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Classical dynamics of ionization, dissociation, and harmonic generation
of a hydrogen molecular ion in intense laser fields: A collinear model
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We use the classical trajectory method to study the dynamics of a hydrogen molecular ion interacting with
intense laser fields employing a collinear model. We have calculated the probabilities of ionization and disso-
ciation as functions of time and obtained the photoelectron and the nuclear fragmentation kinetic energy
distribution spectra for various laser parameters. We have included a preliminary calculation of the harmonic
generation spectra of a hydrogen molecular ion. In many cases, the classical results reproduce the qualitative
features of the corresponding quantum-mechanical calculations.

PACS number~s!: 33.80.Rv
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I. INTRODUCTION

The development of high power femtosecond lasers h
stimulated many studies of multiphoton phenomena in ato
and molecules @1–3#. Recently extensive quantum
mechanical calculations have been performed on the hy
gen molecular ion H2

1 by numerically solving the time-
dependent Schro¨dinger equation to obtain the ionizatio
rates, dissociation probabilities, the kinetic energy spectr
the outgoing protons, and the harmonic generation spe
@4–8#. The H2

1 was chosen because it is the simplest m
lecular ion, consisting of two protons and one electron. T
exact three-body Hamiltonian with one-dimensional nucl
motion and three-dimensional electronic motion~113D! was
employing in Refs.@5,6# using the usual absorbing bounda
conditions to calculate the dissociation probabilities and i
ization rates. To avoid the loss of information about the d
namics of the ionization and dissociation spectra, a wa
function splitting technique was developed to calculate
complete Coulomb explosion spectra, using a collin
model with one-dimensional nuclear and electronic mot
~111D! @8#. This collinear model has recently been used
simulate the Coulomb explosion of H2 under a 150 fs Ti:sap
phire laser pulse, and agreement with experiment is fo
when the proper preparation of H2

1 is taken into account@9#.
An alternative quantum-mechanical approach employed
Floquet theory, resulting in a set of time-independe
coupled equations@10–12#, and together with the powerfu
technique of complex rotation, this method has been app
to the calculations of photodissociation rates@13# and har-
monic generation@14# of H2

1 .
While quantum calculations, in principle, provide exa

solutions to the multiphoton dynamics, they are compu
tionally extremely demanding. On the other hand, class
trajectory calculation of the same problem, which is nonp
turbative in nature, can readily be performed. Furthermo
classical analysis provides valuable insight into the dynam
of the systems, and often gives results in good agreem
with quantum calculations. For atomic systems, classical
chanical studies of two-electron atoms showed that
1050-2947/2000/61~5!/053403~11!/$15.00 61 0534
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bound-state motion exhibits both regular and chaotic dyna
ics @15,16#. The corresponding scattering problem of colli
ear electron-helium ion collisions has also been analy
classically @17#. For molecular systems, Strand and Re
hardt@18# carried out a detailed analysis of the classical el
tronic motion of H2

1 within the Born-Oppenheimer approx
mation~BOA!, and showed that the BOA electronic surfac
using the uniform quantization conditions agree very w
with the quantum results. The full dynamics of both the ele
tronic and nuclear motion, beyond the BOA, has recen
been studied@19–21#.

Classical mechanics has been used routinely in the n
linear dynamical analysis of multiphoton dissociatio
@22,23#. The response of atoms to strong laser fields has
been studied using classical mechanics. Examples inc
strong-field ionization@24–27#, laser stabilization@28#, and
harmonic generation@29–32#. Recently, classical simulation
of the ionization and dissociation of H2

1 and multielectron
diatomic molecules have been carried out@33,34#.

In this paper, we study the classical dynamics of mu
photon ionization, dissociation, and harmonic generation
intense laser fields using a collinear 111D model for H2

1

without making the Born-Oppenheimer approximation. Th
collinear model is expected to reproduce the essential
tures of a full 113D model at least qualitatively@7,33#, and
allows us to illustrate the details of the electron-nuclear
namics clearly. A particular new feature in our work is th
the initial conditions of our calculation is selected accordi
to the semiclassical quantization of the initial state of t
system. Furthermore, the kinetic energy spectra and the
monic generation of H2

1 are calculated classically.
We present our model in Sec. II and discuss the field-f

dynamics of our system. The choice of initial conditions
our simulations is also described. In Sec. III, we pres
results of the ionization and dissociation of H2

