_mental d_etalls will be omitted except to give
ment has been demonstrated in the laboratory for both ofrder of magnitude estimates where appropriate—a more
these systemi,8]. Entangling unitary transformations have complete description of our proposal will be published else-
been implemented in liquid-state NMR on pseudopure state¥here[20]. We begin with a discussion in Sec. Il of the
of nuclear spins in small organic molecul@, though true dlpole—dlpo'le interaction, establishing the_ “figure of merit” _
entanglement has not yet been produced in these therm?_ﬂr entangling interactions and the selection rules for transi-
sampleg10]. Proposals have been made also for a number o'qlons_ petween internal and external states for two ator_n_s_ln a
condensed-matter implementations, such as quantum dot@nfining trap. In Sec. Il we demonstrate the flexibility
[11], superconducting quantum interference devicesavallabl_e for |mplement|ng quantum Ioglc in this system by
(SQUIDS [12], and coupled spin resonance of dopants in 6presentmg_three dlffere_nt two-qubit logic protocols and esti-
silicon lattice[13]. All these implementations must contend Mate the figure of merit for each due to spontaneous emis-
with the conflict inherent to open quantum systems. EntanSion. A major deficit in the present analysis is the omission
gling unitary operations must provide strong coherent cou®f inelastic collision channels from the modél]. Such a
pling of the atoms or spins with each other and also with thd@sk has considerable challenges, especially when one in-
external driving field, while shielding the system from the cludes the comp_lex internal structure of _the atoms in the
noisy environment that leads to decoherence. molecular_ potential§22]. In Sec. IV we give an outlook
Recently we identified a new method for producing mul-toward this and other future research.
tiparticle entangled states of cold trapped neutral atfdds
(see alsd15-17). This system offers several advantages for
guantum information processing. In general, neutral atoms in
their electronic ground state couple extremely weakly both to The dipole-dipole interaction depends both on the internal
each other and to the environment. Interatomic coupling®lectronic states of the atoms as dictated by the tensor nature
can, however, be createdn demandby external fields, of the interaction, and the external motional states that deter-
which excite two-atom resonances such as those arising fromine the relative coordinate probability distribution of the
electric dipole-dipole interactiord4], by ground-state col- dipoles. We consider a system of two atoms trapped in sepa-
lisions[15], or by real photon exchandé&6,17. The ability  rate harmonic potentials, interacting coherently with a clas-
to turn interactions “on” only when needed is highly advan- sical field and with each other via the dipole-dipole interac-
tageous because it reduces coupling to the environment arihn. Decoherence may occur via cooperative spontaneous

Il. THE DIPOLE-DIPOLE INTERACTION
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emission. We will begin with a discussion of the simplest (@ lae)) @) leien) lees)
case, two two-level atoms. This will establish the basic fea- o ¥ _ikz ------ —
tures we will exploit for entangling neutral atoms. We then 8 AV,
consider a more realistic multilevel structure associated with E@lx |g1e) |VT‘>7F‘H‘/’+> ly,)
alkali atoms, the most readily cooled and trapped atomic N
species. We seek expressions for the interaction matrix ele- he,, ; ¥ o |age)
. . y .. 18182

ments and the resulting selection rules. l2182) [g182) TR102L

A. Two-level atoms FIG. 1. Internal energy levels for two atom®) The bare en-

ergy eigenbasis showing degenerate states with one photon excita-
¥ion. (b) The two-atom picture in the rotating frame at field detuning

A with dipole-dipole splitting of the symmetric and antisymmetric
states. The primed states to the right are the dressed atomic states
including the sum of the light shift and dipole-dipole potentiast

Consider two two-level atoms at fixed points separated b
distancer, with ground and excited staté, |e), interacting
with a laser field at frequency, . After tracing over the
vacuum modes in the Born-Markov approximation, the ef-

fective non-Hermitian Hamiltonian i3] to scale.
Her=Ha+Ha +Hyq, (1) )
A AT Ho=—fi(A+iT/2){2leres)(eres| +[w ) |+ ) u-}
\e/lvrheere the atomic Hamiltonian and the atom-laser interaction (Vo= iBT 2 W s | — [ W}, (6a)
r 19)
Ha=| —hA—i E)(DIDl—i- DID,), ) HAL:E(|9192><¢+|+|eleZ><¢+|+H-C-)- (6b)
QL The symmetric statey, ) is super-radiant with linewidtfi’
Hao=—— (Di+Dz+H.c). (3 4T, and couples tdg,g,) and|e,e,) with Rabi frequency
2 c

v2Q). The state|y_) is subradiant with linewidtH’—T'.
Here, A= w — weq is the laser detuningl” is the excited ~The statesy.) may be denoted by molecular spectroscopic
state decay rate) is the Rabi frequency, and'=|e)(g| is  notation with eigenvalueg, II, etc., depending on the ori-
the dimensionless dipole raising operator for each atom. Thentation of the dipoles with respect to the direction of the
dipole-dipole coupling interaction Hamiltonian is of the form internuclear axi$25]. This is implicit in the definition of the
coupling constany/.,

Given this Hamiltonian we can calculate the dressed-—
ground-state energy by treatity, as a perturbation to sec-
ond order. We find
whereV, is the coupling strength that depends explicitly on 5
r, andI. is the collective contribution to the decay rate. E - hQ°12

