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Dependence of photon-atom scattering on energy resolution and target angular momentum
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We consider a more correct treatment of photon scattering from randomly oriented atoms, going beyond the
level of description used in currently available results. We focus on cross sections which include an elastic
scattering component. The most sophisticated results available to describe high-energy elastic scattering are
relativistic coherent elasti§&matrix calculations within independent-particle approximation, which, however,
perform an averaging over magnetic substates at the level of the ampl#velged-amplitude approach
exact only for fully filled subshells. The prese®matrix calculations also do not consider incoherent elastic
scatteringiin which an electron makes a transition to a different magnetic substate in the same $ubhicl
can occur when there are partially filled subshells. A more proper treatment of these situations involves an
averaging over the cross sections for all possible orientations of the target. Here we consider the total elastic
scatteringboth coherent and incohergnand we also include the unresolved contributions of ineldBi@nan
and Comptoh scattering. In particular we consider inelastic Raman scattering between relativistic subshells
that are nearly energy degenerate, which may not be resolved, given finite experimental resolution, and which
may be degenerate in nonrelativistic the¢eyg., Coulombic 4, and 25, subshells Thus, for example, the
nonrelativistic result for elastic scatterifigoherent and incoherenfrom excited hydrogen in the 2 state
corresponds to the result obtained by summing relativistic elastic scattedhgrent and incoherertbgether
with the relativistic inelastic scattering for transitions between thg,2and 25, subshells. The averaged-
amplitude approach does poorly in this case. However, results for scattering from ground-state boron indicate
that the averaged-amplitude approach generally works well for many-electron ground-state atoms, due to the
large coherent contribution from electrons in fully filled subshells.

PACS numbd(s): 32.80.Cy

I. INTRODUCTION nificant multipoles in the electron-photon interaction, with
electron orbitals being obtained in a local relativistic self-
How to obtain accurate predictions for the elastic scatterconsistent Dirac-Slater type central potential. The regimes of
ing of photons by atomic targets has long been and remainglidity of simpler approximations have often been deter-
a subject of interest. See Refd,?] for discussions of the Mined by comparison witl&matrix calculationd1,8], and

various theoretical approaches and the comparison of the he Smatrix calculations have generally been regarded as
. . . . . . enchmark calculations for elastic photon scattering from at-
retical predictions with experiment. In this paper we wish to

. S oms in the x-ray and/-ray regime. It therefore is of interest
go beyond the usual level of description, considering effect% understand how accurate thesmatrix results are. There

associated with partially filled subshells, and considering thg o e heen investigations of photon polarization efféeis
consequences of finite energy resolution. Our particular ingq multipole dependence of scatterfi§)], and angular dis-

terest here is in cross sections involving an elastically scayihytions[11], all depending in part on th&matrix calcu-
tering component. The target is assumed to be randomly orjztions.

ented, and final target orientations are not observed. We will There are Corresponding ana|ytic nonrelativi§imatrix
discuss effects of approximations in averaging which havgesults: The problem of elastic scattering from hydrogenlike
been used in describing the elagioherent and incoherént  atoms has been investigated in detail using the nonrelativistic
scattering cross section. We will also discuss the inclusion oflipole approximation for the=1 [12], n=2 [13-15, and
inelastic scattering cross sections, needed to correspond to as=3 [16] shells. In Ref[17] analytic results are presented
experimental observation of finite energy resolution, or tofor Raman scattering between the=1 and then=2,3
correspond to calculations in a simpler the¢gyg., nonrela- shells, as well as for elastic scattering. Retardation effects
tivistic theory). [18,19 and relativistic effect$20,21] in scattering from hy-
The most sophisticated calculations describing high-drogenicK-shell electrons were also considered. In R2g]
energy elastic scattering are based on the evaluation of theumerical results are given for the cross section of elastic
second-ordeB-matrix element in the atomic potential as de- coherent Rayleigh scattering from the ground states of rela-
scribed in Refs[2,3], following the earlier work of Brown tivistic hydrogenlike ions wittz=1, 30, 50, and 80, and for
et al. [4] and Johnson and Feiodlk]. (The Smatrix ap- relative contributions of retardation and relativistic effects.
proach has also been applied to the case of inelastic Comfhe inelastic(Raman cross sections for transitions between
ton scattering[6,7].) These are relativistic calculations in 1s,, and excited 2,,, 2p;,, and 24, States were also
independent-particle approximati@hPA), retaining all sig- calculated.
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We note the extensive theoretical tabulations of elastimeglecting incoherent elastic scatterifmyesent for partially
scattering which have become available. Many tabulationgilled shellg? (2) When should one include inelastic Raman
are based on the form-factor approximation for describingscattering between different subshells that are nearly energy
elastic scattering, which is attractive because of its simplicdegeneratée.g., 24, and 25, subshells for lowZz), as is
ity. There are extensive tabulations of form factéF$'s)  necessary to correspond to the nonrelativistic result for scat-
using nonrelativisti¢23] and relativistic{ 24] nonlocal wave tering, or to include inelastic Raman scattering into other
functions, and also of modified form factofsIFF’s) [25],  shells and even Compton scattering, depending on the energy
which take account of additional electron binding effects.resolution involved?

More recentlyS-matrix results for all elements, angles, and Our discussion here will be more appropriate at higher
energies ranging from eV to MeV, as well as results based oenergies, and/or higheZ, where independent-particle ap-
the form-factor approximation and on form factors combinedproximation can be justified. There have been recent inves-
with anomalous scattering factors, have been made availabt&ations of the adequacy of IPA assumptions in $matrix
online [26]. A tabulation has also been published, based omesults, examining consequences of nonlocal exchange and
interpolation on previously publishegimatrix results, for all  electron correlation, which become important at lower ener-
elements in the range £ <104, all scattering angles, and gies, and in lighter elements. Experimental results high-
photon energies in the range 50—1500 Ke&V]. lighted a discrepancy between th&smatrix predictions and

The Smatrix formalism presented in Reff2,3] is re-  experiment for scattering by neon for photon energies in the
stricted to the case of elastic coherent Rayleigh scatterintange 11-22 ke\[28] (the K-shell threshold for neon is
(exactly the same initial and final atomic statend an aver- ~870 e\). It was shown that corrections obtained from
aging over all magnetic substate contributions at the level osimple form-factor-based calculations could account for
the scattering amplitudéwhich we call the averaged- these differences in light elements in the above-threshold re-
amplitudeapproach, weighted by the number of electrons in gion [28]: the effect of correlations on the elastic scattering
the subshell, is performed for each subshell. This procedureross section was small, while nonlocal effects could change
is exact only for fully filled subshells, where all the magneticthe elastic scattering cross section by as much as 10%, de-
substates are occupied; it is approximate when the target hggending on the momentum transfer involvé&/e shall re-
partially filled subshells, in which case there is both coherenturn to these resultf28] in Sec. Il, as they also provide an
and incoherent elastic scattering. Given our assumptions, wexample of how experimental energy resolution determines
cannot distinguish between coherent and incoherent elastighich inelastic cross sections must be included with the elas-
scattering, since this would require making observations ofic scattering cross sectionin general theSmatrix results
the target(We note that the same type of amplitude averag-are also not expected to be accurate too close to resonances,
ing is employed in the form factor tabulation23—25.) where many-electron effects can be large and where finite

