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Elastic photon scattering from the ground state and various excited states of carbon atoms and ions has been
investigated, using theS-matrix formalism, for incident photon energies ranging from 100 eV to 10 keV,
contrasting the results obtained for different configurations. The excited states considered include hollow-atom
states, where one or more inner shells are completely vacated. Ionic cases are considered as a limit of
excitation. Results demonstrate how cross sections for different excited states group together according to
shared properties of the configurations, such as the number ofK electrons. Cross sections may exhibit deep
dips below theK edge, depending on the occupation of the subshells corresponding to the strongest transitions.
Scattering from excited states can have significantly larger cross sections than scattering from the ground state,
particularly just below theK resonance region, and therefore it needs to be considered in situations where there
is a large population of these excited states. Results are interpreted in terms of form-factor arguments and the
qualitative behavior of individual subshell amplitudes. The angular dependence of cross sections can be
understood in terms of angle-dependent form factors and anomalous scattering factors, taken to be angle
independent. Cases are identified for which excited-state total integrated cross sections are much larger than the
corresponding cross sections for scattering from the ground state. Our main results use an averaging over
magnetic substates at the level of the amplitude, exact only for fully filled subshells, but generally appropriate
for the carbon case considered, which simplifies the discussion and explains most of the general features. We
also present results for a hollow lithium atom with and without this approximation to illustrate the differences
that can arise in certain circumstances.

PACS number~s!: 32.80.Cy, 31.50.1w
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I. INTRODUCTION

There exists an extensive literature on the elastic sca
ing of x rays by atoms in their ground states~see Refs.@1–3#,
and references therein!. Here we consider scattering from
excited states, including long-lived states and hollow-at
states which may be of practical interest@4–6#. Carbon (Z
56) was chosen as the scatterer for this exploratory stu
since it constitutes a many-electron system without that th
are too many electrons to consider. Elastic scattering ab
and below theK edge~but above theL edge! is investigated
with the hope of using this regime to understand the gen
scattering situation. Our discussion of scattering from
cited states of carbon uses an independent-particle app
mation~IPA!, and involves an averaging over magnetic su
states at the level of the amplitude, exact within the IPA o
for fully filled subshells, but in fact generally appropria
within the IPA for the cases considered, which simplifies
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discussion and explains most of the general features. H
ever, we also present results for scattering from a holl
lithium atom with and without this approximation in avera
ing, to illustrate the differences that arise in the case of p
tially filled subshells~which are generally more prominen
when there are fewer electrons present!.

The scattering of light is a standard diagnostic techniq
used to determine particle concentrations and temperatur
plasmas@7,8#. Elastic scattering from bound electrons of e
cited atoms in the plasma can become important when a l
wavelength is close to a spectral line, as has been shown
the case of hydrogen@9–11#, and also for helium@12#. Exact
analytic results have been given for Rayleigh scattering
photons from excited hydrogen atoms in then52 @13# and 3
@14# states, following the corresponding results for groun
state hydrogen@15#. Although there have been some studi
of Rayleigh scattering of photons by ions of low nucle
charge@16#, the corresponding case involving excited sta
has received less attention. Ionushauskaset al. @17# and Ku-
plyauskis and Kuplyauskene@18# calculated Rayleigh scat
tering cross sections in the form-factor approximation
excited zinc and iron atoms and ions at relatively high ph
ton energies compared to theK-shell binding energies. Only
excitations involving valence electrons were consider
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They found the cross sections for scattering to be smaller
excited zinc atoms than for ground-state zinc atoms. As
also be seen here for the case of carbon, they found
finite-angle cross sections for scattering from atoms and
can coincide at high enough energy. We note the work
photoionization cross sections of excited atoms and i
@19–26#, since due to the optical theorem the absorptive p
of the forward-angle Rayleigh amplitude can be expresse
terms of the total photoeffect cross section~and the disper-
sive part may be obtained from it through a dispersion re
tion!. We also note a recent laser spectroscopic study of
high-n Rydberg states of atomic carbon@27#.

In our discussion of scattering from excited states of c
bon, we employ theS-matrix approach previously used t
describe elastic scattering from ground-state atoms in
IPA @28,1#. This approach performs an averaging over
magnetic substates of a subshell at the level of the scatte
amplitude, with the result being weighted according to
number of electrons present in that subshell. This is ex
within the IPA only for fully filled subshells. Nevertheless
is generally a good approximation of the properly-averag
IPA result for scattering from ground-state atoms, since m
electrons are in fully filled subshells, and it accounts for
dominant components of the coherent scattering@29,30#. ~A
noticeable exception is the existence of near-zeros in
cross section above resonances in the averaged-ampl
approach for hollow-atom configurations. These near-ze
can be spurious, as will be seen in the more proper treatm
discussed in Sec. VI.! Below we consider the consequenc
of IPA assumptions in scattering.

The observables of elastic scattering are the momen
and polarization (\ki ,ei) and (\kf ,ef) of the incident and
scattered photons and the state of the atom, which is
changed by the process~due to the averaging over magnet
substates mentioned earlier—this neglects elastic incohe
scattering, which will be addressed in Sec. VI!. The total
elastic amplitude is obtained by summing Rayleigh, D
brück, and nuclear amplitudes, though it is expected that
Rayleigh amplitude, describing elastic scattering off bou
electrons, is dominant in the energy range considered he

In this work various excited atomic state configuratio
are chosen so as to see the effects of both core excita
~meaning that a vacancy is present in the innermost orbit!
and outer-electron excitations, leaving the innermost orbi
undisturbed. Hollow atoms are considered in which theK
shell is completely vacant, with the electrons placed
higher shells in various configurations. There has been m
recent interest in the observation and classification of s
hollow atomic states~resonances! for the case of lithium
@31,6#.

Electron orbitals are obtained in a relativistic screen
self-consistent Dirac-Slater-type central potential. The R
leigh scattering amplitudeAR is obtained, in the IPA, by
calculating, in partial waves and multipoles, the second-or
S-matrix element in the central potential, summing ov
separate amplitudesAn

R for scattering off each bound elec
tron in the potential. This method, developed by Brownet al.
@32#, Johnson and Feiock@33#, and Kissel and co-worker
@28,1#, was used previously to investigate scattering fro
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ground-state neutral atoms and ions@34,35#. The calculation
is fully relativistic, and it has been used to describe scatter
from high-Z atoms such as uranium, where a relativistic d
scription is necessary.

We use a local-exchange model of the atom, and there
neglect nonlocal-exchange effects~as in the Hartree-Fock
method! and electron correlations~beyond the Hartree-Fock
method!. Correlation effects are expected to be important
resonance regions, though the dominant effect is the shif
of threshold positions. Nonlocal-exchange effects have b
seen to matter at the 10% level well above threshold for n
in a recent experiment@36#, though the effect was only this
large for a limited range of momentum transfers. In lig
elements one can anticipateO(1/Z) IPA breaking contribu-
tions to p-state anomalous amplitudes even at higher en
gies, as observed in 2p photoionization of neon by Dias
et al. @37#, with larger effects on the~small! d- and f-state
anomalous amplitudes@38#. However, at higher energies
form-factor contributions dominate at the forward ang
where cross sections are larger.

For carbon, relativistic effects are not important, and
will use a nonrelativistic configuration notation throughou
The configuration of the ground state is taken to
(1s)2(2s)2(2p)2. Incident photon energies ranging from
100 eV to 10 keV are considered. This range includes
bound-bound transition energies involving theK shell, and
excludes all other bound-bound transition energies, wh
are below 100 eV. By looking at this region, one obtains
picture of what happens in the neighborhood of a resona
without the degree of complication that exists at lower en
gies. ~Behavior in the vicinity of the lowest atomic reso
nances can be understood by looking at the analytic res
for hydrogen in ground or excited states@13–15#.! By 10
keV one is well above all resonances and edges, allowing
process in this low-Z case to be well described in terms
the relatively simple form-factor approach.

