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Hydrodynamic quantization approach to Bose-Einstein condensation
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In this paper we employ the hydrodynamic quantization approach to studying the macroscopic state occu-
pation of a bosonic system. We propose that the condensed state is a coherent state of the phase field
component associated with the quantized field operator. By making Ansa¨tze on functional states, we transform
the problem of finding the phase and density associated with the condensate into a variational problem. We
also discuss some properties of the condensed state, like superfluidity. In close analogy with Bose-Einstein
condensation in thepW 50 state, we propose some possible wave functions for the excited states of a condensed
system.

PACS number~s!: 03.75.Fi, 05.30.Jp, 02.70.Lq
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I. INTRODUCTION

The experimental realization of Bose-Einstein cond
sates@1# have opened up new frontiers, and brought ba
fundamental questions related to many-body systems. U
recently,4He was the only experimental system to offer po
sibilities for comparison between theory and experime
Nonetheless, the produced quantum liquid in this system
far from being considered a dilute gas, where only a tw
body theory permits a reasonable treatment. The recent
ization of degenerated quantum gases using laser-coole
kalis opened a new perspective to real possibilities
comparison with theory.

Experiments involving interference between condensa
have been realized@2#. In this context questions related to th
nature of the condensate become relevant, i.e., wheth
represents a coherent state or any other type of state, an
question related to the phase@3# of a condensate.

In this paper, we employed a hydrodynamic quantizat
approach, as originally used by Chan and Valantin@4# and
recently by Recami and Salesi@5#, to demonstrate that th
condensate is a coherent state of the phase field compo
associated with the quantized field operator. We discuss
properties of the condensate phase and propose possib
for excited state wave functions.

In field theory, a description of scalar bosons is achiev
by associating a complex fieldc(x) to a nonrelativistic Bose
particle. The quantization is done through typical equal-ti
commutation relations between the field and its canonic
conjugated variablec* , followed by a typical quantization
scheme implemented with the introduction of the Fo
space. This method is especially useful when we deal w
systems for which the number of particles is well defined,
example in the description of scattering processes.

Here we propose an alternative procedure: a so-called
drodynamic quantization of the field. In this scheme we us
new set of variablesr(x) andw(x), which are more conve
nient in the description of properties related to Bose-Eins
condensation. These new variables are defined as
1050-2947/2000/61~5!/053607~12!/$15.00 61 0536
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r~x!5c* ~x!c~x!,
~1!

c~x!5Ar~x!eiw(x),

denominated density and phase variables, respectively. T
are canonically conjugated to each other, as we shall
below. For this reason we impose the following commutat
relations among the density operator and the phase oper

@ r̂~x!,ŵ~x8!#5 id~x2x8!. ~2!

The quantization method, based on commutation relati
among density and phase operators, is called a hydrodyna
quantization, and its application in superfluidity, whe
Bose-Einstein condensation, is known to occur@6#.

The commutation relation in Eq.~2!, in conjunction with
an explicit representation of these operators, requires a
parture from typical quantization approaches. Within t
density representation, in which the number density is
c-number operator, the states are represented as functio
of the number density. These functionals, as well as ot
physically relevant quantities, are written as integrals o
space-time ‘‘densities.’’ In terms of the fieldc, the classical
Lagrangian densityL, for the nonrelativistic scalar particles
is

L5
i

2
$c* ~x!@] tc~x!#2@] tc* ~x!#c~x!%

2
¹W c* ~x!•¹W c~x!

2m
2H I@c* ~x!c~x!#, ~3!

whereH I is the interaction Hamiltonian density. We defin
the Hamiltonian densityH as

H~x![
¹W c* ~x!•¹W c~x!

2m
1H I@c* ~x!c~x!#. ~4!

Placing Eq.~1! into Eq. ~3!, one can see that the classic
Lagrangian density can be written in the general form
©2000 The American Physical Society07-1
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L52r~x!
]w~x!

]t
2H~x!. ~5!

The use of hydrodynamical quantization introduces
rather nonconventional description of a quantum boso
system. This approach might be useful in describing phys
systems in which the number of particles in a given stat
very large, and therefore followed by great uncertainty.
this case, as we have learned in the example of quan
coherence in optics@2#, another set of states, like cohere
states, are more appropriate. This is the main reason to
again into this question in the context of Bose-Einstein c
densation. We shall see that by using variational techniq
hydrodynamic quantization provides a framework for stud
ing Bose-Einstein condensation.

We have divided this paper as follows. In Sec. II w
present a hydrodynamic quantization of a quantum comp
Bose field, presenting the Hamiltonian in terms of the d
sity and phase operators. In order to make clear the trans
to the first quantization method, in Sec. III we discuss
vacuum state and free-particle states. These states wi
relevant in a description of excited states of the system
Sec. IV we deal with a very special set of states: coher
states. These states are eigenstates of the field operator

ĉr~x![ei ŵ(x), ~6!

which is the pure phase component of the boson comp
field. In Sec. V, we apply the functional approach to a stu
of the ground state. The basis of the method is an an
functional that we extremize in order to obtain the energy
the ground state and the respective wave function. From
variational approach we obtain a general method for cond
sate states, which is done in Sec. VI. In the remaining s
tions, we present examples. These examples cover w
known cases of condensates, and we have focused our
interest on superfluid4He. Finally, we present explicit ex
amples of possible wave functionals~and wave functions!
for excited states of those systems. These examples are
much like Feynman’s wave functional to superfluid4He @7#.
This, once again, shows the unifying picture for Bos
Einstein condensation provided by the hydrodynamic
proach.

