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Multimode dynamics in laser diodes with optical feedback
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The dynamical behavior of semiconductor lasers subject to external optical feedback is analyzed using an
approach based on the theory of whole-universe laser modes@R. Lang, M.O. Scully, and W. Lamb, Phys. Rev.
A 7, 1788 ~1972!#. The system is modeled as a coupled cavity formed by the laser diode and an external
reflector. The leakage of each optical mode out of the cavity is characterized by its mode lifetime. The
variation of the cavity mode lifetimes is the dominant mechanism which determines the regime of operation.
The method yields the expected range of phenomena observed when a laser diode is subjected to optical
feedback, withouta priori assumptions of the regime of behavior or of the resulting mode wavelengths. For
strong optical feedback the imbalance of the lifetimes ensures that a single mode dominates. At other feedback
levels the system exhibits chaotic dynamics or stable, multimode operation.

PACS number~s!: 42.55.Px, 42.65.Sf
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I. INTRODUCTION

External optical feedback into the cavity of a semicond
tor laser diode can have a profound effect on its behav
Depending on the magnitude of the feedback the laser d
can operate in one of several regimes of behavior, as
scribed by Tkach and Chraplyvy@1#. Among these regimes
are different classes of the narrow linewidth behavior tra
tionally associated with laser sources. Apart from such sta
operation, feedback can result in fully chaotic dynamics w
hugely broadened spectra and an associated reduction i
herence length. This catastrophic descent into chaotic op
tion has been termedcoherence collapseby Lenstra @2#.
Whether the various effects are deleterious~e.g., instability
due to unplanned back reflections from link components
optical fibre communications! or useful ~as in the case o
single-mode operation in tunable external-cavity lasers! it is
important to be able to predict their influence on the behav
of systems that incorporate laser diodes.

Most attempts at the theoretical analysis of laser dio
systems subject to external optical feedback have made
assumption of a single longitudinal laser mode. The La
Kobayashi model@3# is probably the most widely use
single-mode analysis of feedback effects in laser diodes.
Lang-Kobayashi method is based on a perturbation appr
mation, where the external feedback acts as a perturbatio
normal solitary laser operation.

Such single mode analyses are at odds with the majo
of the reported experimental results, which were obtain
with multimode ~Fabry-Perot! laser diodes. In a few case
multimode phenomena have been included in modelling
ser diodes with optical feedback by extending the La
Kobayashi analysis to multiple modes, either in a ra
equation model@4# or in an iterative scheme@5#. In both the
multimode Lang-Kobayashi approach and the iterat
scheme the system is assumed to have equally spaced l
tudinal modes whose wavelengths are each perturbed slig
by the optical feedback. This requires ana priori assumption
about the number of longitudinal modes and their wa
lengths before any simulations are undertaken.
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This paper addresses the effect of optical feedback i
fundamentally different way, where the system is describ
as a coupled cavity system in a method that draws from
early theory of Lamb, Lang and Scully on the whol
universe mode theory of lasers@6,7#. That theory was origi-
nally proposed in order to explain the narrow linewidth
lasers, where laser behavior is modeled accounting for
effect of coupling between the Fox-Li@8# modes of the
Fabry-Perot laser cavity and an external cavity that mod
the effect of power leakage into the universe. The origi
work concentrated on the limiting case of an infinitely lon
external cavity~i.e., no back reflection in a finite time!. In
that case the laser line was shown to be very narrow du
the locking together of the many modes of the universe t
single frequency. In contrast, the analysis presented in
paper is for the case when the frequency locking does
occur due to the finite length of the external cavity, and
resulting output power spectrum shows distinct modes. T
time evolution of the mode wavelengths and amplitudes
calculated by self-consistently solving for the wavelengths
the coupled-cavity longitudinal modes and the optical s
ceptibility. In contrast with the Lang-Kobayashi approac
no initial assumptions about the number of cavity modes
of their wavelengths are required. A coupled cavity approa
has previously been applied to two-level laser systems@9#
with results that agree well with travelling wave models
similar systems, e.g., Ref.@10#.

