
PHYSICAL REVIEW A, VOLUME 61, 052709
Ionization in collisions between„200–2000…-keV protons and He¿„1s, 2s, or 3s… ions
studied using a Sturmian basis

Thomas G. Winter and Janis R. Winter
Department of Physics, Pennsylvania State University, Wilkes-Barre Campus, Lehman, Pennsylvania 18627

~Received 14 December 1999; published 10 April 2000!

Cross sections have been determined for ionization as well as stripping in collisions between protons and
He1 ions in the 1s, 2s, or 3s state for proton energies from 200 keV to 2 MeV using the coupled-Sturmian-
pseudostate approach. Detailed convergence studies are presented. For comparison, and to include neglected
higher partial waves, first Born cross sections are also reported. By using a larger basis, this work extends
earlier calculations that were limited to the 1s initial state@T. G. Winter and S. G. Alston, Phys. Rev. A45,
1562~1992!#. Further, a correction has been applied to the uneven distribution of Sturmian-generated energies
at the ionization threshold, yielding cross sections much more stable with respect to basis size.

PACS number~s!: 34.50.Fa
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I. INTRODUCTION

Ionization, as well as electron transfer, in collisions b
tween protons and He1 ions in the ground state has been
considerable interest both theoretically and experiment
for more than two decades. In the past decade, several
culations have been reported on this basic asymmetric c
sional system and, of these, the coupled-state approache
potentially the more reliable over the largest range of en
gies. Extensive coupled-Sturmian-pseudostate calculat
were reported in 1990 by Stoddenet al. @1# and, two years
later, by Winter and Alston@2#, the latter authors focusing o
higher energies. More recently, Henneet al. @3# proposed
and applied a doorway approximation@3# of the time-
dependent optical potential and Errea and Sa´nchez@4# em-
ployed a similar coupled-state approach includi
probability-absorber or doorway states, while Erreaet al. @5#
used a coupled-molecular-state approach with pseudost
Hose @6# and Brown and Crothers@7# also considered the
same collisional system, but for electron transfer only. T
largest basis calculation was the single-center calculatio
Hall, Reading, and Ford@8#. These theoretical works on ion
ization and electron transfer from the ground state also c
earlier theoretical results. The most recent experiments w
carried out by Wattset al. @9# and Rinnet al. @10#, but only
the earlier measurements of Angelet al. @11# extended into
the presently considered higher energy range.

Hall et al. @8# also reported coupled-state results forn
52 initial states. There are no other coupled-state results
n52 initial states, and none for more highly excited initi
states. There are no experimental results for any excited
tial state.

These collision processes are not only fundamental
also relevant to understanding nuclear fusion. In mu
catalyzed fusion, 23% ofam ions are in an excited stat
following fusion @12#, and the stripping~transfer or ioniza-
tion! cross section in part determines the extent to wh
muons are available to catalyze subsequent fusions@13#. This
cross section may be scaled to that with electrons rather
muons @13#. Of particular interest arep-He1 collisions in
which the relative velocity is about 5a.u.51.093107 m/s
1050-2947/2000/61~5!/052709~11!/$15.00 61 0527
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@14#, corresponding to a proton energy of 625 keV; the hig
est relevant speed is that of anam ion following fusion, 5.83
a.u. @13#.

The present article considers the process of stripping fr
the 1s, 2s, or 3s states and encompasses the intermed
and higher proton energies 200–2000 keV; at these ener
stripping and ionization will be seen to be almost synon
mous.

This work extends the coupled-Sturmian-pseudostate
culations of Refs.@1,2# to the 2s and 3s initial states. In
addition, the ground-state process has also been re-exam
with a larger, more systematically varied basis and with
tention to a correction for the uneven distribution of pse
dostate eigenvalues at the ionization threshold. For each
tial state, the results can be benchmarked against the B
approximation at sufficiently high energies, and the ene
range of validity of the Born approximation can also be d
lineated.

The outline of the paper is as follows. In Sec. II, th
Sturmian approach will be summarized and the thresh
correction described. In Sec. III, the convergence of cr
sections with respect to basis size will be presented in de
using the Born values as reference points, and the larg
basis results will be compared with other available coupl
state results and experimental results. Atomic units are u
except where otherwise noted.

II. METHOD

A. Background

Sturmians were introduced in atomic~specifically, elastic
e-H ande1-H) scattering theory by Rotenberg in 1962@15#.
Six years later, Gallaher and Wilets carried over the coupl
Sturmian approach to ion-atom (p-H) scattering@16#. In the
early 1970’s, Reinhardt, Oxtoby, and Rescigno@17#, and co-
workers successfully applied the Sturmian, or fixe
exponent-Laguerre, basis toe-H ~and othere-atom! scatter-
ing, while a little later Shakeshaft@18# made several
innovations working onp-H collisions. The fixed-exponen
basis was also applied at that time toe-H2 scattering by
Winter and Lane@19# in a limited calculation. In 1982, Win-
©2000 The American Physical Society09-1
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THOMAS G. WINTER AND JANIS R. WINTER PHYSICAL REVIEW A61 052709
ter extended the Sturmian approach to asymmetric ion-a
~specifically,p-He1 and He21-H) collisions@20# and later to
other systems@21#. In the early 1990s, Bray and Stelbovic
@22# and co-workers began extensive, highly successful S
mian calculations, first one-atom scattering with H targets
and later with many other targets. There have thus been
parallel, somewhat disjoint approaches, one applied
e-atom scattering and the other to ion-atom scattering.

