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Heisenberg-limit interferometry with four-wave mixers operating in a nonlinear regime
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A model of a four-wave mixer operated in a nonlinear regime, studied by Yurke and BRblgs. Rev. A
35, 4846(1987)], is reexamined. Yurke and Stoler have shown that this device, under a certain condition, acts
as an even-odd filter, switching even-photon-number states from the pump mode to the signal mode. An initial
coherent state in the pump is converted into an entanglement of even and odd coherent states with vacuum
states in the output signal and pump modes. We point out that under a different condition and with an
even-photon-number state initially in the pump and a vacuum in the signal, the device creates a maximally
entangled state between the number state and the vacuum. Using the device to replace the first beamsplitter of
a Mach-Zehnder interferometer, phase uncertainties at the HeisenbergNigt {/n) can be obtained. Since
number states are difficult to generate, we point out that an even coherent state obtained from the output of one
device can be used as input to a second to achieve the phase uncerfaditiden,, wheren, is the average
photon number of the even coherent state.

PACS numbds): 42.50.Dv, 42.65-k, 42.50.Ar

One of the goals in the quest for the generation of noninput port of a MZ interferometer. Such an accuracy can be
classical states of light is to increase the sensitivity in theobtained with or without the first beamsplitter being replaced
measurement of the relative phase shifts between the twioy a four-wave mixer. Of course, one must somehow gener-
paths of an interferometer. This is of considerable impor-ate the SW2) minimum-uncertainty state, a nontrivial task.
tance in attempts to measure the weak signals expected @n the other hand, schemes involving an(8W) interfer-
gravity-wave detectorgl]. In a detector involving laser ometer, which consists of a MZ interferometer with both
beams and beamsplitters, such as a Mach-ZehiME) in- beamsplitters replaced by four-wave mix¢Eg, have been
terferometer, the zero-point fluctuations in the laser beansonsidered with minimum-uncertainty §1J1) states as the
and in the unused port of the input beamsplitter will producenputs[6]. High accuracy, on the order df¢~ 1/n, is pos-
phase-difference fluctuations large enough to mask the trusible, but again a special field state is required to be gener-
phase-difference change resulting from an incident gravityated for the input.
wave. In a MZ interferometer with two 50/50 beamsplitters ~ Most of the above-mentioned schemes actually show only
and with a coherent laser field injected into one of the inpuasymptotic phase uncertainty proportional te 16r 1/h),
ports and the vacuum into the other, the phase-differenceith a proportionality constant greater than zero. On the
uncertaintyA ¢ between the two paths varies as/i/ where  other hand, Bollingeet al. [7] have pointed out that if the
n is the average number of photons supplied by the lasestate after the first “beamsplitter” of the interferometer is a
during the time interval of the measurement. Increasing thenaximally entangled state of the form
sensitivity of the interferometer requires an increasingly
powerful laser source. An attractive alternative is to use 1
states of light with distinctly nonclassical properties that may —(|n)4|0)p+€?|0),In)p), (1)
produce, as a matter of principle, greater sensitivity for a V2
given average photon number. In REf] it was shown that
if a squeezed state is injected into the previously unused potihere the subscripts andb stand for the two output modes
of the beamsplitter, then the phase uncertainty can be ref the “beamsplitter,” the phase uncertainty is exaatyual
duced toA¢=e""/\/n, where the squeezing parameter to 1h. The problem, of course, is that the usual beamsplit-
>0. The limiting case for phase uncertainties, on rather genters cannot produce such a state, hence the quotation marks.
eral grounds, is\ ¢=1/n and this is known as the Heisen- In the case of the usual passive beamsplitter, an input num-
berg limit[2]. A number of schemes have been proposed tder statgn),|0), becomes an S@@) coherent state with the
approach this limit. Holland and Burnefi8] showed that n photons binomially distributed over the two output modes
accuracies approachiny¢=1/n are possible if the input [8]. In this paper, we present a scheme that does yield states
states at the first beamsplitter are Fock states of equal photari the form of Eq.(1). Our proposal involves the replace-
numbern. Yet another scheme involves the replacement oiment of the first beamsplitter with a nonlinear medium in
one or both of the beamsplitters with active optical elementsvhich two competing processes are acting—four-wave mix-
such as four-wave mixers. Hillery and Mlodindw] have ing and a two-mode Kerr interaction. With an appropriate
shown that S() minimum-uncertainty states for a two- choice of relative coupling constant, and with the use of the
mode field can be used to achieve phase-shift uncertainties &chwinger realization of the angular momentum operators in
A¢$=1/N, whereN is the total number of photons at the terms of a pair of boson operators, the model of the interac-
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tion can be made identical to a model of a four-wave mixer Pump in:|a) Pump out
operated in a nonlinear regime studied some years ago by