II. HYDRODYNAMIC QUANTIZATION APPROACH

In dealing with the hydrodynamic quantization, we sh
use the so-called density representation@4#, in which the
density operator is a classicalc number and the phase
represented by the operator

ŵ~x![2 i
d

dr~x!
, ~7!

in this representation the commutation relation~2! is auto-
matically guaranteed.

In the density representation, the state vectors are fu
tionals of the density only, that is

c5c@r#. ~8!
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The physical reasoning for this dependence is that Lagra
ian ~3! is U(1) symmetric, carrying that to the eigenstate
The discrete statec0, for which

Hc0 ~9!

is a minimum, is the ground state of the system. We sh
assume that the ground state is a functional of the den
under the form

c0@r#5e2W[r] ~10!

and a specific form forW@r# will be discussed in Sec. V.
All other states of the system will be generated by app

ing some functionalFr(x) to the ground state

c@r#5F@r#c0@r#. ~11!

The local momentumPW (x) is defined as

PŴ ~x![1¹W ŵ~x!52 i¹W S d

dr~x! D . ~12!

In terms of local momentum, the Hamiltonian density o
erator is written as

Ĥ~x!5
PŴ 1~x!r~x!•PŴ ~x!

2m
1H I@r~x!#. ~13!

For the interaction with electromagnetic field, we just u
the minimal coupling substitution in Eq.~13!:

¹W →¹W 2 ieAW . ~14!

Finally the field operatorĉ is represented by

ĉ~x!5Ar~x!ei ŵ. ~15!

The time evolution of an operatorÔ(x) is given by the
Heisenberg equation of motion,

]Ô~x!

]t
5 i @Ĥ,Ô~x!#. ~16!

Within the density representation the equations of motion
the density and phase operators can be written, formally

]ŵ~x!

]t
52

dĤ

dr~x!
, ~17!

]r~x!

]t
5

dĤ

dw~x!
. ~18!

From the above equation it follows thatr andw are canoni-
cally conjugated variables.

The momentum equation of motion is given by

]PŴ ~x!

]t
5FŴ ~x!, ~19!
7-2
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HYDRODYNAMIC QUANTIZATION APPROACH TO BOSE- . . . PHYSICAL REVIEW A 61 053607
where the local force operatorFŴ (x) is, formally, written as

FŴ ~x!52¹W S ]Ĥ

]r~x!
D . ~20!

The Hamiltonian operator in Eqs.~16!–~20! is the integral
of the Hamiltonian density

Ĥ5E dxĤ@ŵ,r#. ~21!

We shall assume that the interaction Hamiltonian den
has the general form

H I@r~x!#52mr~x!1U~x!r~x!1r~x!e~x,r!

5@2m1U~x!#r1H int@r~x!# ~22!

wherem in Eq. ~19! is the chemical potential,U(x) is an
external potential, ande(x,r) is the internal energy per par
ticle. The last termH int@r(x)# describes internal force
among the particles. If one admits only two-body intera
tions, we write

H int@r#5 1
2 E E V~x2x8!r~x8!r~x!dx8dx. ~23!

One of the interesting features of the hydrodynamic qu
tization is that the quantum equation of motion resemb
that a classical fluid~from this fact derives the hydrodynam
name!. In fact, from Eqs.~2!, ~13!, ~17! and ~19! the formal
time evolution equations

2
]ŵ~x!

]t
5

PŴ 2~x!

2m
2m1U~x!1h~x!, ~24!

]r̂~x!

]t
52¹W •

r~x!PŴ ~x!

m
, ~25!

]PW

]t
52¹W S PŴ 2

2m
D 1FW ext~x!1¹W h~x! ~26!

follows whereh(x) in Eq. ~24! and ~26! is the entropy per
particle ~as we shall see later!

h~x![
dH int

dr~x!
. ~27!

The termFW ext(x) in Eq. ~26! is the force exerted on eac
of the charged particles of the system as a result of the
ternal fieldU(x),

FW ext~x!52¹W U~x!; ~28!

defining the velocity operatorVW by

VW ~x!5
PW ~x!

m
, ~29!
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the current density becomes

jŴ~x!5r~x!VŴ ~x!. ~30!

Equation~25! is the continuity equation

]r~x!

]t
1¹W • jŴ~x!50. ~31!

III. VACUUM AND FOCK STATES

To simplify the interpretation, we shall go from the fun
tional formalism to the wave function interpretation. Simp
we take forr, the density associated with pointlike particle
Within the time-independent method we write

r~xW !5rp~xW ![(
i 51

n

d~xW2xW i !,

~32!
PW ~x!52 i¹W ,

so that, formally, the kinetic term becomes

k̂5E d3xPW ~x!r•PW ~x!→1( ¹W i•¹W i . ~33!

Using Eq.~32!, for the two-body, time-independent inte
action, we obtain the expression

H5(
n

pW i
2

2m
1(

i 51

N

@2m1U~xi !#1(
i

(
j

1

2
V~xW i2xW j !

~34!