In order to analyze this system we must choose an appro- 99 (A-V /A)+i(T+T)/2°
priate basis of states. There are two natural choices: the
atomic and molecular bases. In the atomic case one considevghenA>V,.,T" the saturation isndependenbf the dipole-
product states of internal dynamics and center of mass maipole interaction, which is equivalent to a separation be-
tion. In the molecular case one considers eigenstates of thaeen the internal state dynamics and the external degrees of
dipole-coupled two-atom Hamiltoniaf,+H 44 in the Born-  freedom. In this limit
Oppenheimer approximation. Both bases form a complete set
of states and thus allow for a full description of the physics, Egg~S(hA—iAT12)+s(V.—AI'(/2), (8)
though the transparency of the model may be greater with
one or the other, depending on the nature of the problem. Fawheres~ 2/(2A2) is the single atom saturation parameter.
low atomic densities the atomic basis is convenigee, for  The first term in Eq.(8) represents the sum of the single
example,[24]), whereas at high densities where collisionsatom light shifts and the photon scattering rate. The second
play a dominate role the molecular basis is more natse®, term, Hy=s(V.—i%I'c/2), is the two-atom cooperative
for example[21]). For the simple example of two two-level dipole-dipole effect on the ground-state perturbation, with
atoms the relation between these bases is seen immediat&y/, giving the coherent level-shift ansl’. the cooperative
by a diagonalization ofH,+Hgq, yielding “molecular  contribution to the spontaneous emission rate. The level

(DID,+DJDy), (4)

Al
Hoa=| Vo=l ==

Y

eigenstates’(see alsd25)) shifts of the molecular eigenstates in this perturbative limit
are shown in Fig. 1. We define fgure of meritx for the
le192) *|91€5) dipole-dipole interaction as
|91192>v|l/f1>:T,|elez>- )
= Rqud) _ Vc _ Vc (9)
In this basis the Hamiltonian il gr=Ho+H,, , with 2[Im(Egg)] A(T+T¢) Al
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This represents the rate at which the cooperative phase shift
is accumulated compared to the total rate of decay due to opE=\(2) +1)(2F+1)
spontaneous emissidny,; and is the central parameter that

measures the quality of the interaction. Note that in the high,qe Pe, - are projectors on the excited and ground mani-
detuning limit this figure isSndependenbf the saturation of ’ 1E is the

the atomic populations. folds, g, are the spherical basis vecto EQMe+g
A simple scaling argument shows the plausibility of usingClebsch-Gordan coefficient for the electric dipole transition
atomic dipole-dipole interactions to construct entangling uni{F.Mg)—|F’,Mg+q), and o is the relative oscillator
taries. In the near fiel.~d?/r3, whered is the mean in-  strength of each hyperfine transition as set by theyinbol.
duced dipole moment per atom. In contrast, the total spontaFhe second rank tensof = f +ig, describes the strength of
neous emission rate can be no larger than the Dicke supethe two-atom interaction as a function of atomic separation
radiant rate equal to twice the single atom decay rafe, r=|r;—r,,
~k3d?, wherek is the photon wave number. Thus, the figure
of merit scales ag~ (kr) ~3, which is potentially quite large o 2
for tight traps, deep in the Lamb-Dicke regime. In order to
evaluate the proportionality constant, we must consider a

! | J !

;o F}. (11b

more realistic model for the system as discussed in the next (Si”(kLr) N COE{kJ)) (123
section. (ker)? (k) )]
B. Multilevel atoms G(k.r)= g[(i_ff) sw:((err) (3PP
Consider now two alkali atoms with nuclear spijrcenter L
of mass positions,, r,, and excited on th®2 transition, cogk.r) sin(k.r)
|S1o(F))«|P3(F’)), where F and F’ belong to the k2 (k)3 ) : (12b

ground- and excited-state hyperfine manifolds. The atoms
interact with the vacuum field and a classical monochromatierhe Hermitian part of the effective interaction Hamiltonian

laser fieldE=Re(E g (x)e™'“t"), with amplitudeE_ and v/ determines the dipole-dipole energy level shift. The anti-
local polarization given by, (x). The multilevel generaliza-  Hermitian partI'yq gives rise to cooperative spontaneous
tion of Egs.(1)—(4) for the effective atom-laser Hamiltonian, emjssion so that the total decay rate is given by the expecta-
together with a dipole-dipole interaction between atoms argyn value of Ftot:F(DI' D, + DZ'D2)+Fdd- In the near
[26], field (the limit k_r —0) one finds that the real and imaginary
parts of the dipole-dipole Hamiltonian aréyq—/[d;-d,
(DI-D;+D}-D,) (109  —3(f-dy)(F-dy)]/r3, the quasistatic dipole-dipole interac-
tion, and Fdd—>F(D1-D£+D2-DD, the Dicke super-or
sub radiant interference term for ifr out of) phase dipoles.
As in the two-level case described in Sec. Il A, we must
choose an appropriate basis. For atoms with both fine and
(10b hyperfine structure the molecular basis has a very complex
description[22]. To develop some intuitive understanding
AT gq we will restrict our attention to the atomic basis, and defer
Hga=Vaa—1 2 discussion of the more general problem to Sec. IV. Consider
then a product state with the two atoms in the same internal
r = = state,|\lf>= | ¢int>l| ¢ext>1®|¢im>2|§ext>21 each with its mean
=- T[DZ'T(kLF)'Dﬁ D}~ T(k.r)-Dy], dipole moment vector oscillating along the spherical basis
vector g;. Under this circumstance the figure of merit for
(109 coherent dipole-dipole level shift defined in E§) can be
generalized to the multilevel case through ELD),