A more correct procedure is to calculate all cross sectiontevel widths become importarithe S'matrix calculation ne-
for atoms with specified numbers of electrons in subshellsglects level widths, leading to singularities which are re-
averaging over all possible initial orientations of the target,moved when the finite widths are considered
and summing over final orientations. This corresponds to av- We find that the averaged-amplitude Rayleigmatrix
eraging and summing the cross sections over all possiblapproach can be expected to provide a good description of
magnetic substate occupations. For each definite magnetedastic scattering from randomly oriented middle- to higyh-
substate occupation, the coherent elastic amplitude is olground-state atoms, for photon energies in the x-ray and
tained by summing over the elastic scattering from each ofy-ray regime (assuming one is including the coherent
the electrons. The incoherent amplitudes for transitions tmuclear and Delbrck amplitudes when appropriat€This is
unoccupied substates should be summed at the level of theecause the elastic coherent amplitude is a coherent sum of
cross section. The final result is obtained by averaging théne contributions from all electrons, most of which are in
cross sections for all possible initial magnetic substate occuully filled subshells, and this accounts for most of the scat-
pations with the specified number of electrons in the subtering cross section. The form-factor-type contribution from
shell. This procedure takes account of incoherent elastic scathe valence electrons is dropping much faster with increasing
tering, in which the initial and final states of the atom areangle than the innershell amplitudégiven that we have
different, though energy degenerdiee., corresponding to photon energies above the innershell thresholds and well
transitions within the same subshelhcoherent elastic scat- above the valence-shell thresholdéeading to the(fully
tering is neglected in the averaged-amplitude approach. Noffdlled) innershell amplitudes being dominant at finite angles.
that for fully filled subshells this more correct procedureAt forward angle the valence electrons contribute signifi-
does lead to the averaged-amplitude result, as there is onbantly but the form factor at forward angle is the same
one possible magnetic substate occupatahsubstates oc- whether one uses the averaged-amplitude approach or not
cupied; the coherent summation is therefore over all mag-(there is no incoherent elastic scattering at forward angle in
netic substates, and there is no incoherent elastic scatterinthe form-factor approximation As one moves away from

Our concern here is twofold1) How is the accuracy of forward angle there will be differences, but these valence-
the present independent-particle-approximatiofPA) electron contributions are all decreasing rapidly compared to
Smatrix results for elastic scattering affected by thethe contributions from the other electrons, so that any differ-
averaged-amplitude approximation, performing averaging agénces will be a small effect in the scattering cross section.
the level of the amplitude for partially filled subshells, and Therefore for such elements and energies any corrections

042704-2



DEPENDENCE OF PHOTON-ATOM SCATTERING ON.. .. PHYSICAL REVIEW &1 042704

associated with performing the more proper averaging oveapproach, in which an atomic electron makes a transition

cross sections for the contribution of the valence electrons térom an initial state|i)=|n;«;m;) with energyE; to a final

the elastic coherent scattering, and including elastic incoheistate|f)=|n;x;m;) with energyE;, which may or may not

ent scattering, should be small. be the same state. The states are solutions of the Dirac equa-
We expect that correct averaging, and inclusion of incotion in the presence of a self-consistent Dirac-Slater type

herent contributions, will matter most for lod-elements, central potentiaM(r). The absorbedemitted photon has

and in particular for excited atoms and ions, where manynomentumk, (ko) and polarization vectog, (e.), andk,

electrons are in partially filled subshells. In the next section=|k,|=w,/c (k.= |ks = we/c). The angle between the ini-

we generalize the coherent Rayleigh scattering formalismya) and final photon i9 andk,- k.= cosé. We use natural

which used the averaged-amplitude approach, exact only fQjnjts #=m=c=1 throughout. The relevarsmatrix ele-
fully filled subshells, and describe elastic scattering from tarment in the Furry representation is

gets with partially filled subshells. This involves performing

a more proper averaging over cross sections, including inco- 2ma  [2ma

herent elastic scattering in which the initial and final atomic ~ Sri= —2mi 8(Eq+ we—Ei— wa) \| . —\ . —Mii,
states are different, but energy degenerate. We also consider € a 1)
inelastic incoherent scattering between nearly energy-

degenerate levels, which may become degenerate in a sinvhere
pler theory or may not be resolved in energy in a realistic

experimental situation. For completeness we also mention _i (fIA*[n)(n|Ali) ~ (f|A[n)(n|A*[i) 2
the available more general approaches for describing inelas- i Ei+w,—E, E—w.—E, |’ @
tic Raman and Compton scattering, which may be observed n

together with elastic scattering, depending on the energ _ Kot A% — % ik
resolution. In Sec. Ill we consider the example of eIastic%ndA_:' €€, A —a;[eee ¢ ar(te_ th? pr_:_?]ton absorpt)_— ;
scattering from an excited hydrogen atom in the &ate, lon and emission operators, respectively. 1he summaton

and we recover the nonrelativistic elastic scattering Crosgﬂegraﬂon is over all intermediate stafes (both bound and

section from the relativistic viewpoint. Implications for scat- in the continuumin th_e atomic pot_entlaV(r).
We perform a multipole expansion of both photon opera-

tering from many-electron atoms are discussed in Sec. I\{ ;
and conclusions are presented in Sec. V. ors:
— )‘a i )‘a
Il. DESCRIPTIONS OF SCATTERING A= z CJ M (ka,ea)AJ M (Kar),
JaMahg a''a a''a
Generally one is dealing with scattering from many- 3)
electron atoms, involving many-electron wave functions, and * o a *
- il coord: A= DN (Rened b (kel).
summations over the spatial coordinates of all the electrons 3k IeMe JMe

in the expressions for the photon operators. However in
independent-particle approximation one can reduce thighe gefinitions ofC)),,(k,€) andA),,(kr) are given in Ap-

many-electron problem to a single-electron formalism, Mpendix A. We choose a coordinate system in whichzhgis
terms of single-electron scattering amplitudes correspondm% directed along the direction of the incident photan
to an electron making a transition from a definite initial state”™ . 9 P

to a definite final statéwhich may or may not be the same =Ka. Now we can write the scattering amplitude as
statg, through all possible intermediate states, regardless of

