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Reducing the complexity of linear optics quantum circuits
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~Received 20 October 1999; published 3 April 2000!

Integrated optical elements can simplify the linear optics used to simulate quantum circuits. These linear
optical simulations of quantum circuits have been developed primarily in terms of the free space optics
associated with single-photon interferometry. For anL-bit simulation the number of required free-space optical
elements is}2L if 50/50 beam splitters are used. The implementation~construction and alignment! of these
circuits with these free-space elements is nontrivial. On the other hand, for the cases presented in this paper in
which linear integrated optics~e.g., 2L32L fiber couplers! are used, the number of optical devicesdoes not
grow exponentially withL. The problem is changed from having an exponential growth of the number of
devices to having devices with an exponential growth in the number of ports. In addition to simplifying the
construction, the association of anN3N fiber coupler with the discrete Fourier transform suggests alternative
formulations for the circuits. Several examples of circuit reductions are given.

PACS number~s!: 03.67.Lx, 42.25.Hz
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I. INTRODUCTION

All-optical implementations of quantum logic hold
unique position in quantum computing. Typical quantu
computers employ many-particle entanglements to rea
logic gates. Linear optics setups employ the interference
the degrees of freedom of a single photon@1# to realize logic
gates. The unitary evolution@2# of a single photon in a linea
optics environment provides an excellent framework
which to model quantum algorithms.

There are distinct advantages and disadvantages of u
linear optics to model quantum networks. The primary d
advantage of using linear optics is that the size of the ap
ratus grows with the Hilbert space@3,4# and not with the
number of bits as in a typical quantum computer. This i
consequence of having each path being labeled as an e
state of the Hilbert space. ForL bits, where each bit has tw
states, the Hilbert space grows as 2L, and hence the numbe
of paths is also 2L. On the other hand, this affords treme
dous manipulative power. One consequence of the enha
manipulative power, is that it is easy to obtain several ma
bit gates@5#. For example, in order to change the phase
one of the eigenstates, a simple phase delay in one of
paths is sufficient. For a typical quantum computer, it is d
ficult to change the phase of a single state without affec
the phases of the other states of the system. Another ad
tage is that the decoherence associated with linear optic
small compared with typical quantum computing systems

Most of the proposed all-optical circuits@4,6,7# employ
only 1- and 2-path free-space optical elements~e.g., 50/50
beam splitters, phase delays, polarization rotators, etc.!. Us-
ing elements that are limited to only 1 and 2 paths impl
that as the number of bits increases the number of op
elements increases exponentially. Then, for even two-bit
cuits, the experimental optical realization is very difficu
An obvious experimental difficulty arises from the alignme
of these elements.

The techniques presented in this paper are based upo
use of multiport devices. It is possible to construct multip
devices from free-space 50/50 beam splitters@8#. However,
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for anN3N device,N21 beam splitters are needed. On t
other hand, linear integrated optics has developed suc
multiport device, which is commonly known as anN3N
fiber coupler@9#. Thus, a single integrated device may r
place many individual elements. The alignment difficulty
the circuit is also significantly reduced. Of course such in
grated devices are not perfect and can affect the polariza
of the light and introduce unwanted phase delays. Fo
nately, polarization correction elements for use with fib
systems are well developed as are phase shifting elem
Note that such corrections have been experiment
achieved in Ref.@8#. Also, note that polarization preservin
N3N fiber couplers are commercially available. The use
correcting elements does not affect the circuit simplificat
provided by the use of integrated optics, i.e., polarizat
rotators and phase delays were already commonly requ
in the free-space implementation of these circuits. In addit
to the simplification provided by the replacement of ma
beam splitters by a single device, the association of theN
3N fiber coupler with the discrete Fourier transform offe
further opportunities for circuit reduction.

II. NÃN FIBER COUPLER AS DISCRETE
FOURIER TRANSFORM

A symmetric N3N fiber coupler performs the discret
Fourier transform~DFT! on the spatial modes@9,13#. The
DFT has matrix elements given by

Fmn5^mun&5
1

AN
ei2pmn/N, ~2.1!

whereN is the number of eigenvectors in the Hilbert spa
~number of paths in a linear optics setup!.