Ha=—-%|A u
AT TR ATTS

hQ T T
- T[Dl SL(r1)+D2‘ SL(r2)+H.C.],

where the relevant Rabi frequency is given WKy=

(J'=3|d|J=3)E_/#, having used the Condon and Shortley (Vaa)
[27] convention for reduced dipole matrix elements, and the K= —<hl“t N
dimensionless vector dipole raising operator is defined as °
_ _ﬁF<D;Dq>int<qu>ext
TZE Ldpp 2ﬁr<D£Dq>int(1+<gqq>ext)
= (3']d]3)
N _ _<qu>ext (13)
2(1+<gqq>ext) .

:2 OF'F 2_1 ME GECFA’i',Fq,MF+q|F/:MF+Q><FvMF|a
F a= F This factor depends only ajeometrythe external states and
(119  the direction of polarization of the oscillating dipoles. It is
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independent of the strength of the dipole, since the same (a) fu ® £ (©
matrix element for the atoms’ internal states appears both ir, =~ — :
the numerator and denominator. The average over the extel ¥
nal state is carried out with respect to the relative coordinate _
probability density, having traced over the center of mass ofs,, — —
the two-atom system. Mp 1 0 T T —
We will focus here on weak excitation of the dipoles. As
in Sec. Il A, adiabatic elimination of the excited states fol- FIG. 2. Fundamental photon exchange processes allowed in the
lows from second-order perturbation theory in the limit of dipole-dipole interaction. Solid lines indicate stimulated emission
small saturation of the atomic transitions. We will further and absorption of a laser photon; wavy lines indicate emission and
assume that the detuning is large compared to the eXCite@bsorption of a.virt.ual photon responsible fpr the gxchange intgrac-
state level shifts over thentire rangeof the relative coordi- tion. The contributing co_mpon_ent of the dipole-dipole mteract_lon
nate probability distribution. This is exactly the approxima-€NSorfqq. from Eq.(15) is indicated above. The black and white
tion used to obtain EqS). In that case, the light shift con- dots represent the initial state of the two interacting aFoms; t_he gray
tribution to the level shift factors out as in E€®), and the and striped dots represent the final states, respectiv@lywith

. . . . . . degenerate ground states, transitions that conserve néither
effective cooperative dipole-dipole Hamiltonian on the . .
. . Mg, nor totalM g are allowed(b) Under a linear Zeeman shift only
ground-state manifold iE24]

processes conserving totisl are resonant(c) A nonlinear Zee-
man or ac-Stark shift will constrain the interaction to return both

Joo

Al S
Hyg=Vgq—i Tdd atoms to their initial states.
ments. Consider two atoms in a common well, each de-
ar & ) . . scribed by a set of radial and angular momentum vibrational
=TS E (faq' T19qq {[D1- &L (r1)1(D;- &) quantum numbergn,,m [28], with energy E,=2n+I
aq=-1 +3/2, degeneracy,, = (2n+1-+1)(2n+1+2)/2, and an in-
X(Dy- e;,)[DZ- £.(ry)]+H.c}. (14) ternal state denoting one of the ground magnetic sublevels of

a given hyperfine statéF,Mg). One can decompose the

The interaction tensor is written here in the spherical basisproduct state of the two isotropic harmonic oscillators into
relative and center of mass states, which then can be used to

faq (KLr) =[No(KLr) gq +(—1)9N5(k, 1) find analytic expressions for the matrix elements with a gen-
, eral tensor coupling. Given dipoles excited with polarization
xXYJ 96— ¢)\/67-r/5cl;az, 7Q+q,], e,, we can evaluate the matrix element with respect to the

internal degree of freedom,
gqq’(kLr):[jO(kLr)aqq’+(_1)qj2(kLr)

xY§ Y o-¢)\Bmisct iy, L] (19

(F\Mgq;nglimy| @ (F,Mgp;nalomy| Vg F,MEq snilimg)

& |F M, ingi5m3)

wherej (n,,) are themth-order spherical Bess@leumann !

11,2
functions andv|" (6, ¢) are the spherical angles of the rela- = ,E (=192 —qeq V6T/5
tive coordinater. The zeroth-order Bessel and Neumann aq=-1
fun_ct|ons account for retardation in the dipole-dipole inter- X (gl 1My | ® (ol my| V() YS =98, ) [n]1im?)
action and will be neglected below.
Physically, Eq.(14) represents a four-photon process: ab- ®|n§|§mé>(cF'1’F’ CF’,lF