II. THEORY

The system is modeled as a coupled cavity with a se
conductor gain region coupled with an air-filled external ca
ity, as illustrated in Fig. 1. The structure is bounded by tw
semi-infinte regions, with air to the left ofz0 and a region
with refractive indexh3 to the right of the external cavity a
z2. The value ofh3 is chosen to yield an identical reflectivit
to the proposed external reflector

h3~v!5
11ARext~v!

12ARext~v!
, ~1!
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whereRext is the external cavity reflectivity. It is important t
note thatRext can be a function of frequencyv as suggested
by the expression above for the frequency-dependent re
tive index of the reflector region. The boundary between
semiconductor gain region and the external cavity is atz1.
The two outer regions in Fig. 1 are the universe into wh
optical power leaks in this model.

The inclusion of arbitrary external reflectivities in th
model, through Eq.~1!, allows the method presented in th
paper to be extended to include the effect of frequen
selective feedback. Further extensions to the model coul
made to cater for such device structures as distribu
feedback~DFB! lasers or vertical cavity surface-emitting la
sers ~VCSELs!, through suitable modifications to equatio
~6! in the matrix analysis presented later in this section.

The longitudinal modes of the coupled system are ca
lated using the method of Ebeling and Coldren,@11#, self-
consistently with a many-body calculation,@12,13#, of the
optical susceptibility. The many-body optical susceptibil
is included in order to account for the wavelength dep
dence of the optical gain and refractive index. The ma
body calculation includes effects such as bandgap renor
ization and Coulomb enhancement which are significan
semiconductor laser materials. It should be noted that a p
bolic gain approximation, with an associated linewidth e
hancement factor, could be used in place of the many-b
calculation. Using such a parabolic gain dispersion cu
leads to parabolic features in the resulting output spect
@14# while the many-body calculation yields spectra th
have features more similar to those observed in practica
ser diodes, as will be seen in the next section.

The Ebeling-Coldren analysis calculates the wavelen
and threshold gain of each of the possible modes of the c
bination of laser and external cavity. This calculation is u
dertaken under the assumption of sinusoidally varying e
tromagnetic fields propagating in both directions in ea
section of the system depicted in Fig. 1, whose electric fi
component satisfies the wave equation

FIG. 1. Laser diode with external reflector as a coupled-ca
system. Refractive index for each section is denoted byh, gain by
k. Negative values ofk indicate a region in gain.
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d2Em

dz2
1km

2 Em50. ~2!

The optical properties of each section are described by
complex propagation constants

km5
v

c
~hm1 ikm!, ~3!

wherehm is the refractive index of themth section andkm is
related to the material gaingm ~in reciprocal meters! by the
expression

km52
c

v

gm

2
. ~4!

Each section is assigned a backward-propagating field am
tudeAm and a forward-propagating field amplitudeBm , such
that the total fieldEm in each section is given by

Em5Ame2 ikmz1Bmeikmz. ~5!

By matching the field amplitudes at the interfaces situated
positionsz1 , z2, andz3, and accounting for the optical gai
km in each section, it is possible to write an equation th
relates the field amplitudes in the leftmost air sectionA0 and
B0 to the amplitudes in the rightmost reflector sectionA3 and
B3 via the complex propagation constants.

The only propagation constant that is variable is that
the laser gain sectionk1. This may change during the simu
lations because the refractive index of the gain sectionh1
depends on the instantaneous value of the carrier den
The carrier density itself varies with time in accordance w
the carrier rate equation, to be described below. At each t
step the refractive indexh1 is obtained from the curren
value of the optical susceptibility.