The setup of the computational formalism used by Win
in ion-atom collisions may be found in Ref.@20#, and present
numerical details are, for the most part, as in Ref.@21#, ex-
cept for the threshold correction to be described in the n
section. Whether applied to collisions for which the proje
tile is an electron or an ion, the radial Sturmian basis fu
tions are simply exponentialse2cr multiplied by polynomi-
als in the radial variabler, with c being fixed for a given
angular momentuml. Since the polynomials form a comple
set, the Sturmians do as well.~For a large, two-center basis
the set is overly complete.! In most of Shakeshaft’s and Win
ter’s work,c is taken to beZ/( l 11), whereZ is the nuclear
charge of a particular center. If the initial state is the grou
state~or 2p,3d, etc.!, this ensures that the initial state can
represented by a single Sturmian. For simplicity and p
gramming convenience, this is also done in the present w
even though other considered initial states, particularlys,
will be seen to require many more Sturmians to repres
them.

Following Rotenberg@15#, Gallaher and Wilets@16#, and
Shakeshaft@18#, Winter has employed orthogonal Sturmia
with 1/r ~i.e., potential! weighting, while those of Bray and
Stelbovics are orthogonal without this weighting factor. A
though the former set may be somewhat less well con
tioned in very large calculations of limited accuracy, bo
sets span the same space. To test for numerical difficu
with the present pseudostate basis of up to principal quan
numbern518 ~larger than used in the past by Winter! for
eachl, energy eigenvalues have been computed using b
the existingFORTRAN program andMATHEMATICA ; the re-
sults are the same to eight digits. In summary, it has
proven necessary to modify the computer program to inc
porate the alternate weighting factor for the Sturmian ba
used here.

B. Threshold correction

Let e i , i 51, . . . ,N, be the Sturmian-generated eigenv
ues of the He1 Hamiltonian for a given angular momentu
l, and letP(e i)[Pi be the probability of a transition to th
i th pseudostate obtained by solving the coupled-scatte
equations at a given impact parameterr and proton energy
E. The ~electronic! energy-differential transition probability
for the intervalDe i[e i 112e i is @23#

dP~ ē i !

de
>

1

2

Pi1Pi 11

De i
.

Supposeen,0 anden11.0. Then the correct contribution
to the ionization probability from the ionization threshold
en11is approximately
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FdP~ ēn!

de
DenG S en1120

Den
D .

Previously, the total ionization probability was obtained si
ply as

Ptotal5 (
i 5n11

N

Pi5
1

2

Pn11

Den
Den1 (

i 5n11

N21
dP~ ē i !

de
De i1

1

2
PN .

Thus a correction

dP5
dP~ ēn!

de
DenS en1120

Den
D2

1

2

Pn11

Den
Den

5
1

2

Pnen111Pn11en

en112en

must be added toPtotal. This correction is not necessaril
small if enÞ2en11. Bray and Fursa@24# have also been
aware of the possible need to include a contribution fr
negative-energy states in consideringelectron-impact ioniza-
tion of atoms, but they have noted that the correction is g
erally small when the basis is large enough. We have fo
the correction often to be quite significant, particularly f
the s,p-state contributions to the total ionization cross se
tion.

As an example of the improvement with this thresho
correction, cross sections are shown in Fig. 1 without a
with the correction for ionization in 200-keVp-He1(2s)
collisions obtained with coupled-Sturmian-pseudostate ba
1sH ,<nmax(s,p)He, wherenmax varies from 6 to 18. It is seen
that the very large, oscillatory basis sensitivity is smooth
by the threshold correction@25#.

III. RESULTS

A. First Born approximation

The high energy limit of the ionization cross section
given by the first Born approximation. For an initial 1s state,

FIG. 1. Cross sections for ionization in collisions between 20
keV protons and He1(2s) ions versus size of the Sturmian bas
1sH ,<nmax(s,p)He without ~solid line! and with~dashed line! a cor-
rection at the ionization threshold.
9-2
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integrated Born cross sections have been calculated and
ted by Bates and Griffing@26# for collisions between proton
and hydrogen atoms. These cross sections can be scal
collisions between protons and ions such as He1 @27#. For
the 1s, 2s, and 3s as well as other initial states, Igarashi a
Shirai @28,29# have determined cross sections for hydroge
targets such as He1 using the continuum-distorted-wave
eikonal-initial-state~CDW-EIS! approach. These cross se
tions may be expected to agree with the first Born result
high energies and improve on them at lower energies.

In a coupled-state approach such as that reported h
ionization probabilities are calculated one impact param
r at a time and, except for an intractably large basis,
limited to the dominant lower partial wavesl. For the sake of
a detailed comparison with their coupled-state results for
initial 1s state, Winter and Alston@2# calculated the first-
order Born ionization probability for one value ofl andr at
a time. Summed overl and integrated overr, these results
could then also be checked explicitly against the scaled c
sections of Bates and Griffing.

The Winter-Alston Born calculations have now been e
tended to the 2s and 3s initial states, necessitating the inclu
sion of additional partial waves. Following Winter and A
ston, the calculation is carried out using the formulas for
Coulomb wave function and auxiliary functions in Bethe a
Salpeter@30# and Abramowitz and Stegun@31#. The ioniza-
tion probability for eachl andr has been obtained by inte
grating numerically over the radial electronic coordina
collision time, and continuum electronic energy. This pro
dure is also followed here, but to a generally higher degre
accuracy: For the 1s, 2s, and 3s initial states, it is estimated
that the Born partial cross sections up tol 58 are numeri-
cally accurate to at least 0.1%, 0.1%, and 1%, respectiv

For later comparison withs,p,d-state ionization cross
sections,s,p,d-wave Born cross sections are given in Tab
I. The p partial wave contributes 55–64 %, 35–51 %, a
31–45 % to the total Born ionization cross section for 1s,
2s, and 3s initial states, respectively, and this contributio
increases with increasing energy over the studied proton
ergy range 200–2000 keV. In the Winter-Alston Born calc
lation for the 1s initial state, only the lowest five partia

TABLE I. Present first Born cross sections (10218 cm2) for the
three lowest partial wavesl 50,1,2 for ionization in p
1He1(1s, 2s, or 3s) collisions at various proton energiesE.