The coordinate system we use is shown in Fig. 1. Res
ing the polarization vectors of the incident and scattered p
ton into components parallel and perpendicular to the s
tering plane,

FIG. 1. Coordinate system used. The incident photon is sca
ing though an angleu. The photon polarization vectors can be r
solved into components parallel and perpendicular to the scatte
plane.
4-2
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RAYLEIGH SCATTERING FROM EXCITED STATES OF . . . PHYSICAL REVIEW A 61 052714
e5e iêi1e'ê', ~1!

magnetic substate averaging at the level of the scatte
amplitude permits one to write the scattering amplitude a

AR5e i
ie f

i* Ai1e i
'e f

'* A' , ~2!

where Ai(v,u) and A'(v,u) are invariant amplitudes de
pending on the photon energyv and the scattering angleu. It
is seen from Eq.~2! that if the photon polarization is initially
parallel or perpendicular to the scattering plane, it will r
main so after scattering. The unpolarized differential cr
section~unpolarized incident photon beam, scattered pho
polarization not measured!, obtained by summing over th
scattered photon polarizations and averaging over the in
photon polarizations, is

ds

dV
5

1

2
~ uAiu21uA'u2!. ~3!

In the forward direction the parallel and perpendicular a
plitudes are equal:

Ai~v,0!5A'~v,0![A~v,0!. ~4!

The Thomson amplitudes for scattering from a free el
tron ~corresponding to the classical result for scattering fr
a point charge! are

ReA'
T52r 0 , ReAi

T52r 0 cosu, ~5!

wherer 0 is the classical electron radius, and the imagin
parts vanish. From Eq.~3! we see that this leads to a cro
section with a (11cos2 u) angular dependence. For scatte
ing from an atom one should sum the amplitudes over all
electrons present, which in this free-electron approximat
simply means multiplying the amplitudes in Eq.~5! by the
numberN of electrons in the atom.

A better, yet still simple, way to approximate the Ra
leigh amplitude for an atom utilizes the form factors@39# for
the nth electron and for the atom:

f n~q!54pE
0

1`

rn~r !
sin~qr !

qr
r 2dr, f ~q!5(

n
f n~q!,

~6!

where\q is the momentum transfer to the atom in scatteri
and rn(r ) is the charge density of thenth electron; f n(0)
51 and f (0)5N is the number of electrons in the atom.
this form-factor~FF! approximation,

ReA'52r 0f ~q!, ReAi52r 0f ~q!cosu, ~7!

and the imaginary parts of the amplitude vanish. The forw
cross section is constant, independent of the energy. In
dipole approximation~corresponding nonrelativistically to
replacingeik•r by 1 in the expression for the photon oper
tors! the form factor is replaced by its forward-angle value
all scattering angles, leading back to the Thomson cross
tion with its (11cos2 u) angular dependence. The contrib
tion of higher multipoles suppresses the cross section at m
05271
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backward angles relative to the forward angle, such that
angular distribution becomes increasingly forward peaked
high energy. Higher multipoles typically become importa
for a given subshell when the momentum transfer is com
rable with the average momentum of the bound electron~s! in
that subshell. Of course in calculating the form factor
rectly as in Eq.~6! there is no need to perform a multipo
expansion~all multipoles are included!. For a discussion of
higher-order multipoles and retardation in Rayleigh scat
ing, see Ref.@40#.

The form-factor approximation fails for a given subsh
when the photon energy is comparable to or below the bi
ing energy of the subshell, or close to the energy of a bou
bound transition, or for highZ at high energy and large sca
tering angle@41#. The FF approximation may be used in th
low-Z cases being considered here to calculate the subs
Rayleigh amplitudes when the photon energy is much gre
than the binding energy of the subshell.

In the nonrelativistic approximation, ReA(`,0)5
2 f (0)r 052Nr0, where N is the number of bound elec
trons. The anomalous scattering factorsf 8 and f 9 are defined
as the difference~taking out the factor2r 0) between the full
forward amplitude at finite energy and the high-energy lim

A~v,0!52r 0@ f ~0!1 f 8~v!1 i f 9~v!#. ~8!

The anomalous scattering factorsf 8 and f 9 defined in this
way give the difference between the full forward scatteri
amplitude, characterized byf (0)1 f 81 i f 9, and the result
f (0) within the form-factor approximation at forward angl
At x-ray energies and below it is a fairly good approximati
to extend this approach to finite angle by assuming an
independent anomalous scattering factors~as would be ob-
tained in dipole approximation!, writing the amplitudes as in
Eq. ~7!, but with f (q) replaced byf (q)1 f 81 i f 9, giving a
form-factor plus angle-independent anomalous scatte
factor ~FF 1 ASF! approximation for the cross sections. Th
success of this approach is due to the fact that high
multipole effects in the ASF are generally less importa
than higher-multipole effects in the FF at the same ene
@40#. One is neglecting higher multipoles in the ASF b
including the full angle dependence of the FF~i.e., including
all FF multipoles!. ~One can also go beyond this to consid
the full angular dependence of the anomalous scattering
tors, given by the inclusion of the higher multipoles, whi
also requires including further anomalous scattering fac
that vanish at forward and backward angles@42#.! Note that
in the S-matrix approach one is calculating all significa
multipoles, considering the full angle dependence of both
~IPA! FF and ASF contributions. A discussion of the gene
validity of the FF and~FF 1 ASF! approximations was
given in Ref.@41#. As already noted, there is a connectio
between the total photoeffect cross sectionsPE and the
anomalous Rayleigh amplitudesf 8 and f 9, with Im A(v,0)
52r 0f 95(v/4pc)sPE in this nonrelativistic case except a
the bound-bound transition energies (f 8 is then related
through a dispersion relation@1#!.

In Sec. II we give an overview of the predicted behav
of excited-state differential scattering cross sections, for
4-3
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CARNEY, PRATT, KISSEL, ROY, AND SEN GUPTA PHYSICAL REVIEW A61 052714
ferent configurations, as a function of photon energy a
scattering angle. Section III describes the individual subs
amplitudes, focusing on forward-angle scattering, in orde
understand the way in which amplitudes from different su
shells combine to give the scattering cross section for
excited atom or ion. Individual amplitudes have ‘‘spurious
resonances, due to transitions between occupied subs
which cancel in the total amplitude. In Sec. IV cross sectio
at forward angle are explained in terms of the individu
subshell amplitudes. It is found that in certain configuratio
there will be deep minima in the cross sections below
resonance regions, corresponding to a zero in the total
amplitude. Some hollow-atom configurations will have
evated cross sections below the resonance region. Secti
discusses the angular dependence of cross sections an
behavior of the total integrated cross sections. The exten
which the angular dependence of cross sections can be
derstood in terms of angle-dependent form factors and
angle-independent anomalous scattering factors is discus
We show that ions and neutral atoms have similar cross
tions at high energy and finite angle, if the configurations
the core electrons are the same. Total integrated cross
tions for hollow-atom states are compared with the cor
sponding ground-state cross section. In Sec. VI we cons
the consequences of the approximation of averaging o
magnetic substates at the level of the scattering amplitu
We use scattering from a hollow-lithium-atom configurati
to illustrate the differences which arise when a more corr
procedure is utilized. Conclusions are presented in Sec.