. . L i A e et /[ Je Mg A
their occupation1]. In obtaining the_ total coherent a_lmpll M= 2 E cia, (ka,€)Che, (Ko €)My e e,
tude, one should sum over the amplitudes for scattering from JaMahg JgMehe T2 evle a'ata
each electron of the atom. For incoherent scattering one (4)

sums instead cross sections for incoherent scattering from

each electron of the atom. where
In Sec. Il A the formalism for calculating the single-

electron scattering amplitudes is developed. Following this

Ne¥ A .
VN <f|AJ:Me(kef)|”><”|AJ:Ma(kaf)|l>
in Sec. Il B we show how one then obtains the scattering MJZ’,MZ’,A?i

- . . Eitwa—Ej,
cross sections for many-electron atoms, in accordance with n
Ref.[1]. In Sec. Il C we perform a tensor decomposition of .
the elastic scattering cross section, giving separate explicit (FIAL2, (kar)[ny(n|A)e, (ker)liy
expressions for the coherent and incoherent elastic scattering + =2 — A . (5)
I e n

cross section, and in Sec. Il D we discuss consequences of

energy resolution. PR NC™
The quantity C3, (Ka,€)C19, (Ke,€) depends only on
a’'a e’'e

A. Single-electron scattering amplitudes the scattering anglé and the polarization vectors, whereas
o de Mg .
We now proceed to describe the evaluation of the singleth® auantityMy*'y°"\* depends the photon energies and con-

electron scattering amplitudes in the second-oi®eratrix  tains all the atomic information.
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As was done for the coherent Rayleigh scattering ampli- |n>(n|A”e* (Ket)|nyiim;)
JeM e [RAYARR]

tude[2,4,5], we write Eq.(5) in the form C e .
[2:4.9 9.¢) |">3M :lniKimi_>3\M :$ E—w—E '
J M Mo ] A ele eve A i We n
MJ M N <f|A (ker)|l+>JaMa ®)
+<f|A§aM (kar)|i—>§eM , (6)  perturbed orbitals which satisfy the following inhomoge-
ara ere neous Dirac equationdH(is the Hamiltoniaj
here we have defined the positive frequenc a a
W we hav ! posiive frequency (Ei+wa_H)|niKimi+>§aMa:AgaMa(kar)|niKimi>-
Aa .
J
[n)(nl A, (Kar)|nyim;) ©)

i >‘a —_ >‘a —_ . — —_ . . . — = )\
|I+>JaMa_|niKimi+>‘]aMa_$ E,+w,—E, ) (Ej— we—H)[njxim; A X (ker)|n’<m>
" (77 These are still three-dimensional equations, and we need to
expand both sides of E¢) in a spherical basis to obtain the
and negative frequency radial differential equations that will be solved numerically.

We consider the action of the photon operaddf,(kr) on a statdnxm), giving the result in a spherical bagiss was done
in Refs.[3,5], see also Ref.29] for detail9

W@+ 1
w (k)| nwem) = Em 5351 Temny

y ( KA (k) Qe (T) )

. (10)
iLA L (K)Q ()
(" +K) 3y 1
kr)|nkm)= e 1 DT
( )| K > sz J0+1) —x'm’ kmy
K oK) Qe (7)
X1 a=0 -
|LK,JnK(k,r)Q,K1m/(r)
where the angular mtegrak 'm'.«m 1S defined in Appendix B, and we have defined
Koane(Kir) _(iJ<kr>an<r>)
’Jnx(k r) jJ(kr)gnK(r) ,
11

k' —Kk—J). . K'—k+J+1
S i IE T B

J'J+1(kr)}fnx(r)

3

( ’JnK(k r))
’Jnk(k r)

wherej ;(kr) is the spherical Bessel function of ordewith argumentkr. The corresponding expansions M:,l(kr)|nf<m>
are obtained by the substitutidd— —M and including a factor € 1)M, which follows from the properties of the spherical
harmonicY;y, .

Now we expand the perturbed orbitals in the spherical basis in the same way as we expand the driving terms of the
inhomogeneous equatiofisght-hand side of Eq(9)], giving for the positive frequency perturbed orbital

)\a_l .\/‘]a(‘]a+1) JaM 4 1
In; ~;m; +) D Pt R
'm' 2Ja+1 KIMT, kM

k' —k+J K'—k—J—-1)\.
—3 ja—a(kr)— 351 Ja+1(Kr) |gn,(r)

(+)>\ -
!J :K (ka! ) K’m’(r)

, (12
T (kau D) ()
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k' + K 1
= 3 i
'm’ Ja(J +1) KIMT, KMy

(+)>\ ~
S e Qe ()

im0 Qo (D)

K" I N ki

and similarly for the negative frequency perturbed orbital

|n.K.m._ )‘6:1: 2 iMHeMe 1
T MM 4T 20+ 1 /My p

=1
S (ke 1) Qo ()

T e H(keu ) o (1)

k"IN K

X

(13
(' + ki) JeM 1

Ae=0 . e
N i;m; — ——_l, -
| >J M K%, /J (J +1) —«'m’ kM r

S0, 1) o (T)

'JnK
X
iT( e (ke,r)Q_K,m,(r)

k"IN K

With this decomposition Eq9) leads to the functionsif)xﬁk_(ka,r) andej)x:_K_(ka,r) satisfying the following radial
a’ti a’li
differential equations:

d «
[Ei+w,—1-V(N]S))'e (ka,r>+(d——7)T(Tj:; (kD) =K, (KaD),
(14)
d «
[Ei+ @t 1-V(OTT I (ko) = | o+ T) S (ke )=L0, (ki)
while S(,) N (ke,r) andT(,J i (ke,r) satisfy
d
[Ei-we=1-V(NS, )¢ (ki) +| 5 T<,j‘“(ke,r> K o (Ko 1),
(15
[Ei—wet 1-V(NIT, )¢ (keir)=| 57 s(,j”: (keuD)=L0s, (e,

The absorption first and emission first radial integrals that encompass all the dynamic and atomic information regarding
scattering are, respectively,

(+))\)\ (+)\ (+)
,er f [K ,Jnk(ke,r)S ,J,f ( a -+ ,JnK(ke,r)T ,J: (ka,r)]dr,

(16)
)‘a)‘e )‘e )‘e
R J[ e (K2 S (ke HLYE (ke )T (ke T,

where we have suppressed the implied indiopg ,n¢«;, related to the initial and final atomic states, and the arguments,

Ka.ke,r, on the left-hand side of Eq16) to avoid clutter.