1 by lasers of
wavelengthsl5300 nm, 600 nm, and 900 nm, each at i
tensities ofI 53.431013, 2.131014, and 8.531014 W/cm2.
The kinetic energy spectra of the ionized electrons and
nuclear fragments are discussed, and some preliminary
©2000 The American Physical Society03-1



o

e
ar
ro
n

pr

ed
u

er
g

at
t

ar
ee
d
ll

nt

e
ing
ee
o

tw

Eq.

tep

its

e-
d in
he
ose

ra-
d

ble
-
ed

ing
om

s
ble
tric
in
the
nt.

to
be-
ve
x-

ons

YIWU DUAN, WING-KI LIU, AND JIAN-MIN YUAN PHYSICAL REVIEW A 61 053403
sults of harmonic generation are given. We summarize
results in Sec. IV.

II. MODEL

In this paper, we use a collinear model for the hydrog
molecular ion in which the electron and the two protons
restricted on a straight line. The Hamiltonian for the hyd
gen molecular ion in an external intense laser is then give
atomic units by

H~R,PR ;x,p;t !5
PR

2

2mp
1

p2

2me
1VC~x,R!1Vex~x,t !,

~1!

where R is the separation between the protons andPR its
conjugate momentum,x is the distance of the electron from
the center-of-mass of the protons withp its conjugate mo-
mentum,

VC~x,R!5
1

R
2

1

ux2R/2u
2

1

ux1R/2u
, ~2!

is the Coulomb interaction between the electron and the
tons, and

Vex~x,t !52sxE~ t ! ~3!

is the interaction potential with the external electric fieldE(t)
of the laser. The reduced masses aremp5mp/2 and me
52memp /(2mp1me), wheremp , me~5 1 a.u.! are the pro-
ton and electron masses, respectively, ands52(mp
1me)/(2mp1me).

Hamilton’s equations of motion can readily be obtain
from Eq. ~1!. Because of the singularities of the bare Co
lomb potentialVC whenever the electron collides with eith
proton, numerical integration becomes unstable. Such sin
larities can be removed by using the regularized coordin
@16#. Even though the regularized coordinates allow us
integrate the equations of motion numerically, with the b
Coulomb potential the electron is always trapped betw
the two protons if it is initially placed between them, an
hence it cannot simulate the ionization process realistica
The usual remedy is to use a screened Coulomb pote
@7,8,34,35#

Vsc~x,R!5
1

R
2

1

A~r 2R/2!21qe

2
1

A~r 1R/2!21qe

,

~4!

with the justification that for largeuxu, Vsc has the correct
Coulomb behavior near the ionization threshold@35#. The
parameterqe is somewhat arbitrary, and in our study, w
chooseqe50.1 a.u. with reasons given below. No screen
parameter is introduced in the Coulomb repulsion betw
the two protons since they never come close together in
study. We show in Fig. 1 the bare Coulomb potentialVC
~solid curves! and the screened potentialVsc ~dotted lines!
with qe50.1 as functions ofx for fixed values ofR. It is clear
that when the electron-proton separations are large, the
05340
ur

n
e
-
in

o-

-

u-
es
o
e
n

y.
ial

n
ur

o

potentials are very similar. With the screened potential of
~4!, the Hamilton’s equations forx, p, R, and PR can be
integrated numerically, using the fourth-order variable-s
Runge-Kutta and the Bulirsch-Stoer methods@36#.

A. Classical dynamics in the field-free case

One advantage of using the collinear model is that
Poincare´ surface of section~PSS! is only two dimensional.
This fact facilitates the numerical study of its dynamical b
havior in phase space. Details of the PSS can be foun
Ref. @20# and will not be repeated here. We found that t
PSS’s for the screened potential were very similar to th
for the bare Coulomb potential. For example, when the H2

1

is in its ground vibrational statev50, the center of the PSS
for the screened potential atR053.182 a.u. is very close to
that for the bare Coulomb potential atR053.166 a.u., and
the region of the PSS at largerR is slightly distorted in the
screened potential case. When the system is in its vib
tionally excited statev56, the PSS’s for both the screene
and the bare Coulomb potential consist of a sta
Kolmogorov-Arnold-Moser~KAM ! zone surrounded by an
other stable but irregular region, which is itself surround
by an unstable region, in which the H2

1 ion dissociates. The
fact that the KAM zone is quasiperiodic and the surround
region is chaotic is consistent with the results obtained fr
a Lyapunov exponent calculation@20#.

