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One-dimensional steady-state spatial solitons in photovoltaic photorefractive materials
with an external applied field
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A theory on spatial solitons in closed-circuit photorefractive-photovoltaic media is developed that gives rise
to spatial solitons due to both the bulk photovoltaic effect and the spatially nonuniform screening of the
external bias field. In case the photovoltaic effect can be neglected, these solitons are screening solitons. In
case the external bias field is absent, these solitons are photovoltaic solitons in the closed-circuit case. We also
show theoretically that the photovoltaic nonlinearity can be switched from self-defocusing to self-focusing by
adding the external electric field. Under a strong bias condition, the photovoltaic nonlinearity can be switched
from self-defocusing to self-focusing by changing the polarity of the external electric field or by rotating the
polarization of the light.

PACS number~s!: 42.65.Hw, 42.65.Jx, 42.65.Tg, 72.40.1w
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Photorefractive~PR! spatial optical solitons have attracte
much interest in the past few years@1–15#. Thus far, quasi-
steady-state solitons@1–3#, screening solitons@4–8#, and
photovoltaic~PV! solitons @9–15# in dielectric PR crystals
have been suggested in the literature. Recent work on
solitons has shown theoretically and experimentally that a
ing background illumination for these solitons enables a u
form electric field across the crystal that is screened non
formly @12,13#. When background illumination is the sam
polarization as the focused beam, the PV nonlinearity i
short circuit can be controlled by the intensity of the unifo
background illumination@12#. When the focused and th
background beams are orthogonally polarized, the PV n
linearity in a open circuit can be switched from se
defocusing to self-focusing by use of background illumin
tion @13#.

In this paper we show theoretically that the application
an external field to photovoltaic PR crystals enables the
nonlinearity that gives rise to steady-state planar solitons
to both the PV effect and the spatially nonuniform screen
of the external bias field. Screening solitons and PV solit
in the closed-circuit case are a special case of these soli
respectively. Thus, screening solitons and PV solitons in
closed-circuit case studies may be integrated in these sol
studies. There are differences between using an external
and adding background illumination in PR crystals. The
plication of an external field enables screening solitons
nonphotovoltaic PR crystals, which result from the spatia
nonuniform screening of the external bias field@7,8#. Adding
background illumination for nonphotovoltaic PR crysta
merely increases the background density of free carrier
the electrical circuit consists of a PV crystal, an exter
source«, and an external resistorR, an external field may
screen the PV effect, which results in a change of the sig
the space-charge field. The sign of the refractive index p
turbation Dn may change becauseDn}E. On the other
hand, for PV solitons, adding a background beam is equ
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lent to adding a term in the PV current, which results
establishing a uniform electric field across the crystal. T
space-charge field is shifted upward or downward by
uniform electric field. However, only the shape and not t
sign of Dn changes@13#.

We start with the standard set of rate and continuity eq
tions and Gauss’s law, which describe the photorefrac
effect in a medium in which electrons are the only char
carriers, plus the wave equation for the slowly varying a
plitude of the optical field. In steady state and in two dime
sions these equations are@9,11#

~suAu21bT!~Nd2Nd
i !2gn̂Nd

i 50, ~1!

“• Ĵ5“•@qmn̂Ê1kBTm“n̂1keff~Nd2Nd
i !uAu2s#50,

~2!

“•Ê1~q/«s!~ n̂1NA2Nd
i !50, ~3!

S ]

]z
2

i

2k

]2

]x2DA~x,z!5
ik

nb
Dn~Ê!A~x,z!, ~4!