Yurke and Stolef9]. The device was shown to act, under a
certain condition, as an even-odd filter with respect to photon
number. We review this below. We then point out that the  FG. 1. The nonlinear four-wave mixing device with a coherent
same device, under a Sllghtly different condition, essentia”)gtate in the input pump mode and a vacuum in the signal mode.
a different interaction time, witim photons at one input and When operated as-a device the output state will be of the form of
the vacuum at the other, can produce states of the form dq. (25).

Eqg. (1), if nis even. Since an-photon state for large evan

is very hard to generate, we then suggest that it might be We now introduce the Schwinger realization of the angu-
possible to use the output of one of the devices acting as kar momentum operatofd 3:

even-odd filter to generate from an initial coherent state an

even coherent state, an example of a Sdimger cat state J;=%(a'b+ab),

[10], which is then injected into a second device set up to

Signal in:|0) Signal out

generate a superposition of the maximally entangled states of 1 : i

the form of Eq.(1). The phase uncertainty is numerically Jo=5; (a’b—ab’), (6)
shown to be Il wheren is the average number of photons in

the even coherent state. J,=1(ata—b'b),

The interaction Hamiltonian for a degenerate four-wave

mixer (FWM) is given by satisfying the commutation relations

Q .
Heww =" (a7 +2%b"?), ) 13 3j]=1 €ijed- )

. . ) L3 The square of the angular momentum is given by
where( is proportional to the nonlinear susceptibilip¥),,

of the four-wave mixing process in the medium amnendb

12124 124 12—
are the operators of the two degenerate modes. The Kerr I7=J1H 5+ J3=Jo(Jo t 1), ®
interaction of the medium is given by
where
' K atapt 1.1 t
Hien=" a'ab'b, 3 Jo=z(a'a+b'b) €)

commutes with all the operators in E@). The Fock states
5f the two modesgn,),|ny), are related to the angular mo-
mentum statedj,m), which satisfy J5|j,m)=m]|j,m) and
Jolj,my=jl|j,m), according to

where we have assumed that self-modulation terms of th
form (a'a)? and (b'b)? can be ignored by choosing the
resonances of the medium in an appropriate Welf. The
constantK is proportional to the Kerr susceptibilityC). .

We now assume that both processes are present in our me- (ahi*mptyi-m
dium, which henceforth we refer to as a nonlinear four-wave lj,my=— - [0)4]0)y, (10)
mixer (NFWM), and furthermore we assume that the condi- VO +m)!I(j—m)!

tion K= () can be attained, perhaps through the enhancement

of Kerr nonlinearities using electromagnetically inducedwWherej=N/2, N=n,+n,, andm=(n,—n,)/2. For a par-

transparency as suggested by Schmidt andrhodu [12].  ticular total photon numbeN, |j,—j)=[N/2,—N/2) corre-

Then the complete interaction Hamiltonian for the mediumsponds to the number statg®)./N),, whereas|j,j)

takes the form =|N/2,N/2) corresponds tdN),|0),. Henceforth we shall
drop the subscripts on the number states with the understand-

Q Q ing that the ordering is pump followed by signal.
Hl:ﬁZ(aT2b2+aszZ)+h§aTabTb Evidently, using the identities in Eq$6) and (9), the
Hamiltonian of Eq.(5) can be written in the formwith
Q 12 h=1)
=ﬁz(a b+ab")~. (4)
H=2wJy+QJ2. (12)

Assuming that modea andb are degenerate with frequency
w, the full Hamiltonian is Since[ Jg,J1]=0, we henceforth work in the interaction pic-
ture where the dynamics is governed by the interaction

Q HamiltonianH ;= Q.J3.
H=fw(a'a+b'b)+# Z(aTb’LabT)z' 5 We consider first the initial state containimgphotons in
the pump mode with the signal mode in the vacuyim)
We shall refer to thex andb modes as “pump” and “sig- =|n)|0)=|j,j) for j=n/2 (see Fig. 1 The output state of
nal” modes, respectively. the device is then
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lout,ty=exp(—itQJ3)iny, (12)
wheret, the interaction time, is determined by the dimen-
sions of the medium and the index of refraction. Following
Yurke and Stolef9] by using the mathematics of the rota-
tion group[14], we write

