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van der Waals energy of an atom in the proximity of thin metal films

M. Boström and Bo E. Sernelius
Department of Physics and Measurement Technology, Linko¨ping University, S-581 83 Linko¨ping, Sweden

~Received 9 November 1999; published 29 March 2000!

The van der Waals energy of a ground-state atom~or molecule! placed between two metal films is calculated
at finite temperature. The attraction between thin metal films and a polarizable object can have half-integer
separation dependence. This is in contrast to the usual integer separation dependence, shown for instance in the
attraction between an atom and a solid surface. We examine how film thickness, retardation, and temperature
influence the interaction. To illustrate the effect of finite thickness of the metal film we calculated the van der
Waals energy of ground-state hydrogen and helium atoms, and hydrogen molecules, between thin silver films.
We finally, briefly, discuss the possibility to measure this effect.

PACS number~s!: 34.20.Cf, 73.20.Mf, 68.65.1g
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I. INTRODUCTION

Recently, there has been considerable interest, both t
retically and experimentally, in fluctuation-induced force
The fluctuating electromagnetic field in the vicinity of
metal surface is different from that of free space. The gra
ent of the potential energy, experienced by an atom in
proximity of a metal surface, gives rise to an attractive for
At short separations the optical properties of the metal s
face, and the atom, influence the interaction. In this limit
force is referred to as the van der Waals force. At lar
separations retardation, or the finite velocity of light, b
comes important. In this limit, the interaction depends on
velocity of light, and the static polarizability of the atom.
this limit the force is referred to as the Casimir-Polder for
The purpose of this paper is to show how the van der Wa
energy of an atom in between thin-metal films depends
the film thickness. We further examine effects of retardat
and temperature on this interaction.

The interaction between a thin metal film with other o
jects can have fractional separation dependence related t
longitudinal two-dimensional collective excitations. Bara
@1,2# calculated the van der Waals~vdW! interaction be-
tween a thin metal film with a second thin film. This inte
action was found to sometimes have half integer separa
dependence. This is one of the rare cases when the sepa
dependence is determined by collective excitations. This
teresting phenomenon has received surprisingly little at
tion. In the limit when the second film is a very dilute d
electric film Barash obtained the~nonretarded! van der
Waals energy of an atom in the proximity of a thin-me
film

FNR~d!'215a0\vpApd/256d7/2. ~1!

Here d,d,a0 ,\vp are the atom-film separation, film
thickness, static atomic polarizability, and the plasmon
ergy of the metal, respectively. At finite temperatures
relevant thermodynamic generalization of the van der Wa
energy is the Helmholz free energy (F). Sernelius and Bjo¨rk
@3# found similar separation dependence for the vdW ene
between a pair of quantum wells. The retarded free energ
attraction between a pair of metal films@4# has recently been
1050-2947/2000/61~5!/052703~6!/$15.00 61 0527
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calculated. In that particular case a gold film cannot be m
thicker than 100 Å to be considered as thin.

The dispersion induced long range forces between s
surfaces and particles have received a lot more attention
ing the years. When retardation is neglected the long ra
potential between a surface and an atom takes the form@5#
F'2C3d23. The coefficientC3 has been calculated fo
various combinations of surfaces and atoms@6–9#. At larger
separations the finite velocity of light becomes importa
Casimir and Polder@10# investigated the interaction, betwee
an atom and a conducting plane, in the separation ra
where retardation is important. At these separations the
teraction varies asd24.

The self-energy shift, due to vdW interactions, of an ato
in between metal half spaces has recently been measu
Andersonet al. @11# measured the deflection of Rydberg a
oms towards a metal surface. Later Sandoghdaret al. @12#
used laser spectroscopy to measure surface induced
energy shifts of sodium atoms in excited states. Sukeniket
al. @13# examined the deflection, due to the Casimir-Pold
force, of ground-state sodium atoms. These experime
were in good agreement with theory. The surface indu
self-energy shift has been subject to intense theoretical
vestigations. In particular Panat and Paranjape@14# recently
calculated the selfenergy of a hydrogenic atom placed
tween two metallic slabs. One purpose of that work was
investigate the validity of the dipolar approximation. Th
origin of the self-energy shift can be considered to
changes in zero-point energies of the surface plasmons
to the presence of the atom. A review on both theoretical
experimental work on Casimir-Polder interactions is given
Ref. @15#.