V52E
2 l /2

l /2

dx Ê5RSĴ1E, ~5!

whereDn(Ê)52 1
2 nb

3r effÊ is the perturbation in the refrac
tive index. The independent variables are as follows:z is the
propagation axis andx is the transverse coordinate. The d
pendent variables are as follows:n̂ is the electron numbe
density,Nd

i is the number density of ionized donors,Ĵ is the

current density,Ê is the space-charge field inside the cryst
and A is the slowly varying amplitude of the optical fiel
defined by Eopt(x,z,t)5A(x,z)exp(ikz2ivt)1c.c. ~k
52pnb /l, wherel is the wavelengthin vacuo, v is the
frequency, andnb is the unperturbed refractive index!. Rel-
evant parameters of the crystal are as follows:Nd is the total
donor number density,NA is the number density of nega
tively charged acceptors,bT is the dark generation rate,s is
the photoionization cross section,g is the recombination
©2000 The American Physical Society22-1
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rate,m is the electron mobility,keff is the effective photovol-
taic constant,«s is the low-frequency dielectric constant,r eff
is the effective electro-optic coefficient, andV is the poten-
tial measured between the crystal’s electrodes separate
distancel; 2q is the electron charge,kB is Boltzmann’s
constant, andT is the absolute temperature.S is the surface
area of the electrodes,R is the external resistance, and« is
the external source potential applied to the crystal. Fina
we define the optical intensity asI 5uAu2, and the dark irra-
diance asI dark5bT/s.

We seek solutions of the form

A~x,z!5u~x!exp~ iGz!AI dark, ~6!

where G is the soliton propagation constant. We limit o
analysis to realu(x). SinceI 5uAu2 depends onx alone, we
look for solutions in which the dependent variablesn̂, Nd

i , Ĵ,

andÊ depend solely onx, and the only component ofĴ and
Ê is in thex direction.

We transform the equations to dimensionless form by
substitutions n5n̂/(aNd), r 5Nd /NA , N5Nd

i /Nd , E

5uÊuqLD /(kBT), J5uĴuLD /(amNdkBT), and j5x/Ls ,
whereLD5@kBT«s /(q2NA)#1/2 is the Debye length,Ls is the
soliton length scale defined byLs51/(62kb)1/2, whereb

5(k/nb) 1
2 nb

3r effkBT/(qLD) is the parameter that characteriz
the strength and the sign of the optical nonlinearity. The s
of r eff determines the sign~positive or negative! of the per-
turbation in the refractive indexDn @7#. We therefore intro-
duce the dual-sign~6! notation in the definition ofLs ,
where the upper~lower! sign applies to the positive~nega-
tive! value ofLs ~and, consequently, ofDn!. The dimension-
less equations are

n2~11u2!~12N!/~rN !50, ~7!

J5nE1a~12N!u21 «̂n85const, ~8!

S N2
1

r
2anD2 «̂E850, ~9!

u956S G

b
1EDu, ~10!

bJ1C52E
2 l /2Ls

l /2Ls
dj E. ~11!

The prime stands for the derivative with respect to the v
able j, a5sIdark/(gNA), «̂5LD /Ls , C5qELD /(kBTLs),
b5RSqmaNd /Ls , and a5keffIdarkLD /(mkBTa)
5EpLDq/(kBT), whereEp5keffgNA /(qm). Even thoughE
can be obtained, in principle, from Eqs.~7!–~11!, this task is
considerably involved. However, we can conveniently der
E by taking a similar way to that of Ref.@11#. Using inequal-
ity the N<1/r<1 @11# in Eq. ~7! leads ton5(11u2)/rN.
Neglecting both termsan @11# and«̂E8 @7# in Eq. ~9! leads to
N51/r . These approximations can be used in Eq.~8! and
yield
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J5nE1aS 12
1

r Du2'nE1au25~11u2!E1au25const.

~12!

From Eq.~12! the space-charge field is given by

E5
J2au2

11u2 . ~13!

The substitution of Eq.~13! into Eq. ~11! leads to

J52xd2x~12r!a, ~14!

where d5Ch, r5h l /Ls , x51/(hb11), and h
51/*

2 l /2Ls

l /2Ls dj/(11u2). The substitution of Eq.~14! into Eq.