II. GENERAL FEATURES

In this section we present an overview of the features
excited-state differential and total cross sections, seen
Figs. 2–8, which in this light element are approaching for
factor predictions at high energies for all angles.~For highZ
anomalous amplitudes would remain important at la

FIG. 2. Forward-angle cross section for the ground-state c
figuration and various excited-state configurations of carbon.
details of the resonant peaks are omitted. There is a clear sepa
of cross sections for configurations with different numbers ofs
electrons. Cross sections approach a common high-energy
along one of three curves according to the number of 1s electrons.
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angles at high energy.! In Sec. III the form of the subshel
amplitudes is discussed, which in subsequent sections al
us to give detailed explanations for the features highligh
here. Carbon has been chosen as it is a many-electron a
illustrating the general many-electron situation, but it do
not have too many electrons which would complicate
discussion.

For convenience we classify and label the hollow ato

n-
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FIG. 3. Forward-angle cross section below the resonance re
for configurations of carbon with two 1s electrons and different
numbers of 2p electrons. The details of the resonant peaks
omitted. The cross sections for configurations with three and f
2p electrons are similar. All cross sections drop sharply as
1s↔2p resonance is approached from below.

FIG. 4. Forward-angle cross section below the resonance re
for configurations of carbon with one 1s electron and different
numbers of 2p electrons. The details of the resonant peaks
omitted. The cross sections for configurations with four and fivep
electrons are similar, and do not drop sharply as the resona
region is approached from below as there are a net numbe
downwardL→K transitions. Configurations with a half-filled o
less than half-filled 2p shell have cross sections that begin to dr
sharply as the resonance is approached from below; however
features just below the resonance can be washed out by addit
effects beyond the averaged-amplitude approximation used h
and so are not shown.
4-4
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RAYLEIGH SCATTERING FROM EXCITED STATES OF . . . PHYSICAL REVIEW A 61 052714
and ion configurations considered. All hollow atom or ho
low ion states considered have a vacantK shell, with elec-
trons being placed in theL shell orN shell or both:

label configuration description

A1 (4s)2(4p)4 hollow atom, electrons inN shell.

B1 (2s)2(2p)2(4s)2 hollow atom, electrons inL, N shells.

C1 (2s)2(2p)4 hollow atom, electrons inL shell.

C2 (2p)6 hollow atom, electrons inL shell.

C3 (2s)2(2p)2 hollow ion, electrons inL shell.

We will subsequently refer to specific hollow atom and h
low ion configurations using the labels defined above.

Figure 2 shows the forward-angle differential cross s
tion as a function of energy for a variety of configuratio
with differing numbers of 1s electrons. The energy rang
~photon energies ranging from 100 eV to 10 keV! includes
the K edge for all cases but does not include any of theL
edges, though 100 eV is not far from the highestL edges.
The binding energy of theK shell is greater for excited state
than for the ground state. This effect is most prominent
core excitations where 1s electrons are excited. The remov
of core electrons makes the atom less screened and
Coulombic, so that binding energies and binding-energy
ferences increase. Note that all cross sections converg
high energy toward the expected form-factor value of 2
b/sr, which depends only on the number of electrons an
the same for all configurations of the same ionicity. Cro
sections for configurations with the same number~0, 1, or 2!
of 1s electrons approach the form-factor value along a co
mon curve, giving rise to the three distinct curves. Below

FIG. 5. Forward-angle cross section for hollow-carbon-at
configurations. The cross section for the case with all the elect
present in theN shell is close to the form-factor values both abo
and below the resonance region, through it starts to deviate at
energy as the region of downward transitions to theL shell is ap-
proached. Configurations with all the electrons present in theL shell
have elevated cross sections below the resonance region beca
the strong 2p→1s downward transition and the imaginary comp
nents of theL-shell amplitudes, which become significant close
100 eV. The cross sections quickly coincide above the resona
region, approaching the high-energy limit from below.
05271
-

-

r

ore
f-
at

6
is
s

-
e

K-shell threshold interference effects between theK-shell
amplitudes and theL-shell amplitudes, dependent on the o
cupation of the shells, cause very different behaviors of
cross section for different configurations. We will return
these features in Sec. IV on forward scattering.

In Figs. 3 and 4 forward-angle cross sections below
resonance region are shown in more detail for configurati

FIG. 6. Forward and backward scattering cross sections fo
hollow neutral carbon atom and a hollow carbon ion. The confi
ration of the hollow atom differs from that of the hollow ion only i
that it has two more electrons in the 4s state. The cross sections a
seen to coincide at backward angle at high energy. Below the r
nant region, cross sections are similar at forward and backw
angles within a given configuration, and are clearly different for
atomic and ionic cases.

FIG. 7. Angular dependence of the cross section at fixed e
gies for the ground-state configuration of carbon and a carbon
figuration with one 1s electron excited to the 4s state. At 1 keV the
anomalous pieces of theK-shell amplitudes are still significant, re
sulting in different values for the cross section at forward ang
The angular distributions are still close to the simple dipole fo
valid at low energies. At 5 keV the anomalous pieces are not
portant, hence the cross sections agree at forward angle. Ths
amplitude falls off much faster with increasing angle at this ener
resulting in a sharp drop in the excited-state cross section at s
angles.
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CARNEY, PRATT, KISSEL, ROY, AND SEN GUPTA PHYSICAL REVIEW A61 052714
that involve two 1s electrons and one 1s electron, respec-
tively. Configurations are exhibited that have different nu
bers of electrons in the 2p state, with any remaining elec
trons being placed in theN shell, and the configuration
therefore have different numbers of net upward or downw
1s↔2p transitions. Given that the 1s↔2p transitions are
the strongest involving theK shell, there are striking differ-
ences among the cross sections for these configuration
Fig. 3 ~the fully filled K shell! the cross section is higher fo
configurations with more 2p electrons, though the differenc
for configurations involving four and five 2p electrons is
slight. For all configurations there is a sharp drop in the cr
section as the resonance region is approached from b
~which is partially filled in when one goes beyond th
averaged-amplitude approach!. Figure 4 ~the half-filled K
shell! shows similar qualitative properties far enough bel
the resonance. The configurations with four or five 2p elec-
trons do not differ much from each other away from t
resonance region. The linear behavior of the cross sectio
low energy persists to higher energies relative to the re
nance position than is the case in Fig. 3. Further discussio
given in Sec. IV. The behavior just below the resonan
region ~where the averaged-amplitude approach pred
sharp drops in the cross sections for the configurations w
zero, one, two, and three 2p electrons! is not shown in detail
as it is adversely affected by effects beyond the averag
amplitude approach, as will be discussed in Sec. VI.

Figure 5 shows the differential cross section at forwa

FIG. 8. Total cross section~integrated over angles! as a function
of energy for the ground-state and hollow-carbon-atom configu
tions. The ground-state cross section is small below the reson
region, as the 1s electrons are not contributing. The hollow ato
with all the electrons present in theL shell has the largest cros
section below the resonance region. Above the resonance regio
the energy is increased, the cross section for the hollow atom
all the electrons present in theN shell drops most rapidly as th
scattering from it becomes more forward peaked. The ground-s
cross section and that for the hollow atom with all the electro
present in theL shell fall off at nearly the same rate since they bo
involve manyL-shell electrons. The ground-state cross section
greater at high energies due to scattering off the tightly bounds
electrons, whose angular scattering profile is less forward pea
than those of higher-shell electrons.
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angle for scattering from four different hollow-atom config
rations. These cross sections approach the form-factor v
at high energies from below, in contrast to the situation
configurations with a fully filled or partially filledK shell
~see Figs. 2–4!. Below the resonance region the cross s
tions for configurations involvingL-shell electrons are no
ticeably larger than the form-factor value. The cross sect
for the hollow atom A1 is close to the form-factor valu
throughout the region, except near its~narrow! resonance,
and also at low energies, where the region of downw
transitions to theL shell is being approached. One can s
that the position of resonances corresponding to downw
transitions to the emptyK shell shifts toward higher energie
as the atom becomes more hollow, while the width of t
resonances narrows, corresponding to transitions from m
outer shells to theK shell. The hollow atoms C1 and C2 hav
cross sections below the resonance region that are cons
ably larger than the form-factor value. For further discussi
see Sec. IV.