. ’ ’ ’ _
sorption of a laser photon by one atom followed by coherent Mg MMEp A "M, TR, =07 Mg

exchange of the excitation between the atoms via a virtual F1E’ Fr1F

photon emission and absorption, and finally stimulated emis- X Cur_qMq, M7 +a, -\ Mg,

sion of a laser photon returning both atoms to the ground

state. Because the virtual photon can be emitted in any di- ~ +¢"4F  FLLF

rection it is not an eigenstate of angular momentum with e

respect to the space-fixed quantization axis of the atoms. The F1F’ F/AF

quantum numbers| and q' represent two of the possible XCMgz,q,M;2+qCM;2+q,—x,MF2)’ (16)

projections of its angular momentum on that axis. Examples 3 .
of these fundamental photon exchange processes are shoWhereV(r)=—shl'ny(k.r)/2~1/7", having neglected the
in Fig. 2. radiation termng(k r)~1/n for. n<l.
We are left to consider the geometry of the trapping po- Th_e CIebsch-_Gordan coefﬁments of the fo_ur-photon pro-
tentials, resulting external coordinate wave functions, and th€SS in Eq(16) dictate selection rules for the internal states,
olarization of the oscillating dipoles. For deep traps we can — (M / /
gpproximate the motional s?atez as harmonicposciﬁators. For Me1+Me2=(Mpy+ Me) +(a—a). n
the particular case of an isotropic trap, the spherical symme#/e see that neithévig;, Mg, nor the totaM g+ Mg, is a
try allows explicit evaluation of the interaction matrix ele- conserved quantity. The fact that these are not good quantum
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numbers can be seen immediately from the form of the inin Eq. (19) (n4ln,l,,\|nl,NL,\) are “Moshinsky brack-
teraction Hamiltonian, Eq(10b), which is neither a scalar ets” that are tabulated real coefficients found using recursion

with respect to rotations by hyperfine operatbis F,, nor ~ relations,B(nl,n’l",p) are radial function expansion coeffi-
E,+E,. Classically this is reflected in the fact that the Ci€Nts given in[31], and I, [V(r)] are the Talmi integrals

dipole-dipole interaction isot a central forceand therefore  9iven in [30]. The Moshinsky brackets satisfy conservation
the angular momentum of two classical dipoles about theiPf

parity of the wave function, i.e., 1)1
center of mass is not a conserved quantity. Generally, inter=(—1)'**, (= 1)'1*'2= (- 1)""** and coupling with a rank-
nal angular momentum can be converted to rotational energio tensor restricts angular momentum quantum numbers to
of the molecule if the atoms have multiply degenerate energy’ =1, | £2. The Clebsch-Gordan coefficients in Ef8) im-
levels. An example of a quantum mechanical process thgtose the constraink=m;+m,, and ' =m;+m;, while
does not conservi;+ Mg, in shown in Fig. 2a). Tech-  Eq. (19) requiresu— u’=m, . Thus, the selection rule for a
niques to conserve the total and individual atomic internatensor coupling between isotropic harmonic oscillator states
guantum numbers by, e.g., breaking ground-state degenerarsy
[Figs. 2b) and Zc)], are discussed in Sec. Ill.

To evaluate the external-state matrix element in @) m;+my+m,=m;+m,. (21
we first expand the uncoupled angular momentum basis for
the motional statefl;m;)®|l,m,) in terms of the coupled This is the analog of Eq17), now with respect to the atomic
stateg\, w) for total angular momenturn and projectionn ~ motional states. The quantum numlmer can be interpreted

according to the usual vector addition rules, so that as the projection of the net angular momentum of the ex-
changed virtual photons responsible for dipole-dipole inter-
(nyl 1m1|®<n2|2m2|V(r)Y2"f( 0,¢)|n;1 m))@|nsl,ms) actions[i_.e., m, = =+ (q—q’)]. The deficitAq i_s convgrted to
mechanical rotation of the molecule, consistent with overall
PP MR _ energy conservation, EqR0).

= E, E, Con, ,inz,ﬂcn:i jné Uit 1N2l2; A | V(r) In addition to degenerate couplings resulting in changes in
MR internal states as described above, for atoms in excited vibra-
><Y;”'(0,¢)|n1|1nélé N ). (18)  tional modes of a common spherical well there are further

degeneracies and couplings allowed by the energy conserva-

Borrowing a technique from nuclear physics due to Moshin-ion 1aw Eq.(208 and selection rule E21). For instance,
sky [29] we express coupled isotropic harmonic oscillatorth® product state of two atoms, each with one quanta of

wave functions for the two atoms in the product basis ofvibration alongz, can couple to the seven dimensional de-
center of mass oscillator statéL) and relative coordinate 9€nerate subspace of two quanta shared between the two

oscillator statesnl) as summarized ifi30]. The matrix ele- ~&toms,
ment in Eq.(18) can then be written
Inilymy) @ [Nyl ,my) ={]010®(010),/01-1)®|011),[011)
(nll1n2I2;)\,u|V(r)Y21r(0,¢)|nilinélé;)\’,u’) ®|01-1),]020 ®|000),|000

®|020),/100® 000|000 2 100)}.
= > (nylin,l A[NILNL,N) 1020.1100 01000 o)
ANILIY (22
X(n'I",NL,\ [nglingl; \7) All of these features must be accounted for if we are to
; utilize the dipole-dipole interaction for coherent quantum
X (— 1)L+ \/5(2)‘ +t1D(2I+1) state manipulation and logic gates, as we consider in the next
(4) section.
XC)U,Z)\ C|,2,I’ l ML . QUANTUM LOGIC GATES
w',m.,u00.0 NN 2

A. General considerations

1+1’ ! . . . . . .
(Hizrnen The dipole-dipole interaction discussed in Sec. Il can