~13! yields

E52
xd

11u22
a@x~12r!1u2#

11u2 . ~15!

The substitution of Eq.~15! into Eq. ~10! then yields the
following nonlinear wave equation that describes station
~soliton! propagation in a photovoltaic nonlinear mediu
with an external applied field

u956H G

b
2

xd

11u22
a@x~12r!1u2#

11u2 J u. ~16!

We integrate Eq.~16! using quadrature, and obtain

p22p0
256H S G

b
2a D ~u22u0

2!1x@a~r1hb!2d#

3 lnS 11u2

11u0
2D J , ~17!

wherep5u8, P05p(j50), andu05u(0).
For dark solitons one requires that the boundary con

tions are u(0)50, u(1`)5u`5u(2`)Þ0, and u8(`)
5u9(`)50. Substitutingj→`, and conditionsu`Þ0 and
u9(`)50 into Eq.~16! leads to

G

b
5

xd

11u`
2 1

a@x~12r!1u`
2 #

11u`
2 . ~18!

This implies that the propagation constantG depends onu` .
By substituting Eq.~18!, and p(`)5u8(`)50, u(`)

5u` , andu(0)50 into Eq.~17!, we obtain

p0
256x@a~r1hb!2d#F u`

2

11u`
2 1 ln~11u`

2 !G . ~19!

Substituting Eqs.~18! and ~19! into Eq. ~17! yields

p256x@d2a~r1hb!#Fu22u`
2

11u`
2 1 lnS 11u`

2

11u2 D G . ~20!

It is proved that the term inside the latter square bracket
Eq. ~20! is always positive. The reality ofp can be obtained
for the upper sign or the lower sign according to a giv
2-2
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physical system@a(r1hb) and d#. When d.0 and d
.ua(r1hb)u or a,0 and ua(r1hb)u.udu, the upper
sign gives dark solitons. Similar to screening solitons@7#,
dark solitons in biased photovoltaic PR materials require
Dn(j).0 for all j. Whend,0 andudu.ua(r1hb)u or a
.0 andudu,a(r1hb), the lower sign gives dark solitons
Similar to photovoitaic solitons@11#, dark solitons in biased
photovoltaic PR materials require thatDn(j),0 for all j.
We integrate Eq.~20! numerically for various values ofu` ,
and obtain the waveformsu(j) of dark solitons in biased
photovoltaic PR materials. To illustrate our results, we c
sider the following examples: letl50.5mm, l 51 cm, R
50, and«50, 220 000, and 20 000 V. The LiNbO3 param-
eters are taken here tonb52.2, r eff530310212m/V, and
Ep540 KV cm. A particular case ofu`55 is shown in Fig.
1 when«50, 220 000, and 20 000 V. Figure 2 shows th
half-width as a function ofu` when «50, 220 000, and
20 000 V.

In the limit of low intensity ratio, i.e.,u`
2 !1, Eq. ~16!

becomes

u956H G

b
2x@d1a~12r!#1x@d2a~r1hb!u2#J u.

~21!

The solutions of Eq.~21!, u(j) with the appropriate bound
ary conditions, are bright and dark solitons.

For dark solitons, using boundary conditionsu(`)5u`

Þ0 andu9(`)50, and substitutingj→` into Eq.~21! leads
to G/b5x@d1a(12r)#2x@d2a(r1hb)#u`

2 . Integrating
Eq. ~21! by quadrature and substituting conditionsp(`)

FIG. 1. Dark soliton amplitudeu/u` as a function ofx for u`

55 and«50, 220 000, and 20 000 V.