>|J Il

13

lout,t)= exr{ —i —JZ) exp— |tQJ3)exp(
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j
232> :Ej |j,m)

lout,7/Q)= ex;{

><<j,m|exp(—i77J3)exp< —i ng) 1i,j)

where essentially a rotation about the “2” axis has trans-

formedJ, into J3:

eXF( 2 Jz Jl eXF< 2 Jz) :Js.

Inserting appropriately a complete set of states, (E§). can
be written as

(14

i
> exp— |tQm2)d<”( )|j,m>,

|out,t>=exr{i ng)
m=—j
(15

where the

(16)

d“).(f):q m|ex;{—i W
m;j| 2 )

532) I8N
are the matrix elements for a rotation ®f2 about the “2”
axis.

We now consider special interaction times.t# 8/Q)
(or any integral multiplg it follows that expiQtm?)=1
and thus the output is identical to the inputt# 2=/ (or
an integral multiplg then expEiQtm?)=exp(—27im?)=1
for j integer and—i for j a half-odd integer. But if= 7/Q
we have expiQtn?)=exp(—imn?)=(—1)" and thus

77) .
5 [lim).
(17)

Now for j equal to a half-odd integefn odd we have
(—1)"=exp(in/4) and thus

lout, 7/ Q)= exp{ Jz) 2 (=1)™d);

lout,m/ Q) = exp( i %) In)|0). (18)

If j is integer(n even we have, following Yurke and Stoler
[9] by writing

(— 1)md(l)< ) <j,m|eXF(—i7TJ3)EXF<—ing)lj!Dv
(19

that

=expimdy)]j,j). (20)
But it can be shown that
explimdy)j,i)=(-1[j,~]) (21
and thus it follows that
i"|0)|n), neven,
lout,7/Q) = (22)

exp{ —i ;) [n)|0), nodd.

Evidently, at timet= /), the device acts as an even-odd
filter, the photons exchanging modesifs even or not if it
is odd. A NFWM acting in this way will be referred to as a
7 device.

Suppose now the initial state {#)|0), maintaining the
previous ordering of the states, where

)= Caln) (23

is some arbitrary single-mode pure state initially in the pump
mode. Then from the preceding results we have

lout,m/ Q) =exp(—i7J9)|4)|0)

=n§encni”|0>|n)+exp< —i ;) n%d Cn|n)|0).
(24)

As a particular, and important, example, suppose|ihait a
coherent statfy) for which C,,=exp(—|¢/%2)a"/\/n!. Then
the output takes the form

|OUL7T/Q>: %[|0>a(|ia>b+|_ia>b)+(|a>a_ | _a>a)|0>b]v
(25

where we have restored the mode indices for emphasis. The
state |ia)+|—ia) is an even coherent state whiler)
—|—a) is an odd coherent state, examples of Sdhrger

cat stateqd10]. Of course, Eq.(25) is an entangled state.
Detection of the vacuum state in the pump mode reduces the
signal mode to an even coherent state, which in normalized
form is given by

ia)e=Ne([ia)+[~ia)), (26)

where the normalization factor is given by
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Ne=%[1+exm—2|a|2>]“2. @7