X 2 B(nL,n"1",p)I,[V(N], (19 pring about coherent interactions between neutral atoms. A
p=(1+11)2 useful paradigm to generate an arbitrary unitary evolution of
with restrictions on the quantum numbers to conserve thé many-body system Is the quantum circuit” defined by a
total mechanical energy Series of Iog_lc gates acting on a set of two-_level quantum
' systemgqubitg [4], here the trapped atoms with pure states

identified as the logicdB) and|1). A crucial component is

Eio=E1+Ep=E +E;=Ecm+tEre=EcytEre (208 ihe two-qubit logic gate whereby the state of one atom
(called the targetis evolved conditional on the logical state
=n"=n+nj+n,—ni—ny+ (11 +15=1=1,+1-1")/2. of the other(called the contrgl A familiar example is the
(20b) “controlled-NOT” (CNOT), whereby the logical state of the
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target is flipped,|0)«|1), if the control qubit is in the (a) ©
logical{1), and no change is made otherwise. Other ex- g,;‘"_lr—““ﬁ;u —‘f—me
amples that have no classical analog include the “controlled-
phase”(CPHASE and “square-root of swap” {SWAP) gates _&IM_ _ﬂlﬁ_
[11]. In the former, the two-qubit state with both atoms inthe s, o F oo, B
logical{1) accumulates @hase shifiof 7, [1)®|1)— —|1) M1 0 sl 0L T 0 ah
®|1), and other local basis states remain unchanged. The
JSWAP if operated twice, exchanges the stafgsand |0); b el ®  Vuy
operated once we have an equally weighted superposition d &
no-swap and swap. These examples are entangling two-qubl. ®10). |1>+®|°>——_.:_.:.-V+“*—
gates, which together with the ability to effect arbitrary 103, @I 10), ®In- T
single qubit transformations, can generate an arbitrary enyg), g0y —— - 10), ®]0) ————— -
tangled state of the many-body system through sequentia. Apart Together Apart Together
pairwise application. In the language of quantum information
processing, th.ese logic gates form a universal set for quangit two-qubit logic gates. Basis states are denoted forspecies
tum computgtlor[SZ]. . . as described in the texi@), (b) cPHASE configuration: The “cataly-

We consider the design of these logic gates for neutrals fieg excites dipoles only in the logical) states, chosen for
atoms in tight trapsi.e., well within the Lamb-Dicke limit ot species in the upper ground hyperfine manifbld. The
We have formulated such an implementation in optical latipole-dipole interaction is diagonal in this basis and results solely
tices[14], which offer avenues for pure quantum state prepain a level shift of thel1), ®|1)_ state. Operation of this gate with
ration through resolved-sideband Raman cooli88] and a  high fidelity requires this shift to be large compared to the coopera-
flexible geometry for coherent contr84]. The general fea- tive linewidth. (c), (d) vSWAP configuration. The logical basis is
tures apply to other traps as well, but will not be discussedncoded in the vibrational degree of freedom as described in Sec.
explicitly here. In summary, we defined two ‘“species” of 11l B. For an appropriate choice of geometry and pulse timing, there
atoms denoted=), those whose light shift is dominated by is an off-diagonal coupling between the logical stdtts, ®|0)_
the o standing wave of the lattice, respectively. Throughand|0),®|1)_, yielding aswar.
dynamical variation of the optical lattice polarization, the

two.s_,pecigs can be brought tog‘(‘ether to_iril,tera.ct pairvvisg. A@é|1>_, and zero cooperative level shift of all other logical
auxiliary field (denoted as the ‘“catalysig”excites the di-

) ) basis stat Fig. . Of course single atom light-shift
poles for the duration necessary to achieve the two-qubi asis statefsee Fig. & €0 g g

logic gate. For the geometry considered(i], we defined interactions cause logical states to accumulate phase as well,
ogic gate. 9 y . ' but these can be removed through appropriate lights-shift
computational basis sets for tlie) species,

pulses acting on the separated individual atoms before and

@
men ...

FIG. 3. Energy level structure of the logical basis associated

|1>t:|FT Me=+1)®| Y1+ ) exts after they are made to interact. If the atomic pair is allowed
(23 to evolve in the presence of the catalysis field for a time
0)-=|F | M= F1)&| o= exts =hml(Vgq) We obtain|1), ®|1) ——|1), ®|1)_ with no