E ~keV!

Initial state l 200 500 1000 2000

1s 0 1.36 0.622 0.322 0.164
1s 1 6.47 3.96 2.45 1.45
1s 2 2.58 1.42 0.775 0.402
2s 0 5.71 2.37 1.20 0.601
2s 1 22.7 12.6 7.59 4.42
2s 2 7.11 2.99 1.52 0.764
3s 0 12.0 4.88 2.45 1.23
3s 1 46.3 24.6 14.5 8.27
3s 2 17.1 6.89 3.46 1.73
05270
lot-

to

c

at

re,
er
e

n

ss

-

e

,
-
of

.

n-
-

waves were included. For this initial state, these par
waves contribute 98–97 % to the total cross section, wh
for the 2s and 3s initial states, the corresponding contribu
tions are only 83–87 % and 67–74 %, respectively. Includ
also the next four partial waves~i.e., l 5028 in all! brings
the contribution to 99.9–99.5 %, 96.8–97.5 %, and 93–94
for the three respective initial states over the energy ra
200–2000 keV. The extrapolated contribution from part
waves l .8 has been estimated by assuming they form
geometric sequence@32#.

Shown in Table II are the present first Born ionizatio
cross sections along with the scaled Born ionization cr
sections of Bates and Griffing@26# for the 1s initial state and
the CDW-EIS results of Igarashi@29# for the three initial
states. For the 1s initial state, the present Born results agr
closely ~within 1.6%! with the graphical cross section o
Bates and Griffing over the full energy range and a
~within 1%! with the CDW-EIS results at proton energies
at least 500 keV; at 200 keV, the CDW-EIS result is 3
higherand would have been assumed to be a slight impro
ment over the Born value except that the coupled-state c
section will be seen to be somewhatbelow the Born cross
section. For the 2s initial state, the present Born and CDW
EIS results agree very closely~within 0.8%! at proton ener-
gies of at least 500 keV. At 200 keV, the CDW-EIS result
only 2% lower, while the coupled-state result will be seen
be slightly abovethe Born cross section. For the 3s initial
state, the difference between the CDW-EIS result and
present Born result increases from 0.5% to 2.8% as the
ton energy increases from 200 to 2000 keV. The small d
ference at higher energies is unphysical and probably refl
a small numerical inaccuracy in either of the calculations
possible source of error in the present calculation is in
estimate of the non-negligible contribution from parti
wavesl .8 for this higher initial state@32#.

Not shown are the first-Born results of Hallet al. @8# for
the 1s and 2s initial states, which can be inferred from the
tabulated percent differences of their coupled-state res
from their Born results~not explicitly given!. For the 1s and
2s initial states, their Born values are respectively 1–3
and 10% below the present Born results in the overlapp
energy range of 200–500 keV.

The high energy limit of the Born approximation is ob
tained in the Bethe approximation@33# as Q5a ln(BE)/E

TABLE II. First Born ~present, scaled Bates and Griffing@26#!
and CDW~Igarashi@29#! cross sections (10218 cm2) for ionization
in p1He1(1s, 2s, or 3s) collisions at proton energiesE.

E ~keV!

Initial state Authors 200 500 1000 2000

1s Present 11.7 6.85 4.03 2.265
1s Bates and Griffing 11.7 6.9 4.0 2.2
1s Igarashi 12.1 6.89 3.99 2.23
2s Present 64.4 29.6 16.2 8.71
2s Igarashi 63.0 29.4 16.1 8.74
3s Present 148 65.7 35.5 18.6
3s Igarashi 148 66.6 36.2 19.1
9-3
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THOMAS G. WINTER AND JANIS R. WINTER PHYSICAL REVIEW A61 052709
5a(ln E1b)/E, where E is the proton’s energy. Using th
present Born values in Table II atE51 and 2 MeV to de-
termine the constantsa andb, we obtain the two-term fit

Q1s
Bethe5

1.03

v2
@ ln~v2!11.92#ao

2 ,

wherev5AE(keV)/25 is the proton’s speed in atomic uni
and ao is the Bohr radius. Compare Cohen’s three-term
@34#:

Q1s
C 5

0.90

v2 F ln~v2!13.032
8.0

v2 Gao
2 .

This fit gives values within 2% of the present Born cro
sections at 1–2 MeV. Both fits lie 3% above the pres
Born values at 500 keV. Cohen’s fit agrees more closely w
the Born value at 200 keV than does the Bethe fit~110%
versus123%!, but the Born approximation itself will be
seen not to be very reliable at this ‘‘intermediate energy
~On the other hand, at high energies of 3–20 MeV, the t
fits agree to within 1%.!