The equation for the wave functional,

Ĥc@r#5Ec@r#, ~35!

becomes the equation for the wave function by means of
identification

c~xW1 , . . . ,xWn!5c~r!ur5(
i 51

n

d(xW2xW i )
, ~36!

whereas for the time-dependent approach one replaces,
integrals overx8, the density by

r~x8!5d~ t82t !rp~xW8!, ~37!

so that the wave function is obtained fromc@r# by

c~xW1 , . . . ,xW ,t !5c@r#ur(x8)5d(t82t)rp(xW8) . ~38!

The state for which there are no particles in the system
the vacuum state. We shall assume that the vacuum sta
characterized by the property

ŵ~x!c050. ~39!

This ensures that the vacuum has zero momentum,
7-3
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pW c050W . ~40!

In view of Eqs.~40! and ~7!, we shall associate with th
vacuum state a constant field

c0@r#5c0 . ~41!

A generic state will be built by successive products of
density to the vacuum. Let us illustrate this point by co
structing the wave functionals associated with particles w
well-defined momenta. The simplest states we can build
states describing free particles possessing well-defined
mentumkW .

The wave functional associated with just one particle w
momentumkW and energykW2/2m, is

ck@r#5E eikxr~x!dxc0 , ~42!

with k5(kW2/2m,kW ) , whereas for two particles carrying mo
mentumk1 andk2 we write

ck1k2
@r#5E eik1x1eik2x2r2~x1 ,x2!c0dx1dx2 , ~43!

where

r2~x1 ,x2!5r~x1!@r~x2!2d~x12x2!#. ~44!

For l free particles the associated wave functional can
generalized as

ck1 . . . kl [r]5E dx1•••dxle
i [(

i 51

l

ki xi ]rn~x1 , . . . ,xl !

~45!

where

rn~x1 , . . . ,xl !5r~x1!@r~x2!2d~x22x1!#

3@r~x3!2d~x32x2!2d~x32x1!#

3@r~xl !2d~xl2xl 21!2•••

2d~xl21!#. ~46!

It should be stressed then, and in view of the above
amples, that the analog of Fock states are obtained by ap
ing products of densities to the vacuum states.

For one free particle andr given by Eq.~32!, we obtain

ck~x1 , . . . ,xn!5(
i 51

n

eikxjc0 , ~47!

ck1k2
~x1 , . . . ,xn!5 (

lÞ j 51

n

eik1xleik2xjc0 , ~48!
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~x1 . . . xn!

5 (
lÞmÞ•••Þp51

eiklxleikmxm
•••eikpxpc0 . ~49!

IV. COHERENT STATES

In this section we introduce a set of states which, as
shall see later, are associated with a macroscopic occupa
of the ground state. We start by looking for phase eig
states, and we consider the eigenvalue problem

ŵ,~x!c@r#52 i
d

dr~x!
c@r#5w~x!c@r#. ~50!

Within the density representation this is equivalent
finding eigenstates for the part of the fieldc related to the
phase. Defining the field operator as a product of two ope
tors

ĉ~x!5r1/2~x!ĉp~x!, ~51!

it follows from Eq. ~1! that a pure phase component of th
field operator can be defined. This pure phase compon
will be written as

ĉp~x![ei ŵ(x). ~52!

It should be noted that the phase eigenstates are ei
states of the phase component of the fieldc. Therefore,

ĉp~x!c@r#5eiw(x)c@r#. ~53!

Since they are eigenstates of the fieldŵ, phase eigenstate
are then coherent states, for which the following prope
holds true:

c* @r#ei ŵ(xn)
•••ei ŵ(x1)c@r#5eiw0(xn)

•••eiw0(x)c* @r#c@r#.
~54!

The solution of Eq.~50! is straightforward, and results in

c@r#5e1 i *w0(x)r(x)dx. ~55!

We notice that, due to the commutation relation, we c
not find eigenvalues of the field itself. However, we can fu
ther improve our coherent states in such a way that they l
like eigenstates of the field. Let us consider the eigensta

c@r#5e* ln c0(x)r(x)5 expE dx@ iw0~x!1 ln r0
1/2~x!#r~x!

~56!

which are eigenstates such that the following holds:

ei ŵ(x)c@r#5c0~x!c@r#5Ar0~x!eiw0(x)c@r#. ~57!

As a consequence, these states are functional eigenstat
the pure phase of the field

ĉp~x!c@r#5c0~x!c@r#, ~58!
7-4
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and the following factorization property holds true:

c* @r#ei ŵ(xn)
•••ei ŵ(x1)c@r#5)

i 51

n

c0~xi !c* @r#c@r#.

~59!

We notice that, from Eq.~59!, the expectation value

c* @r#ĉp~x1!•••ĉp~xn!

c* @r#c@r#
c@r#5)

i 51

n

c0~xi ! ~60!

exhibits the property of being a product of fields, and t
property is similar to the propositions of Anderson@8# in the
context of superfluidity.

The introduction of these states, and the possibility
their physical existence, is one of the main motivations
working with the hydrodynamic quantization approach. T
interesting property of these coherent states, which can
explored in the condensation phenomena, is that they
eigenstates of the kinetic energy per particle defined as

K~x!5
PW * ~x!PW ~x!