The resulting equation interlinking the field amplitudes
either end of the system is best written in matrix form

S A3

B3
D 5Q~z2!Q~z1!Q~z0!S A0

B0
D , ~6!

where each matrixQ is of the form

y

Q~zj !5S km111km

2km11
ei (km112km)zm

km112km

2km11
ei (km111km)zm

km112km

2km11
e2 i (km111km)zm

km111km

2km11
e2 i (km112km)zm

D . ~7!
1-2
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Since we know that there should be no incoming electrom
netic fields the amplitudesB0 andA3 are set to zero. Unde
this condition, equation~6! can then be solved numericall
for the complex propagation constant of the gain sectionk1.
This is most easily accomplished by writing Eq.~6! in the
following form:

S 0

B3
D 5QS A0

0 D , whereQ[Q~z2!Q~z1!Q~z0!. ~8!

This equation stipulates the following condition onk1 the
complex propagation constant of the gain section~whereA0
has been set to unity with no loss of generality!:

Q1,150 ~9!

or

eik3z2

8k3k0k1
$~k31k0!e2 ik0(z22z1)@~k01k1!2e2 ik1z1

2~k12k0!2eik1z1#22i ~k32k0!

3~k0
22k1

2!eik0(z22z1)sin~k1z1!%50, ~10!

where the propagation constantsk0 , k1, andk3 are repeated
below for clarity:

k0[k25
v

c
,

k15
v

c
~h11 ik1!,

k35
v

c

11ARext

12ARext

. ~11!

The values ofk1 that satisfy Eq.~10! give the frequency
vmode and threshold gaingth of each possible laser mode:

vmode5
c

h1
Re$k1%,

gth522 Im$k1%, ~12!

where it is emphasized thath1 is treated as a constant at an
particular time.

The self-consistent calculation thus accounts for
mode-pulling effects neglected in Ref.@11# by including the
effect of the carrier-induced change in the gain section
fractive index on the instantaneous mode wavelengths.
coupled cavity approach detailed above is valid when
feedback into the laser device is coherent, as is the cas
the majority of interesting phenomena. As in the Lan
Kobayashi and iterative methods the coupled cavity anal
also limits the model to dynamics that occur on time sca
longer than the cavity round-trip time.

When finding the frequency and threshold gain of ea
mode it is not necessary to make an initial assumption of
number of modes that will be found: standard numeri
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methods for the solution of Eq.~10! can findall the possible
modes within the gain window of the device. This ensu
that all the longitudinal modes of the system, both lasing a
nonlasing modes, are accounted for correctly.

The mode calculation is carried out alongside a system
rate equations: one for the carrier densityN in the gain sec-
tion

dN

dt
5

J

wq
2

Jspon

wq
2(

l
vgg~v l !Sl2

N

te
~13!

andm equations for the photon densitiesS in each of them
coupled-cavity modes

dSl

dt
5vgGg~v l !Sl1b

Jspon

wq
2

Sl

t l
~14!

In this system of rate equationsJ is the drive current,w is the
width of the quantum well gain region,q is the elementary
charge,Jspon is the equivalent spontaneous emission curre
b is the spontaneous emission coupling factor,vg is the
group velocity,G is the confinement factor~assumed to be
the same for all modes!, andte is the carrier lifetime.

The gain termsg(v) in the rate equations are also calc
lated from the optical susceptibility at every time step. T
lifetime t l is calculated for each mode via the definition

1

t l
5

1

t l
mir

1
1

tscatt
, ~15!

where the scattering lossestscattare the same for each mod
but the mirror lifetimes are variable and calculated from t
expression:

t l
mir5

~energy stored in system!

~energy lost per second!
, ~16!

which yields, for our system, the expression

t l
mir5

E
z0

z1

^U1~z!&dz1E
z1

z2

^U2~z!&dz

2Ae0

m0
~h0uA0u21h3uB3u2!

, ~17!

where the cycle-averaged energy densities^U1(z)& and
^U2(z)& are given by

^U1~z!&52e0h1
2$uA1u2e2gthz1uB1u2egthz%,

^U2~z!&52e0$uA2u21uB2u2%. ~18!

On evaluating the integrals we find the following express
for the mirror lifetimes:
1-3
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t l
mir5

h1
2$uA1u2~12e2gthz1!1uB1u2~egthz121!%12$uA2u21uB2u2%~z22z1!