For higher excited states, the two-term~Bethe! fit can be
written in a similar form:

Qns
Bethe

n4
5

ans

~nv !2
@ ln~nv !21bns#,

where

a2s ,b2s50.654,3.75,

a3s ,b3s50.372,9.24

using the present Born values in Table II atE51 and 2 MeV
to determine the constantsans ,bns . For the 2s state, the
Bethe fit lies above the present Born values by 0.5%
2.6% atE5500 and 200 keV, respectively, whereas for t
3s state the agreement is only to within 3% and 7%. Then4

scaling with principal quantum numbern is obeyed classi-
cally @34–37#; however, in view of the dependence of th
coefficientsans ,bns and of the graphs ofQ/n4 versusnv
~not shown! on n, this scaling for small values ofn holds
only qualitatively in the Born approximation; compare Oli
eraet al. @37# on p-H(n) ionization also using the Born ap
proximation~wheren denotes a principal quantumshell!.

B. Convergence with coupled Sturmian basis

1. Role of projectile-centered states

Ionization dominates electron transfer and is described
the first Born approximation at high energies. Therefo
only target-centered basis functions are expected to be
portant to describe it at sufficiently high energies. In t
present calculation, a fairly large target-centered basis
been used, augmented by a single projectile-centered sta
describe any residual effect of electron transfer on the i
ization cross section. To test the importance of this st
05270
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calculations have been performed with the target-cente
states <11(s,p,d)He, with and without the projectile-
centered function 1sH . For ionization from a 1s initial state,
the presence of this functiondecreasesthe ionization cross
section by 14%, 6%, and 2% at the proton energies 200, 3
and 500 keV, respectively. The effect at a given energy
smaller when the initial state is excited: For a 2s initial state,
the effect is23.8% and20.3% at 200 and 500 keV, respe
tively, while for the 3s state, the corresponding effect is
20.7 and,0.1%. At 1 or 2 MeV, the effect is<0.1% for
all three initial states. When not negligible, the effect is p
marily due simply to the loss of flux to the open electro
transfer channel rather than indirect coupling. In these ca
one could multiply the effect by a factor of 1.2 to allow fo
neglected excited electron-transfer channels, but the res
reported here—all of which include 1sH in the basis—do not
contain this additional correction.

2. Role of target-centered states

(a) s states.Partial-wave Born cross sections are a con
nient reference point for coupled-state cross sections an
high energies, a benchmark. Shown in Fig. 2 are differen
from s-wave Born cross sections of ionization cross sectio
obtained with a purelys-state basis<nmaxsHe~as well as
1sH) for 1s, 2s, and 3s initial states. All values reported in
this and the following sections are corrected for the une
distribution of Sturmian-generated electronic energies at
ionization threshold as in Sec. II B. It is seen that, to achie
convergence, the more excited the initial state, the larger
basis needed, but also that the Born limit sets in at low
proton energies. For the 1s initial state, the converged limi
is significantly different from the Born cross section at t
lowest proton energy, 200 keV. In the converged limit, t
s-state cross section is below the corresponding Born va
by 12%, 4%, 1%, and 0.6% at proton energies of 200, 5
1000, and 2000 keV, respectively, and this converg
coupled-s-state limit is achieved to within an accuracy
'0.5% using'10s states.~Note, on the other hand, tha
with too small a basis, even the sign of the difference
wrong at most energies.! For the 2s initial state, the differ-
ence from the Born cross section using the largest bas
1–3 % over the full energy range, while for the 3s state it is
24–25 %, and for either state the difference doesnot de-
crease with increasing energy. For 3s, the large difference
indicates that thes-wave ionization cross section is not co
verged. However, as will be seen, this partial wave has o
a small effect on the summed cross section.

Is the need for a larges-state basis dictated by the nee
for higher-lying positive-energy pseudostates in the bas
This question is answered by referring to Fig. 3, whi
shows differences froms-wave Born cross sections of cros
sections obtained with the bases<nmaxsHe ~plus 1sH) formed
from the basis<18sHe. Here the overline refers to hydro
genic pseudostates formed by diagonalizing the He1 Hamil-
tonian in the largests-state Sturmian basis,<18sHe. For
example, the basis<17sHe has the highest-lying pseudosta
18sHe removed. For the 1s initial state, thetwo highest-lying
pseudostates each affect the ionization cross section
9-4
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<0.5% at any proton energy. For the 2s initial state, thefive
highest states and, for the 3s initial state, theeight highest
states have only this small effect. That is, for the 1s initial
state, a large Sturmian basis is not required, as seen in
preceding paragraph, but once it is formed, only two ps
dostates,17sHe and 18sHe, may be removed from the bas
after diagonalization for 0.5% accuracy. On the other ha
for the 3s initial state, a larges-wave basis of at least 1
Sturmians is required, but once it is formed, many ps
dostates may be removed. The large basis is require

FIG. 2. Percent differences froms-wave Born cross section
QBorn of Sturmian cross sectionsQ versus size of the Sturmian bas
1sH ,<nmaxsHe for p-He1 ionization at the proton energies 200 ke
~solid line!, 500 keV~short dashes!, 1000 keV~longer dashes!, and
2000 keV~longest dashes!. ~a! 1s initial state.~b! 2s initial state.
~c! 3s initial state.
05270
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some extent todefinethe initial state, since the exponent
the radials Sturmian functions used here is2Zr rather than
the correct2 1

3 Zr (Z52 being the target nuclear charge! for
the 3s state. However, little ionization flux is carried awa
by higher lying pseudostates obtained by diagonalizing
He1 Hamiltonian; removing these higher-lying states is th
justified and could considerably reduce computing time,
this has not been done here.