2m
, ~61!

as, alternatively,

K̂~x!c@r#5
K~x!

2m
c@r#, ~62!

where the eigenvalueK(x) is

K~x!5
@¹W w0~x!#2

2m
1

@¹W ln Ar0~x!#2

2m
. ~63!

Further consideration of expression~63! will be provided in
Sec. V.

V. FUNCTIONAL APPROACH TO THE GROUND STATE

Although the method employed here makes a closer c
nection with hydrodynamics, the only way of obtaining i
formation on the wave functionals associated with
ground state, as well with excited states, is to guess a
wave functional, followed by the use of a variational metho

From the trial wave functional one can reduce the pr
lem to a minimization of the functional given by

^H@r,w#&5c* @r#Ĥ@r,ŵ#c@r#
1

c* @r#c@r#
, ~64!

which corresponds to the same functional used by Feyn
@7# in his approach to superfluid in4He.

SeveralAnsätze for the wave functional can be used, an
they are divided into two categories. In the first category
n particle systems have their positions correlated. In the s
ond the particles are not correlated, but behave as collec
modes of the system. For the first category an example o
two-particle correlation wave functional is
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c@r#5e2*dx*dx8r(x)g(x2x8)r(x8), ~65!

whose wave function is, from Eq.~32!,

c~xW1 , . . . ,xWn!5) f~xW i2xW j !, ~66!

where

f~xW i2xW j !5e2g(xW i2xW j ). ~67!

We shall start with a simpleAnsatz, exhibiting no corre-
lations for the trial wave functional. Let us start with a wa
functional of the form~56!, keeping in mind that we are
dealing with a coherent states of the pure phase compon
We propose

c0@r,w0#5e1*dx[ ln c0(r,x)]r(x), ~68!

where

c0~r,x!5Ar~x!eiw0(x), ~69!

and the problem now consists of finding the extremum of
functional

H@r,w0#5
r@¹W w0~x!#2

2m
1

@¹W Ar~x!#2

2m
1H I@r#. ~70!

In the presence of an electromagnetic field, the functio
to be minimized is modified to

H@r,w0#5
r~x!

2m
@¹W w0~x!2AW #21

@¹W Ar0~x!#2

2m
1H I@r#.

~71!

The condensate state is defined as the field configura
for which H@r,w0# is minimum. Therefore,

dH
dr U

r5rc

50, ~72!

dH
dr U

w05wc

50. ~73!

The subindexc denotes the condensate state. Deta
about the solution of Eqs.~72! and~73! will be presented in
Sec. VI. For the time being let us consider the problem
finding the energy of the ground state for simple conden
states. The simplest condensate that one can think of is
one for which all particles are in the zero momentum sta

In the absence of external electromagnetic field, the m
mum of Eq.~72! will occur for

w0~x!5wc50, ~74!

and for a uniformr, that is

r~x!5rb . ~75!
7-5
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This type of condensate is normally referred to as a B
goliubov condensate@9#. As we shall see later, they describ
the condensation of particles in the zero-momentum st
and in this case the Hamiltonian density of the conden
state is given by

H5H int~rb!, ~76!

and the energy of the condensate is

Hmin5E dxH int@rb#. ~77!

In the presence of electromagnetic fields, the structure of
ground state is more complex.

VI. CONDENSED STATES

We shall define condensed states as those correspon
to the trial functional~68! for which the Lagrangian densit
is the lowest. Therefore,

dLuw5wc
50, ~78!

dLur5rc
50, ~79!

where the Lagrangian density, from Eq.~5!, is

2L5rẇ1H@r,w#. ~80!

The equations that emerge from the above conditions ar

]rc~x!

]t
51

dH
dw~x!

U
w5wc

, ~81!

]wc~x!

]t
52

dH
dr~x!

U
r5rc

. ~82!

Considering the Hamiltonian given by Eq.~71! the corre-
sponding equations become

2
]wc~x!

]t
5

@¹W wc~x!2eAW #2

2m

1
1

4m
F1

2
S ¹W rc~x!

rc~x!
D 2

2
Drc~x!

rc~x!
G , ~83!

2m1U~x!1h~x!,

and

]rc

]t
52¹W •Wc , ~84!

whereh(x) is the per particle enthalpy, defined in Eq.~27!.
Using Eq.~22!,

h~x!5eint~x,rc!1r~x!
deint~xr!

dr~x!
~85!
05360
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[eint~x,rc!1
P~x!

r~x!
. ~86!

Hamiltonian ~71! describes a quantum system of particl
under the action of external electric and magnetic fie
whose associated potentials areU(x) andAW (x).

The momentum of the condensate is

PW c~x!52¹W wc~x! ~87!

whereas the velocity is

VW c~x!5
PW c~x!2eAW ~x!

m
, ~88!

and the current

JW5rcVW c5
rc

m
~PW c2eAW !. ~89!

Time-independent condensates are associated with the
croscopic occupation of a given state if the number of p
ticle n in Eq. ~32! corresponds to a large fraction of the tot
number of particles. Notice that the wave functional

cc@r,cc~x!#5e* ln cc(x)r(x)dxc0 ~90!

is endowed with the following essential properties whi
simplify the solution of the problem.