7

Detector

It is important to note that the vacuum state of the pump
mode is uniquely correlated with the even coherent state of 10
the signal mode since the vacuum state is not contained in . . . .
the odd coherent state of the pump mode. However, the FIG. 2. AMach-Zehl_wder mterferometer_wnh the flrs_t beamsplit-
vacuum state of the signal moderist uniquely correlated t€r replaced by a nonlinear four-wave mixer operating as/2
with the odd coherent state of the pump mode as there is 3€Vice- With a number state as the input of the pump mode and a
finite probability of it being correlated with the pump Yacuum in the signal, the output state is of the form of &1).
vacuum state, as can be seen from E4). That is, if C, Only one of the beams of the output beamsplitter is detected with
# 0, there will be a contribution from the vacuum state of thethe result taken as the exponent-ol.
pump mode if a vacuum of the signal mode is detected. But
if Co~0, as would be the case for a coherent state|dor This is a maximally entangled state of théwo-level atoms,
large, then to a high degree of accuracy, detecting a vacuuin fact, ann-particle Greenberger-Horne-Zeilinger stpié)].
in the signal mode projects the pump mode into the oddt is also a special case of an atomic Sclinger cat state
coherent state [17]. Bollinger et al. [7] and Huelgeet al. [18] have shown
that the resonant frequenay, between the statds) and|g)
|a)o=No(|a)—|—a)) (28 can be determined, using the Ramsey method, with an un-
certainty of Swg~1/n, a fact that is of great importance in
the pursuit of ultrahigh-resolution frequency standards and in
1 the improvement of atomic clock49]. Proposals for gener-
N0=—[1—exp(—2a|2)]‘1’2. (29 ating such states in the context mtrapped ions have been
V2 given by a number of authof49-22. Some of the schemes
) involve addressing each of the ions individually with a well-
~ We now go back to Eq15) and consider the state at the focysed laser beam, applying the interactions sequentially to
time t=/2(). Forn even, hencen integer, it can be shown gach jon[20], while others involve global interactions with
that all the ions[19,21]. Mgller and Sgrensd22] have proposed
a method that should work for hot trapped ions, and this
involves the engineering of an interaction whose Hamil-
tonian is proportional td2, where the operatal; acts on the
collective internal states of the ions. This is, of course, the
(30) same interaction form used in the present case to model a

where the normalization factor is

exq—mtmz):exp( —i Emz

_exp(—iw/4)+expi wl4)(—1)™

V2 nonlinear four-wave mixer. In fact, their discussion estab-
lishes the identity given in Eq(30). We shall refer to
Then, using Eqs(19)—(21) it follows that NFWM devices that produce states of the type in @4) as
/2 devices.

In view of the earlier remarks on interferometry, we pro-
pose here a MZ interferometer with the first beamsplitter
replaced by ar/2 NFWM device as illustrated in Fig. 2. The

1 upper arm is taken to be the output pump beam and contains
=—[li.j)y+exp—i®y)lj,— i)l (31))  the phase shifter represented by the operat¢e)=exp

V2 (—iga'a) [4]. The beamsplittefassumed to be 50/5@t the
where® ,=(n+1)#/2 and where an overall irrelevant phase Omuc':?nu;n?l:rt: eoggre;{g:g'miitigplpeégitfdngblﬁ/%e ,f)rl;;[gtei Oiwgular

factor has been suppressed. WP Ay . ;
. . . . . about the “1” axis[5,8]: Ugs=exp(—i(7/2)J;). Thus the
Inte_restmgly, the state in EqR1) is a particular version of oa:tput state of the interferometer is given by
a maximally entangled state that has been much discusse

recently in the context of Ramsey spectroscopy with two-
level trapped ions. In that case, the angular momentum states _
are the Dicke statgd5] and|j,j) is the product state with all |outuz=UssU()[out,m/2(2)
the atoms in the excited stagi.e., |j,j)=|ei,e,,....en), ;{
=exp —i

1
|OUt,’7T/ZQ> = E[|n>a|0>b+ expl— i (I’n)|0>a|n>b]

and the stat§j, —j) is the state where all the atoms are in the
ground statey, i.e.,|j,—j)=1/91,92,...,dn). Thus the atomic
state corresponding to E¢B1) is

T 1 ]
EJ]_)E[GXF(—I({)H)“’]H(»
+exp(—i®,)[0)]n)]. (33

1
—[le1,....en) +exp —id . 32
x/QH ' o H 101 9o} 32 In a typical MZ interferometer experiment involving only

043811-4



HEISENBERG-LIMIT INTERFEROMETRY WITH FOUR. .. PHYSICAL REVIEW A 61 043811

]
=

passive beamsplitters, one measures the difference in photon |
numbers of the two output ports of the second beamsplitter,
essentially the expectation value of the operaltge (a'a

—b'b)/2. But for states of the type given in E€3), (J3) " AL S
=0, so Bollingeret al.[7] suggested measuring the operator [0)