(b) s and p states.Shown in Fig. 4 are differences from
s,p-wave Born cross sections of ionization cross sectio

FIG. 3. Percent differences froms-wave Born cross section
QBorn of Sturmian cross sectionsQ versus size of the Sturmian bas
1sH ,<nmaxsHe for p-He1 ionization at proton energies 200 ke
~solid line!, 500 keV~short dashes!, 1000 keV~longer dashes!, and
2000 keV~longest dashes!. ~a! 1s initial state.~b! 2s initial state.
~c! 3s initial state. The basis used to determine the pseudost
<nmaxs by diagonalizing the He1 Hamiltonian is<18s.
9-5
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THOMAS G. WINTER AND JANIS R. WINTER PHYSICAL REVIEW A61 052709
obtained with a purelys,p-state bases<nmax(s,p)He~as well
as 1sH) for 1s, 2s, and 3s initial states. Qualitatively, the
same conclusions hold as for ans-state basis: To achiev
convergence, it takes a larger basis, but the Born limit set
at lower energies, the more excited the initial state is. T
converged limit is significantly different from the Born cro
section at the lowest energy, 200 keV, for the 1s initial state:
The largest-basiss,p-state cross section differs from the co
responding Born value by211%, 10.7%, 0.8%, and 0.2%

FIG. 4. Percent differences froms,p-wave Born cross section
QBorn of Sturmian cross sectionsQ versus size of the Sturmian bas
1sH ,<nmax(s,p)He for p-He1 ionization at proton energies 200 ke
~solid line!, 500 keV~short dashes!, 1000 keV~longer dashes!, and
2000 keV~longest dashes!. ~a! 1s initial state.~b! 2s initial state.
~c! 3s initial state.
05270
in
e

at proton energies of 200, 500, 1000, and 2000 keV, resp
tively, and the converged coupled-state limit is achieved
within an accuracy of 1% with the basis<10(s,p)He. For
the 2s initial state, the difference of the largests,p-basis
result from the Born cross section is14%, 3%, 2%, and 1%
at proton energies of 200, 500, 1000, and 2000 keV, resp
tively, while for the 3s state it is112%, 8%, 7%, and 7% a
corresponding energies. These differences from the par
wave Born cross section are generally smaller than those
s waves only, significantly smaller in the case of a 3s initial
state, for which the 7–8 % difference at the higher energ
probably reflects the extent of basis nonconvergence ra
than a failing of the Born approximation.

Could thes,p basis be reduced after diagonalizing t

He1 Hamiltonian by removing some of the higher-lyingp̄

pseudostates, as well ass̄ pseudostates, as might have be
done for the purelys-state basis of the preceding sectio

The answer is that there are fewer higher-lyingp̄ pseu-
dostates, so less is to be gained.

(c) s, p, and d states.To included states as well in the
Sturmian basis, two approaches have been taken. First, t
states have been fully coupled to thes andp states. However,
the present program limited this calculation to at most the
Sturmians 1sH ,<11(s,p,d)He. To extend the basis further,
second approach has been taken. Following Winter and
ston, thed ionization cross section was merely added to
fully coupled s,p cross section: thed states were coupled
only to 1sH and s̄He pseudostates up to the initial sta
ns—i.e., the bases 1sH , <(ns,nmaxd)He. In this basis, the
2s and 3s pseudostates here have originally been obtai
by diagonalizing the He1 Hamiltonian with the limited basis
<12s, which is not very accurate for3s; the final form,3s8,
used in the next section is obtained with the basis<17s.
Shown in Fig. 5 for only thens51s and 2s initial states are
differences froms,p,d-wave Born cross sections of ioniza
tion cross sections with fully coupleds,p,d states, and
shown in Fig. 6 for thens51s, 2s, and 3s initial states are
differences froms,p,d-wave Born cross sections of ioniza
tion cross sections obtained by adding cross sections with
separatebases 1sH ,<nmax(s,p)He and 1sH ,<(ns,nmaxd)He.

For the 1s initial state, as the fully coupleds,p,d basis is
increased, the differences from thes,p,d-wave Born cross
section in Fig. 5~a! decrease in magnitude monotonically
2–4 % using the largest, 59-state basis 1sH ,<11(s,p,d)He
over the full energy range. For this same initial state, as
separatelycoupleds,p,d basis is increased, the difference
from the Born cross section in Fig. 6~a! also decrease in
magnitude monotonically, here to 15% at 200 keV a
<0.9% atE>500 keV with the largest, ‘‘101-state’’ sepa
rately coupled basis 1sH ,<18(s,p,d)He as described above
The coupled-state cross sections with both types of base
belowthe Born cross section at all energies. With the exc
tion of the lowest energy, the separately coupled basis
smaller differences from the Born cross section than does
fully coupled basis, owing to its greater size, and may
considered more fully converged. Cross sections with
same size basis, the fully coupled 59-state and the separ
9-6
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coupled ‘‘59-state’’ bases, differ by only 0.4% at the highe
energy. The situation at the lowest energy is unclear: Res
with the same size bases differ by 15%. The cross sec
with the largest ‘‘101-state’’ basis, 1sH ,<18(s,p,d)He, has
been noted to be 15% below the Born result, while that w
the largest fully coupled 59-state basis, 1sH ,
<11(s,p,d)He, is only 2% below the Born result. Since th
Born cross section may not be reliable at this ‘‘intermedi
energy,’’ the ‘‘101-state’’ result, having the larger differen
from the Born value, may in fact be the better one. In
next section, when coupled-state results are compared
those of others, two sets of coupled-Sturmian results
given if it is not clear which one is better.