There are several instances in which anN3N device can
be used in place of free-space optics. The most obvious
for symmetricN3N fiber couplers is in generating the DFT
The DFT is at the heart of several important quantum al
rithms @10–13#. In order to implement the DFT using free
space optics (NL)/2 50/50 beam splitters are necessary.
©2000 The American Physical Society03-1
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the other hand only a singleN3N coupler is needed. Fo
example, in Ref.@13# the DFT and its inverse were the on
operations needed in order to realize the quantum bak
map~QBM!. It was shown that two 2-bit DFTs and one 3-b
inverse DFT were needed. Hence, 20 beam splitters w
required to realize the map. On the other hand, it was a
shown that three multiport devices could implement the m
In addition, one gains a better visual physical intuition f
the simple QBM. From a device point of view, as the numb
of bits increases the number of multiport devices rema
constant as long as there exists a device with a suffic
number of ports. Hence, the problem is changed from hav
an exponential increase in the number of optical element
having multiport devices with an exponential number
ports.

III. CIRCUIT REDUCTION

A. Input

A preliminary example of circuit reduction via integrate
optics is in preparation of initial states. Often it is necess
to prepare a state vector such that the photon has an e
probability amplitude in each path with no relative pha
delays. For example, in Ref.@4# ~the teleportation schem
from this paper has been reproduced by permission an
shown in Fig. 2! and@7# ~three-bit search algorithm! cascad-
ing 50/50 beam splitters were used to create equal ph
probability amplitudes in each of the paths. For the four-p
setups employed in those circuits three beam splitters w
needed. On the other hand, a single 434 coupler would have
performed the same operation. In general, forN52L paths,
N21 50/50 beam splitters are needed to create a state
equal amplitudes in each of the paths, whereas anN3N
symmetric multiport device is sufficient to generate the
put. Consider Fig. 1. Inside the dashed box labeled A
three 50/50 beam splitters. This configuration is similar
the device employed in the teleportation circuit in Ref.@4#
and shown in Fig. 2. The substitute device shown inside
dashed box labeled B is realized by the 434 coupler. It
performs the same transformation with only a single dev
It should be noted that this is only true if the photon ent
the 00 path. Allowing the photon to enter another path w
cause different phase delays as governed by the DFT.

FIG. 1. Three cascading 50/50 beam splitters~in dashed box A!
are replaced by a single 434 fiber coupler~in dashed box B! in
order to generate equal probability amplitude in each spatial m
This is a device used for preparing an input state.
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B. Circuit sectioning and replacement

An attractive and general reduction scheme is to h
replacement components. Suppose a circuit is gener
from 1 and 2 path optical elements. In many cases, the cir
can be broken down into sections, which can be reprodu
by finding the same transformation generated from produ
of the DFT and other matrices~e.g., phase matrix, relabellin
of paths, etc.!. For example, the teleportation circuit in Re
@4#, Fig. 2, can be broken down into four sections which w
will call input, polarization, reduction, and measurement s
tions. For the moment, we will concern ourselves with t
reduction section. The reduction section is transformati
D, F, and G in their circuit. Transformation D~F! performs
the Hadamard transformation on the most~least! significant
path bit. Transformation G is a control-not gate where
most~least! significant path-bit is the control~target!-bit. Now
consider the simplified circuit shown in Fig. 3. Transform
tions D and E commute. However, in a standard teleporta
circuit, transformations C and D correspond to the Bell m
surement. Hence, commuting operations D and E does
the one-to-one correspondence with teleportation. Still,
reduced circuit does the same transformation as the tele
tation circuit of Fig. 2. Thus, for the sake of demonstrati
the reduction technique, we will commute operations D a
E and transformation E will be placed in the polarizati
section of the circuit.

e.

FIG. 2. Linear optical implementation of a teleportation circu
utilizing free space optical elements. This circuit is reproduced w
permission from Ref.@4#. Copyright 1998 by the American Physica
Society.