We argue that experiments, similar to those discuss
could be used to observe dimensionality effects due to fi
film thickness. In this paper, we assume that the films
either free or deposited on a low energy surface. That is,
assume that the surface is sufficiently transparent so th
does not influence the interaction. In Sec. II we derive
vdW interaction energy of an atom placed between a pai
thin-metal films. We present the basic theory and der
some important asymptotes. In Sec. III the interaction ene
of hydrogen molecules and hydrogen and helium ato
placed between two thin silver films is evaluated nume
©2000 The American Physical Society03-1
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cally. Very similar results would be obtained with, for e
ample, gold films. Using these numerical calculations
investigate how thin the metal films must be to observe
mensionality effects. We further examine the effects of
tardation and temperature. The results are discussed in
IV where we further discuss the possibility to measure
mensionality effects.

II. THEORY

Zhou and Spruch@16# used a quantized surface mod
technique to determine the van der Waals energy of a po
izable spherical object placed between two thin films. T
interaction was derived within the dipole approximation. T
approach of Ref.@16# is adopted in this paper. This is ex
pected to be a good approximation, especially for grou
state atoms, except at very small separations. Zhou
Spruch examined the zero-temperature interaction energ
atoms with dielectric films, and with perfect metals. In re
ity, of course, a perfect metal can never be anything bu
approximation. In the present work we examine the vd
energy of an atom placed between thin metal films.

We consider two equal films a distanced apart, with a
permittivity e1 and a thicknessd. These films are embedde
in a second media, with permittivitye2. An atom, with po-
larizability a(v), is separated a distancez from the closest
surface. After trivial changes Eq.~4.9! of Ref. @16# can be
rewritten for the present system as:

F~d!5
\

2pE0

`E
0

`

dvdqq

3S I TE

12GTE
2 e22g2d 1

I TM

12GTM
2 e22g2dD , ~2!

where

I TE5GTEv2@2GTEe22g2d2~e2g2(z2d)1e22g2z!#/g2c2;
~3!

I TM5GTMv2F2GTMe22g2d2S 12
2g2

2c2

e2v2 D
3~e2g2(z2d)1e22g2z!G Y g2c2; ~4!

GTE/TM5
12e22g1d

12~D12
TE/TM!2e22g1d D12

TE/TM ; ~5!

D12
TE~q,iv!5

g12g2

g11g2
,

D12
TM~q,iv!5

e2g12e1g2

e2g11e1g2
, ~6!

g i5Aq21e iv
2/c2.

This is the van der Waals energy at zero temperat
There are two contributions to the energy, originating fro
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transverse magnetic~TM! and transverse electric~TE!
modes. Due to the exponential functions, in Eqs.~3! and~4!,
only wave vectors of the order of 1/d, or smaller, contribute
significantly. We can therefore, approximately, neglect
wave vector dependence of the permittivity. This approxim
tion obviously breaks down at too small separations. Ho
ever, this is not the only complication in the limit of sma
separations. This approximation further neglects electron
change effects and the detailed structure of the surface.
only required experimental quantity is obtained numerica
from the tabulated@17# optical excitation spectrum of silve
and a Kramers-Kronig relationship

e~ iv!511
2

pE0

`

dx
xe9~x!

x21v2 ; e952nk. ~7!

The numerical procedure is performed in a standard fa
ion, described in Ref.@4#. For a real metal the dielectric
function at small momenta, and low frequencies, can
modeled with the simple Drude expression

e~ iv!511
vp

2

v~v1vt!
. ~8!

We will use this model, neglecting damping, to deri
asymptotic results. The damping is related to the static c
ductivity through the expression:s5vp

2/4pvt . The London
approximation is used to model the atomic polarizability:

a~ iv!5a0 /~11v2/va
2!. ~9!

This model was used by Rauberet al. @6# to calculate van
der Waals coefficients of atoms in the proximity of a su
strate. Hydrogen atoms, hydrogen molecules, and helium
oms are taken to have static polarizabilities of 4.50, 5.4
and 1.384 au, respectively. The atomic unit~1 au! corre-
sponds to 1.482310225cm3/atom. The characteristic ab
sorption frequencies of these particles are taken to be 11
14.09, and 27.65 eV, respectively. These values were
tained in Ref.@6# from a fit to the static polarizability and th
pair interaction between equal atoms.

The temperature dependence of the interaction energ
obtained from the Helmholz free energy. The effect of te
perature is taken into account if the frequency integration
replaced with a discrete summation@18#.

\

2pE0

`

dv→kBT(
n50

`

8, vn52pkBTn/\. ~10!

The prime on the summation means that then50 term
should be divided by two.