For the 2s initial state, as the fully coupleds,p,d basis is
increased, the differences from thes,p,d-wave Born cross
section in Fig. 5b decrease to12.2%, 1.8%, 1.3%, and 0.6%
at energies of 200, 500, 1000, and 2000 keV, respectiv
with the largest 59-state basis, 1sH ,<11(s,p,d)He. For this
same initial state with separates,p, and d coupling, cross
sections with the largest ‘‘95-state’’ basis, 1sH ,
<17(s,p,d)He , differ from the Born cross sections in Fig
6~b! by 11.2%, 1.9%, 1.2%, and 0.6% at these respec
energies. ForE>500 keV, the almost identical difference
from the Born cross sections with either of the two larg

FIG. 5. Percent differences froms,p,d-wave Born cross sec
tionsQBorn of Sturmian cross sectionsQ versus size of the Sturmia
basis 1sH ,<nmax(s,p,d)He for p-He1 ionization at the proton ener
gies 200 keV~solid line!, 500 keV~short dashes!, 1000 keV~longer
dashes!, and 2000 keV~longest dashes!. ~a! 1s initial state.~b! 2s
initial state.
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bases may reflect a small but real improvement over
Born approximation. Cross sections with the same size ba
the fully coupled 59-state and the separately coupled ‘‘
state’’ bases, differ by only 0.4% at the highest energy, as
the 1s initial state, and by at most 0.7% at any energy.
deed, the two sets of results differ only slightly for all bas
of the same size.

FIG. 6. Percent differences froms,p,d-wave Born cross sec
tions QBorn of Sturmian cross sectionsQ versus size of the two
separately coupled Sturmian bases 1sH ,<nmax(s,p)He and 1sH ,
<(ns,nmaxd)He for p-He1 ionization at proton energies 200 ke
~solid line!, 500 keV~short dashes!, 1000 keV~longer dashes!, and
2000 keV ~longest dashes!. ~a! ns51s initial state. ~b! ns52s
initial state.~c! ns53s initial state. Here the basis used to dete
mine the pseudostates<ns by diagonalizing the He1 Hamiltonian
is <12s.
9-7
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TABLE III. Coupled-state and Born-extrapolated cross sections (10218 cm2) for ionization and stripping inp1He1(1s) collisions at
various proton energiesE.

Ionization Electron Stripping
Coupled Coupled

E Number Proton Helium Coupled Born state transfer state
~keV! of functions center center state ext 1Born 1Born

200 59 1s <11(s,p,d) 10.20 1.33 11.5 1.8 13.3
200 ‘‘101’’ 1s <18(s,p,d) 8.88 1.33 10.2 2.1 12.3
200 364a l 5026 0.0 14.9
200 20b 12.9 17.8
300 51c <8(s,p) <(12s,8p,3d) 7.92 0.6 8.5
300 59 1s <11(s,p,d) 8.41 1.16 9.57 0.47 10.0
300 ‘‘101’’ 1s <18(s,p,d) 7.97 1.16 9.14 0.56 9.7
300 364a l 5026 0.1 10.8
300 20b 10.3 12.3
500 ‘‘101’’ 1s <18(s,p,d) 5.95 0.85 6.80 0.08 6.88
500 364a l 5026 0.06 7.08
500 20d 6.8 7.7
500 20b 7.2 7.8
625 ‘‘101’’ 1s <18(s,p,d) 5.08 0.72 5.80 5.8
700 ‘‘101’’ 1s <18(s,p,d) 4.66 0.66 5.32 5.3
700 20b 5.7
750 51c <8(s,p) <(12s,8p,3d) 4.66 4.68
750 ‘‘101’’ 1s <18(s,p,d) 4.42 0.62 5.04 5.0

1000 ‘‘101’’ 1s <18(s,p,d) 3.53 0.49 4.02 4.0
1000 20d 4.0 4.4
1000 20b 4.0 4.0
2000 ‘‘101’’ 1s <18(s,p,d) 2.00 0.25 2.25

aFinite-Hilbert set of Hallet al. @8#.
bAtomic plus probability-absorber states of Errea and Sa´nchez@4#.
cSturmian functions of Stoddenet al. @1#.
dAtomic plusR-space states of Henneet al. @3#.
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For the 3s initial state, only results with the single fully
coupled basis, the largest 59-state basis 1sH ,
<11(s,p,d)He, have been compared with the Born resu
Differences~not shown in Fig. 5! are large: a factor of 1.94
2.09, 2.19, and 2.26 at energies 200, 500, 1000, and 2
keV, respectively. On the other hand, for this same ini
state withs,p coupling separate fromd coupling, cross sec
tions with the largest ‘‘95-state’’ basis, 1sH ,
<17(s,p,d)He , differ in Fig. 6~c! from the s,p,d-wave
Born cross sections by113%, 11%, 9%, and 9% at 200
500, 1000, and 2000 keV, respectively. The ‘‘95-state’’ cro
section is actually a sum of the cross sections using the s
rate bases 1sH ,<17(s,p)He and 1sH ,<(3s,17d)He, where
the pseudostates<3s are those with the lowest three eige
values obtained using the limited basis<12s. This basis is
not very reliable for3s. The pseudostate is significantly im
proved to3s8 by enlarging the basis to<17s. At the same
time, the d basis has been slightly reduced, leading to
modified basis 1sH ,<(3s8,15d)He and a significantly im-
proved composite basis of ‘‘89 states’’ 1sH ,
<(17(s,p),15d)He. The ‘‘89-state’’ cross sections lie onl
7%, 6%, 5%, and 5% above thes,p,d-wave Born cross sec
tions at 200, 500, 1000, and 2000 keV, respectively. Th
05270
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differences are actually smaller than the differences from
s,p-wave Born cross sections of Sturmian cross secti
without d states, but the same number ofs andp states.