FIG. 3. Linear optical implementation of a teleportation circu
utilizing integrated optical elements. The circuit is broken dow
into four sections. The input and reduction sections use linear i
grated optics to reduce the complexity of the circuit.
3-2
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The reduction section requires four beam splitters a
eight phase delays in the original scheme. It will be sho
using linear integrated optics that the reduction section
be implemented with one 434 fiber coupler one 232 fiber
coupler and two phase delays.

The key part of this reduction technique is finding a tra
formation that is equivalent to two successive Hadam
transformations. A 2-bit DFT can be obtained from

F5S01A0R10A1 , ~3.1!

where

Aj5
1

A2
S 1 1

1 21D ~3.2!

is the Hadamard transformation,S01 is a swap gate which
swaps the zeroth and first bit andRi j for ( i , j ) is defined to
be

Ri j ukL21 , . . . ,k0&5eiw i j ukL21 , . . . ,k0&, ~3.3!

where

w i j 5H p/2j 2 i if ki5kj51,

0 otherwise,
~3.4!

and kmP$0,1%. Here,L is the number of qubits and henc
N52L. The matrix representation ofRi j is given by

Ri j 5S 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 eiw i j

D . ~3.5!

However, the problem is reversed. We want to find a sub
tution for successive Hadamard transformations using
DFT. We want to find a matrix B which is defined by

BF5CNOT10A0A1 , ~3.6!

whereCNOT10 is a control-not gate with the most~least! sig-
nificant bit acting as the control~target! bit. This implies

B5CNOT10A0A1F215S 1 0 0 0

0 0 1 0

0
ei

p
4

A2
0

e2 i
p
4

A2

0
e2 i

p
4

A2
0

ei
p
4

A2

D .

~3.7!

By observing theB matrix, one can get a general feel fo
what simple transformations could yield such a matrix. F
of all, one notices that the upper-left most element is 1 on
diagonal. Secondly, the second row has a 1 in thethird col-
umn. In addition, one can see there are elements in the
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and fourth row of the second column. These elements im
using swap gate (S01), which is defined above, as one of th
transformations needed to realize theB operation. Another
observation is that the third and fourth rows have equal a
plitudes in both the second and fourth columns. One a
notices that the phases change sign between either the
or columns. The relative amplitudes and phases of the
two rows could be realized by a lossless symmetric be
splitter, which will be referred to as the~J! operation, which
has the 10 and 11 paths entering the input ports@4# ~up to a
phase!. In addition, the phases of the third and fourth row
implies the use of control-not (CNOT10) with most significant
bit being the control bit. Indeed, the transformations nee
to realize the gate are

B5CNOT10J~S01!. ~3.8!

The linear integrated optics realization is shown inside
dashed box labeled reduction in Fig. 3. The swap gate
realized by relabeling the outputs of the 434 output coupler
where 01°10 and vice versa. Since we are interested
working with linear integrated optics, it would be appropria
to use a 232 fiber coupler instead of a symmetric bea
splitter. Since a 232 fiber coupler performs a one-bit DFT
then

J5S 1 0

0 ei (p/2)D S 1 1

1 21D S 1 0

0 ei (p/2)D . ~3.9!

Hence, placing ap/2 phase shift in the input and output po
of the of the 11 path entering and exiting a 232 fiber cou-
pler will yield the same result as a symmetric beam splitt
It should be noted that path 01 goes around the 232 fiber
coupler, i.e., it does not interact with it. TheCNOT10 is imple-
mented by simply relabeling the paths in which the m
significant bit is high. In other words, path 11°10 and vice
versa.

The circuit shown in Fig. 3 represents the simplified ve
sion of the teleportation circuit first modeled in Fig. 2. Whi
the outputs of the two circuits are the same, the corresp
dence to a teleportation circuit has been lost.