Figure 6 shows the energy dependence of the differen
cross section at backward and at forward angle for the h
low neutral atom B1 and for the hollow ion C3 of ionicit
12. The hollow atom B1 differs from the hollow ion C
only in that it has two more electrons, placed in the 4s state.
Above the resonance region the cross sections behave
differently at forward angle. Well above theK edge both
configurations have constant forward cross sections, co
sponding to different numbersN of electrons in the two con-
figurations. The cross sections at backward angle for the
configurations are seen to quickly converge with increas
energy. Below the resonance region the cross sections at
ward and backward angle are similar within a given config
ration, and the cross sections are clearly different for
atom and the ion, which will be explained in Sec. V.

We now look further at the behavior of the cross sect
as a function of angle, before considering the total integra
cross sections~integrated over all angles!. Figure 7 shows the
scattering cross section as a function of angle at 1 and 5
for the ground state and an excited state with configura
(1s)1(2s)2(2p)2(4s)1. At 1 keV the cross section for the
ground state has an angular dependence close to the}(1
1cos2u) behavior expected in a dipole-dominant regime, a
this is true to a lesser extent for the excited case. At 5 k
the cross section for the excited case is seen to fall rapidl
first, corresponding to falloff of the subshell amplitude f
the electron in the 4s state. The cross section is lower for th
excited state than for the ground state at larger angle bec
there is effectively one less electron to scatter from. For f
ther details, see Sec. V.

Figure 8 compares the total integrated cross sections
hollow atoms~which have electrons placed in theL or N
shell! with that for the ground-state configuration, as a fun
tion of energy. The ground-state cross section is small be
the resonance region, as theK electrons are not contributing
The hollow atom C2 has the largest cross section below
resonance region. Above the resonance region, as ener
increased, the cross section for the hollow atom A1 dro
most rapidly, as the scattering from it becomes more forw
peaked. The ground-state and the hollow-atom C2 cross
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tions fall off at nearly the same rate above the resona
region, though the ground-state cross section remains la
than the hollow-atom C2 cross section. For further deta
see Sec. V. In the next sections we shall try to understand
origins of these observed features.

III. INDIVIDUAL SUBSHELL AMPLITUDES

Figure 9 gives a schematic description of the avera
real 2(11 f 8) and imaginary2( f 9) forward amplitudes
~per electron in units ofr 0) for the K, L, andM shells, ne-
glecting a detailed dependence on the choice of subs
These amplitudes correspond to averaging over magn
substates for a given subshell at the level of the scatte
amplitude~the averaged-amplitude approach!. We begin by
summarizing the main features which are illustrated in
figure. ~1! For each subshell, as one increases the ene
from v50, there is a gradual (}v2) rise of the real ampli-
tude to a region of a Rydberg series of upward transitio
i.e., f 8(0)521 and is becoming more negative, causing
real amplitude2(11 f 8) to become more positive.~2! Go-
ing across the threshold, the eventual outcome is a fi
negative step in the real amplitude to<21, i.e., f 8>0. ~3!
Amplitudes are finite at threshold~approached from above!:
f 9 turns on at threshold~being large in magnitude there!,
falling off with increasing energy, faster thanf 8. ~4! Above
the threshold for a given subshell, there are subsequent
lated resonant downward transitions corresponding tod
functions in f 9 affecting f 8 in regions near each downwar
transition, with a finite positive step in the amplitude~except
for theK shell, for which there are no downward transition
as it is the most deeply bound shell!. The largest of these
steps is that in theL-shell amplitude associated with theL
→K transition, as is indicated.~5! The sum of all steps in an
amplitude f 8 is 1, so f 8(`)50, and the real amplitude i
equal to21 in the high-energy limit.~6! Resonances corre
sponding to transitions between fully filled subshells in
given configuration are spurious; they cancel in the sum
amplitudes corresponding to that configuration.

In the independent-particle approximation, the who
atom Rayleigh scattering amplitudeAR is the algebraic sum
of the individual electron amplitudesAn

R . Since the ampli-
tude for scattering off a particular bound electron is cal
lated independently of the occupation of all other bou
states, all single-photon bound-bound transitions are
cluded in the summation. The scattering amplitude, for
nth electron, is@1,2#

An
R5r 0mc2

X

p

3F ^nuA* up&^puAun&
En2Ep1\v

1
^nuAup&^puA* un&

En2Ep2\v G , ~9!

wherep is a sum over all intermediate single-particle stat
regardless of occupation, andA (A* ) is the absorption
~emission! electron-photon interaction operator. The to
amplitudeAR is obtained by summingn over all electrons.
The amplitudeAn

R will show a resonance structure whenev
05271
e
er
,

he

d

ll.
tic
g

e
gy

s,
e

te

o-

,

f

-

-
d
-

e

,

l

r

the photon energy corresponds to a bound-bound trans
energy, for transitions between the bound stateun& and an
intermediate bound stateup&. If, however, the single-particle
bound stateup& is occupied, such a resonance is unphysic
In summing over all occupied, orbitals to obtain the to
amplitude, there will be an exactly canceling resonant te
in the amplitudeAp

R corresponding to transitions from th

FIG. 9. ~a! Schematic illustration of theK-, L-, andM-shell real
amplitudes~per electron! at forward angle. The amplitudes have
common negative limit at high energy. As the energy is decrea
the amplitudes pass through a series of isolated resonances c
sponding to downward transitions~with the exception of theK
shell! to more tightly bound shells. Associated with each downwa
transition is a step in the amplitude, related to the bound-bo
transition strength, with the amplitude being more negative be
the resonance. The largest step is in theL amplitude, associated
with the strongL→K transition, followed by those in theM ampli-
tude associated with theM→L and theM→K transitions. The
amplitudes approach a finite value as the edge for that she
reached. Below the edge there is a Rydberg series of resona
corresponding to upward transitions, represented by dark ba
Below the lowest-lying resonance the amplitude approaches
from above, proportional tov2 at low energy.~b! The correspond-
ing imaginary parts rise to a finite value as the edges are approa
from above. The amplitudes also containd-function terms when-
ever the energy equals that of a bound-bound transition. Below
edge for a given shell, the amplitude for that shell vanishes, ex
for the Rydberg seriesd-function terms just below the edge corre
sponding to upward transitions to higher shells, represented by
bands. The location of the isolated downward transitions are in
cated. The imaginary amplitudes are always positive, except
negatived-function terms at energies corresponding to downw
bound-bound transitions.
4-7



-

e
se

a
r

am
c

ns

um
th

-
ce

xa
e
ar
e

bl

g
m
a
fe
a
I.
ra
a
el
r

he

en

i
i-

h
h

-
on
n

ud

e
g
pl
c

lls
ti
p

ll in
nite
eries
ur-
ove,

he
total
de
lso

gi-
ite
e

ve
to
g
e
ept
ard

er-
o-
gies

hold,

the
pri-
be

tter-
ite

orm

sid-
he
ugh
10
V,

ring
x-
es,

ons
it
ber

th
m

CARNEY, PRATT, KISSEL, ROY, AND SEN GUPTA PHYSICAL REVIEW A61 052714
occupied bound stateup& to the occupied bound stateun&.
Consequently all subshell amplitudes~corresponding to sub
shells that are partially or fully occupied! will contain reso-
nant terms corresponding to transitions to all other subsh
~though these resonances may be very weak, as in the ca
dipole-forbidden resonances!. In the total amplitude, how-
ever, there will not be resonant terms corresponding to tr
sitions between subshells that are both fully filled, or a
both half-filled, as the resonant terms for each subshell
plitude cancel exactly in the averaged-amplitude approa
~There also will not be resonances corresponding to tra
tions between subshells that are both unoccupied.! More gen-
erally, upward and downward resonances cancel if the n
ber of upward and downward transitions are equal, i.e., if
number of electronsnA andnB in subshellsA andB contain-
ing NA and NB substates, respectively, satisfynANB
5nBNA , for example (p)1(g)3. ~See Sec. VI for a discus
sion of the extent to which this cancellation of resonan
depends on the averaged-amplitude approximation.!