C. Comparison with other coupled-state results

1. Ground state

Shown in Table III are coupled-state cross sections
ionization in collisions between 200–2000 keV protons a
He1(1s) ions. For proton energiesE<300 keV, two sets of
Sturmian results are presented since, as discussed in
III B 2 ~c!, neither set isa priori judged superior:~1! The
results of a 59-state calculation with the basis 1sH ,
<11(s,p,d)He and~2! the results obtained by separately u
ing the bases 1sH ,<18(s,p)He and 1sH ,(1s,<18d)He to ob-
tain a ‘‘101-state’’ result with the composite basis 1sH ,
<18(s,p,d)He. For E>500 keV, the ‘‘101-state’’ basis is
deemed better, and only results with it are shown. To m
clearer the comparison with other coupled-state results
contribution from neglected partial waves is extrapolated
ing the Born approximation as described in Sec. III A; the
extrapolated results are also shown in Table III. Using
9-8
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TABLE IV. Coupled-state and Born-extrapolated cross sections (10218 cm2) for ionization and stripping
in p1He1(2s) collisions at various proton energiesE.

Ionization Electron Stripping
Coupled Coupled

E Number Proton Helium Coupled Born state transfer state
~keV! of functions center center state ext 1Born 1Born

200 59 1s <11(s,p,d) 36.3 28.8 65.1 0.9 66.0
200 ‘‘95’’ 1 s <17(s,p,d) 35.9 28.8 64.7 0.9 65.6
200 364a l 5026 4.5 59.4
300 59 1s <11(s,p,d) 27.2 19.4 46.6 0.2 46.8
300 ‘‘95’’ 1 s <17(s,p,d) 27.1 19.4 46.5 0.2 46.7
300 364a l 5026 3.1 41.5
500 59 1s <11(s,p,d) 18.3 11.7 30.0 0.0 30.0
500 ‘‘95’’ 1 s <17(s,p,d) 18.3 11.7 30.0 0.0 30.0
500 364a l 5026 1.9 26.5
625 59 1s <11(s,p,d) 15.3 9.3 24.6
625 ‘‘95’’ 1s <17(s,p,d) 15.3 9.3 24.6

1000 59 1s <11(s,p,d) 10.4 5.8 16.2
1000 ‘‘95’’ 1s <17(s,p,d) 10.4 5.8 16.2
2000 59 1s <11(s,p,d) 5.82 2.92 8.74
2000 ‘‘95’’ 1s <17(s,p,d) 5.82 2.92 8.74

aFinite-Hilbert set of Hallet al. @8#.
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Born approximation to include neglected partial waves
sometimes referred to as the Kummer transformat
@38,39#.

Also shown in the table are the 51-Sturmian-pseudos
results of Stoddenet al. @1# using the 51-state basi
<8(s,p)H ,<(12s,8p,3d)He. At 300 keV, the present unex
trapolated ‘‘101-state’’ result lies within 0.6% of their
while at 750 keV the ‘‘101-state’’ result without and with
Born extrapolation for higher partial waves brackets the
sult of Stoddenet al. by 25% and 18%; the projectile-
centered states in the 51-state basis should be of neglig
importance at this high energy except to compensate for
deficiency of its target-centered part.

Also shown are the coupled-state results of Hallet al. @8#
determined forE5200–500 keV~and lower energies! with a
very large, single-center basis: the 364 states~counting con-
tributing m sublevels! <(13s,14p, . . . ,19i )He ~i.e., for each
angular momentuml<6, the basis label being the princip
quantum numbern> l 11 in our notation!. The present
coupled-state bases only include states withl<2, and so
have a more significant Born extrapolation for higher par
waves. On the other hand, since theirs is a single-center
sis, Hall et al. could only determine the stripping~electron-
removal! cross section; a small contribution from electr
transfer at these energies is therefore added to the pre
results to compare with their stripping cross sections. I
seen that the stripping cross sections of Hallet al. are 12–
21 %, 8–11 %, and 3% above the present results aE
5200, 300, and 500 keV, respectively. At the lower en
gies, particularly 300 keV, the difference appears to exc
the estimated uncertainty in the present calculation. At 5
keV, the difference may possibly be explained by their t
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erance in integrating equations over time, stated to be<3%
at these energies.

Also shown in Table III are results for both ionization an
stripping extracted from the graphs of the results of t
similar calculations: those of Henneet al. @3# and Errea and
Sánchez@4#, both obtained using a single-center basis of
He1 states and 10 additional states which are intended
span the main part of the contributing space not includ
with the first 10 states. The additional states of Henneet al.
areR-space states in a doorway approximation to the opt
potential; those of Errea and Sa´nchez are other probability
absorber states or doorway states. The ionization cross
tions of Henneet al. agree closely with the present Born
extrapolated coupled-state results at the overlapping ene
of 500 and 1000 keV, while their stripping cross sections
about 10% above the present results at these energies.
ionization cross sections of Errea and Sa´nchez are 12–26 %
8–13 %, and 6% above the present Born-extrapolated res
at E5200, 300, and 500 keV, respectively; without the Bo
extrapolation in the present results, these differences wo
be larger. At these energies, the differences for stripping
larger than for ionization.@However, the graphically pre
sented results of Errea and Sa´nchez for ionization, capture
~not shown here!, and stripping are numerically inconsiste
at the lower energies.# At 700 and 1000 keV, the result
agree within 2%. Not shown are the molecular-state res
of Erreaet al. @5# for ionization and stripping at the singl
overlapping energy of 200 keV; their result for ionizatio
agrees with our extrapolated ‘‘101-state’’ result.