change to the other logical basis states, as required for a

whereF, =1+1/2 are the two hyperfine I_evels associatedCPHASE A similar protocol can also be c_onstruc?ed to |mple-
with the S,/, ground stateM ¢ is the magnetic sublevel, and Ment &/SwAp gate. Through an appropriate choice of logical
|#)ex: are the external coordinate wave functions. b§15|s and catalysis f|eld,. one can induce f:hpole—d}pole cou-
For a given choice offi#)e, and the catalysis field, we can plings that are only off diagonal in the logical basis, of the
define protocols for different quantum logic operations.type|1), ®[0)_«[0),®|1) . Applying the interaction for
Single bit manipulationge.g., rotations of the qubit state on @ time such that ar/2 rotation occurs in this subspace, we
the Bloch sphere and readout of the qubit staten be obtain the desired gafsee Fig. &)]. For a general initial
implemented through conventional spectroscopy, such as cetate of the two qubits, the result of the logic gate will be an
herent Raman pulses and fluorescence spectroscopy as desmangled state.
onstrated in ion trapg35]. The value of the figure of merik implies an absolute
Two-qubit entanglement is achieved by inducing a condi{ower limit on the error probability of the quantum gate.
tional dipole-dipole interaction. We will consider two kinds Ignoring for the moment inelastic collisions, dissipative ef-
of gates in Sec. Il B. ACPHASE gate can be implemented fects in the atomic trap, or other technical errors, imperfect
with the following protocol. If the catalysis field is tuned fidelity is due to scattering by the catalysis field. This limit
near the|S;;,,F;)—|P3y resonance with detuning small can be regarded as “fundamental,” in the sense that it de-
compared to the ground-state hyperfine splitting, then nonrives from a decoherence mechanism intrinsic to our scheme.
negligible dipoles are induceahly for atoms in the logical- The catalysis field is present only during the entangling op-
|1) states. If there are no off-diagonal matrix elements of theeration, of durationr=#/|(Vy4)|, where the expectation
dipole-dipole interaction in the chosen logical basis, and asvalue is taken in the logicdl,1) state. It then follows from
suming the gate is performed on a time scale much fastehe definition of the figure of merit, Eq$9) and (13), that
than the photon scattering rate, this causes a nora®p-  the maximum error probability by scattering a catalysis pho-
erative level shift only of the logical basis statfl), ton is

062309-6



ENTANGLING DIPOLE-DIPOLE INTERACTIONS FOR.. .. PHYSICAL REVIEW /&1 062309

Perro=1—exp( —I'oy7) When the atoms are excited in phaserbpolarized catalysis
light, the figure of merit is given by Eq13), with =0, and
1 e the atoms are super-radiafit,,=2I". To complete our quan-
=l-exp —m . .
[(Vga)] tum logic protocol, we must choose the external coordinate

wave function for our qubits. Considerations include maxi-
=1—ex;{ _ 1) (24) mizing the dipole-dipole figure of merit and minimizing co-
|| herent leakage due to degeneracies.
Let us first consider the case of two atoms in the vibra-
Assuming a large figure of merit, the error probability is tional grou_nq state shar_ing a common well. Though spherical
approximatelyP o o~ 7/| «|. wells maximize _the radial oyerlap f_or atoms in their grpund
In all of the protocols, it is necessary to devise interac-State, the dominant term in the interaction tensorfds
tions that minimize loss of fidelity due to photon scattering =N2(KL)Y5(8)~Y5(6)/(k.r)®, which is orthogonal to the
and coherent coupling outside the logical bdsisakage”). isotropic relative coordinate Gaussian wave function. This
One leakage channel arising from the dipole-dipole potentiamultipole component is nonzero, however, for nonspherical
discussed in Sec. Il originates from the coherent couplingd€ometries and for higher motional states of the atoms in
between degenerate internal states. Generally, neith&pPherical wells.
Mgy, Mg, nor Mp=Mg;+Mg, is conserved. From Eq. One suitable design is to use ellipsoidal wells as discussed
(17) we have the selection rula,M = *|q’ —q|, whereAq in [14]. Consider an axially symmetric harmonic potential
is the net projection of angular momentum of the exchangedith two atoms in the vibrational ground state, each de-
virtual photon along the atomic quantization axis. As sum-scribed by a Gaussian wave packet with widiths=Ay
marized by selection rule Eq21), any deficit in the angular =Xo andAz=2z,. The figure of merit can be calculated nu-
momentum of the exchanged photons must be balanced pyerically including radiation terms, as a function @f
an excitation of mechanical rotation of the two-atom mol- =KX, and 7=k z, as presented ifil4]. An analytic ap-
ecule. If such transitions are allowed by energy conservatiorproximation follows from Eq(13), taking into account only
they can be suppressed through judicious choice of latticéhe near field, yields
geometry. Choosing the potential to have azimuthal symme-

1
try ensures that only the terms witff =q survive in Eq. w~= =i {fodr, 6))ext
(16), and thusAMg=0. Leakage channels can also be sup- 3 P,(cosé)
pressed by breaking the symmetry that leads to the degen- =— Zf d3x|¢f,e,(r,0)|2(k—r)3
eracy. A sufficient magnetic field can define the quantization L
axis, providing a linear Zeeman splitting of the ground-state 7 7?7 7
magnetic atomic sublevels greater than the cooperative line- = ——=— | —2-3F+3| =+ — tan ! —) ,
width of these states. Processes that do not conserve the total 16\ 7% 7, (A e 7