In the remainder of this section we will derive a few im
portant asymptotes. We use the simple models, discu
earlier, for the permittivity and the atomic polarizability. W
will consider the simplest possible situation, i.e., whene2
51. Three different limiting asymptotes is discussed: t
van der Waals asymptote, the Casimir-Polder asymptote
the high temperature asymptote. When retardation is
glected we can further distinguish between thick-and th
3-2
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van der WAALS ENERGY OF AN ATOM IN THE . . . PHYSICAL REVIEW A 61 052703
metal film. The nonretarded vdW energy of an atom in b
tween a pair of thick metal films is given as

lim
d→`

FNR~d,z!'~\/p!E
0

`

dqq2~e2q(z2d)1e22qz!

3E
0

`

dva~ iv!DNR /~12DNR
2 e22qd!,

~11!

DNR'~12e1!/~11e1!. ~12!

Although the frequency integration is straightforward, w
consider two limiting cases of this expression. Consider fi
the special case when the atomic resonance occurs at m
higher energy than the plasmon resonance. In this case
can write an approximate expression for the van der Wa
energy:

lim
d→`

lim
va@vp

FNR~d,z!

'
2\vpa0

4A2
E

0

`

dqq2~e2q(z2d)1e22qz!
2

12e22qd,

~13!

lim
d→`

lim
va@vp

FNR~d,z5d/2!'2\vpa07z~3!/4A2d3,

~14!

lim
d→`

lim
d→`

lim
va@vp

FNR~z!'2\vpa0 /8A2z3. ~15!

The ratio of Eqs.~14! and~15!, when the distance z is th
same, is asymptotically 7z(3)/4'2.1, i.e., quite close to 2
Where the Riemann zeta functionz(3)'1.202. Let us next
consider the opposite limit when the atomic resonance
ergy can be neglected in comparison with the plasmon
ergy

lim
d→`

lim
vp@va

FNR~d,z!'
2\vaa0

2 E
0

`

dqq2~e2q(z2d)

1e22qz!
11e22qd

~12e22qd!2 , ~16!

lim
d→`

lim
vp@va

FNR~d,z5d/2!'
2p2\vaa0

4d3 , ~17!

lim
d→`

lim
d→`

lim
vp@va

FNR~z!'
2\vaa0

8d3 . ~18!

The ratio of Eq.~17! and~18!, when the distancez is the
same, is asymptotically'p2/4'2.47.

To calculate the van der Waals energy of an atom in
tween thin metal films is slightly more complicated. In th
case, there are four coupled surface plasmon modes:
longitudinal and two transverse excitations. In order to o
05270
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serve dimensionality effects the energy of the atomic re
nance should not be negligible small compared to the col
tive excitations. If we approximate the atomic polarizabili
with its static value, and take the limit of very thin met
sheets, it becomes straight forward to derive the follow
asymptotes:

lim
d→0

FNR~d,z!'
2\vpa0Ad

4A2
E

0

`

dqq2.5~e2q(z2d)1e22qz!

3S 1

A12e2qd
1

1

A11e2q
dD , ~19!

lim
d→0

FNR~d,z5d/2!'26.70938\vpa0Ad/2A2d3.5,

~20!

lim
d→`

lim
d→0

FNR~z!'215\vpa0Apd/256z3.5. ~21!

The ratio of Eqs.~20! and~21!, when the distancez is the
same, is asymptotically 2.02. These asymptotes originate
tirely from the two longitudinal, two-dimensional, surfac
modes. The coupling with the two transverse modes fa
away more rapidly. They will only influence the result
very short separations. It is clear from Eqs.~13!–~21! that
the vdW-induced self-energy shifts of an atom placed
tween a pair of metal films, and the corresponding for
depend on the thickness of the metal films. Equally obvio
is that the optical properties of both metal and atom can
important for the attraction.

At both very small and very large separations, dimensi
ality effects vanish. It is well known that the interaction
small separations between objects is strongly dependen
the surface region. The thickness of the films becomes
important. At large separation when retardation becomes
portant, the thickness once again becomes unimportant.
is so because at large separations the exponential term
Eq. ~2! ensures that only smallq and v values give any
significant contributions. In this limit the polarizability of th
atom can be replaced with its static value. Furthermore,
permittivity becomes very large, so large that the asympto
result becomes identical with the Casimir-Polder energy. T
Casimir-Polder energy of an atom a distancez̃ from the mid-
point between perfect conductors is given as Eq.~4.48! in
Ref. @16#:

Fret~d,z̃!'
p3\ca0

d4 F 1

360
2

322 cos2~p z̃/d!