The periodic orbit in the middle of the KAM zone turn
out to be the antisymmetric stretching orbit, which is sta
here, in contrast to that of atomic helium. The antisymme
stretching periodic orbit corresponds to a periodic orbit
which the electron bounces between the two protons, and
distanceR between the two protons remains almost consta
Using the classification scheme of Refs.@18–20#, we can
identify the trajectories inside the KAM zone as belonging
the P2 type. In this case, the electron bounces rapidly
tween the two protons, while the latter vibrate slowly relati
to each other, making a breathing type of motion. An e

FIG. 1. Interation potential between the electron and the prot
separated byR in H2

1 . Solid line: Coulomb potential of Eq.~2!.
Dotted lines: screened potential of Eq.~4! with qe50.1.
3-2
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FIG. 2. Field-free trajectories using the screened potential. Solid lines: electronic coordinatex(t), dot-dashed lines: nuclear separatio
R(t). The upper trajectory is of the P2 type, while the lower one belongs to the P2/P3 hybrid motion.
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ample of the P2 type of trajectory is shown in the upper p
of Fig. 2.

Another type of the trajectories shown in the lower plot
Fig. 2 is a one-dimensional equivalence of the P2/P3 hyb
motion @20#: it is clear from Fig. 1 that when the interproto
distance is small, the potential barrier between two prot
remains low, and the electron bounces between the two
tons. As the interproton distance increases, the interpro
barrier rises, and now the electron becomes trapped betw
one proton and the interproton barrier. This motion theref
represents a strong correlation between the nuclear and
tronic motions and cannot be described adequately using
BOA, which ignores the proton motion. Although the P2/
hybrid motion is aperiodic, the motion is still bound an
therefore represents a type of chemical bonding differ
from that of a P2 orbit. The fact that the net change of
interproton distance in the hybrid motion is much larger th
that of the P2 type of motion suggests this to be a class
manifestation of the nonadiabatic electronic transition.
nally, we note that the transition from the regular to chao
motion appears to be sudden and the correlation betwee
electron and nuclear motions is very similar to that betwe
the light and heavy atoms in a heavy-light-heavy triatom
system@37,20#.

B. The BOA and the initial conditions

In previous classical studies of multiphoton ionization a
dissociation of molecules@33,34#, the initial conditions were
generated from a single trajectory in the field-free case
random time intervals. The justification is based on the
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godicity of the system. Study of the PSS shows that for sm
vibrational excitation, the phase space of the system
mostly quasiperiodic, and the proper initial conditions f
quasi-classical calculations should be based on the semi
sical quantization conditions of the system@18,20,21#. How
this can be done exactly remains to be solved; for our p
pose, we propose to use the following approximate pro
dure based on the BOA, which is the semiclassical analo
the initial wave function used in Ref.@8#.

We first solve for the electronic energy, treating t
nuclear separationR as a parameter, for our collinear H2

1

system using the bare Coulomb potential of Eq.~2!. While
the semiclassical method of Ref.@18# can be used, we hav
employed an exact quantum-mechanical procedure@38,39#.
We then fit the ground-state potential to the Morse form

VMorse~R!5D~e22b(R2b0)22e2b(R2b0)!2VM , ~5!

and obtain the parametersD50.3307 a.u.,b50.5 a.u.,b0
52.6 a.u., andVM50.5 a.u. When the action-angle variabl
(I nu ,Q) are used, the total energy of the system in the el
tronic ground state

PR
2

2mp
1VMorse~R!5E, ~6!

takes the simple formE52D(12I nu)
22VM , where classi-

cally the actionI nu can take any value between 0 and 1 f
the bound-state motion. The action-angle variables are
lated to (R,PR) by @22#
3-3
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R5b01
1

b
lnF12A12v2cosQ

v2 G ,

~7!

PR5A2mpD
vA12v2sinQ

12A12v2cosQ
,

where v512I nu . For a given nuclear vibration quantum
numberv, the action is given by the semiclassical quantiz
tion condition

I nu5S v1
1

2D\eff , \eff5
\b

A2mpD
. ~8!

The angleQ will be selected uniformly from 0 to 2p. Then
each (I nu ,Q) will be substituted into Eq.~7! to obtain the
initial values for (R,PR).

