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Squeezing in the Kerr nonlinear coupler via phase-space representation
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Quantum-statistical properties of light propagating in a coupler with third order nonlinearity are investigated.
The stochastic equations describing the dynamics of the system are derived in positive-P and Wigner repre-
sentations. The possibility to generate quadrature-squeezed states is shown numerically.

PACS number~s!: 42.65.Ky
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INTRODUCTION

The investigation of the nonclassical properties of lig
propagating in nonlinear optical systems is currently the s
ject of much theoretical and experimental efforts in quant
optics@1#. The third order nonlinearity~Kerr nonlinearity! of
silica glass fibers was among the first proposed for gen
tion of squeezed light and for quantum nondemolition m
surements@2#. The nonlinearity of the glass is small com
pared with other materials, but its cumulative effect
enhanced by the possibility of one-dimensional propaga
with power confinement and low attenuation in modern o
tical fibers. Also the Kerr effect does not require pha
matching, and nonlinear response is very fast. All these p
erties make the optical fiber very attractive both for opti
communications and for producing and studying nonclass
light properties. The quadrature squeezing of continu
wave in the fiber was observed in the pioneering work@3#.
Also the quantum solitons propagation in optical fiber ha
been intensively investigated theoretically and experim
tally @4,5#. The possibility of quadrature squeezing and so
ton photon-number noise reduction have been shown@6# and
implementation of quantum solitons for quantum nondem
lition measurements have been discussed@7#.

The two-mode nonlinear directional coupler~NLDC! con-
sists of a pair of linearly coupled Kerr fibers. Since th
introduction by Jensen@8# and Maier @9# NLDC have be-
come one of the primary topics in the field of photonics d
to their enormous potential for various applications~e.g., for
all-optical switching!, and also because they are relative
simple optical systems in which many subtle nonlinear
fects can be realized~see the review@10#!. Recently the
quantum properties of NLDC have attracted particular int
est @11,12#, because they can be useful for generation a
transmission of nonclassical light. The interesting quant
phenomena of collapses and revivals of photon number
cillations have been studied both numerically and using p
turbation theory@11#. Also this phenomena has been cons
ered by the solution of Heisenberg equations in rotat
wave approximation@12#, where in addition squeezing ha
been calculated.

In the case of quantum noise of arbitrary strength ho
ever more adequate description of quantum optical sys
can be achieved within the framework of an exact nonlin
treatment of quantum fluctuations via the solution of app
priate stochastic equations derived using P-positive repre
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tation of the density operator@1,13#. It is the aim of this
paper to present the results of the investigation of lig
propagation in a quantum NLDC. We solved numerically t
stochastic equations of P-positive representation and ca
lated different physical quantities. For large nonlinearit
and large evolution distances instabilities may appear in
merical implementation of stochastic equations in P-posit
representation@14#. The reason for this problem is th
doubled number of variables in comparison with the clas
equations so we also consider the ‘‘truncated Wigne
method@1,15#, which is an approximate but robust metho

I. DESCRIPTION OF THE MODEL
AND BASIC EQUATIONS

The system under consideration is the NLDC consist
of two fibers with third order nonlinearity. Exchange of th
energy between two coupled modes is realized by mean
evanescent fields. The Hamiltonian for this system can
written in the next form@11#,

Ĥ5\vâ1
†â11\vâ2

†â21\vgâ1
†â1

†â1â1

1\vgâ2
†â2

†â2â21\k~ â1
†â21â2

†â1!,

~1!

where\ is the Planck constant,v is the frequency common
for both wave guides, andg is the coupling constant propor
tional to the third order susceptibilityx (3) responsible for the
self-action process~we do not consider the nonlinear cou
pling or the cross action between the two modes!, k is the
linear exchange coupling coefficient between wave guid
and â1 ,â2 are the photon annihilation operators in the fi
and second wave guides, respectively. This Hamiltonian
scribes the behavior of continuous wave~CW! fields in
NLDC in coupled-mode approximation. By application
standard techniques for the Hamiltonian~1! we obtain the
master equation for the density matrix of the system, wh
in positive P representation@13# can be converted to the
Fokker-Planck equation for the quasiprobability distributi
function P(a1 ,a2 ,b1 ,b2)
©2000 The American Physical Society04-1
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FIG. 1. The mean photon number in the first channelN1 as a function of distancez for k51, v51, ac,151, ac,250. Solid line positive
P and dashed line Wigner representations.~a! g50.01, ~b! g50.02, ~c! g50.05.
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Here the evolution parameterz, has the meaning of the nor
malized distance i.e a coordinate in the direction of propa
tion of radiation, and the normalization parameter isz0
51/k. a i ,b i are the complex valued functions ofz. Using
04380
a-