Je: Mg A
In terms of these radial mtegral!s;/lJ ™. ;‘ becomes
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MleMede=l_ 3 VJa(Ja+ 1) Je(Jet 1) M, [JeMe ()11

Ja Mg =1 (2Ja+ 1)(2Je+1) L K'm’my k' m’kemg k' Jgde

a K'm’
—1\(Mg+Myg) Je—Me Ja—Mg (-)11
+( 1) IK’m’,KimiIK’m’,Kfmf K'JaJe]’

M e Mehe=0 _ ("t )"+ 5w, JeMe (+)00
Ja: Mg Ag=0 \/J J.+1 LY —krm’ m; —k'm’ kmg K Igde
«'m’ a( a )Je(‘]e+1) i
+(_1)(M3+Me)|~]e_Me IJa_Ma (—)o0
—k'm’ m — k' m’ kemg K'Jgde !
(17)
M e Me he=0 _ VJa(Jat1) ()
=1" - L f
JaMata=l S5 (20,4 1) VIe(Jet 1)
leaMa JeMe (+)10
r'm’m = k'm’ cemyg k' I de
M,+M Jo—M
+(_1)( at e)(K,_'—Ki)IfeK'm?,Kimi
xla Ma R107
k'm’ egme k' Jade
MleMedeml_ Y _ Vde(Jet 1) (o + k)
TaMara=0 S (200t 1)V3a(Jat 1) '
XIJaMa IJeMe (+)01
—k'm’m k' m’ eemg k"I de
M,+M Jo—M
(=DM 4l e

Ja— Mgy (—)o1
X1 —Kk'm’ kemy K'Ja.]e]'

The results in Eq(17) give the amplitude in terms of definite where A, er represent other coherent contributions, such as
radial integrals that, together with explicit expressions forthe coherent nuclear Thomson amplitude. The incoherent

CgaMa(f(a)Cg:Me(f(e)’ allow the calculation of the single- elastic scattering cross section for the configuratios

electron scattering amplitude corresponding to an electron
making a transition from an initial sta{e;x;m;) to a final do!

hich be th = > [Mql% (19
state|n¢x¢m;¢), which may or may not be the same state. dQinconerent (7o

B. Whole-atom cross sections corresponding to the sum of cross sections for single-
For a given many-electron atomic configuratiowith electron transitions to the unoccupied substateshere we

definite magnetic substate occupatiprane obtains the &€ Summing over possible final configuratiohs=1—i
whole-atom elastic coherent scattering amplitude by coherff' i . ) i
ently summing all the single-electron scattering amplitudes, The inelastic incoherent cross section correspondﬁlg to
as well as other coherent amplitudes such as the nucle#ie inelastic transitions to the set of unoccupied substhtes
Thomson amplitude as appropridtes described in Ref1]).  Of another subshellRaman scatterings

For the case of a single partially filled subshihie results

are easily generalized to many subshelige denote by the 7

; ; : do'’ 1)
set of occupied magnetic substates in the substtlkiis _ __e|Mﬁ|2, (20)

specifying the state of the atom compledelgnd byl_the dQinelastic i1t @a
complementary set of unoccupied magnetic substates. The

coherent elastic cross section for the configuratias where o, () is the incident(scatteretl photon energy.

2 Energy resolution will determine which other subshells

do’ !
= , (18 should be considered.

—_ M +A
dQcoherent 2 : othe

el
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In choosing definite integral magnetic substate occupa- Ne PSRN
tions for each of the electrons in partially filled subshells Mave amme Cim(ka) Cim(ke) My, (22
(and then averaging over the possibiliji@ge are not gener- Jit 2am
ally dealing with eigenstates of total angular momentum of A *oa L ,
thg atom gs a Whgle. Since we are intgerested in scatteringere Clu(ka)Clu(ke) is given explicitly in Appendix A
cross sections for randomly oriented targets, where each suf™
state in a given subshell has equal weigflather than deal-

ing with observed initial and final states of definite total an- Fl:w > HWCZ( ijrEOE J(J—+1)2
gular momentum and projectigrthis is equivalent to using ' 4w 3 '27°2)(23+1)

and averaging over the allowed eigenstates of total angular ()11, ()11

momentum in getting the randomly oriented cross section for X[R 3+ R, (23
specified numbers of electrons in each subshell. Of course, if

one instead wanted to consider scattering in which the initial _(2j+1) ol L1 (K k)2

or final total angular momentum of the atom was observed, IN=0TT g 2 M € 1017505 JJ+1)
these states would have to be explicitly constructed. This “

would be necessary for describing magnetic scattering, when X [Rfjjg% Rf(TJ)SO].

the target has a definite orientation, for which there are ex-

perimentg 30]. (In the above’ corresponds to the orbital angular momen-

Here we consider the case of scattering from a randomlytum eigenvalue of the large component of the total angular
oriented target with final target orientations not being ob-momentum eigenstate specified by the Dirac quantum num-
served. One should average over initial target Orientationger K,, Wh||e? denotes the Corresponding eigenva|ue for
and sum over all final target orientations. This corresponds ta- .’ ) Note here that the scattering cross section depends
averaging the above cross sections over all possible initighnly on the sum of corresponding positive and negative fre-
magnetic substate occupatiohdor a given situation. For  quency radial integral@ather than each separatelwhereas
example, if we have @g, subshell(with four magnetic sub-  this is not true in general. Part of the attraction of using the
states corresponding to=—3/2,—1/2,+1/2,+3/2) with 2 averaged-amplitude approach is the simplification that
electrons present there are six possible magnetic substate Qgccurs—only the diagonal elements in the products of the

cupations multipole expansion of the two photon operators survive, and
this reduces the number of radial integrals that have to be
calculated. These calculations are intensive, since for x-ray
3 1 3 1 3 3 1 1 . .
| _< S _) ( — 4 _) ( — 4 _) ( S _>, and y-ray energies one often needs to calculate many multi-
2" 2 2" 2 2" 2 2" 2 poles to get convergendas high as)=100 not being un-
usuaj.
It is not necessary to proceed to the full evaluation of all
(_ E i 3 n 1 " § (21) multipoles (up to the highest multipole needed for overall
2" 2)\ 27 2) convergencefor each subshell in order to estimate the cor-