~1! For r(x)5rc(x), cc@r,cc# is an eigenstate of the
Hamiltonian density

@Ĥ„rc~x!,ŵ~x!…#cc@r,cc~x!#

5@H„rc~x!,wc~x!…#cc@r,cc~x!#. ~91!

The eigenvalue is the Hamiltonian density of the condens
~2! The quantum time evolution equations are satisfied

the following senses:

S ]ŵ~x!

]t
Dcc~r,w!U r5rc

w5wc

5
]Ĥ
]r

cc~r,w!U r5rc
w5wc

, ~92!

]r~x!

]t
c~r,w!U r5rc

w5wc

52
]Ĥ
]w

cc~r,w!U r5rc
w5wc

. ~93!

The quantum wave functional~90! is the one for which the
action is the least.

~3! Functional~90! describes a state in whichU(1) sym-
metry is spontaneously broken, because this state dep
explicitly on the phasewc(x). As a consequence,

cc* @r,cc#e
i ŵ(x)cc@r,cc#

cc* @r,cc#cc@r,cc#
5cc~x!. ~94!

~4! The Green’s functions of the theory
7-6
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G~x1 , . . . ,xn![
c* @r#ĉ~xn!•••ĉ~x1!c@r#

c* @r#c@r#
~95!

assumes, for the wave functional~90!, the following form:

G~x1 , . . . ,xn!5cc~x1!•••cc~xn!r~x1!•••r~xn!.
~96!

Thus, forr close torb ~the Bogoliubov condensate!, one
can write

G~x1 , . . . ,xn!5)
i 51

n

cc~xn!. ~97!

The above factorization property of the Green’s functio
is known as off-diagonal long-range order, and it has b
shown to be relevant in the context of superfluidity@8,10#.

~5! The most important property of functional~90! is that
for n particles in some definite positionsxW1 , . . . ,xWn at timet,
the associated wave function is

c0~xW1 ,xW2 , . . . ,xWn ;t ![c0@r#ur(x8)5d(t82t)dp(xW )

5)
i 51

n

eiwc(x)Arc~x!c0 , ~98!

corresponding to a state in which all particles occupying
condensate.

We can now identifywc@r# with wave functional of the
condensed, therefore for the condensate wave function
can write

cc~x!5eiwc(x)Arc~x!. ~99!

With a knowledge of the condensate wave function, all
relevant properties can be determined.

VII. SOME APPLICATIONS

In this section we shall analyze some applications of
functional variational method that we have proposed he
applying it to cases of interest.

A. Single particle

The first obvious application of our approach, and t
simplest one, is the study of a single particle interacting w
an external potential. In this case we are obviously not ta
ing about Bose-Einstein condensation presented, but
would like to check how reliable the approach is presen
here. The wave functional is again Eq.~90!, and since there
is only a single particle the wave function can be easily w
ten as

c~x!5E eln cc(x8)r(x8)ur(x8)5d(x2x8)d(t82t)

5c@cc ,r#ur5d(t82t)d(x2x8)

5eln cc(x)

5Arc~x!eiwc(x), ~100!
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showing that, for a single particle, the condensate wave fu
tion coincides with the particle wave function.

From Eqs.~83! and ~84!, it follows that the density and
phase fields satisfy the equations

2
]wc~x!

]t
5

@¹W wc~x!#2

2m
1

1

4m
F1

2
S ¹W rc

rc
D 2

2
¹W 2rc

rc
G

1U~x!1m, ~101!

]rc~x!

]t
1¹W •S rc¹W wc

m
D 50. ~102!

The above equations are the equations describing a q
tum fluid known as a Madelung fluid@11,12#. In this case the
hydrodynamic quantization approach gives an exact solut
In this sense our method is equivalent to recent papers d
ing with the hydrodynamic reformulation of the Schro¨dinger
theory directly from a variational approach@12# .

The second term on the right-hand side of Eq.~101! is
known as the quantum potential and it is obtained from
functional variation of the term

1

2m
$¹W @Ar~x!#%2 ~103!

in Eq. ~70!.
It was shown recently by Recami and Salesi@5# that the

quantum potential is a consequence of spin and Zit
bewegung. In this way, it has a well-understood origin. In t
case of spin-12 particles, the nonrelativistic limit of Dirac
equation lead to the following decomposition of the veloci

VW 5
¹W 2eAW

m
1

¹W 3rSW

mr
, ~104!

where the last piece is the Zitterbewegung velocity which
associated to the spins of the particle,

VW S[
¹W 3rSW

mr
, ~105!

so that

VW S
25

~¹W r!2SW 2

m2r2
2

~¹W r!•SW

~mr!2
. ~106!

This result shows, in theS51/2 case, the existence of
connection of the quantum potential with spin@5#.

B. Condensation–noninteracting particles

Let us now consider the occupation of a state in the c
of particles that do not present self-interaction. The wa
equation is therefore
7-7
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S 2
( ¹W i

2

2m
1U~xi !D c~x1 , . . . ,xN!5

i ]

]t
c~x1 , . . . ,xN!,

~107!

having the solution

S 2
( ¹W i

2

2m
1( U~xi !D S )

i 51

N

cc~xi !D 5
i ]

]t S )i 51

N

cc~xi !D ,

~108!

which holds true forcc(xi) satisfying Eqs.~101! and ~102!,
wherecc(x) is defined in Eq.~99!.