FIG. 2. Dimensionless half-width of the dark soliton as a fun
tion of u` for «50, 220 000, and 20 000 V.
05382
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50, u(0)50, the expression we have just found forG/b,
andj→` yieldsp05A6x@d2a(r1hb)#/2u`

2 . The reality
of p0 can be obtained for the upper sign or the lower s
according to a given physical system@a(r1hb) and d#.
This is identical to Eq.~20!. Therefore in the limit of low
intensity ratio, dark solitons in biased photovoltaic PR ma
rials are solutions of

u956x@d2a~r1hb!#~u22u`
2 !u, ~22!

with u(0)50 and u8(0)5p05A6x@d2a(r1hb)#/2u`
2 .

Integration of Eq. ~22! leads to u
5u` tanh$A6x@d2a(r1hb)#/2u`j%.

For bright solitons one requires the boundary conditio
are u(1`)5u(2`)50, p(`)5u9(`)50, and p(0)50.
Substitutingj→`, and using conditionsu(`)5p(`)50
andp(0)50 into Eq.~17! yields

G

b
5a2

x@a~r1hb!2d#

u0
2 ln~11u0

2!. ~23!

This implies that the propagation constantG depends onu0 .
Substituting Eq.~23! and using conditionp(0)50 into

Eq. ~17! yields

p256H x@a~r1hb!2d#F ln~11u2!2
u2

u0
2 ln~11u0

2!G J .

~24!

It is proved that the term inside the latter square bracke
Eq. ~24! is always positive. The reality ofp can be obtained
for the upper sign or the lower sign according to a giv
physical system@a(r1hb) and d#. When a.0 and a(r
1hb).udu or d,0 and udu.ua(r1hb)u, the upper sign
gives bright solitons. Similar to photovoltaic solitons@11#,
bright solitons in biased photovoltaic PR materials requ
that Dn(j).0 for all j. Whena,0 and ua(r1hb)u.udu
or d.0 and d.ua(r1hb)u, the lower sign gives bright
solitons. Similar to screening solitons@7#, bright solitons in
biased photovoltaic PR materials require thatDn(j),0 for
all j. We integrate Eq.~24! numerically for various values o
u0 , and obtain the waveformsu(j) of bright solitons in bi-
ased photovoltaic PR materials. A particular case ofu055 is
shown in Fig. 3 whenl50.5mm, l 51 cm, R50, and «

-

FIG. 3. Bright soliton amplitudeu/u(0) as a function ofx for
u(0)55 and«50, 220 000, and 20 000 V.
2-3
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50, 220 000, and 20 000 V. Figure 4 shows the half-wid
as a function ofu0 when R50, l50.5mm, l 51 cm, and
«50, 220 000, and 20 000 V. The LiNbO3 parameters are
taken to be the same as those considered in the prev
examples.

In the limit of low intensity ratio, i.e.,u0
2!1, for bright

solitons, integrating Eq.~21! by quadrature and substitutin
boundary conditionsu(`)5p(`)50 and p(0)50 yields
G/b5d2 1

2 x@d2a(r1hb)#u0
2. Substituting the expressio

we have just found forG/b into Eq. ~21! yields

u956x@a~r1hb!2d#S u0
2

2
2u2Du, ~25!

with u(0)5u0 and u8(0)50. The integration of Eq.~25!
leads tou5u0 sech$A6x@a(r1hb)2d#/2u0j%.

Next, we discuss the relation between spatial solitons
biased photovoltaic PR crystals and both screening soli
and photovoltaic solitons in the closed-circuit case. Wh
keff50, i.e.,a50, andR50, i.e.,x51, our physical system
becomes the physical system of previously studied scree
solitons. In this case, substitutingd5Ch into Eq. ~15! leads
to

E52
Ch

11u2 , ~26!

substituting Eq.~18! andd5Ch into Eq. ~20! leads to

p256FG

b
~u22u`

2 !2Ch lnS 11u2

11u`
2 D G , ~27!

and substituting Eq.~23! andd5Ch into Eq. ~24! leads to

p256FGb u22Ch ln~11u2!G . ~28!