After the nuclear separation and momentum are de
mined, we then consider the electronic Hamiltonian

Hel~x,p!5
p2

2me
2

1

ux2R/2u
2

1

ux1R/2u
5Eel , ~9!

whereEel5E2PR
2/2mp21/R, and bothPR andR are treated

as constants. The action-angle variables for the electr
motion under the BOA can now be calculated from

I el5
1

2p R pdx, u5
]

]I el
E pdx5E ]p

]Hel

]Hel

]I el
dx,

~10!

where from Eq.~9!,

p~Hel ,x!56A2meS Hel1
R

~R/2!22x2D . ~11!

These action-angle variables can be expressed in term o
elliptic integrals

E~k,f!5E
0

f
A12k2sinudu,

~12!

F~k,f!5E
0

f du

A12k2sinu
, k2,1.

Defining k252EelR/4, it can be shown thatk2,1 corre-
sponds to the P2-type motion in which the electron boun
between the two protons. In this case,

I el5
2A2meR

p
E~k,p/2!, ~13!

u5
p

2 S F~k,a!2E~k,a!

F~k,p/2!2E~k,p/2! D , ~14!

wherex5(R/2)cosa. On the other hand, ifk2.1, we have
the P3-type motion where the electron oscillates betwee
proton and the internuclear barrier. Then
05340
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2A2meR

pp
@E~p,p/2!2~12p2!F~p,p/2!#, ~15!

u5
p

2 S F~p,h!2E~p,h!

F~p,p/2!2E~p,p/2! D , ~16!

wherep51/k and sinh5ksina. For givenEel , the angleu
is chosen uniformly between 0 andp. Next Eq.~14! or ~16!
is inverted numerically to yield the corresponding values
a and hencex. Then Eq.~11! is used to give a pair ofp of
opposite signs, and we obtain a pair of initial conditions
the electron symmetric about thex axis in phase space.

Strictly speaking the above procedure applies only to
bare Coulomb potential case. As we note before, the dyn
ics of the system using the bare Coulomb potential and us
the screened potential withqe50.1 is quite similar, and the
same procedure of choosing the initial conditions is appl
to the latter case also. For the case of the screened pote
with v56, a small fraction of the initial conditions gives ris
to dissociation even in the absence of an external field. S
trajectories are not counted in the study of the interaction
intense laser field interaction with H2

1 in the following sec-
tions. It should be emphasized that the BOA is used only
finding the initial conditions. Once these are determined,
full dynamics involving both the electronic and nuclear m
tion is considered, unless otherwise stated.

III. RESULTS AND INTERPRETATION

In this section, we present results of our classical traj
tory calculation of the interaction of the laser with H2

1 .
Hamilton’s equations of motion for the Hamiltonian of E
~1! with the Coulomb potentialVC replaced by the screene
potential of Eq.~4! are integrated numerically, with initia
conditions chosen according to the procedure describe
Sec. II B ~see the discussion in the subsection on harmo
generation, however!. The electric field of the laser pulse i
represented by

E~ t !5H E 0 sin2
pt

20T0
sinv0t, 0,t,20T0

0, otherwise,

~17!

whereT052p/v0 is the period of laser oscillation.

A. Ionization and dissociation

Under the action of an intense laser field, the electron
the H2

1 may leave both nuclei, giving rise to ionization, o
the two nuclei of the H2

1 may separate from each other wi
positive relative velocity, and the ion dissociates. Followi
Ref. @34#, we distinguish the following four dynamical pro
cesses:

~1! Survival: R,10 a.u.,r m,20 a.u.
~2! Ionization:R,10 a.u.,r m.20 a.u., anddrm /dt.0.
~3! Dissociation:R.10 a.u.,dR/dt.0, andr m,20 a.u.
~4! Dissociative ionization:R.10 a.u., dR/dt.0, r m

.20 a.u., anddrm /dt.0.
3-4
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FIG. 3. Trajectories for different types of classical motion.E(t) is the total energy given by the value of the Hamiltonian of Eq.~1! ~with
VC replaced byVex) at time t.
ng

m

n
,

a
s
e

nd
k
rg
r
sa
-

en-

ed
ival
r

i-
be-
curs
est

is

ch-
.