We note that the averaged-amplitude approach is e
within the IPA for fully filled subshells, and it is approximat
for partially filled subshells. This approximation in particul
neglects elastic incoherent scattering, present when ther
partially filled subshells. In the more proper treatment~in-
volving an averaging over cross sections for all possi
magnetic substate configurations! there will be additional
amplitudes. Nevertheless the magnetic substate avera
approximation generally works well for scattering fro
many-electron atoms, since it takes account of the domin
coherent scattering; this allows us to discuss the general
tures of scattering from excited states using the schem
amplitudes of Fig. 9. We shall revisit this issue in Sec. V

Figure 9 is only intended to give a picture of the gene
form of the amplitudes, as there are details that will be p
ticular to a specific configuration. If we look at the subsh
amplitudes, in the case of theK shell resonances will appea
just below theK edge, corresponding to transitions to all t
higher shells, some of which will be~partially! filled. For
L-shell amplitudes, resonances will appear in two differ
regions. One region, with a behavior similar to that for theK
shell, will be below theL edge, and the resonances are sim
lar to those forK shell, though now corresponding to trans
tions to all shells above theL shell. Since theL edge for
carbon states is generally of the order of tens of eV, t
feature does not fall within the energy range studied. T
second resonance region of theL-shell amplitudes corre
sponds to the energy of downward bound-bound transiti
from theL shell to theK shell. This feature will appear eve
for configurations where theK shell is filled, such as the
ground state, since the calculation of a subshell amplit
includes transitions to all other states.

A common description applies to all~partially! filled
shells. As is seen in Fig. 9, all given real forward amplitud
for scattering from a bound electron have a common ne
tive high-energy limit. As the energy is decreased an am
tude passes through a set of widely spaced resonances
responding to downward transitions to lower-lying she
Except for these resonances the amplitude remains nega
becoming more negative below each resonance. The am
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tude approaches a finite value as the edge for the she
question is reached. Just below the edge there is an infi
sequence of resonances corresponding to the Rydberg s
of upward transitions to higher shells. As the energy is f
ther decreased the amplitude approaches zero from ab
proportional tov2 at low energy.

The imaginary amplitudes rise to a finite value as t
edges are approached from above, as for the photoeffect
cross section, which is related to the imaginary amplitu
through the optical theorem. The imaginary amplitudes a
contain positive~negative! d-function terms whenever the
energy is equal to that of an upward~downward! bound-
bound transition. Below the edge for a given shell the ima
nary amplitude for that shell vanishes, except for the infin
sequence of positived-function terms just below the edg
corresponding to upward transitions to higher shells. TheL-
and M-shell imaginary amplitudes contain a negati
d-function term corresponding to downward transitions
theK shell, theM-shell imaginary amplitude also containin
such a term corresponding to downward transitions to thL
shell. The imaginary amplitudes are always positive, exc
for d-function terms at energies corresponding to downw
bound-bound transitions.

For a given subshell amplitude, there are small diff
ences for different configurations, primarily shifts in the p
sitions of the edges and the bound-bound transition ener
and changes in the bound-bound transition strengths.~There
can also be shape and structure effect changes near thres
as in the corresponding photoeffect cross sections.! The total
amplitude for scattering will depend on which subshells
electrons are placed in, i.e., the choice of configuration,
marily in determining what subshell amplitudes are to
summed, and with what weights.

The previous discussion has been for the forward sca
ing subshell amplitudes. The subshell amplitudes at fin
angle can be well approximated by the angle-dependent f
factor and the anomalous scattering amplitudes~taken to be
angle independent!, as defined for that subshell. TheK-shell
amplitude has a dipole behavior for the energy range con
ered. TheL-shell amplitude has a dipole behavior below t
resonance region, and it falls off above the resonance, tho
there is still a contribution to backward-angle scattering at
keV. TheN-shell amplitude has a dipole behavior at 100 e
but it immediately begins to fall off through theK resonance
region. In the next sections the features in the scatte
cross sections which were identified in Sec. II will be e
plained in terms of the behavior of the subshell amplitud
considering the regions above and below theK edge, but
above theL edge.

IV. FORWARD-ANGLE SCATTERING

It was seen in Fig. 2 that the forward-angle cross secti
for different configurations approach the high-energy lim
along one of three common curves depending on the num
of 1s electrons in the configuration. For hollow atoms wi
no 1s electrons the high-energy limit is approached fro
below. For configurations with one or two 1s electrons there
is a maximum in the cross section above theK edge, and the
4-8
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RAYLEIGH SCATTERING FROM EXCITED STATES OF . . . PHYSICAL REVIEW A 61 052714
high-energy limit is approached from above.~Note that this
is not the case for high-Z atoms.! This behavior can be un
derstood from the form of theK-shell amplitude seen in Fig
9. As one moves away from theK edge toward the high
energy limit, the real part becomes slightly more negat
than the form-factor value~this detail is particular to low-Z
atoms!, the difference being given byf 8. As we are above al
edges in this region, all real subshell amplitudes are nega
and will sum without cancellation; theL- and higher-shell
amplitudes approach FF values while theK-shell amplitude
is still changing. The imaginary parts are important ju
above threshold, but their contribution to the cross sec
quickly falls off with increasing energy. The minimum in th
real part of theK-shell amplitude~and to some extent th
large-near-threshold imaginary amplitude! gives rise to a
maximum in the cross section. The imaginary part falls
quickly, so that the form of the curves as the high-ene
limit is approached is governed byf 8 alone. TheK-shell real
and imaginary amplitudes for configurations with the sa
number of 1s electrons coincide well above theK edge, giv-
ing rise to the common curves.

In Fig. 3, for configurations with two electrons in the 1s
state, all cross sections exhibit a deep dip as the reson
region is approached from below. Since theK shell is fully
filled, any physical transition between theK shell and any
other shell must be an upward transition. If that other she
also fully filled then there can be no physical transition b
tween the two. Looking now at theK-, L-, andM-shell am-
plitudes shown in Fig. 9, one first sees that the general
tures just below the resonance region are going to
dominated by the real amplitude, since theK-shell imaginary
component vanishes below the resonance region and
higher-shell imaginary component is relatively small. W
below the resonance region, the net real amplitude will
negative, since the positiveK-shell amplitude is becoming
small and the real amplitudes for the other shells are ne
tive. As the resonance region is approached from below,
positiveK-shell real amplitude becomes large, correspond
to upward transitions to all other shells, while the high
shell real amplitude becomes large and negative, corresp
ing to downward transitions to theK shell. Summing up, to
obtain the total real amplitude, upward and downward re
nant contributions corresponding to transitions between
cupied states should cancel. Since the physical transit
must be upward, the net real amplitude must be positive
below the resonance region, i.e., as one becomes close t
K-shell resonance region from below, the surviving re
nances are upward resonances of the positiveK-shell ampli-
tude, so that as the first resonance is approached from b
the positiveK amplitude grows. Thus the total real amplitud
must change sign; there is a zero in the real amplitude be
the resonance region, and all configurations involving a fu
filled K shell are expected to exhibit a deep dip in the cr
section at an energy corresponding to the zero in the
amplitude.