Equations~27! and~28! have the same dimensionless para
eters and form as Eqs.~16! and~18! in Ref. @7#, respectively,
in which screening solitons are discussed for bia
nonphotovoltaic-photorefractive crystals whenR50. On the
other hand, in the absence of the external source, i.e.,d50,

FIG. 4. Dimensionless half-width of the bright soliton as a fun
tion of u0 for «50, 220 000, and 20 000 V.
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our physical system becomes the physical system of pr
ously studied PV solitons in the closed-circuit case. In t
case, Eqs.~14! and ~15!, and in the limit of the reality ofp,
Eqs.~20! and ~24! become

J52x~12r!a, ~29!

E52
a@x~12r!1u2#

11u2 , ~30!

p25@xa~r21!1a#Fu22u`
2

11u`
2 1 lnS 11u`

2

11u2 D G , ~31!

p25@xa~r21!1a#F ln~11u2!2
u2

u0
2 ln~11u0

2!G , ~32!

respectively. By the substitutionJp5J/a, we transform Eq.
~30! to the following form:

Ep52
Jp2u2

11u2 , ~33!

whereEp5E/a. By the substitutionJp5J/a and z5Aaj
5x/d, where d5(62 kg)21/2 is the characteristic length
scale@g5(k/nb)(1/2)nb

3r effEp#, we transform Eqs.~31! and
~32! to the following form:

p̂25~Jp11!Fu22u`
2

11u`
2 1 lnS 11u`

2

11u2 D G , ~34!

p̂25~Jp11!F ln~11u2!2
u2

u0
2 ln~11u0

2!G , ~35!

where p̂5du/dz. Equations~33!–~35! have the same di-
mensionless parameters and form as Eqs.~13!, ~26!, and~29!
for a closed circuit in Ref.@11#, respectively, in which
photovoltaic solitons are discussed in photovolta
photorefractive crystals without an external bias field
both open and closed circuits.

Finally, we show the refractive index perturbation in b
ased photovoltaic PR crystals. Substitution of Eq.~6! into I
5uAu2 leads tou25I /I dark. Substituting Eq.~15!, and using
u25I /I dark into Dn(Ê)52 1

2 nb
3r effÊ yields

Dn5Dn01Dn0x~r1hb!F d

a~r1hb!
21G I dark

I 1I dark
,

~36!

whereDn05 1
2 nb

3r effEp . The sign ofDn0 cannot be changed
in a given material@13#. On the other hand,d may be
switched from a positive value to a negative value by cha
ing the polarity of the external electric field@8,9#. Some PV
materials~for example, BaTiO3! possess PV constantskeff
~i.e., a! that change signs under polarization rotation@9#.
When Dn0,0, d.0, and ua(r1hb)u,d,ua(r12hb
11)u, the photovoltaic nonlinearity that gives rise to spat

-

2-4
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solitons can be switched from self-defocusing to se
focusing by adding the external electric field. Notice th
only the shape and not the sign ofDn changes. Whend5
2a(r1hb), changing the polarity of the external electr
field or rotating the polarization of the light enablesDn
5Dn0 . Whend.a(r12hb11), the photovoltaic nonlin-
earity can be switched from self-defocusing to self-focus
by changing the polarity of the external electric field or
rotating the polarization of the light.

In conclusion, a theory on spatial solitons in closed-circ
photorefractive-photovoltaic media has been developed
gives rise to spatial solitons due to both the bulk photovolt
nd

r-

ni

v,

nd

B

.
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effect and the spatially nonuniform screening of the exter
bias field. Screening solitons and PV solitons in the clos
circuit case can be obtained from these solitons. Sub
quently, we have shown that under the appropriate condi
@ ua(r1hb)u,d,ua(r12hb11)u#, the photovoltaic non-
linearity can be switched from self-defocusing to se
focusing by adding the external electric field, and und
strong bias condition@d.a(r12hb11)#, the photovoltaic
nonlinearity can be switched from self-defocusing to se
focusing by changing the polarity of the external elect
field or by rotating the polarization of the light.
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