Detector
fhase shifter
NFWM1

FIG. 3. Schematic for a proposed method to use even coherent
states to achieve Heisenberg-limit phase uncertainty. NFWML1 is a
As they point out, detecting the opera@ris equiva|ent to 7 device that, with the input indicated, creates the state Ota
measuring the number of photohs, in the output of theb Det.ection of the vacuum state in the output pump mode of NFWM1
mode of the interferometer and assigning to the measuremeR§jects the signal mode into the even coherent state of Zg).
the value (_1)Nb_ The operatorO is essentially a parity _Thls_ state is then injected into NFWM2,782 device acting just as
operator. The above procedure is equivalent to having med? F19- 2
sured the moments of the number operdths as would be
evident upon expanding the exponential in E84). From
Eq. (33) we have

O=(—1)PP=exgim(Jy+JI3)]. (34)

NFWM2, its signal mode initially in the vacuum state. The
output of the NFWM2 is the statésuppressing irrelevant
phase factons

(0)=z(outexdim(Jo+J3)]joud)y;
=(—1)"2 \z(outexp(i mJ3)|out)yz

=(=1)"cogng—dy). (39

i (ie)"

1
ou =—Neexp —|a|%/2
|out NFwm2 V3 € A= e )n:o,2,4,... \/m

. X[[n)]0)+exp(—i®y)[0)[m)], (39
In deriving Eq.(35) we have used the facts that

a superposition of the form of E¢31). With this state, the

ex;{ i ng Js exr{ —i ng) =3, (36) expectation value of the operatOris given by
d that 2 2 - plal®”
and tha (0)=NZexp—lal®) 2 = (~1)"*—codnp—a,).
explimdy)lj.j)=li.—i), 2j even. (37 (40
The uncertainty in the phasag, is given by From this we once again calculate the phase uncertainty ac-
cording to Eq.(38). However, this time no closed form
Adp=AO 90) (3g)  Seems to exist. We have checked numerically that is
ag |’ independent otp. Furthermore, we have numerically shown

that this phase uncertainty is virtually indistinguishable from

where AO=({0%)—(0)?)¥2 Since 0?=1, AO=sin(n¢
—®d,), and it follows thatA ¢=1/n, again for evem, which
is the Heisenberg limit.

Recall that in the scheme of Holland and Bur8itusing
passive beamsplitters, phase uncertainéipproachingthe

1/n,, wheren,=|a|?tanh(e/?) is the average photon num-
ber in the even coherent state of EB6) [23]. Thus with an
even coherent state entering th&2 NFWM we may achieve
the Heisenberg limit in terms of the average photon number
of the state.

Heisenberg limit are obtained for identical photon number So far, we have ignored the effects arising from any
states as inputs. Such states may be hard to generate, espéurce of decoherence, such as a dissipative interaction with
cially for largen. In the present scheme, the initial state of a heat reservoifi.e., the environment consisting of the parts
the 7/2 device is an even-number state in the pump modef the interferometér Decoherence effects will, of course,
and a vacuum-state signal. This is perhaps a bit easier tdegrade the sensitivity of the phase-shift measurements.
generate as pairs of number states are not required, but it Gonsider the case for which there is a definite number of
still an experimental challenge. With this in mind, we pro- photonsN, where N is even. We know from the work of
pose a scheme to obtain optimal phase uncertainties using Bielgaet al.[18] (in the context of trapped iohshat in the
input to the w/2 device an even coherent state. The everpresence of decoherence, standard Ramsey interferometry on
coherent state is obtained, via state reduction, from the outincorrelated ions attains the same resolution as optimal mea-
put of a device. surements on maximally entangled states. This result should
The schematic for the proposed scheme is given in Figapply here as well. Of course, if decoherence is minimized,
3. NFWM1 is am device whose input is the stdt@|0) and  the maximally entangled state yields a higher resolution. But
whose output is the state of E(R5). If state reduction is in the case involving a coherent state and the production of
performed on the pump mode by the detection of zero phoan even cat state, there is the further complication that could
tons (see Fig. 3, then the signal mode is projected into the result from the decoherence of the even cat state into a sta-
even coherent statea), of Eq. (26). This output is then tistical mixture. Decoherence has the effect of populating the
taken as the input to the pump mode in thé2 device, odd-photon-number states and would thus further degrade
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the effectiveness of the proposed scheme. However, it mudiwo things are noteworthy here. First, only even states ap-
be stressed that decoherence effects will degrade all schemgsar in Eq.(43). Measurement of the output of ttleemode
proposed to enhance interferometric measurements of phapeoduces even number statésit in general nonpujeven if
shifts. It might therefore be necessary to make detailed comhe detector efficiency is less than ideal. The second point is
parisons of all such schemes with the incorporation of decothat even if7 is not too close to unity, for a sufficiently large
herent interactions. value of|a| only the first term survives in Eq43) and thus
_ There is one other source of decoherence, other than €y a good approximation the state entering NFWM2 is a pure