The near-zero observed in the cross sections is see
occur at a lower energy for configurations with more 2p
electrons. This is primarily due to the downward shift of t
K-shell binding energies, and the resulting decrease in
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energies of the upward transitions from theK shell, for con-
figurations with more electrons in theL shell rather than in
outer shells~moreL electrons increases the screening of t
K shell!. However, this downward shift of the near-zeros d
to the shift in the binding energy is partially compensated
by a shift upward, since with more 2p electrons the negative
higher-shell real amplitude is larger and cancels the posi
K-shell real resonant amplitude closer to the first real re
nance. We note that effects beyond the averaged-ampli
approach~including incoherent elastic scattering and un
solved inelastic contributions, as described in Sec. VI! tend
to partially fill in the near-zeros. These additional contrib
tions are large close to resonance, quickly becoming sm
away from resonance, such that the near-zeros seen in
configurations with twoK electrons are still apparent.

We note the separation of cross sections with differ
numbers of 2p electrons below the resonance region. Fro
Fig. 9 it is seen that there is a noticeable step in the p
electronL-shell real amplitudes in passing through the dow
ward resonance to theK shell, related to the strength of th
2p↔1s resonance, with the amplitude being more negat
below the resonance. Therefore configurations with morep
electrons~rather than putting them in theN shell, where they
would give a FF contribution! have greater cross section
due to this step. However when one has manyL-shell elec-
trons, screening effects begin to decrease the reson
strength, hence also decrease the size of the per-elec
step. As a result there is no clear separation of cross sec
with three and four 2p electrons~i.e., increasing the numbe
of electrons from three to four is compensated for by
decrease in the size of the per-electron step!. Therefore one
is increasing the cross section as one increases the numb
2p electrons from zero, but as the subshell becomes clos
being fully filled the screening effects become dominant a
there is no longer any substantial increase in the cross se
as the number of 2p electrons is increased.

The situation is more complicated for configurations w
one electron in the 1s state, as shown in Fig. 4. Now there
the possibility of having a net downward number of tran
tions to theK shell from other shells. Within the average
amplitude approximation this implies that configuratio
with zero, one, two, or three electrons in the 2p state still
exhibit a deep dip in the cross section as the resonance
gion is approached from below, as in Fig. 3. For zero, one
two 2p electrons the 2p shell is less than half filled and th
net number of transitions is upward, so the previous ar
ment given for the case of a fully filledK shell still applies.
For the configuration with three 2p electrons the net numbe
of transitions is zero, meaning the 1s↔2p resonant contri-
butions cancel in the averaged-amplitude approach. H
ever, the averaged-amplitude approach would still predic
deep dip, since the same argument applies to transitions
tween the 1s and 3p states, the next strongest resonance~and
the M shell is vacant for all configurations shown!. In this
case the near-zero in the cross section is at a higher en
since the resonance being approached is at a higher en
@In fact for any excited carbon configuration of the for
(1s)1(2p)3 . . . this will be the case, as there are not enou
remaining electrons to more than half fill theM2,3 subshell,
4-9
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CARNEY, PRATT, KISSEL, ROY, AND SEN GUPTA PHYSICAL REVIEW A61 052714
giving a net upward number of transitions.# However with
only one electron in theK shell the positions of the average
amplitude near-zeros occur closer to resonance, where
fects beyond the averaged-amplitude approach are large
tend to fill in the near-zeros. Therefore, we do not show t
detail just below resonance.

Once there are more than three electrons in the 2p state
there is a net downward number of transitions. So in the t
real amplitude there is no zero before the large nega
L2,3-subshell downward resonant amplitude begins to do
nate. Therefore, even the averaged-amplitude approach
dicts no sharp dip for these cases. There still is a slight di
the cross section due to the gradually increasing posi
K-shell real amplitude~before the real negative net 2p→1s
narrower downward resonant transitions dominate!, but there
is no zero in the total real amplitude and no sharp drop in
~averaged-amplitude! cross section for these cases. Well b
low the resonance region the separation of adjacent c
sections is seen to decrease for configurations with morep
electrons, just as for the configurations with a fully filledK
shell. This is again due to the decrease of the downw
2p→1s transition strength, defined per 2p electron, as the
number of 2p electrons is increased, due to screening effe
combined with the replacement of outer-shell downwa
transitions with 2p downward transitions. The cross sectio
for configurations with four and five 2p electrons are again
close together and are seen to cross over at low energy~It
should be remembered that the imaginary part of the am
tude, while small, is not negligible, and complicates the s
ation, especially when discussing such slight differences
tween cross sections.!

Figure 5 shows the differential cross section at forwa
angle for scattering from four different hollow-atom config
rations, to see the types of differences which occur.~The
angular dependence and the total cross section for scatt
from hollow atoms and ions will be considered in Sec. V!
All cross sections approach the form-factor value at h
energies from below, in contrast to the situation for config
rations with a fully filled or partially filledK shell. Below the
resonance region the cross sections are larger than the f
factor value, though the hollow-atom A1 cross section
close. One can see the position of resonances correspon
to downward transitions to the emptyK shell shifting toward
higher energies as the atom becomes more hollow, while
width narrows due to the weaker downward transitions fr
outer shells. The limiting value for downward transitio
resonance positions should be the Coulombic binding ene
for a single electron in the 1s state, withZ56. This is be-
cause, as the atom becomes more and more hollow, the
trons, now being placed in Rydberg states, see an incr
ingly Coulombic potential. Also, as the electrons beco
more loosely bound, their binding energy becomes insign
cant when compared to theK-shell binding energy, so the
transition energy, which is the difference between these,
comes closer to theK-shell binding energy, which itself is
approaching the Coulombic value. There are no deep dip
the cross sections as the resonance region is approached
below. This is easily understood, since there is no cance
positive K-shell amplitude and hence no upward resona
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transitions. The real amplitude is negative at low energy a
becomes more and more negative as the resonance reg
approached from below. Just above the resonance we s
dip in the cross section, though these dips are generally
rious for hollow-atom configurations with partially filled
subshells, as seen for hollow lithium in Sec. VI.

The cross section for the hollow atom A1 is seen to
close to the form-factor value throughout the region, exc
at the position of the resonance, and at low energies, wh
the region of downward transitions to theL shell is being
approached. The decrease in the magnitude of the neg
real amplitude as the resonance is approached from ab
causes the cross section to fall. The other configuration
Fig. 5, involving 2p electrons, have elevated cross sectio
at forward angle below the resonance region. This enhan
ment is of particular interest since the cross section is
sharply forward peaked, and so there is a substantial t
cross section, as will be discussed further in Sec. V. Th
cross sections are elevated due to the strength of the do
ward 2p→1s transition, and the corresponding step in t
negativeL2,3-subshell real amplitude. However, it is not ne
essarily the case that the maximum cross section is obta
by placing all the electrons in the 2p state, since even thoug
the number of the downward transitions is greatest,
strength of the transition per 2p electron decreases as theL
shell is filled: cross sections for configurations with five a
six 2p electrons are similar. At low energies these cro
sections rise again, with the effect being more pronoun
for configurations with moreL-shell electrons. This is simply
due to the increasing contribution of the imaginary amplitu
f 9. Since theK shell is vacant, theL shell is more tightly
bound, and 100 eV is relatively closer to theL edge than for
configurations involvingK electrons.