8 cos4~p z̃/d!
G . ~22!

Casimir and Polder derived the long-range retarded
ergy of an atom in the proximity of a perfect metal

Fret~z!'23\ca0/8pz4. ~23!

The ratio of Eqs.~22! and~23!, when the distancez is the
same, is asymptotically 1.98. The difference of having t
surfaces rather than one in the proximity of an atom is
3-3
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M. BOSTRÖM AND BO E. SERNELIUS PHYSICAL REVIEW A61 052703
increase in energy. In the mid-point between two films
ratio is the largest. Usually, it is close to two.

At even larger separation another asymptote becomes
portant: the long-range thermal asymptote. Thermal effe
on the interaction between two atoms have received con
erable interest lately@19,20#. The long-range temperature
dependent contribution originates from then50 part of the
frequency summation. In the limit of zero frequency the p
mittivity @Eq. ~8!# of a metal approaches infinity as 1/v. If
we compare with Eq.~2!, we realizes that this is too slow t
get any contribution from the transverse electricn50 con-
tribution. This is true for the van der Waals energy of a p
of metal half-spaces; for a pair of thin metal films; and for
atom in between any of these systems. Using Eqs.~2! and
~10! we obtain the following asymptotes:

FNR~d,z,n50!'2kBTa0E
0

`

dqq2~e2q(z2d)

1e22qz!/~12e22qd!, ~24!

FNR~d,z5d/2,n50!'27z~3!kBTa0/2d3, ~25!

lim
d→`

FNR~z,n50!'2kBTa0/4z3. ~26!

The ratio of Eqs.~25! and~26!, when the distancez is the
same, is asymptotically 2.1. An atom in the proximity of
perfect metal surface will cross over from the Casimir-Pol
asymptote@Eq. ~23!# to the 300 K thermal asymptote@Eq.
~26!# at approximately 3.7mm.

III. NUMERICAL RESULTS

We have numerically determined the retarded free ene
of an atom in the vicinity of thin metal films. The calcula
tions have, unless otherwise is stated, been performed
temperature of 300 K. Figure 1 shows the ratio between
van der Waals energy of a ground state hydrogen atom
the proximity of a surface, and the Casimir-Polder ene
@Eq. ~23!#. Three surfaces are considered: a 50 Å silver fil
a silver half space; a perfect metal surface. There are dis
differences between all these three cases. This figure i

FIG. 1. The ratio between the calculated vdW energy o
ground-state hydrogen atom and the Casimir-Polder asymptote
dashed line is the result in the proximity of a perfectly conduct
surface. The solid~dotted! line is the result in the proximity of a
silver half space~50 Å film!.
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cates that there is a possibility to observe dimensiona
effects. Due to retardation all three ratios approach 1.
large enough separations thermal effects become impor
The thermal effects are examined in more detail in Fig.
We consider the van der Waals energy of a hydrogen atom
the proximity of a 50 Å-thick silver film. The results ar
presented as the ratio between three different energies c
lated at 300 K to the corresponding energy calculated a
K. The energies considered are: the total free energy;
contribution from TM modes; and the contribution from th
TE modes. At 300 K, thermal effects become important
approximately 1.2mm. The contribution from transvers
magnetic~electric! modes increases~decreases! with tem-
perature. Due to cancellations between these two contr
tions thermal effects do not become important until appro
mately 2 mm. It is interesting to note that the entrop
corresponding to the different energy contributions beha
very differently. The entropy associated with the transve
magnetic modes, approaches a positive, temperature i
pendent, constant. On the contrary the entropy associ
with the transverse electric modes has a negative value
high-enough temperatures this entropy approaches zero
low temperatures the sum of these two contributions
become negative. The different behaviors are simply rela
to whether or not then50 part gives any contribution.

In Fig. 3, we once again examine the vdW energy o
hydrogen atom in the proximity of a 50 Å-thick silver film
As a comparison we have included the vdW energy of
atom in the proximity of a silver half space. We have furth
added two more curves; the non-retarded vdW energy o
atom in the proximity of a 50 Å-thick silver film; and th
Casimir-Polder asymptote. It is obvious that the non-retar
results cannot be applied at any separation of interest.
spite profound effects of retardation, dimensionality effe
are still present. Retardation influences the dependenc
basically every possible parameter. In the nonretarded si
tion considered in Sec. II we found an asymptotic square r
thickness dependence. We examined this for a hydro
atom a distance 800 Å away from a 20 Å thick silver film
We found 6% (28%) deviations from this power-law whe
retardation was neglected~included!. The ratio between the
vdW energy, of a hydrogen atom, in the middle of two silv