Clearly the wave function, in this case, is

c~x1 . . . xn!5)
i 51

N

cc~xi !, ~109!

which describes a system ofN particles occupying the stat
cc(x). Again, our approach provides the right answer for
condensation.

C. Two-body interaction

As for a more realistic application, let us consider the c
of a system having a two-body interaction given by the p
tentialV(xi2xj ). In this case the condensate wave functio
cc(x) satisfy the equations

2
]wc~x!

]t
5

@¹W wc~x!#2

2m
1

1

4m
F S 1

2

¹W rc~x!

rc~x!
D 2

2
¹W 2rc~x!

rc~x!
G

2m1U~x!1E V~x2x8!rc~x8!, ~110!

]rc~x!

]t
1¹W •S rc¹W wc

m
D 50. ~111!

The above set of Eqs.~111! and ~112! is equivalent to

i
]cc~x!

]t
5S 2

¹W 2

2m
1U~x!2m

1E dxU~x2x8!cc* cc~x8! Dcc~x!, ~112!

a variant of the Gross-Pitaevski equation@13#.

D. Hard-sphere interaction

Within the hard-sphere approximation the above equa
becomes

i
]cc~x!

]t
5S 2

¹W 2

2m
1U~x!2m1lcc* cc~x8! Dcc~x!,

~113!
05360
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e
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which is again the Gross-Pitaevsky equation@13# for local
self-interaction.

VIII. INCOMPRESSIBLE CONDENSATES—
SUPERFLUIDITY

In close analogy with the usual fluids, we define an
compressible condensate as the one for which

rc~x!5rb5const; ~114!

that is, the condensate is a uniform one. We shall see l
that Bogoliubov’s condensate is just a special case of inc
pressible condensates.

From now on, in this section, we shall work with quas
incompressible condensates. That is, we will not consi
uniform condensates but condensates for whichrc(x) varies
slowly as a function ofx. By this we mean that¹W 2Arc is
negligible when compared withrc . The condition is

¹W 2Arc~x!

Arc

>0. ~115!

These quasi-incompressible condensates are the one
which one can neglect the quantum velocity contribution
the Hamiltonian density:

Vquantum
2 5@¹W ln Arc~x!#2. ~116!

The arguments of Salesi and Recami@5# strongly suggests
that this approximation might be valid on quite gene
grounds; that is, without evoking weak external fields.

Under approximation~115! we obtain, basically, the
equation of a superfluid. In this way, for nearly uniform co
densates one expects that the condensate will move as
perfluid.

In fact, Eq.~102! is the continuity equation, whereas E
~101! can be written as

]wc~x!

]t
5

@¹W wc~x!#2

2m
1h~x!rc~x!1U~x!1m. ~117!

First of all, one notes that this equation is just an extend
version of Bernoulli’s equation. In fact, for stationary sol
tion we write, forU(x)50,

«85
PW 2~x!

2m
1«1

P~x!

r~x!
, ~118!

so that

mVW 2

2
1

P~x!

r~x!
5const. ~119!

For nonstationary solutions, taking the gradient of Eq.~117!,
we obtain

dVW

dt
52¹W S mVW 2~x!

2
D 2¹W h~x!1FW ext ~120!
7-8
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which corresponds to an ideal fluid equation. We notice t
Eq. ~117! has the following form, when in the presence
external electromagnetic fields:

dPW

dt
52¹W

@PW ~x!2AW ~x!#2

2m
2¹W h~x!1FW ext, ~121!

which allows the determination ofPW (x), or subsequently
w(x).

An important point to be stressed is that, as suggeste
Landau@6#, there exist states associated with potential flo
In the absence of magnetic field and for slowly varying e
ternal fields, we can write

PŴ ~x!cc@r,cc#5@2 i¹W cc~x!#cc@r,cc#, ~122!

so that, for slowly varying condensates,

PW c~x!52¹W wc , ~123!

and, as a consequence,

¹W 3VW c~x!50W , ~124!

which is associated with Landau’s potential flow.
It is then tempting to propose a two-fluid picture for a

condensates, as done by Landau for superfluid4He. Phenom-
enologically one can write

r5rc1rn , ~125!

VW 5VW c1VW n ~126!

whererc is the condensate density andrn is associated with
excited states~particles not in the condensate!.

Although the result is interesting, the validity of the a
proximation given by Eq.~115! remain to be investigated
since they are essential for the results obtained. In the
where the approximation is valid, condensation is associa
with superfluid, always.

IX. BOGOLIUBOV’S CONDENSATE

We define Bogoliubov’s condensate as an incompress
condensate (rc5const) with zero-momentum particles. F
this case the problem is reduced to the variation problem

dHI~r!

dr U
r5rc(x)

5m, ~127!

wherem is the chemical potential. The first obvious result f
the case where there is no interparticle interaction is t
from Eq. ~127!,

m50. ~128!

which is the well-known result in the free ideal gas case
Within this approximation, for the hard-sphere two-bo

interacting case, one can write
05360
t
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H@r#52mr01
l

2
r0

2 , ~129!

wherel is related to the so-called scattering length~a! by the
relation

l5
4pa

m
, ~130!

and it contains all the information of the interparticle pote
tial.