2cgth~h0uA0u21h3uB3u2!
. ~19!
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The threshold gaingth for each mode is already known, an
the intermediate field amplitudesA1 , A2 , B1 , B2, andB3 are
found by applying the matricesQ(z1), Q(z2), andQ(z3) in
turn. Strictly, these amplitudes have normalized units si
the initial conditionA051 was chosen in solving Eq.~6!, but
the expression for the mirror lifetime involves only ratios
amplitudes, rendering any normalization immaterial.

In order to isolate the purely deterministic-chaotic beh
ior, stochastic processes~Langevin noise terms@15# and
mode partition noise! are not included in this analysis. It i
interesting to compare the model presented in this paper
the Lang-Kobayashi analysis. The Lang-Kobayashi met
is based on a perturbation about the solitary laser case; th
fore the operating wavelength is assumed to be known
advance, and a correction to that wavelength is calculate
the perturbation analysis. Basing the model on a perturba
analysis limits its applicability to relatively weak feedbac
in order to keep the perturbation small. When the Lan
Kobayashi model is extended to multimode operation sim
presuppositions are made about the existence and posi
of the modes—a center wavelength is chosen and sate
modes, spaced by the reciprocal of the cavity round trip tim
are assumed to exist on either side of the center wavelen
Again, corrections to the wavelength of each mode are m
by the perturbation analysis. In contrast the method p
sented here makes no assumptions about the existenc
position of the laser modes. The mode positions and thre
old gains are calculated from Eq.~10! at each time step. The
multimode extension to the Lang-Kobayashi model also ty
cally assigns a single lifetime to all the modes, while ea
mode calulated from this analysis has its own lifetime, c
culated self-consistently with the mode frequency.

The key to the rich variety of possible phenomena p
dicted by the model presented in this paper is the effec
the variation in mode lifetime calculated above: differe
modes can have different lifetimes and each mode lifet
can also change with time. When the mode lifetimes cha
there is a corresponding variation in the field amplitudes
the coupled cavity which can further effect the lifetim
themselves. This feedback mechanism can give rise to
otic dynamics in conditions when neither of the sections t
make up the coupled-cavity system dominates.

III. RESULTS

Numerical simulations were carried out over a range
external cavity reflectivities. Power spectra for the outp
laser light were calculated by forming a histogram of t
instantaneous mode wavelengths over an interval of ti
The resulting spectra are therefore ‘‘average spectra,’’
playing the system’s behavior over the whole of the his
gram time interval. In the results shown in this paper
spectra are averaged over 1 ns—a value that correspon
05380
e

-

th
d
re-
in
by
n

-
r
ns

ite
,

th.
de
-
or

h-

i-
h
l-

-
f

t
e
e

n

a-
t

f
t

e.
s-
-
ll

to

the bandwidth of a typical photodetector—with the hist
gramming process beginning after the initial turn-on tra
sient has decayed.

To verify that the model correctly predicts laser behav
in the absence of optical feedback an initial run was carr
out at a very low external reflectivity,Rext[280 dB. After
the decay of the relaxation oscillation transient the mo
spectrum portrayed in Fig. 2 was observed. In the absenc
appreciable optical feedback the system is seen to exh
stable behavior, with the mode envelope reflecting
steady-state gain spectrum.~If a parabolic gain dispersion
curve had been chosen, the mode envelope would also
semble a parabola.! In this regime all the mode lifetimes ar
similar in value and the modal gain profile is the domina
effect in determining the amplitude distribution of th
modes. The stability of the mode lifetimes yields correspo
ing stability in the carrier density which reduces the carri
induced change in the refractive index. The correspond
reduced mode pulling further reinforces the stability of t
mode lifetimes. Once the initial transients have died do
the system therefore operates in a stable regime—as
pected for a solitary laser.