rection associated with going beyond the averaged-amplitude
) ) result. It is well known that one can describe Rayleigh scat-
and_ the cross sections should be _averageo_l over the dlfferefgring using modified form factors and angle-independent
choices forl. For incoherent elastic scattering H49) has  anomalous scattering factors (MFRSF), obtaining results
already summed cross sections over final state configurations good agreement with th&matrix resultd8]. [This is not
1" ) _ the case for large-angle scattering for highelements for
In the averaged-amplitude approa¢bxact for elastic photon energies above the innershell thresholds, but since the
scattering from closed shellsne considers only elastic co- amplitude is dominated in this case by the innerstfelly
herent scatteringso the initial and final states are the same.gjjied for high-Z ground-state atom@SF, we do not expect
nixim;)=|n¢xeme), and the photon energies are the samejgrge corrections to the averaged-amplitude result h@te
ka=ke). One sums the amplitude over all magnetic substateggreement of (MFFASF) with the Smatrix results indi-
and finally weights the amplitude according to the number ofates that the part of the full amplitude corresponding to the
eIectrons actually presen_t in the subshell. _Th|s correspond,§3|: at forward angle is dominated by the leading electric
to taking the weighted summation [Ne/(2ji  dipole multipole(which gives an angle-independent ASF
+1)1Z mm, On; n Sx, .« Om, .m, OVer the single-electron scat- \yhjle the MFF part will involve higher multipoles, and it
tering amplitudeM;; , whereN, is the number of electrons falls off more quickly with increasing anglel0,11]. There-
actually present in the subshell. A consequence is that onlfore one can obtain the correction to the averaged-amplitude
the diagonal terms in the cross product of the multipole exapproach by evaluating the modified form factor, performing
pansions of the two photon operators survive. Takingthe proper averaging, and taking the beyond-form-factor cor-
JaM N a=JM A =IMA, njkim;=nsxim;=nxm, and k,  rection at the electric dipole level. Inner shells may be com-
=k.=k allows us to write the averaged-amplitude resultpletely described at the electric dipole level, while outer
(which is squared to give the elastic scattering cross sectiorshells may be completely described in the form-factor ap-
as proximation, depending on the photon energyote that the
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correction vanishes at the form-factor level for forwardin terms of vector spherical harmonics. Here the angle-
angle, and the electric dipole corrections for the form factorindependent atomic parameters are

vanish in the long wavelength limit, since in both cases the

interaction operatoA®—1.)

Ja(J+1)]ram 22

2J,+1

a23§§e<ka,ke>=<i>%“aJe“eJijﬂ[

Ne—1/2

2 (~nih

C. Tensor decomposition of elastic cross sections

The scattering amplitude can be written in terms of a sum
over the direct tensor product of the photon multipoles, X
which are themselves spherical tensf@se Eq(A1)], or in

Jo(Je+1)
23,1

terms of a sum of irreducible tensor amplitudes of fixed rank. 11 11
The coefficientginvolving the photon polarizations and the x| C iiJaj';EOE) C(jf‘]ej,;zoi)
scattering anglewill have tensor character also, as the scat-

tering amplitude must be a scalar. Further, one can show that Jo Ja Pl oma
the cross section for elastic scattering from randomly ori- {ji i j’] g K’JaJaee

ented targets separates into a sum of positive components,
each being a partial cross section associated with one of the 11
irreducible tensor amplitudes, i.e., there are no cross terms +(—1)p+Ja+JeC<J'iJej’;§0§>
between the irreducible tensor amplitudes in the randomly

oriented cross sectiof81]. This is well known in nonrela- 11

tivistic dipole approximation, where the amplitude, involving XC|jrdal’; §0§>

the direct product of two dipole operatqaf rank 1), can be

written as a sum over irreducible tensor amplitudes of ranks Je Ja P ) (ke

0, 1, and 2. The randomly oriented scattering cross section in g BriaeReraa, | (26)

that case therefore separates into partial cross sections asso-
ciated with the irreducible tensor amplitudes of ranks 0, 1,
and 2[29,32 The partial cross section associated with theinvohling the Wigner 6]. SymboL the Clebsch-Gordon coef-
irreducible tensor amplitude of rank 0 is often referred to asicients, and

the scalar scattering cross section, referring to the fact that

the corresponding irreducible tensor amplitude is itself a sca-

lar (as is its coefficient BU) =1,y,, BU)=I,,,

In fact the averaged-amplitude result corresponds exactly * °
to the scalar partial cross section, which is entirely coherent
(since, due to the scalar character of the product of photon BU) = (k' + k) (k' + k) II7y .
multipoles, transitions to different substates are forbidden, x'00 ' ai’
leaving the state unchangedeffects beyond the averaged-
amplitude result are due to partial cross sections of higher
rank, which include both coherent and incoherent compo-
nents.

We illustrate this decomposition of the full expansion in +) )
multipoles, considering first the single-particle case in which B,/ 1= (k" + &)y, B o= (k" + k)1,
the initial (final) angular momentum of the particle and its
projection isj;,m; (j¢,m¢). The use of recoupling rules for

. . . + - —
irreducible tensors allows us to express E4.in the form Bf(,glz(K,'f' ki) LIy, B(K,glz(x’ Tl

BE(_’(;OZ(K,+Ki)(K,+Kf)HI_’JeIi, (27

Jitls
Mii=V2ji+1(=1)" m'p:%,m Clilgp;mi—mep) wherelIl;,; | =1 if I’+J,+1; is an even number, and it is
1 zero otherwise;l'=I(—«'"). As a consequence of parity
2 T‘]a)\aQJe)\e(ea,E:)a)‘ﬁ}‘f (Kq,Ke), conservation,J_aﬂ_L_JeﬂL )\a+_)\e+|i+_l_f is an even number
Xe= Pra’e (I;, I+ denote initial and final parities, respectivelyn the
24) averaged-amplitude approach only the terms vathO in
Eq. (24) survive.(This case, together with the special case of
where ii=is=1/2,1;=1¢, is discussed in detail in Reff31].)
Now let us consider the case of elastic scattering by an
TJa}‘a;‘]e}‘e(ea,G;) atom with one closed shell occupied by.2 1 electrons
Pa with quantum numbers.,«;, and one partially filled sub-
=477{(Y§Aa)(ka) . 6a)®(Y§}\e)(ke) €} ou shell occupied by, electrons with quantum numbens, «;
a € (Ne=<N;, whereN;=2j;+1 is the number of different one-
(25 electron magnetic substates in the partially filled subghell

x 2
Je=

Jaido=0 Agihg=0 P7H
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In accordance with Eq24), the amplitude of the coherent * 1 2j;
scattering is Aneor=N2ji¥1 > > 1)li=m
Ja:J0e=0 Mg hg=0 p=0
) X C(jifipimi = meu) T e ey €)
Acon=_ 2 E V212 3 (-phm X ap3's (N, i), mel, meel. (29
0 Ay Ae=0 miel p=0 Pla’e