We are now ready to make estimates for anN-body sys-
tem that undergoes Bose-Einstein condensation in thepW 50W
state. These results are fairly general, and we shall com
with the 4He case@14#. We are interested in the following
features of the system: ground-state energy, density of
condensed, zero-temperature pressure, zero-temper
equation of state, and sound speed.

In the case of two-body interactions, condition~127! be-
comes

m5E V~x2x8!rc~x8!dx8, ~131!

so that the problem of findingrc(x8) is analogous to finding
the equipotentials of the two-body interaction. Since a ty
cal two-body potential has a minimal corresponding to
depthDE, and since we are looking for the minimum of th
energy, we shall take the lowest value for this parameterm.
From Eq.~130! a good guess form is

m5DE, ~132!

whereDE is the depth of the interparticle potential.
Taking this phenomenological parameter we reduce

variational problem of findingrc(x8) to

DE5E V~x2x8!rc~x8!dx8. ~133!

For the case in whichrc is constant, we have the uniform
condensate approximation. For this case, the following pr
erties can be obtained.

A. Ground-state energy

From Eq.~132! it follows that

DE5lrb , ~134!

whererb is the Bogoliubov incompressible condensate.
From Eq.~133!, rb is given by

rb5
DE

l
5

DEm

4pa
. ~135!

The Hamiltonian density in this case is

H@rb#52
l

2
rb

252
2pa

m
rb

2 , ~136!
7-9
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and therefore the energy of the ground state is given by

H5E Hdv52
lrb

2
~rbV!. ~137!

B. Density in the condensed phase

Admitting that allN particles are in a condensate,

rb5
N

V
5

DE

l
. ~138!

C. Binding energy per particle

From Eq.~136!, it follows that

«52
lrb

2
52

2pa

m
rb . ~139!

Applying this result for4He, where

m53.53109 eV, ~140!

a215~2.6 Å!21, ~141!

DE58.8131024 eV, ~142!

we obtain the following values for the density of the to
condensate, and the binding energy per particle:

rb5
N

V
52.4531022 atom/cm3, ~143!

«524.4031024 eV/atom. ~144!

For comparison we note that in4He the experimental val
ues are

rHe5
N

V
52.1731022 atom/cm3, ~145!

«525.531024 eV/atom. ~146!

thus showing that the calculated values are in good ag
ment with the experimental results.

D. Pressure at zero temperature

The pressure atT50 ~in the ground state! will be

P5rS h

2D5
lrb

2

2
5

2pa

m
rb

2 . ~147!

E. Sound speed

The sound speed, defined as

vs5A]P

]r

1

m
, ~148!

can be evaluated by using Eq.~146!; one can predict
05360
l

e-

vs5Alrb

m
5A4pa

m2
rb. ~149!

F. Equation of state

For a two-body interacting system, one can predict fro
Eqs.~146! and ~138!, the following equation of state:

P

r
52«. ~150!

Again, in the case of4He, our predictions are

P~0!517 atom, ~151!

whereas the experimental result is

Pexpt~0!>10 atom. ~152!

The sound speed we predict is

vsound[150 m/s, ~153!

whereas, experimentally,

vsound
expt >210 m/s ~154!

where the experimental values were obtained from Refs.@15#
and @14#.

X. EXCITED STATES

Having established some properties of the ground stat
a condensed system, we should attempt with build w
functionals associated with excited states. In particular, st
in which a certain number of particles are free~not in the
trap!. This would help in a calculation of condensate exci
tions.

Based in the idea that other states can be generate
applying some functional to the ground state, as describe
Sec. III of this paper, the best guess for the wave functio
associated with an excited state in which one excitation
present could be@see Eq.~46!#

c (1)@r#5rk
(1)@r#cc@r#5E eikxr~x!dxcc@r#. ~155!

The wave function associated to~155! is therefore

c (1)~x1 , . . . ,xN!5(
i 51

N

eikxicc~x1 , . . . ,xN!. ~156!

Wave function~156! becomes Feynman’s wave function
one replacescc by c0(x1 , . . . ,xN) wherec0 is the ground-
state wave function.

The generalization is easy if one neglects self-interacti
@4#. Suppose thatx0@r# is a solution of Eq.~91! associated
with E50. Under these circunstances the equation of
wave function of the condensate is
7-10
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S 2
¹W 2

2m
1U~x!2m Dcc~x!50. ~157!

It is easy to check that the functional

x@r#5E dx f~x!r~x!x0@r# ~158!

is a solution of Eq.~91! with eigenvalueE if

S 2
¹W 2

2m
1U~x!2m D @ f ~x!cc~x!#5E@ f c~x!cc~x!#.

~159!

The wave function

c8~x1 , . . . ,xn!5(
j 51

n

f ~xj !)
i 51

N

cc~xi ! ~160!

corresponds to the wave functional~158!. From Eq.~159! it
follows thatc8(x1 , . . . ,xn) represents a state in which on
particle is in the excited statef (x)cc(x). The free-particle
excited state@Eq. ~155!# is just a simple example of Eq
~158! in the free particle caseE5k2/2m.