2. 2s state

Shown in Table IV are coupled-state cross sections
ionization in collisions between 200–2000 keV protons a
9-9
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THOMAS G. WINTER AND JANIS R. WINTER PHYSICAL REVIEW A61 052709
He1(2s) ions. Unlike for the 1s initial state, results with the
59-state, fully coupled basis 1sH ,<11(s,p,d)He agree very
closely~to within at least 1%! with those using the compos
ite basis, here the ‘‘95-state’’ basis 1sH ,<17(s,p,d)He and,
within the s,p,d manifold, both sets of results may be co
sidered converged, as discussed in Sec. III B 2~c!. After es-
timating the significant contribution from higher parti
waves and including a small contribution from electr
transfer, these results may be compared with the only o
available coupled-state results, those of Hallet al. @8# for E
5200–500 keV~and lower energies!. It is seen that their
Born-extrapolated stripping cross sections lie 9–12 % be
the present Born-extrapolated results at all energies. We
not explain this discrepancy, particularly atE5500 keV,
since our results appear to be converged forl 50,1,2 and
since the Born approximation should be reliable for estim
ing the~significant! contribution from higher partial waves a
this energy.

3. 3s state

Shown in Table V are coupled-state cross sections
ionization ~and stripping! in collisions between 200–200
keV protons and He1(3s) ions. All reported coupled-stat
values are with the ‘‘89-state’’ composite basis, 1sH ,
<„17(s,p),15d…He, described in Sec. III B 2~c! and judged
to be the most converged in view of the comparison w
Born results at the higher energies. The present Bo
extrapolated coupled-state results are estimated to be a
rate to 5%. At the higher energies, the full Born results giv
in Sec. III A are probably still more reliable. Cross sectio
in Table V may also be considered to be stripping cr
sections, since electron transfer has been shown to contr
negligibly (,1%) at the tabulated energies. There do n
appear to be any other coupled-state results for the 3s initial
state.

D. Comparison with experimental results

At higher intermediate energies, experiments have ge
ally measured total He21 production~stripping! rather than
ionization separated from the smaller electron-transfer c
ponent. Therefore, stripping rather than ionization cross s
tions are compared with experimental results in Fig.
Shown are the average of the best present coupled-Stur
cross sections forp-He1(1s,2s,3s) collisions along with the

TABLE V. Coupled-state and Born-extrapolated cross secti
(10218 cm2) for ionization in p1He1(3s) collisions at various
proton energiesE. The results are obtained with an ‘‘89-state
1sH , <(17(s,p),15d)He basis.

E Coupled Born Coupled state1
~keV! state extrapolation Born extrapolation

200 81 73 154
500 38 29 68
625 32 23 55

1000 21 15 36
2000 12 7 19
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coupled-state results of Hallet al. @8# ~for 1s,2s), Henne
et al. @3#, and Errea and Sa´nchez@4# ~for 1s). The experi-
mental results of Wattset al. @9#, Rinn et al. @10#, and Angel
et al. @11# for 1s are given with estimated total error limit
~random plus systematic errors!. To get a fuller picture,
available results are shown down to 100 keV, although
present results are forE>200 keV only; the 1s stripping
cross section actually peaks at a somewhat lower energy
that shown, owing to the dominant contribution from ele
tron transfer there. Also shown for completeness are the
lier Sturmian results of Stoddenet al. @1# extending to lower
energies using a larger projectile-centered basis but a sm
target-centered one. It is seen that up to 300 keV, the exp
mental results for stripping from the 1s state appear to favo
the present results and those of Hallet al. over those of
Henneet al. and Errea and Sa´nchez. Above 300 keV, all the
theoretical results lie above the upper error limit of the e
perimental cross section.

IV. CONCLUSION

The first Born approximation is a benchmark for couple
state ionization cross sections at higher energies. By gra
ally enlarging the coupled-Sturmian-pseudostate basis ov
wide range and comparing the successive cross section
the high-energy~Born! limit, their accuracy and, at highe
intermediate energies, the extent to which the Born appro
mation fails, have been determined. Within thes,p,d target-
centered manifold~augmented by a single projectile-center
state!, coupled-Sturmian cross sections are estimated to
converged to 1% for the 1s and 2s initial states and 5% for

s

FIG. 7. Cross sections for stripping~electron removal! in colli-
sions between protons and He1(1s, 2s, or 3s) ions. The lower,
middle, and upper results are for 1s,2s, and 3s, respectively.
Coupled-state results: solid curve, average of the best present
mian results; dash-dotted curve, the largest-basis Sturmian re
of Stoddenet al. @1# (1s); crosses, plus signs, Hallet al. @8#
(1s,2s), without and with Born extrapolation, respectively; dash
curve, Errea and Sa´nchez@4# (1s); triangles, Henneet al. @3# (1s).
Experimental results (1s): diamonds, Rinnet al. @10#; squares,
Wattset al. @9#; circles, Angelet al. @11#.
9-10
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the 3s initial state, except for 1s at proton energiesE
&300 keV. Contributions from higher partial waves (l>2)
have been included by means of the Born approximation

Disagreement with other existing coupled-state results
1s and 2s is, for the most part,&10%. Where there is dis
agreement, the other coupled-state results lie above
present ones for 1s and below for 2s. Only for 1s at the
lowest energies, 200 and 300 keV, is the relatively sm
discrepancy attributed at least in part to basis noncon
gence of the present calculation. However, the experime
results for 1s cannot distinguish the present results fro
those of Hallet al. at these two energies. There is a need
in

-

.
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ys

05270
r

he

ll
r-
al

r

experimental results for the 1s state at higher energiesE
*500 keV, and for the 2s and 3s states at all energies.
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