Here r m5min(ux2R/2u,ux1R/2u) is the separation of the
electron from the closest proton of the H2

1 . The ionization
process defined above is a transient process: eventually
nuclei will move apart due to Coulomb explosion, resulti
in dissociative ionization.

In Fig. 3, we present trajectories illustrating these dyna
cal processes. The H2

1 is initially in the v56 vibrational
level of the ground electronic state@6,8#. For ionization, we
see that the electron leaves the nuclei rapidly whet
.12.5T0, while the nuclei drift apart much more slowly
reaching 10 a.u. at aboutt;15T0, after which the ion disso-
ciates. As for the dissociation process, the electron can h
large displacement from the center-of-mass of the proton
the duration of the laser pulse, but it comes back to stay n
a proton as the H2

1 ion dissociates into a hydrogen atom a
a proton. This indicates that the dissociation process ta
place via intermediate electronic excitation. The total ene
of the system for both cases oscillates when the lase
turned on, and there is a net gain in energy after the pas
of the laser pulse. When the H2

1 remains bound after inter
05340
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acting with the laser, the system can lose or gain some
ergy and settle into the P2/P3 or P2 type of motion.

The probabilities of survival (Ps), ionization (Pi), disso-
ciation (Pd), and dissociative ionization (Pdi) when the H2

1

is initially in the v56 level are plotted in Fig. 4 for three
different wavelengths of excitation~300, 600, and 900 nm! at
high (I 58.531014 W/cm2) and moderate (I 52.131014

W/cm2) laser intensities. A total of 2400 trajectories are us
to generate these probabilities. As expected, the surv
probabilities decrease whilePi andPdi increase as the lase
intensity increases. However, the dissociation probabilityPd
is not sensitive toI; in fact, for the shorter wavelength exc
tations, it becomes smaller at the higher laser intensity
cause ionization dominates. The dissociation process oc
earlier for the longer wavelength excitation; at the short
wavelength of 300 nm, it appears when the laser pulse
almost over. AtI 52.131014 W/cm2, Pd is slightly larger for
the excitation wavelength of 300 nm, while atI 58.531014

W/cm2 it is the 900 nm laser that gives a slightly higherPd .
In all cases that we studied, ionization occurs first, rea

ing a maximum inPi within the duration of the laser pulse
3-5
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FIG. 4. The probabilities of survival~solid lines!, dissociation~dashed lines!, ionization ~dotted lines!, and dissociative ionization
~dot-dashed lines! as functions of time. The H2

1 is initially in the v56 vibrational level.
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For a fixed laser intensity, the peak ofPi occurs earlier for
the longer wavelength excitation, while for the same la
wavelength,Pi peaks sooner at the higher laser intensity.Pi
then decreases rapidly as the laser pulse cannot ionize
more H2

1 , and Coulomb explosion turns the process in
dissociative ionization. At the same time,Pdi appears asPi
begins to decrease from it peak value, and the gain inPdi can
be observed to be about the same as the decrease inPi .
Hence virtually all the dissociative ionization events orig
nate from the ionization process, and at least for the la
pulse we use, simultaneous ionization and dissociation
H2

1 , or subsequent ionization of the hydrogen atom a
dissociation, seldom occurs. Our results are qualitativ
similar to the quantum-mechanical calculations of Refs.@7,8#
and the classical results of Ref.@34# where a 111D model of
H2

1 with different screening parameters and different la
characteristics were used. At the highest intensity (I 510
31014 W/cm2) used in Ref.@34#, however,Pd decreases
slightly after reaching a peak, indicating some of the hyd
gen atoms were ionized after dissociating from H2

1 .
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When we lower the laser intensity toI 53.431013

W/cm2, the ionization process stops, and only dissociation
observed~results not shown!. At this intensity,Pd is larger
for the longer wavelength excitation.

We have also studied these dynamical processes whe
H2

1 is initially in its ground vibrational levelv50 ~results
not shown!. At the high laser intensityI 58.531014 W/cm2,
the results are very similar to those shown in Fig. 4, show
that the dynamics is not sensitive to the initial state of
molecular ion. At the lower intensityI 52.131014 W/cm2,
however, the values ofPd , Pi , andPdi are lower than those
in Fig. 4, even though the qualitative features are simi
Thus at this lower intensity, initial vibrational excitation o
the molecular ions helps to promote the ionization and d
sociation processes.