Ca Jaha i Jeh We see that only the partially-filled subshell contributes to
X 1. L . atarve'te i . :
CUilip;mi—m0)T 5 €a € )aPJ Je (i i) the incoherent elastic amplitude.
As was mentioned above, the elastic scattering cross sec-
. Jaha iJah A tion is a sum of terms corresponding to the coherent and
+(2j+1)T 2 a"a"(g, € ata(ng, , (28 . . ;
(2Jet 1) Too (€a.€ )aPJ Ja (N, ) (28) incoherent scattering summed over final and averaged over
initial magnetic substate occupations. This leads to the ap-

pearance of the factoﬁ() -1 [(}) is the binomial coefficierjt
e
wherel is the set of occupied magnetic substates in the subih the expression for the cross section

shell, the radial parametezsp§ j—‘ (n,x) correspond to one-

dO’ t -1 2 2
electron transitions within the level with quantum numbers  go = | N 2 (|~AcohJ o Em | Aincorl” | - (30)
n, « [defined by Eq(26)], andk,=K,. € <thmee

The amplitude of incoherent elastic scattering has thé@'he “incoherent part” of the cross section can be written in

form the form
|
Ne—2\Mct = 2 N
2= Male () g @ (e )®
2 miE%’lfetl |~Alncoh| Nt( Ne_l) pzl (J)z: z pJ Je (N ’K')apJ;Jé(n' VKi)
X 2 Ta (e e )T (e, )", (3D)
y

where summations are performed over all indic#s<((J,,J5,Je,Ja), (A\)=(Na,N5,Ne,Ng). Similarly, for the coherent part
of the cross section

N—1 = 1 N
t
D Aenl2= Y DD TR, )T gy ) 5p,o( )
[ p=0 (J)=0 (\)=0 Ne
X[(Neah®a (n; ki) + (2j o+ 1) ah®a (g, ko)) (same with Iy A g— J4 L) * ]
0J .] 0J J a

Nah Nake *
apy 5 (i aKi)apJ;Jé(ni K)o (32

Nt_
(1= 50N 4

After averaging over incident photon polarizations and summing over final photon polarizations, the cross section finally can
be written in the form

do 1
FToR E P.(cosf) o, (33

whereay is the total cross-section, integrated over scattered photon direcBgfts6) is the Legendre polynomial, ardlis
the angle betweek, andk, (k,=k¢). The partial cross sections are

2j; o0 3 T
ok k=72, (2p+1) D, C(IJ.c:1—-10/C(IJic;1—10) [Ja a ]
p=0 =0

J P
X[ardade o] E (“LP(L+ (— 1)t et hathate) grate Bpj‘ ;,*, (34)
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where[a,b, ...]=V(2a+1)(2b+1)- - -; we also used the notations

Bt = 83,.3,0n, n INeg3 3 (i ki) + (2] o+ 1) gl (g, ko)1, (35

Ne(2ji+1—Ng)
3;3;2: @aggﬁe(ni ki), p>0. (36

The radial parameters with=0 are related to the param- lowing sections on coherent and incoherent elastic cross sec-

etersM; , of Eq. (23): tions and on inelastic Raman cross sections for transitions
between nearly-energy-degenerate states, a given finite en-
N A Tix ergy _resolution may imply qther Cross sgctions that are indis-
agyy(n, k)= 2] T (TDTN2IIM, tinguishable from the elastic cross section.

As an example of the role of experimental energy resolu-

In fact there is only one surviving infinite summations in Eq.t'ont.In deflnmgf thf processets mclugjed T_an cIJb_ser\t/ﬁd crotss

(34), due to the properties of B-symbols and Clebsch- f;?n'or(‘)’f‘ivf_zr; i;vo igﬁ)cfs”fr;’;pﬁgg‘ﬁ%? ('g_‘:]ocg'ggoni;ga'
Gordon coefficients. Parity conservation requires that Ny : P - (Sl

only fully filled subshells the averaged-amplitude approach

! ! ! !
;glf:r‘]];: ;]ne;é\?;aza:n);e;gseegesﬁg"egﬁg :#CTJ? derc.olge?gnt.s appropriate for the elastic cross sectjdm. this case the
' 0ss sections were separated into ela®iayleigh and in-

f"‘dd amplitudes, weig_hted by the_ humber of electrons preseqt astic(Comptor) components. However, the energy resolu-
n thﬁ shells, to _tEe rlghF-hand S'dedOf E@E)' buti tion was such that the inelastic Raman cross section for tran-
b The dt;ahrms wit pzo n I.th'd(34) escri et' COI’I.tI‘I lut(!j(?l’]S | itions out of thel. shell appeared with the elastic scattering,
peyond the averaged-amplitude approximation, INCIUAING al, e the inelastic Raman cross section for transitions out of
mco.hgre_nt elastic scattering. It is seen from E@g),(35) the more deeply bounH shell appeared with the inelastic
that: (i) if the subshell is filled or empty, so thid,=2j; Compton scattering. At lower energies even the inelastic

+1 or.O, then all te_rms wittp>0 vanish.(ii) The scalar Compton scattering is becoming indistinguishable from the
scattering cross section grows as the square of the total NUM otic Rayleigh scattering

ber of electrons, whereas the tensor scattering is the same for
the case of one electron or one vacancy in the partially filled
subshell, and is greatest for the case of a half-filled subshell.
(iii) The averaged-amplitude approach works better the

greater the number of electrons in closed shells. )
By coherence we here have generally meant coherence As an example of a case for which the effects of employ-

between the different constituents of the atom. In RefsiNd the averaged-amplitude approximation, instead of aver-
[29,33,34 coherence between atoms, confined in a suitabl9iNg Cross sections over initial orientations and summing
small space relative to the wavelength of the scattered radi@Ver final orientations, are substantial we consider elastic
tion, is also discussed. This is not a practical situation for the&cattering from randomly oriented excited hydrogen atoms in
x-ray andy-ray energies being considered here. However wdhe 2p state, W|th the final orientation of the target not b_emg
note that such a situation would imply that the scalar part ofPServed. Elastic photon scattering from thenrelativisti-

the elastic scattering cross sectitthe averaged-amplitude Cally energy degenerate=2 states of atomic hydrogen has
resuly would enter with a factoN?, whereN is the number been analyzed using the nonrelativistic dipole approximation
of atoms from which scattering is taking place coherently[14]- The target under consideration is a randomly oriented
and so would be dominant, as in Ref29,33,34. ensemble of excited atomic hydrogen atoms in tpestate,

with equal weight being given to each magnetic substate.