M are thus detuned out of resonariéég. 2(b)]. Preserva- (25)
tion of theindividual quantum numberMg,, Mg, requires
a nonlinear Zeeman shift of ac-Stark shift in the ground-state _ 2 2 : ) . i
manifold to break the degeneraf§ig. 2(c)]. where "=, “— 7, °. Keepingz, fixed while maximiz-
One final leakage channel we address is coherent couplin§9 Y‘gth Srespect to the ration, /7, Qives kpa~—8.5
into the excited state manifold. We must ensure that alx10 “/#7i. As an example, given tight localizatiorg
population returns to the ground states after the logic gate is /60, Xo=\/130, corresponding to Lamb-Dicke param-
completed. One means to achieve this is to adiabatically corters»;=0.1,7, =0.05, we havec~ —68. _
nect the ground-manifold to the field-dressed levels. Con- The relatively small figure of merit for two atoms in a
sider the simplified basis of two two-level atoms consideredcommon prolate ellipsoidal well can be partially attributed to
in Sec. Il A. Adiabatic evolution is achieved when the level destructive interference between different dipole orienta-
splitting between the two-atom ground and first excitedtions. One had/yq~—2d?/r® when the internuclear axis is
eigenstatesi A — V., is sufficiently large compared to off- along the polarization, anify4~ +d*/r* for perpendicular
diagonal coupling caused by the changing catalysis excitaS€parations. A possible solution is to use nonoverlapping
tion. An alternative approach is to work in the opposite limit, SPherical wells, separated along the quantization axishy
and apply sudden pulses, fast compared/ig/#. A real ~ We have seen that as this separation goes to zero, the dipole-
excitation is then coherently exchanged between the atom§ipole interaction goes to zero. We also know théajy
A similar protocol in the form of @NOT has been proposed ~1/(kr)® goes to zero as the separation goes to infinity.
by Lukin and Hemmer[36] for dipole-dipole interacting Thus at some intermediary value of atomic separation, the
dopants in a solid-state host. interaction must be maximum. Given ground-state Gaussian
wave packets of widthg in any direction in the isotropic
wells, the state is separable in center of mass and relative
coordinates. Since the wave function is azimuthally symmet-
In the following we describe three examples that demonfic, it is valid to consider only the(g piece of the coupling
strate the flexibility available for designing quantum logic tensor as discussed in Sec. lll A. The figure of merit follows
gates. We will assign a logical basis set given in E28). as in Eq.(25),

2

B. Logic-gate protocols
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=— =5 oI, (28)
X 70(m 7

FIG. 4. Dipole-dipole figure of merik for spherically symmet-
ric Gaussian wave packets with widtg, normalized to the Lamb- In addition, as dictated by the selection rules of Sec. I, the
Dicke parametem=Kkx,, as a function of the normalized separa- dipole-dipole interaction couples the logical basis states to a
tion AZ=Az/x,. Maximum |«|~0.015k° is achieved atAZ  subspace of states with two shared quana;m|,)
~2.5. ®[n,myl,)={|011)®|011),]022 ®|000),|000® |022)}.
The matrix elements are

~ e<AZ’2>2(1 L3 ) erazz)|1
= Jm |8 4AZ° 4AZ° | ¥ 26 (022®(000 V4401 ®|011)
=(000 ®(022V44 01D ®|011)
whereAz=Az/xy, and =k Xq. The form of Eq.(26) can Y
be verified in two limits. FOrAz>x,, k— —0.75(_Az) 3, ATV 29
the expected figure of merit for two-point dipoles separated 022 (000V..]022® |00
by distanceAz, with dipole vectors aligned along the rela- (022@¢00qVeq 02 ©[000
tive coordinate vector. ForAz<x,, we find « =(000 ®(022V 44000 ®|022)
— —(A2)?%/(80{7 %%, vanishing quadratically as the sepa- o v/
= X s

ration between wells goes to zero. A plot efis shown in
Fig. 4. The figure of merit is maximized a&tz.,,,/x;~2.5
where kpa~—0.015#°. For example, atp=0.05x .~

—123. This is almost twice as good as the scheme UsiNghe couplings within the degenerate vibrational subspace of
.ove.rlapplng ellipsoidal wells with the same minimum local- Eq. (29) describe an effective two-level system with cou-
Ization. pling between the stat@11)®|011) and the symmetric state

Higher vibrational states of overlapping spherical wells 1022 ®|000)+|000)®|022)/v2. The antisymmetric state
can also be used to encode the qubit for controlled logic. Fo}s uncoupled and “dark” to the interaction. The effective
instance, one quanta of vibration along each atom could g, '

be considered to code for the logidd}: This is ill suited as thus there is a recurrence time=/x for population in the

a logical basis, hovx./ever,.because of the problem of cohereqfy ationq| statd011)®|011). For this interaction time the
leakage. The coupllngs given by selection r.ules EZ@ and unitary operator in the logical basis is

(21) connect the logical basis to a seven-dimensional degen-
erate subspace of two vibrational quanta shared between the 1 0 0
atoms as described in E@®2). Many of these couplings can

be avoided if instead we choose the so-called stretched states
of vibration. Consider the logical basis

(022 (000 V44000 ®|022) = — 54 /4.

frequency within the coupled subspace is exagtly

0
0 ¢4 1 —i\ O

U=exp(—ind7'/h)= 0 v ( . 1 ) ol
0 1

0 1
11).=|F; Mg=*1)®|n=0l=1m=1), (30)
@n This is the /SWAP gate universal to quantum logjit1]. The
|0).=|F;,Mg==*1)®|n=0,=0m=0). figure of merit for this gate is
) 1 4.02x10°3
We choose ar-polarized catalysis field applied to the tran- &~ —2(1+1 |[fodl:1-)=— 3= o
oS o ; 140\ 7 7
sition[Syp,F1)—|P3,F") with detuninglarge compared to
12 L . (32
the oscillation frequency. This induces nearly equal dipoles
for atoms in logical) and|Q> stategsee Fig. 8)]. which for »=0.05 givesxk~ — 32.
Matrix elements of the dipole-dipole operator can then be
calculated using Eq(19). Unlike .the previous cases dis- V. OUTLOOK
cussed, the interaction operator is not diagonal in the com-
putational  basis set, {|0),®[0)_,|0),®|1)_,[1), We have explored the possibility of creating multiparticle
®|0)_,|1), ®|1)_,}, but instead has the form entanglement using induced dipole-dipole interactions be-
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tween pairs of alkali atoms in tight traps. This system offers A
good prospects for quantum control of both internal and ex-
ternal degrees of freedom. By designing interactions that can E
be selectively turned on and off through an external control ) R e
field, coherent interactions between atoms can be induced S+P
with high fidelity, opening possibilities for designing quan- /

tum logic gates to perform quantum information processing 8/

tasks.