the Ito rules we can obtain from the Fokker-Planck equat
the Langevin stochastic equations for thea i andb i variables
as

da1

dz
52 i ~va112gb1a1

21ka2!1a1A22igh1~z!,

~2!

db1

dz
5 i ~vb112gb1

2a11kb2!1b1A2igh2~z!, ~3!

da2

dz
52 i ~va212gb2a2

21ka1!1a2A22igh3~z!,

~4!

db2

dz
5 i ~vb212gb2

2a21kb1!1b2A2igh4~z!. ~5!

h i are the independent real Langevin sources of the n
with the following nonzero correlation functions:
4-2
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SQUEEZING IN THE KERR NONLINEAR COUPLER VIA . . . PHYSICAL REVIEW A61 043804
^h i
2&51. ~6!

The initial conditions are deterministic for coherent initi
fields anda i(0)5ac,i ,b i(0)5ac,i* , whereuac,i u2 is the ini-
tial mean photon number. Herei 51,2 determines the chan

FIG. 2. The mean photon number in the first channel~solid
line!, and second channel~dashed line! as functions of distancez for
k51, v51, ac,151, ac,250, g50.1. Inset: The magnified versio
of mean photon number.~b! The mean photon number in the fir
channel~solid line! and second channel~dashed line! as functions
of distancez for k51, v51,ac,151,ac,250,g50.3. Inset: The
magnified version of mean photon number.
04380
nel in the NLDC. In positive P representation the quantu
averages are found as moments of the P distribution func
that correspond to normally ordered expectation values

^â1
†nâ1

mâ2
†pâ2

q&Qv5E d2a1d2a2d2b1d2b2~b1
na1

mb2
pa2

qP!

5^b1
na1

mb2
pa2

q&. ~7!

Here ^•••&Qv denotes the quantum averaging and^•••& de-
notes the classical phase space, stochastic averaging. S
quantum expectation value may be found by ensemble a
aging over many trajectories using the stochastic Eqs.~2!–
~5!.

Another approach to quantum optical nonlinear proble
is the Wigner distribution functionW(a1 ,a2) method@1#.
The master equation can be transformed to an equiva
partial differential equation for the Wigner distribution
which contains third and fourth order derivatives and so c
not be directly converted to Langevin stochastic equatio
The simplest approximation@15# is just to neglect third and
higher order derivatives. Then we have for our system
following stochastic equations in Wigner representation:

da1

dz
52 i ~va112g~ ua1u221!a11ka2!, ~8!

da2

dz
52 i ~va212g~ ua2u221!a21ka1!. ~9!

Equations~8!,~9! do not contain the explicit noise source
but nevertheless the vacuum or quantum noise is include
the initial state for the Wigner equations@16#. Other noise
sources such as thermal noise will appear in the second
higher order derivatives. The justification for the approxim
tion is that this should have a small effect on the dynam
which seems to be the case here, but is not always true. I
initial fields are coherent states specified byaci andda i are
the initial displacements fromaci ~at z50) for one member
of an ensemble of trajectories governed by Eqs.~8! and ~9!
then

^~da i !
2&50, ^~ uda i u!2&50.5.

In the Wigner representation the moments of the distribut
function W represent symmetrically ordered combinations
field operators

^~ â1
†nâ1

mâ2
†pâ2

q!sym&Qv5E d2a1d2a2~a1*
na1

ma2*
pa2

qW!

5^a1*
na1

ma2*
pa2

q&W . ~10!