B. Kinetic energy spectra

The classical trajectory method yields the electronic a
nuclear kinetic energy distributions readily. In Fig. 5 w
3-6
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FIG. 5. The photoelectron kinetic energ
spectra at the excitation wavelengthl5600 nm.
The electronic kinetic energy is measured in u
of the photon energy\v0.
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present the photoelectron kinetic energy spectra forl5600
nm at two laser intensities, and compare the results for
H2

1 in the initial vibrational levelsv50 andv56. We use
4900 trajectories to generate these spectra. At the high in
sity I 58.531014 W/cm2, the results between thev50 and
v56 cases are qualitatively similar, while at the lower i
tensity I 52.131014 W/cm2, the ionization probability for
v50 is smaller and has a lower energy cutoff value than
v56 case. Thus at the higher intensity, the H2

1 can readily
be ionized irrespective of its initial vibrational state. At th
lower intensity, however, initial vibrational excitation of th
H2

1 enhances the ionization process.
At both intensities, the photoelectron spectra exhibit c

off at the electronic kinetic energy of about 3Up , where
Up5e2E0

2/4mev0
2 is the electron ponderomotive energ

~For l5600 nm,Up53.42\v0 when I 52.131014 W/cm2,
and Up513.83\v0 when I 58.531014 W/cm2.! Recent
quantum-mechanical calculation@8# also showed that the
probability distribution dropped below 1023 when the elec-
tron energy is larger than 3Up , but there was a second pla
teau which fell below 1026 only when the electron energy i
larger than 14Up . Because of the relatively small number
trajectories we use, we are not able to compute such s
probabilities although, in principle, there is no inherent d
ficulty to increase the number of trajectories, except the
mand of computer time.

In Fig. 6 we show the kinetic energy spectra of the dis
ciating nuclear fragments forl5 600 nm andl5 900 nm,
at the laser intensitiesI 52.131014 W/cm2 and I 58.5
31014 W/cm2. We consider both the cases when the H2

1 is
initially in the v50 and thev56 vibrational levels. In all
cases, the dissociation process H2

1→H1p contributes
mainly to the low-energy part of the spectra, while the hig
05340
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energy peaks are due to the Coulomb explosion proc
H2

1→p1p1e. Furthermore, at the higher intensity, th
Coulomb explosion process dominates over the dissocia
process, and as expected, the high-energy peaks shi
higher energy compared with those at the lower laser int
sity. This is consistent with the observation of Fig. 4. Figu
6~c! has the same qualitative features as those in Fig. 5~a! of
the quantum results of Ref.@8#, although the intensities use
in the present study are higher. Note that there is a differe
in scale between these figures. In our figures, we plot
probability density in units of probability per 0.1 eV.

At l5600 nm, with the laser intensity at the lower valu
of I 52.131014 W/cm2, the Coulomb explosion proces
gives rise to a more predominant fragmentation distribut
when the H2

1 is initially in its ground vibrational level, and
very few dissociation events are observed. However, w
the H2

1 is initially in its v56 vibrational level, a sharp pea
appears at lower energy, corresponding to the H2

1→H1p
dissociation process, along with a broad distribution at h
energy from Coulomb explosion. Hence under these exc
tion conditions, initial vibrational excitation enhances t
dissociation process. At the higher laser intensityI 58.5
31014 W/cm2, the low-energy distributions from the disso
ciation process for both thev50 and thev56 cases are
almost completely washed out, leaving broadened peak
higher energies from the H2

1→p1p1e Coulomb explosion
process.

When a laser with the longer wavelength ofl5900 nm
and the lower intensity ofI 52.131014 W/cm2 is used to
excite the H2

1 , a sharp peak due to H2
1→H1p appears at

lower energy for bothv50 and thev56 initial levels, al-
though the peak intensity is slightly higher forv56. Again,
broad peaks are observed at higher energies, and the q
3-7
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FIG. 6. Nuclear fragmentation spectra. Sol
line: I 52.131014 W/cm2; dotted line: I 58.5
31014W/cm2.
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tative features for these different initial states are quite si
lar. At the higher laser intensity, the H2

1→H1p low-energy
peaks are much suppressed, and the high-energy H2

1→p
1p1e peaks shift to higher energies and are broaden
especially for thev56 case.