In the relativistic description the 2 subshell splits into
the 2p4;» and o4, subshells, whose relative populations in

We finally mention that, if necessary, in addition to Ra-the ensemble will be according to their number of substates,
man scattering as in E¢R20) one also can calculate inelastic since they are energetically very close together. The incident
Compton scattering. A general overview of the theories useghoton beam is unpolarized and we do not observe final
in describing Compton scattering has recently been givephoton polarizations or final target orientations. We shall not
[7]. Since this process is entirely incoherdas is Raman consider scattering for which the target ends up in tie 2
scattering, there is no coherent summation over single-state (the cross section for this is small, vanishing in the
electron amplitudes, just as in the case of incoherent elastidipole approximation We note that while in the nonrelativ-
scattering. Th&matrix approach has been applied to Comp-istic theory all then=2 levels are energy degenerate, in the
ton scatterind6], and results using the impulse, incoherent-relativistic Dirac theory the &, and 24, levels are energy
scattering factor, and? approximations are also available degenerate, while thep,, level is less-deeply bound by
(details are given ifi7]). Though we concentrate in the fol- (Ryda?/16)=4.5x10 ° eV, where Ryd is the Rydberg en-

Ill. ELASTIC SCATTERING FROM 2 p
EXCITED HYDROGEN

D. Further considerations of energy resolution
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ergy unit ande is the fine-structure constafgee, e.g., Ref. 4
[35]). (The inclusion of radiative corrections in turn removes
the degeneracy between the;2 and 24, levels)

In providing a prediction to compare with an experimental
result for scattering it is necessary to consider the implica-
tions of experimental details such as energy resolution. An
experimental result purporting to correspond to the elastic
scattering cross section in this situation may not have suffi-
cient resolution in energy to resolve the splitting between the
2pq» and 25, levels, and it therefore would not distinguish
between elastically scattered photons and inelastically scat-
tered photons which correspond to a transition between these 0 15 20
subshells. In this case one should compare with the sum of photon energy (eV)
these elastic and inelastic cross sections. Indeed in the non-
relativistic theory these levels are energy degenerate, and so FIG. 1. Nonrelativistic cross sections for scattering at forward
the “elastic” result within the nonrelativistic framework angle from 2 excited hydrogen. The elasticoherent and incoher-
would correspond to this sum also. eny scattering cross section in the nonrelativistic theory is shown,

Since the target is initially randomly oriented and final together with averaged-amplitude result in the nonrelativistic
orientations are not being observed, coherent and incoherefeory-
elastic scattering cannot be distinguished, since one cannot _ o )
say whether the atom has the exact same initial and finaﬂon and is the_refor_e an _apprOX|mat|on to the elastic scatter-
state or not. As discussed in the previous section, thd'd Cross section given in E¢37). ,
averaged-amplitude approach gives the scalar coherent cross!n Fig. 1 the elastic cross sectidooherent and incoher-
section for scattering, and is therefore only an approximatiof#"? in the nonrelativistic dipole approximation for forward-
to the observable cross secti@xcept for the case of closed- ngle scattering from excited hydrogen in thp 2tate is
shell atoms where there is only scalar coherent elastic scagl'OWn, together with the averaged-amplitude result. Note
tering). that “elast|cj’ .hejre means elasyc within the framework of

Therefore the cross sections we are considering(are the nonrelativistic theory, in which thepZ, and 2p5, sub-
nonrelativistically, the nonrelativistic elastic cross sectionShells are energy degenerate. _ o
(coherent and incohergrfor transitions within the P sub- Turning now to the re.lat|V|s't|c wewp_omt_, we show in Fig.
shell and(2) relativistically, the(properly weightetielastic 2 (for the same target, implying a weighting over thg,2
cross sectioticoherent and incohererfor transitions within ~ and 203> subshellp the relativistic elastic cross sectiggo-
the 2p;,, and D, subshells, and théncoherent inelastic herent and mcohere)rmnd the welghtecdrelatmstlcally in-
cross sections for Raman scattering involving transitions be€lastio Raman scattering cross sections corresponding to the
tween these two subshells. These will be compared with th@om making d,—2pz, and 2s,—2py,, transitions,
averaged-amplitude results. which, though distinct cross sections, cannot be distin-

In Ref. [14] numerical results are given for three atomic
parameterd, C, and D, functions of energy only, that de-
scribe elastic photon scattering from excited hydrogen in the
2p state in the nonrelativistic dipole approximatiofA
fourth parameteA describes elastic photon scattering from
the 2s state; note that in the dipole approximation there is no
two-photon 2« 2s transition) The elastic scattering cross
section(coherent and incohererin the nonrelativistic dipole
approximation is given in terms of these parameters as

nonrelativistic elastic
averaged-amplitude <

w

N

e
T
1

scattering cross section (roz/sr)

o
4)}

~

elastic+inelastic
elastic ------------
Dy gy

averaged-
amplitude

w

e
T

scattering cross section (roz/sr)
N

do 1 ) L i
————=_{4B+(1+cog #)(C+D)]r;. (37
dQelastic 2 0 b
5 20
The result obtained using the averaged-amplitude approach photon energy (eV)
IS FIG. 2. Relativistic elasti¢coherent and incoherentross sec-
do 1 1 tion, and inelastic Raman cross sections fpg,2— 2p5, transitions
——=—|(1+cog )| C+ =(B+D) rg. (39 and visa versa, together with their sum, for scattering at forward
dQave amp 2 3 angle from % excited hydrogen. The weightedyg,— 2p5,, and

2p3p— 2Py, inelastic Raman cross sections cannot be distin-
It corresponds to théexacy result for elastic scattering in the guished on the scale used. The averaged-amplitude result is also
case of a fully filled 2 subshell, though weighted according shown. The sum agrees with the nonrelativistic elastic cross section
to the number of electrons actually presémhe electron in  of Fig. 1; the averaged-amplitude results of the two figures also
our casg This corresponds to the scalar coherent cross seagree.
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guished on the scale shown. The total cross section, appro- Though the differences seem large for this case, it should
priate for comparison with the nonrelativistic total elasticbe remembered that for many-electron atoms there are usu-
scattering cross section, is the sum of all these relativisti@lly many electrons in fully filled subshells whose ampli-
cross sectiongNote that there are details to consider in sum-tudes must be added together to get the full elastic coherent
ming elastic and inelastic cross sections in this way to obtai@mplitude, so that the effects of partially filled shells will

a result corresponding to an “elastic” result in some limit— generally be less important as percentage effects in the total
one should average over an appropriate energy resolutio0SS section. This is considered in the next section.