V. ANGULAR DEPENDENCE AND TOTAL CROSS
SECTIONS

Since the anomalous scattering factors are to a good
proximation independent of angle at these energies, ang
distributions may be understood in terms of the interplay
the form factor and the~angle-independent! anomalous am-
plitudes. TheK-shell Coulombic form factor is easily foun
from Eq. ~6!:

f K~q!5

S Z

2r 0
D 4

F S Z

2r 0
D 2

1q2G2 . ~10!

In general the form factor is equal to unity for zero mome
tum transfer, and drops to zero for large momentum tran
(q large in comparison withZ/r 0).

More specifically, the form-factor amplitudes for scatte
ing off a particular bound electron will begin to fall off whe
the momentum transfer is close to the typical momentum
the bound electron; that is, when

\q52\v sin 1
2 u'A2muEu, ~11!
4-10
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whereE is the binding energy of the electron andm is its
reduced mass. Thus in C theK-shell form factor begins to
show fall off at back angles for\v'8 keV, theL shell by
'1.5 keV, and theN shell by'0.2 keV. For these low-Z
cases the anomalous amplitudes for a given electron bec
small for energies well above its threshold, except in
vicinity of any of its strong downward transition energie
but for largeq they may still dominate the form factor, whic
is dropping withq. As one passes through a strong resona
the real forward amplitude looks approximately like a ste
as seen in Fig. 9. The magnitude of this step inf 8 is given by
the strength of the transition in question. Below the thresh
and Rydberg resonant region for a given electron the am
tude for scattering approaches zero. The contribution of
imaginary part of the total scattering amplitude to the sc
tering cross section can be important for energies just ab
threshold~it vanishes below threshold except at the positio
of bound-bound transitions!, but its contribution to the cros
section falls off quickly with increasing energy. Knowing th
binding energies of the electrons in a given configurati
and the anomalous scattering factors if they are signific
allows one to estimate how the cross section will drop a
function of angle or energy or both.

Since the below-threshold near-zeros, seen for config
tions with two K electrons, involve the~inner! K-shell real
amplitude cancelling with negative~near! form-factor ampli-
tudes, we expect the position of the near-zero to change
angle if the form factors themselves fall off with increasi
angle. Therefore, in our examples, if the configuration
volvesN-shell electrons, their negative form-factor contrib
tion will decrease with increasing angle, causing the can
lation leading to the near-zero to occur at lower energ
further away from resonance. We find that for the config
ration (1s)2(4s)2(4p)2, for which the effect will be most
apparent, the near-zero shifts to lower energy by'5 eV for
backward angles~as compared to forward angles!.

In Fig. 6 the cross sections at backward angle for hollo
atom and hollow-ion configurations~which differ only in
having additional outer-shell electrons in the neutral ato!
converge at high energy. This occurs because~except in the
forward direction! the photon is no longer scattering o
those outer electrons at high energies, and the scatterin
off the same configuration of inner electrons. Near theK
resonance region the cross sections for the hollow atom
the hollow ion differ, both due to the anomalousN-shell
amplitudes and to the effects of fall off of theN-shell form
factor, which is occurring through theK resonant region. Fo
the ion the cross sections below the resonance region c
cide for forward and backward angles. This is due to the f
that falloff in the amplitude has not occurred at these l
energies for any of the electrons in the ion. For the ato
falloff in the amplitude for the loosely bound 4s electrons
begins as theK resonance is approached, and the backw
cross section starts to fall below the value at forward an
The fact that the 4s electrons are contributing significantly t
forward and backward scattering below theK resonance re-
gion explains why the cross sections are so different for
atom and the ion, while above the resonance region t
contribution to backward scattering diminishes.
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Figure 7 shows the scattering cross section as a func
of angle at 1 and 5 keV for the ground state and an exc
state with configuration (1s)1(2s)2(2p)2(4s)1. At 1 keV the
cross section for the ground-state case is close to the}(1
1cos2u) angular behavior predicted by dipole approxim
tion; and this is also true to a lesser extent for the exci
case, reflecting that form factors have not yet begun to
off. At 5 keV the cross section for the excited case is seen
fall more rapidly at first with angle, corresponding to a fa
off of the subshell amplitude for the electron in the 4s state.
At larger angles the scattering from theL shell drops off. The
cross section is lower for the excited state than for
ground state at larger angle because there is effectively
less electron to scatter from. At these energies scatterin
still taking place from the whole of theK-shell charge dis-
tribution ~twice as large for the ground state as for the e
cited state! at all angles. At back angles there is still som
scattering from theL shell even at 5 keV.

For the energy range~100 eV to 10 keV! considered here
outer shells such as theN shell will have large forward am-
plitudes, even at 100 eV~still well above theN edge!, but
these will be strongly forward peaked in angle for energies
and above theK resonance region. Since the maximum of t
peak stays constant as the energy is increased~as predicted
by form-factor theory!, this implies a small total cross sec
tion for the hollow atom A1, when integrated over all angle
as is seen in Fig. 8. For energies below and above the e
for a given shell~but not so high that the backward-ang
momentum transfer is comparable to the typical electron m
mentum for that subshell:&8, 1.5, and 0.2 keV for theK, L,
andN shells, respectively! the amplitude will be essentially
dipole in form, displaying the}(11cos2u) angular behavior
in the cross section predicted by the Thomson formula.
ferring back to Fig. 8, it was seen that the hollow atom
had a large forward cross section below theK-edge reso-
nance region, in excess of the form-factor value and the c
responding cross section for the ground-state configurat
This is a dipole region for theL-shell amplitude, leading to
the }(11cos2u) angular distribution in the cross sectio
thus giving rise to a very large total cross section, as muc
five times as large as that for the ground state at 100 eV~just
above theL edges!. This is what is seen in Fig. 8. The tota
cross section for the hollow atom A1 falls off through th
resonance region as the scattering amplitudes become
ward peaked. The hollow atom C2 has a large total cr
section below the resonance region, this being due to
dipole angular distribution and the large forward value
the differential cross section, as was discussed in Sec. I

As theK resonance region is approached from below,
ground-state total scattering cross section exhibits a d
minimum, while those for hollow-atom configurations d
not, since there are no upward transitions. Just above
resonance region, the ground-state total scattering cross
tion is larger than that for the hollow atom C2 due to t
contribution of the anomalousK-shell amplitudes. At higher
energies, falloff in theL-shell amplitudes occurs, causing th
K-shell contribution to dominate. In general hollow atom
~with the electrons in a given outer shell! will have large
total cross sections for energies above the edge for that s
4-11
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though at sufficiently high energies where the form facto
dropping off at finite angle, the total cross section will dro
@Thus, in our examples, above theL andK edges we have a
large cross section for the hollow atoms, beginning to d
off for the hollow atom A1.# In addition, below the inner
thresholds the cross section will be elevated due to the
in the real scattering amplitude associated with downw
transitions to the~vacant! inner shells.@In our example, this
enhances the hollow-atom C2 cross section in the reg
below theK edge. The step is much smaller for theN→K
transition.#

VI. EFFECTS OF PARTIALLY FILLED SUBSHELLS

We have noted that the previous discussion was base
an averaging over all magnetic substates of a given subs
at the level of the scattering amplitude. This proced
~averaged-amplitude approach! is exact for fully filled sub-
shells, but approximate for partially filled subshells. F
ground-state atoms, one generally has a large fraction o
electrons in fully filled subshells, and this procedure is se
to work well @29#. However, with excited states there exis
the possibility of there being greater effects associated w
the approximate treatment of partially filled subshells. N
that only by using the averaged-amplitude approach wa
possible to characterize general features solely in term
the schematic amplitudes of Fig. 9. In the general case t
will be other amplitudes. These concerns will be greatest
the lightest atoms, or for energies low enough that very f
electrons participate in scattering.