Figure 3 shows the power spectrum of the system w
the external feedback level is set at the much higher leve
Rext[26 dB. This corresponds to the case where the ex
nal cavity dominates the behavior of the system. Althou
each mode is narrow, which implies stable operation w
little wavelength variation over time, the amplitude distrib
tion between the modes is markedly different to the solit
laser case. In this external cavity regime the mode with
longest lifetime dominates at the expense of the oth
shorter lifetime modes, which only exist at very low relativ
amplitudes. The long-lifetime mode corresponds to a wa

FIG. 2. Power spectrum of solitary laser (Rext[280 dB), aver-
aged over 1 ns.
1-4
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MULTIMODE DYNAMICS IN LASER DIODES WITH . . . PHYSICAL REVIEW A 61 053801
length where the overlap between the notional Fabry-P
modes of the laser chip and the longitudinal modes of
compound cavity is maximum. This strong single-mode
havior ~coupled with tunability through variation of the cav
ity length! is exactly what makes external cavity laser sy
tems useful in practice. It should be emphasized that
disparity of the mode lifetimes is sufficient to cause sing
mode operation. There is no requirement to assume th
single mode should dominate. The wavelength of the do
nant mode is also decided without anya priori assumptions.

The system behaves very differently when the feedb
level is set between the two extremes described above
feedback levels that correspond to regime IV in Tkach a
Chraplyvy’s classification scheme the system dynamics
chaotic. Figure 4 shows the output power spectrum for
case Rext[228 dB. The optical modes are bare
discernible—the system seems to emit over a broad s
trum. The inset to Fig. 4 illustrates that, in fact, each mo

FIG. 3. Spectrum of external cavity laser (Rext[26 dB).

FIG. 4. Spectrum during coherence collapse (Rext[228 dB).
Inset shows close-up in range 670–671 nm displaying gre
broadened modes, consistent with the concept of coherence
lapse.
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has broadened significantly when compared with solita
laser or external-cavity operation. This is consistent with
concept of coherence collapse, where the temporal coher
length of the laser mode is drastically reduced as a resu
the broadening of the modes. This catastrophic mode bro
ening is a result of the interplay between the fields in
different sections of the coupled cavity, neither of whi
dominates. Changes in the carrier density cause corresp
ing changes in the wavelength of the modes and in the m
lifetimes. The changing mode lifetimes cause furth
changes in the carrier density and, in the absence of
stabilizing influence of a dominant cavity, lead to lim
cycles and eventually fully chaotic dynamics. This route
chaos via time-varying mode lifetimes is a complement
approach to the usual time-delayed field term; its strengt
that the regimes of behavior of the system are determi
purely by the variations of the mode lifetimes.

IV. CONCLUSIONS

The effect of optical feedback on a semiconductor la
diode was studied using a multimode, coupled-cavity
proach, reminiscent of the whole-universe mode theory
Lang, Scully, and Lamb. The range of phenomena obser
with varying feedback level agree closely with those o
served experimentally, falling into a number of regimes.
the two extremes of feedback level—very high feedback a
negligible feedback—the model correctly predicts stable
havior in the external cavity and solitary laser regimes. In
former the similarity of the mode lifetimes means that t
mode profile is determined by the gain spectrum, while in
latter the nonuniform lifetime distribution leads to the dom
nance of one external cavity mode. In the coherence colla
regime the model correctly predicts deterministic chaotic
namics. During coherence collapse the mode lifetimes v
with time, causing corresponding changes in the carrier d
sity that eventually feed back as further changes in the l
time, leading to instability and chaos. The model differs fro
the Lang-Kobayashi analysis by calculating the mode wa
lengths and lifetimes from considerations of the forward a
backward propagating waves in the coupled cavity rat
than calculating a perturbation to a presupposed opera
wavelength. The model presented here is also valid
higher feedback levels that the Lang-Kobayashi method, c
rectly predicting stable, single-mode operation in the ext
nal cavity operating regime. In all cases the dynamical
havior and the amplitude distribution of the mode spectr
are completely determined by the level of external opti
feedback—noa priori assumptions are made about the e
pected regime of operation or about the expected emis
wavelengths.
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