C. Alternative approaches and Grover’s search

Finally, the last reduction example makes explicit use
the fact that many circuits do not have a unique construct
All circuits can be considered to have some initial sta
which after the transformation provided by the circuit, yiel
some desired output. The truth table defined by the input
output state makes no explicit reference to the transforma
needed to obtain the output from the input. In this section
will be shown that, in some cases, more than one trans
mation can be used to obtain the same truth table. This
duction technique differs from the technique explained in
previous subsection. In the previous subsection, thesame
transformation was obtained using higher-dimensional in
grated optics instead of free-space optics. In this subsec
different transformations are used to obtain the same tr
table.
3-3
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Grover showed that quantum computers can search
idly using almost any unitary transformation@14#. He
showed that it is possible to reach some target state den
ut& from initial stateug& in O(1/uUtgu) steps, whereuUtgu is
the magnitude of the matrix element connecting stateut& and
ug&. Hence, as long as there is a non-zero matrix elem
connecting stateut& and ug&, then any unitary matrix, with
this property, will be able to search for stateut&.

Grover showed that there exists a unitary transforma
Q given by2I gU21I tU , which after the appropriate num
ber of iterations ofQ will evolve from stateug& to U21ut&.
Here, I g(I t) is a diagonal matrix with all of the diagona
elements equal to 1 except for thegg(tt) element which is
equal to21.

In Ref. @7# several all-optical implementations of Grover
search algorithm are proposed and studied. However, it
be seen that the number of 1- and 2-path elements gr
exponentially with the number of bits. Even employing
compiling technique and using polarization as one of
bits, a 3-bit search required 21 elements.

The method proposed here is to use the DFT instea
the Walsh-Hadamard transformation~WHT!. The most im-
portant similarity between the DFT and WHT is thatuFi j u
5uWi j u51/AN, whereF represents the DFT andW repre-
sents the WHT. Hence, either transformation can sea
equally well. Using the DFT instead of the WHT means th
N3N fiber couplers can be used.

Consider the 2-bit 4-path search circuit proposed in F
4. This figure shows one iteration of a transformation wh
searches for theu10& state starting from theu00& state. The
first N3N fiber coupler performs the DFT. The secon
transformation is a phase operation, which simply retards
phase of the 10 path byp. This operations marks the state
be searched for. The third operation performs and inve
DFT F21. The inverse DFT is given by

~FN!215T~FN!, ~3.10!

where for two bitsT, in matrix form, is given by

FIG. 4. A simple circuit to model Grover’s search algorithm
One iteration employs only two 434 fiber couplers.
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T5S 1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0

D . ~3.11!

The T operation simply swaps rows of the DFT. For e
ample, the 11 path is relabled as the 01 path. The fou
operation is ap phase delay in 00 path. The first four oper
tions represents theQ operation. Hence, the circuit has tran
formed the state fromug& to U21ut&. Hence, the fifth and
last operation is to take another DFT. In this way, the tar
stateut& has been found from the input state.

The key result of employing the DFT and usingN3N
couplers is that for one iteration the number of optical e
ments remains the same regardless of the number of bits
as in the quantum baker’s map. It should be noted that
proposal has neglected counting the fibers connecting
couplers as optical elements.

IV. DISCUSSION

The purpose of this paper has been to draw upon
distinct advantages of linear integrated optics to reduce
number of optical devices in quantum circuits. While it h
been shown that several aspects of circuits can be simpli
many of the same experimental difficulties still remain. F
example, spurious phase shifts introduced in the inputs,
cuit, or output can greatly affect the function of the circu
Also, couplers have imperfections that cause loss, une
amplitude splittings, and undesirable phase shifts. In ad
tion, fiber couplers and fibers, many times, do not prese
the polarization. Hence, efforts need to be taken to res
the polarization or polarization preserving optical devic
must be used. As a general rule, the difficulties in imp
menting the reduced circuits are the same as the unred
circuits, it is just that there are fewer of them.

In summary, it has been shown that many circuits can
simplified by using linear integrated optics. The circuit r
ductions are implemented using higher order multiport
vices from linear integrated optics, rather than the typi
free-space 50/50 beam splitters. We have demonstrated
for many circuits the problem can be reduced from havin
large number of optical elements to having a multiport d
vice with a large number of ports. This promises a signific
simplification in the physical realization of these circuits.
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