A more proper treatment involves averaging the ela
scattering cross sections for all possible magnetic subs
configurations, including incoherent elastic scattering, i.e
which the magnetic substate configuration changes in s
tering. In addition it may also be appropriate to consid
inelastic scattering between nearly energy-degenerate
shells ~e.g., 2p1/2 and 2p3/2), as this may not be distin
guished from elastic scattering given a finite experimen
energy resolution.

In Fig. 10 we show the forward-angle cross sections
scattering from a hollow lithium atom with a configuratio
(2s)2(2p)1, above and below theL→K resonance. The
cross section in the averaged-amplitude approximation
shown together with the more proper elastic scattering c
section~averaging cross sections over all possible magn
substate configurations!. The total cross section include
both the elastic cross section~coherent and incoherent! and
inelastic cross sections involving transitions between
~nearly energy-degenerate! 2p1/2 and 2p3/2 subshells. Effects
associated with the averaging procedure will generally
comparatively larger than in carbon, as there are fewer e
trons.

Generally the differences between the cross section
Fig. 10 are fairly small, and generally they are expected to
less important than the~configuration-dependent! features
seen in the carbon scattering cross sections using
averaged-amplitude approach. However, an important dif
ence can be seen just above the resonance, where
averaged-amplitude approach leads to a near-zero in
05271
s
.

p

ep
d

n

on
ell
e

r
he
n

th
e
it
of
re
r

w

c
te

n
t-

r
b-

l

r

is
ss
ic

e

e
c-

in
e

he
r-
the
he

cross section, which is removed in the more proper tre
ment, leaving only a dip in the cross section. The origin
this near-zero in the averaged amplitude approach is tha
one real amplitude passes though zero as the resonanc
gion is approached from above~see theL- andM-shell real
amplitudes in Fig. 9!, due to the presence of isolated dow
ward transitions.

However in the more proper treatment there are additio
resonant elastic amplitudes, which are finite at this locati
as well as finite resonant inelastic amplitudes correspond
to 2p1/2↔2p3/2 transitions. The corresponding cross sectio
should all be added incoherently. These additional cross
tions ~including incoherent elastic scattering and unresolv
inelastic contributions! are generally large when the partial
filled subshell anomalous amplitudes are large, and there
they become unimportant away from resonances~except be-
low the subshell’s threshold!, vanishing in the form-factor
approximation. Therefore, a near-zero predicted in
averaged-amplitude approach will be spurious~i.e., filled in
by the additional contributions! if it occurs sufficiently close
to resonance. This is necessarily the case in Fig. 10, whe
is the large anomalous real amplitude of the~partially filled!
2p subshell which gives rise to the averaged-amplitude ne
zero. Therefore near-zeros above threshold~see Figs. 5 and
6! will generally be spurious except for the case of fu
filled subshells@e.g., the (2p)6 configuration in Fig. 5#.
Since theL-shell amplitudes are still largely dipole dom
nated just above the resonance threshold, these feature
expected to be similar at all angles.

Similarly below-threshold near-zeros will also genera
be spurious if they occur sufficiently close to resonan
where the partially filled subshell anomalous amplitudes
large. However, as seen in Fig. 9, theK-shell real amplitude
can be large and positive below the resonance where thep

FIG. 10. Forward-angle cross sections for scattering from a h
low lithium atom with configuration (2s)2(2p)1 above and below
the L→K resonance. The cross section in the averaged-ampli
approximation is shown together with the more proper elastic s
tering cross section~averaging cross sections over all possible ma
netic substate configurations!. The total cross section includes bo
the elastic cross section~coherent and incoherent! and inelastic
cross sections involving transitions between the~nearly energy-
degenerate! 2p1/2 and 2p3/2 subshells.
4-12
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anomalous amplitude is small~the resonance in the 2p am-
plitude is comparatively narrow!, such that the averaged
amplitude near-zero can occur at sufficiently low energy
the additional effects to be small, leading to a near-zero
is not spurious. Such is the case for the configurations w
two K electrons in Fig. 3. For configurations with only oneK
electron~halving the positive below-resonanceK-shell real
amplitude! any near-zeros that occur are closer to resonan
and they are washed out by the additional effects. Note
for ground states of low-Z atoms, near-zeros generally occ
far enough below threshold to be real effects in the cr
section, at all angles.@For higherZ the relevant transition
strengths, involving the valence electrons, are weaker,
there is a large form-factor background associated with m
different subshells~and different corresponding falloffs!,
which complicates the situation.#

For configurations with two subshells that are half-fille
the averaged-amplitude approximation predicts that th
will be no resonant contribution corresponding to transitio
between the two subshells~since the upward transitions ex
actly cancel the downward transitions in the averaged am
tude!. This leads to the averaged-amplitude cross section
ing smooth at the resonance position~and possibly then
exhibiting a near-zero as the next resonance is approac
depending on the configuration!. However there will gener-
ally be real resonant beyond-averaged-amplitude effect
the cross section, corresponding to transitions between
half-filled subshells.

VII. CONCLUSIONS

We have examined the differential and total cross sect
for elastic photon scattering from excited states of carb
atoms and ions, comparing results for different configu
tions including the ground-state configuration. Energies c
sidered ranged from just above theL edge to well above the
K edge, where form factors alone were found to be sufficie
Angle-dependent form factors, together with the anomal
scattering factors~taken to be angle independent!, approxi-
mate well the scattering amplitudes over the whole ene
range considered. The behavior of the full amplitudes a
cross section can be understood in terms of the feature
the subshell amplitudes.

Cross sections for configurations with the same numbe
K electrons~and the same number of total electrons! ap-
proached the high-energy form-factor limit along a comm
curve, giving rise to three such curves. Below the resona
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region cross sections tended to separate according to
number of electrons in the subshells corresponding to
strongest transitions. For configurations with twoK electrons
~including the ground state! there were deep minima in th
cross section below the resonance region. Cross section
neutral atoms and ions, while different at forward angle
to the different number of electrons, were seen to coincid
backward angle for high energies if the configuration of
core electrons was the same.

Total integrated cross sections for hollow-atom confi
rations were investigated and compared to the ground-
configuration. Below the resonance region hollow atoms
hibited total cross sections substantially larger than tha
the ground state by factors of 4 or 5 for configurations w
all electrons present in theL shell. Above the resonance r
gion the cross section for the hollow atom with all electro
present in theN shell fell quickly, while that for the hollow
atom with all electrons present in theL shell remained com
parable to the ground-state result.

The excited-state configurations considered here illus
some of the dominant features in elastic photon scatte
from excited atoms and ions for energies above and be
the K resonance region, but above theL edge, while hydro-
genic results suggest the behavior at valence-electron
gies. The results presented here should provide some
ance in further discussing Rayleigh scattering from o
multielectron excited atoms and ions and in other ene
ranges.

The main results discussed here were obtained with
approximation of averaging over magnetic substates a
level of the scattering amplitude, exact only for closed s
shells. Scattering from a hollow lithium atom, with and wi
out making this approximation, was used to illustrate
further effects associated with partially filled subshells. G
erally these effects are small, though it was seen that n
zeros in cross sections above the resonance region for h
atoms are spurious, unless the dominant downward tr
tions are from fully filled subshells@the case of C (2p)6].
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