a
he

FIG. 2. A hydrogen atom in the proximity of a 50 Å silver film
The ratio between energy contributions calculated at 300 K to
same contribution calculated at 50 K. The dashed, dotted, and s
curves correspond to the TM, TE, and total contribution, resp
tively.
3-4
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van der WAALS ENERGY OF AN ATOM IN THE . . . PHYSICAL REVIEW A 61 052703
films and the corresponding energy in between metal
spaces is shown in Fig. 4. From this figure follows that a 2
Å-thick film can almost be considered as thick. Guided
Fig. 3 and Fig. 4 we suggest that in order to observe dim
sionality effects the film separation should not be larger th
half a micrometer. We finally investigate dimensionality e
fects on the energy of an atom in a 4000 Å-wide cavity.
Fig. 5 we present the ratios between the vdW energies
different atoms, in between thin and thick silver films. T

FIG. 3. The vdW energy of a hydrogen atom in the proximity
a silver surface. The solid~dotted! line is the result in the proximity
of a half space~50 Å film!. The dashed-dotted line is the non
retarded result in the proximity of a 50 Å film. The dashed li
represents the Casimir-Polder asymptote.

FIG. 4. The ratio between the vdW energy of a hydrogen at
in the midpoint between silver films and the corresponding ene
between silver half spaces.
05270
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energy ratio is found to be quite insensitive to the choice
atom. The atom with the highest characteristic absorpt
frequency is slightly more sensitive to dimensionality.

IV. DISCUSSION

In conclusion, we have demonstrated dimensionality
fects on the van der Waals energy of an atom in the prox
ity of thin-metal films. When retardation is neglected fil
thickness influences the interaction. Although retardation
found to profoundly affect the interaction, dimensionality e
fects are still present. In order to observe dimensionality
fects a film thickness of 100 Å can be taken as an appro
mate upper limit. We can distinguish between differe
separation ranges. At really short separations neither
thickness nor retardation matter. At separations exceed
100 Å retardation strongly effects the interactions. In t
situations considered in this paper the strictly nonretar
result cannot be applied at any separations of interest.
suggested that numerical methods should be used in
quantitative evaluation of the van der Waals energy. In
‘‘weakly retarded limit’’ the vdW energy of an atom, in th
proximity of a thin film, depends on the film thickness. Th
differences between a thin and thick metal is found to be
equal magnitude, as the differences between a thick m
and a perfect metal. At even larger separation the interac
approaches the Casimir-Polder result. In this limit the me
surfaces can approximately be replaced with artificial, p
fect metal surfaces. At even larger separations the reta
free energy follows the thermal asymptote. This asympt
has the same separation dependence as the non-retard
sult between thick metal films. Let us briefly discuss t
possibility to measure this dimensionality effect. When
atom moves between two metal surfaces the vdW force
y

FIG. 5. The ratio between the vdW energy of an atom in b
tween 50 Å silver films and the corresponding energy in betw
silver half spaces. The solid line corresponds to hydrogen ato
The filled squares~open circles! correspond to hydrogen molecule
~helium atoms!.
3-5
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deflect its path. As discussed in Ref.@11# the energy conser
vation equation can be used to derive an approximate cla
cal equation of motion. For an atom with constant veloc
(vx) parallel to the metal surfaces, and initially a distancez0
from the closest surface, we have

x5vxt'AEkx
E

z0

z

dh/AF~z0!1Ekz
2F~h!. ~27!

The van der Waals energies presented in Fig. 5
roughly 20% smaller in the proximity of the 50-Å silver film
than in the proximity of a silver surface. It is clear that t
probability of atoms hitting the surface decreases with
creasing film thickness. As the accuracy of experiments
creases quite rapidly we believe that it is, or at least will
possible to measure dimensionality effects on the van
Waals energy. Monte Carlo calculations, in which the ato
have a Maxwell-Bolzmann velocity distribution, can be us
ci.

d

05270
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to quantitatively investigate the opacity of atoms for a p
ticular system. In Ref.@13# the result of such calculation
were found to be in good agreement with experimental
sult.

We would finally like to point at a situation of great tech
nological interest where these dimensionality effects co
be relevant. Thin metal films has been used in gas sens
e.g., a 50-Å silver film@21#, deposited on silicon, has bee
used to detect hydrogen gas. The result presented in
work is not applicable to that particular case. However, it
possible to imagine situations when it would be relevant.
sufficiently low gas temperature it becomes important no
neglect vdW forces.
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