From Fig. 6, we can conclude that the strength of
low-energy dissociation peaks is very sensitive to the la
intensity, and also depends on the initial vibrational exc
tion, especially forl5600 nm. The locations of both th
low-energy H2

1→H1p peaks and the high-energy H2
1

→p1p1e peaks are rather insensitive to the exciting wa
length. However, the locations of the higher energy pe
depend strongly on the laser intensity.

C. Harmonic generation

High-order harmonic generation under irradiation
high-intensity lasers has been observed for rare-gas a
@40#, and recently for molecular gases@3#. For the case of a
hydrogen atom, the classical trajectory method proved to
a practical means for calculating the harmonic genera
spectra@29#. This method can be applied to the present c
of H2

1 .
Similar to the case of atomic hydrogen, the emission sp

trum of H2
1 is proportional to the power spectrum of th

electronic dipole moment. From the classical trajectories,
can compute the Fourier transform of the average elec
coordinate by the fast-Fourier transform method@36#

d~v!5E
0

T

^x~ t !&eivtdt, ~18!

whereT is total time of integration, and̂•••& represents an
05340
i-

d,

e
er
-

-
s

ms

e
n
e

c-

e
n

average over an ensemble of trajectories. The harmonic
eration spectrum is then proportional toud(v)u2.

Experimentally, only the odd harmonics are observed
the emission spectra because of the inversion symmetr
the system. As pointed out in Refs.@29#, even harmonics
appears if we compute the power spectrum of a single
jectory since it does not possess an inversion center.
BOA initial conditions described in Sec. II B do not satis
this symmetry requirement either, and hence the power s
trum of an ensemble average ofx(t) using these initial con-
ditions will produce both odd and even harmonics. It h
been emphasized in Refs.@29# that in order to remove the
unphysical even harmonics, the inversion symmetry of
system must be built in from the initial conditions. Thu
instead of using the initial conditions of Sec. II B, we choo
the initial nuclear coordinate and momentum to beR5R0
and PR50. Then we use the same procedure described
Eqs. ~10!–~14! to generate an ensemble of electronic init
conditions symmetric aboutR5R0.

In Fig. 7, we show the ensemble-averaged electronic
ordinates and their power spectra forl5900 nm andI
58.531014 W/cm2 and the H2

1 at an initial energy corre-
sponding to its ground vibrational level. Figures 7~a! and
7~c! are generated with the initial conditions described abo
and the full nuclear and electronic equations of motion
integrated numerically, while Figs. 7~b! and 7~d! are pro-
duced by freezing the nuclear separation atR0, and only the
electronic equations of motion are computed. 10 000 tra
tories are employed in these calculations, and if the sys
ionizes, the ionizing part of the trajectory which would pr
duce a dominant background@29#, is excluded from the cal-
culation of the spectrum. Note that att50, ^x(0)&50 as
required by the inversion symmetry. For the frozen-nuc
3-8
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FIG. 7. Averaged electronic
coordinates as functions of tim
@~a! and ~b!#, and the correspond
ing power spectra@~c! and ~d!# in
a laser with intensity I 58.5
31014 W/cm2. ~a! and ~c!: full
nuclear and electronic dynamics
~b! and~d!: nuclear separation fro-
zen atR0, the center of the Poin-
carésurface of section.
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case, lower order even harmonics are suppressed, and
harmonics of up to the 11th order can be observed.
power spectrum using the full dynamics is much noiser, a
only up to the fifth-order odd harmonics is distinguishab
We have also computed the spectra at the lower intensit
I 53.431013 W/cm2 ~not shown!. Again, odd harmonics o
lower orders readily appear in the frozen-nuclei case, but
spectrum from the full dynamics is even noisier.

Our results are less satisfactory than those of atomic
drogen@29# since only a few of the lower-order odd harmo
ics are generated. Experimental@3# and quantum-mechanica
calculation @4,6# indicated high-order odd harmonics a
emitted from molecules interacting with intense laser puls
The initial conditions we choose isad hoceven though they
satisfy the inversion symmetry requirement. The spectra
the frozen-nuclei case may not be too meaningful physica
especially for high-intensity excitation where considera
dissociation occurs, but are included to illustrate the imp
tance of using an ensemble with the proper inversion s
metry. Further work on the classical calculation of molecu
harmonic generation remains to be done.