The error probability of the two-qubit logic gate, finite
due to spontaneous emission, is sufficient to allow us to cre-
ate entangled states of multiple atoms. This holds promise FIG. 5. Schematic o8+ P molecular potentials as a function of
for a variety of applications in precision measuremght the internuclear distance Excitation by a far-off resonance blue
and quantum simulatiod$]. Such applications are possible detuned laser would normally be dominated by the repulsive poten-
in the short term, based on ensemble preparation and me#al at the Condon poinRc . For well localized but separated atoms
surement on the sparse, randomly filled lattices that aréelative coordinate probability distribution sketched heodf-
available in today’s laboratory experiments. In the muchresonant interaction with the attractive potential dominates. The ori-
longer term, the promise of universal fault-tolerant quamumentation of the _dipoles relative to the internuclear axis is indicated
computing places very strong constraints on the physical sydor €ach potential.
tem. Specifically, fault-tolerant quantum computation de-
mands an extremely low error probability, e€.0Peror
<10 #[37] or 10 2 for some model$38]. Fortunately we poles are excited in phase, leading to Dicke superradiance.
see possibilities for substantial improvements by extendingdowever, molecular resonances exist for dipoles oscillating
the theoretical analysis beyond the simplifying assumptionsut of phase, which might be excited with a sufficiently in-
considered up to this point. tense catalysis field. This too would impact the maximum

Given the scaling arguments of Sec. Il, the dipole-dipolepossible value ot, in the figure of merit.
figure of merit has the fornk~c,/%°. One may consider Finally, the assumption of large detuning is brought into
the ultimate limits on these parameters as determined bguestion when considering two atoms whose wells are
practical considerations. The localizationdepends on the closely overlapping. At some small internuclear separations,
quality of the trap and possible implementations of wavethe catalysis fieldas well as the trapping field, if a light trap
packet control, such as squeezit@9]. The parametec, is s used will be resonantwith the molecular potentials—the
specific to the details of the protocol and the approximationso-called Condon point. Inelastic processes are highly prob-
of our analysis. Under the assumptions of our modglis  able in this case. Careful choice of the parameters may avoid
determined solely by geometry and might also benefit fronthese resonances over the extent of the relative coordinate
wave packet engineering to maximize the relevant dipoleprobability density. In this regime off-resonant excitation
dipole multipole component of the relative coordinate prob-dominates with arr-dependent detuning from the excited
ability distribution. More importantly, we must address the molecular eigenstatgsee Fig. 5. Furthermore, the internu-
limitations of our model. For atoms separated by distanceslear axis acquires a specific orientation with respect to the
on the order of an optical wavelength, it is appropriate todirection of the excited dipoles, and the different molecular
consider molecular rather than atomic resonarjeds We  potentials must be weighted accordingly. This is a regime
have avoided explicit calculation of the molecular potentialsnot usually encountered in studies of photoassociative colli-
by assuming a detuning that is large with respect to the splitsions. One future task is to include the molecular potentials
ting of these potentials. Though this assumption greatly simin a full analysis.
plifies the analysis, it is almost certainly not the optimal op- Consideration of collision phenomena for atoms in tightly
erating point for the system. Furthermore, at such a largéocalized traps opens the door to a host of novel phenomena.
detuning approaching the hyperfine splitting of the groundExamples include a breakdown of the scattering length ap-
state, one cannot necessarily induce a dipole only for atomgroximation for electronic ground-statewave scattering
in the logical{l) states as we have assumed for some protof40] and the production of bound molecules though photoas-
cols. sociation, or a transition through a Feshbach resonptide

Extending our model to include molecular resonance mayrecent experiments have been performed in Bose-Einstein
have substantial impact on the dipole-dipole figure of meritcondensates in which colliding pairs of atoms were reso-
For example, we have argued that for atoms in the vibranantly transferred to a bound electronic ground-state molecu-
tional ground state of a common isotropic spherical well, thdar resonance via Raman laser pul§ég]. This molecular
dipole-dipole coherent interaction is zero due to destructivéoound state could act as an auxiliary level for performing a
interference when integrating over all angles of the relativecPHASE gate by applying a 2 laser pulse between the free
coordinate vector. However, at finite detuning, e.g., red ofatom computational basis state and the molecular resonance.
atomic resonance, the catalysis field will preferentially exciteWhichever protocol ultimately holds the greatest promise,
the attractive potential, leading to finite interaction, and arthe rich structure of the neutral-atom/optical-lattice system
increase in the parametef. Another example is the use of provides new avenues for explorations of quantum control
subradiant states. We have implicitly assumed that our diand information processing.

Re <r>
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