vironmental, that must be addressed. Recall that a cruciglyen coherent state. Thus an increase in the amplitude of the

step in conditionally generating the input even coherent stalg,isia| coherent state may compensate for the detector ineffi-
to the second NFWM is the detection of a vacuum state Miency

the ou_tpl_Jta mode of the first NFWM. Until now we have There is one other problem that must be mentioned in
unreahsnpally assumed that the. photon detectors are orfegard to detector efficiency. The detector after the beam-
100% efficiency. In order to consider detectors of lower ef- "~ I '

8pl|tter must be sensitive to photon number at the level of

ficiency we introduce the so-called positive operator measur .

(POM) associated with the detection of photons in the outpupne. photon in order to measure the Opermf Eq. (34).
of thea mode. We are interested only in whether there is nOOr_dlnary phm?” det?“?’rs are no_t yet avaﬂablg at ,SUCh reso-
photon (a NO “click” ) or any number of photon@ YES Iutloqs. But §|nceO is just a parity operator, it might pe
“click” ). To this end we follow Parif24] and introduce the POSSible to simply use anotherdevice after the beamsplit-

two-valued POM ter in place of the photon detector, with the other input just
the vacuum. The mere presenceanly photons in either of
the output modes of the device yields the parity according to
Eqg. (22). Indeed, Yurke and Stold25] have already dis-
cussed this method of performing parity measurements.

The last, but by no means the least, obstacle to overcome
for the respective NO or YES detection of photons, where are the conditions required for obtaining theand 7/2 non-
is the quantum efficiency of the detector dnid the identity  linear devices. Such concerns must also be addressed in re-
operator. Note that as the quantum efficiency of the detectagard to the proposals of Reffd] and[25]. To obtain the
approaches unity]I approaches the projection operator conditions Qt= 7, /2 requires either long times or high
onto the vacuum antlly approaches the projection operator nonlinearities. Currently available fibers have low nonlin-
onto the orthogonal subspace of all the nonzero-photonearities and would induce severe decoherent effects at the
number states. With the output state of the first NFWM givenengths required for sufficiently long times. But as already
by |out,m/Q) of Eq. (25), suppressing ther/Q label, the  mentioned, high nonlinearities might be generated through
probability of observing a NO in the outpatmode is given  he yse of electromagnetically induced transparency effects

HN:‘)Z:O(l_’/])p|p>aa<p|a IIy=1—-Iy, (41

by that modify the index of refraction of the mediufh2]. In-
deed, such effects have already been demonstrated in the
Pn(7)=Trap(|outy(outIIy) laboratory[26]. The possibility of using such effects for the
. ) ) entanglement of ultraslow photons has recently been dis-
=3{1+exp —2|a|?)+2 exg —2|a|?) cussed27].
x sinH [a|2(1— 7)1} (42) Finally we mention that Ansagt al.[28] have previously

discussed the use of even and odd coherent states as alterna-
tive input states to the squeezed states in gravity-wave detec-
tors in the form of a Michelson interferometer. However,
their discussion does not consider active optical elements.

In summary, we have shown that a four-wave mixer, op-

The conditional output state in tHemode is then

pN,b=P—NTra(|out>(ou11HN) erated in the nonlinear regime, which has previously been
shown to act as an even-odd filtg9], can also act as a
171 device to generate maximally entangled stdteg of even-

:P_N Wilia>ee<ia’|+4exr(_|a|2)

: photon-number statgsSuch states yield phase uncertainties

at the Heisenberg limit when used in interferometers. Since

xsinH|a|*(1-7)]|0)(0| even-number states are hard to generate, we showed that an
even coherent state obtained from another nonlinear four-
+¢|0)e(i a|+c*|ia)(O] (43 wave mixer can be used to obtain the Heisenberg limit in
b terms of the average photon number of that state.

The author wishes to thank Adil Benmoussa for perform-
ing the numerical work described just after E40). He also
= (1= p)Nan thanks Richard Campos for useful discussions. This work
c=exp —|a|?2) > #[1_(_1)% (44)  Wwas supported by grants from the Research Corporation and
=N T from PSC-CUNY.

whereli a), is given by Eq.(26) and where
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