IV. SUMMARY AND CONCLUSION

In this paper, we have presented a classical trajec
study of the dynamical processes when a hydrogen mol
lar ion interacts with intense laser fields. A collinear mod
of H2

1 is used, with the bare Coulomb potential replaced
a screened potential to avoid the singularities at cl
electron-proton encounters. The collinear model has the
vantage that the phase-space dynamics in the field-free
05340
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can be conveniently analyzed in terms of the tw
dimensional Poincare´ surfaces of section. Since the motio
of the low-lying states of the H2

1 is quasiperiodic, initial
conditions based on the ergodic hypothesis may not be
ficient to properly characterize the initial quantum state
the system in the classical trajectory simulation. Hence
propose an approximate semiclassical procedure base
the Born-Oppenheimer approximation and using acti
angle variables to choose the initial conditions for the traj
tory calculations.

During the interaction with the laser field, the electron
and nuclear motion becomes strongly coupled, and we h
studied the probabilities of ionization, dissociation, dissoc
tive ionization, and survival as a function of the laser ch
acteristics as well as the initial states of the H2

1 . As ex-
pected, the ionization and dissociative ionizati
probabilities increase with increasing laser intensity, but
dissociation probability is not sensitive to the laser intens
The peak of the ionization process occurs sooner for lon
laser wavelength and higher laser intensity. Once ioniz
the nuclei~protons! of the H2

1 will eventually fly apart by
Coulomb explosion. We find almost all the dissociative io
ization events come from Coulomb explosion, indicating th
simultaneous ionization and dissociation, or subsequent
ization of the hydrogen atom after dissociation, is high
unlikely. By comparing the results for the H2

1 initially at the
v50 and thev56 levels, we conclude that initial vibra
tional excitation enhances the ionization and dissociat
processes only at the lower laser intensity. The qualita
behavior of these probabilities is very similar to those fro
3-9
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quantum-mechanical calculations.
We have calculated the photoelectron kinetic energy

tributions, and found that there is a cutoff at an energy
about 3Up whereUp is the ponderomotive energy. Due
the relative small number of trajectories used, we can
detect a second plateau in the spectra which were observ
quantum-mechanical calculations. We have also studied
energy spectra of the dissociating nuclear fragments,
found that the dissociating process H2

1→H1p gives rise to
a low-energy sharp peak, while the Coulomb explos
H2

1→p1p1e produces broad high-energy peaks. At t
lower intensity, both the low-energy dissociation peak a
the high-energy Coulomb explosion peaks are clearly
played, but at high laser intensity, the Coulomb explos
peaks become dominant, broadened, and shifted to hi
energy.

Finally, we have carried out a preliminary classical calc
lation of the harmonic generation spectra of H2

1 . In order to
suppress the unphysical even harmonics, the initial co
tions must satisfy the inversion symmetry of the system,
we have introduced anad hocprocedure for the choice of th
initial conditions. While the spectra generated under
frozen-nuclei condition produces odd harmonics up to or
11, only a few odd harmonics show up in the spectra wh
the full nuclear and electronic dynamics is included, in co
trast to experimental finding and quantum-mechanical ca
lations.

We believe that the initial conditions based on the BO
should be a reliable procedure for low-lying states of
H2

1 since quantum-mechanical calculations based on
BOA agree very well with experiments@41#. In addition, we
have used the electronic ground-state potential readily av
able to us for the bare Coulomb potential to generate in
conditions which are subsequently used for the model H2

1

with the screened potential. This last approximation is
essential but is done for expediency. Our present proce
J
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is reasonable as long as the screening parameter, whic
choose to beqe50.1, is small, and as already discussed, o
ionization and dissociation results agree qualitatively w
quantum calculations.

However, our procedure for choosing the initial cond
tions, or perhaps any procedure that depends on the B
may not be adequate for the calculation of harmonic gen
tion, as suggested by the results of Sec. III C. We believe
the proper initial conditions based on the semiclassical qu
tization of the full electron-nuclei dynamics of H2

1 , with the
proper inversion symmetry built-in, are required for accur
calculation of the harmonic generation spectra. Work
such semiclassical quantization has appeared recently@19–
21#, and we are considering various methods to implem
these ideas for the spectral calculation. Finally, it should
mentioned that while quantum-mechanical calculatio
based on the 111D model are in reasonable agreement w
experiments when proper initial conditions are used,
quantitative comparison a full three-dimensional stu
should be carried out. Work on higher dimensional model
in progress.
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