The functional which corresponds to excited sta
f 1(x)c(x), . . . ,f n(x)c(x) has a general expression

x@r#5E dx1•••dxnf 1~x1!••• f n~xn!rn~x1 , . . . ,xn!x0@r#,

~161!

wherern(x1 , . . . ,xn) is given by Eq.~46!. The symmetric
wave function associated with~161! is

c9~x1 , . . . ,xn!5 (
j iÞ•••Þ j n51

n

f 1~xj 1
!••• f n~xj n

!)
i 51

N

cc~xi !.

~162!

One can go further in the parallel with Feynman’s a
proach by using our expression substitutingcc with the
ground-state wave function. We obtain explicitly,

c (1)@r#5E dxeikxr~x!expF i E dx8fc~x8!r~x!Gx0@r#c0 ,

~163!

where now

x0@r#5 expE dx8 ln rc~x!r~x!. ~164!

Once again we see the similarity with the Feynma
Cohen@16# wave function. In fact, by using Eq.~164! we
obtain forc (1),

c (1)~rW1 , . . . ,rWN!5 expi(
i 51

N

wc~rW i !) r~rW i !(
i 51

N

eikW•rW j .

~165!
05360
s
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So that the only difference between our wave function a
Feynman-Cohen’s wave function is in the replacement

(
j 51

N

)
i 51

N

rc~rW i !e
ikW•rW j→(

j 51

N

hi~rW i !e
ikW•rW j , ~166!

wherehi(rW i) is Feynman and Cohen’s guess to represen
localized excitation.

However, looking at Eq.~165!, we see that the term

Arc~rW !eikW•rW i ~167!

leads to a current of the form

jW~rW !5rc~rW !
kW

m
, ~168!

and is similar to the Feynman-Cohen prediction. The to
current is then

JW5rc~rW !
kW

m
1

¹W wc~rW !

m
, ~169!

as conjunctured by Feynman and Cohen.
In this context¹W wc(rW)/m is just their famous backflow

current@16#

jWb85
¹W wc~rW !

m
. ~170!

For 4He Feynman and Cohen suggested that for largr,
wc(rW) has the form of the velocity potential of a dipole
which is

fc~rW ! ;
r→`

mW
•rW

r 3
. ~171!

Finally we can introduce a correlation between the excitat
and the particles in the condensate. In this case we ass
phase correlation and write

c8 (1)@r#5E dx exp~ ikx!r~x!

3expS i E dxwc~x82x!r~x8!x0@r# D .

~172!

The physical interpretation for this is that in Eq.~166! we
ensure a backflow around the atom with momentumkW . This
is another version of the Feynman-Cohen wave function,
was originally written as

c8 (1)~x1 , . . . ,xn!

5(
i 51

n

exp~ ikxi !expS i(
iÞ j

wc~rW i2rW j !x0~rW1 , . . . ,rWN! D ,

~173!
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thus showing a great similarity with our expressions for
excited states, as well as for the ground state. In our
proach we do have an explicit form for the ground state
terms of the wave function of the condensate.

XI. CONCLUSIONS

In this paper we have applied the framework provided
the hydrodynamic quantization in order to study conden
tion phenomena. This is done in close analogy with the w
known phenomena of Bose-Einstein condensation in thpW
50 state.

This approach provides a unifying picture to all theor
related to superfluid4He. In view of the common features o
condensation in the ground state, this method should be
ful in the study of observed Bose-Einstein condensation
very low-temperature gases, as recently demonstrated.

We have seen that condensed states are well describe
coherent states of the pure phase component of the field.
coherent-stateAnsatzwave functional reduces the proble
of finding the wave function of the condensatecc to a varia-
tion problem. The interesting aspect here is that the eq
tions of the density and phase of the wave function can
cast under the forms of equations of motion of a quant
liquid. From this it follows that whenever one can neglect t
quantum velocity term~within a quasiuniform approxima
tion!, the equations for the quantum fluid become the eq
tions of a classical fluid. We can thus predict that cond
sates might become superfluid, as we observe in super
4He. Furthermore a two-fluid picture might be useful in u
derstanding properties of condensed states.

We have shown that our framework can lead to an ex
result in the case of a single particle. For particles that do
interact with each other, we have seen that our cohe
an

n
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s
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states describe condensed states. We discuss some po
nonuniform condensates.

We have discussed zero-momentum condensation wi
the uniform density approximation. We have shown th
many predictions about the condensed state can be mad
taking this simple approximation. We obtain simple es
mates for the uniform density, the binding energy of t
ground state, the zero-temperature pressure, the z
temperature equation of state, and the sound speed. The
parison with 4He shows that these predictions are in fa
agreement with the observed results.

It is fairly simple to construct excited states for a co
densed system. Under simple assumptions one can b
wave functions very similar to Feynman and Cohen’s~with
or without backflow!. Presumably some of these wave fun
tions will be useful in the general problem of Bose-Einste
condensation. This is a possible line of research to be p
sued further.

The finite-temperature version of this functional approa
should also be acomplished in order to obtain the thermo
namic properties involved in the condensation. It should
pointed out that the approach presented here could com
ment recently published theoretical work concerning pred
tions of properties in condensated trapped atoms.
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