II. RESULTS OF NUMERICAL SIMULATIONS

Let us now discuss the results of our numerical simu
tions of the systems~2!–~5! and Eqs.~8! and ~9!. The inci-
dent fields are assumed to be in the coherent states.
following physical quantities have been calculated. T
mean number of photons in single modes
4-3
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FIG. 3. The quadrature variances as functions of distancez in first channel fork51, v51, ac,151, ac,250. Solid line positive P and
dashed line Wigner representations. Dotted line shows the shot noise level.~a! g50.01, ~b! g50.02, ~c! g50.05.
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Ni~t!5^âi
†âi&Qv , ~11!

and varianceŝDX̂1,i
2 &, ^DX̂2,i

2 & of the quadrature operator

X̂1,i and X̂2,i of the single modes, where

X̂1,i5
1

2
~ âi1âi

†!, ~12!

X̂2,i52
i

2
~ âi2âi

†!. ~13!

In Fig. 1 we plot the evolution of mean photon number v
sus distance in the first channel for different values of n
linearity parameterg. The initial conditions are the coheren
state in one modeac,151, and vacuum state in anothe
ac,250. The linear coupling parameter is chosen ask51.
For small values ofg we observe the periodic exchange
energy between two modes, and the truncated Wigner re
sentation agrees well with the exact positive P descript
The maximal distance in calculations is determined by
appearance of instabilities in positive P representation@14#.
For higherg the positive P trajectories become unstable
very short distances. The results we obtained for mean p
ton number are also qualitatively very close to the results
04380
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the papers@11,12#. The calculation by the Wigner method a
in Fig. 2~a! show the collapses and revivals for mean pho
number oscillations in a long NLDC. We should note tha
will be difficult to observe this phenomena in real couple
because of unavoidable fluctuations in linear coupling
rameter. If we continue to increase the nonlinearity para
eter g the light is localized in one channel. Although th
collapses and revivals are more pronounced via the ana
cal solution given in Ref.@12#, but to date only approximate
methods have been used, and therefore it is difficult to dec
which method is most reliable. In Fig. 2~b! we plot the evo-
lution of the mean photon number in both channels to exh
the self-trapping effect comparable to Fig. 4~d! in Ref. @11#.
In conclusion, the Wigner results can also reproduce the
ferent mean photon number behavior reported in Re
@11,12#.

Now we proceed with the main objective of our stud
i.e., the calculations of the quadrature variances of sin
modes from which we can determine the possibility
squeezing for light propagating in a NLDC. In Fig. 3 th
results of our calculations in positive P and Wigner repres
tation are presented. The nonclassical behavior is cle
seen. The squeezing is observed for all calculated value
the nonlinear parameter. In Fig. 3 we show the results for
first channel but the evolution of quadrature variances is
4-4
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SQUEEZING IN THE KERR NONLINEAR COUPLER VIA . . . PHYSICAL REVIEW A61 043804
tually very similar for both channels. Note that in Ref.@12#
squeezing is only predicted in one of the channels~the one
with coherent light input! for parameters we consider her
The variances of quadrature amplitudes periodically dep

FIG. 4. The Wigner results for the quadrature variances as fu
tions of distancez in first channel fork51, v51, ac,152, ac,2

50. The solid line corresponds to^DX1
2& and dashed line tôDX2

2&.
Inset: The corresponding Wigner and positive P results for smaz.
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on the distance and it can be less than the shot noise le
Hence, light initially in a coherent state exhibits quadratu
squeezing which has an oscillating behavior. The maxim
value of squeezing increase with the increasing ofg. It is
interesting to note that local minima and maxima in quad
ture variances depend on the distance. Further, asg increases
the range ofz exhibiting squeezing decreases. In Fig. 4 w
also plot the behavior of the quadrature variances in the
channel~the quadrature variances evolution are very sim
in the second channel! using the same parameters in Fig. 3
Ref. @12#. We note that the initial squeezing obtained is ve
similar in both cases. However, squeezing does not recu
in the latter’s case whenz580; there is no squeezing re
ported in Ref. @12# in the second channel. The Wigne
method based results agree quite well with the positive
approach ones but for longer distances the discrepancies
tween approximate and exact methods become clearer.
results we obtained by the positive P representation here
actly describes the quantum NLDC.

In conclusion we have modeled the quantum NLDC by
set of stochastic differential equations derived using the p
tive P and Wigner representations. The mean photon num
and quadrature variances for single modes have been c
lated. The periodical exchange of energy between two ch
nels and collapses and revivals of mean photon number
cillations are observed in simulations. The possibility
generating squeezed light in a NLDC is shown.
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