How this is done can be important very close to resonances,

where the cross sections are changing rapidly, but away from IV. ELASTIC SCATTERING

resonances one can simply add all the cross sections for the FROM MANY-ELECTRON ATOMS

same initial photon energy, since they are changing slowly

enough). As we saw in the previous section, the averaged-

Since we are in a regime where the nonrelativistic dipoleamplitude approach can be a poor approximation to the elas-
approximation is valid we expect agreement between théic (coherent and incohergrgcattering cross section for par-
nonrelativistic and relativistic approaches, if we are compartially filled shells in the extreme case of a suitabéxcited
ing appropriate cross sections, or sums of cross sections. Tlame-electron atom. It should be remembered, though, that the
total cross section in Fig. 2 agrees with the nonrelativisticaveraged-amplitud&-matrix Rayleigh results have generally
elastic cross sectiofshown in Fig. 1, and the averaged- been used to describe elastic photon scattering for medium-
amplitude results agree in the nonrelativistic and relativistido high-Z ground-state atoms for photon energies in the x-ray
descriptions, confirming this. We see that the averagedand y-ray regime. In these situations there are many elec-
amplitude result can represent a poor approximation to th&rons present in fully filled subshells, which give rise to a
more correct results. large elastic coherent amplitud®r which the averaged am-

In obtaining the total cross section from the relativistic plitude is appropriate and only the valence electrons in par-
viewpoint it is therefore necessary to calculate the elastigially filled outer subshells are being treated approximately.
cross section(coherent and incoherenfor the 2p,, and  Further, scattering from these valence electrons, again for
2ps» subshells(properly averaged and weighjedand the  photon energies in the x-ray angray regime, can usually
Raman scattering cross sections in which the electron makd= described using tHenodified form-factor approximation,

a transition from the @, to the 205, subshell and visa for which there is no difference between the averaged-
versa. Therefore the nonrelativistic “elastic” cross sectionamplitude approach result and the more proper averaged
splits into the relativistic elastic cross section and the inelaseross section result at forward angénd the incoherent elas-
tic Raman scattering cross sections. tic contribution vanishes at forward angl&Vith increasing

We now consider some of the characteristic features oéngle the valence electron contribution drops rapidly com-
the averaged-amplitude approach. As mentioned previouslyared to thegfully filled) inner shell contribution. Therefore
this approach is exact only for fully filled subshells, beingwe expect the averaged-amplitude approach to work well for
approximate for partially filled subshells. In our case of onethese cases.
electron in the P subshell it is seen to be a poor approxi- This suggests that for scattering from ground-state atoms,
mation. (Note that the averaged-amplitude approach doewith photon energies exceeding the outer-electron thresh-
work well for ground-state hydrogen, even though tke olds, differences between the two approaches should be im-
shell is only half filled, since the corrections in this case areportant only for lowZ atoms, where a greater fraction of the
solely due to relativistic spin-flip effects, which are known to electrons are in partially filled subshells. For scattering from
be small, though they become significant for high21].) ground-state hydrogen the effects are not large because the
We see near zeroes above threshold in the averageéifects in that case, associated with a half-filledhell, are
amplitude cross section that are generally spurious for thpure relativistic spin flip effects, known to be small for |&v
case of partially filled subshellghut real for configurations [21] (the same is true for lithium, with a half-filled; sub-
involving fully filled subshells, for which the averaged- shel). Therefore boronZ=5) is the lowes# ground-state
amplitude description is appropriateThese near zeroes in atom for which these effects can be significant.
the averaged-amplitude cross sections are associated with In Fig. 3 we give results for scattering at forward angle
cancellations in the real part of the scattering amplituddrom ground-state boronZ(=5), showing the relativistic
when the single-particle amplitudes from all substates arelastic (coherent and incoherentross section(Since the
summed—such cancellations do not occur in many configuamplitudes are largely dipole dominant at all but the highest
rations with partially filled subshells in the more correct ap-energies, we expect the features seen in and below the reso-
proach in which the coherent cross sections are averaged faance region to persist at all angleglso shown are the
all definite magnetic substate occupations. For any giveinelastic incoherent Raman cross sectioriproperly
magnetic substate occupation one should coherently add onlyeighted for transitions between the, and L5 subshells
the single-particle amplitudes for the electrons presentand visa vers&which are distinct cross sections, but cannot
which is only equivalent to coherently adding the amplitudesbe separately distinguished on the scale uséde sum of
for all substates in the subshell when that subshell is fullythe elastic and inelastic cross sections is the total cross sec-
filled. (Note these near zeroes are not true zeroes in the crosisn, which corresponds to the totatoherent and incoher-
section due to the small but finite imaginary amplitude. end cross section obtained in a measurement or calculation
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30 . . . tering angles we expect the near zero to occur at lower en-
> ergy, to the extent that negative form-factor amplitudes in-
NS volved in the cancellation are falling-off with increasing
s 5. angle. Note that for higlz- atoms the situation is more com-

E; L plex as there will be many different subshell amplitudes in-
o 0 i~ Kedge volved with different fall-offs, but the resonance transition
§ hferaenfimsienet st_rengths involvedassociated with the valence electrpns
> 10} i N . will be weaker.

£ \ W o2, =2, .. Thus we see that, in boron, in the region well above its
) i 12 312 . .

£ \’J il averaged- e ] outer-shell threshold, going beyond the averaged-amplitude
Z amplitude approach leads to comparatively small modifications to the

0100 1 i'.)o B 260 2'50 300 cross section, partially Wgshing out the near-zero below reso-

photon energy (eV) nance, though the effect is only apparent at the bottom of the

dip. Above theK-shell threshold one can also discern a dif-

FIG. 3. Elastic(coherent and incohergntross section, and in- ference between the results in the two approaches, but here
elastic Raman cross sections fap;2— 2pg, transitions and visa the effects are relatively small compared with the overall
versa, together with their sum, for scattering at forward angle frommagnitudes of the cross sections. The differences in the case
ground-state boron. The weighte®—2ps, and Ps,—~2p12  of scattering from ground-state boron are of the same order
inelastic Raman cross sec_tlons cannqt be distinguished on theT scalg in excited hydrogenifﬁlré, both cases involving one
used. The averaged-amplitude result is also shown. The position Qfje.1ron in the p subshell. The effects in scattering from
Lheelo':v fﬁg}i ;g're“(js'ﬁ:gs diggig)?;?gsomittts resonance region Jushany-electron atoms as percentage effects on the averaged-

: amplitude cross section are generally small, due to the large
where the splitting between tHe, and L5 levels is not ac- coherent contribution involved, which is growing roughly
counted for or resolved. The result for elastic scattering irwith the square of the number of electrons present, but they
the averaged-amplitude approach is also shown. The positigd®n be important in the determination of anomalous scatter-
of theK edge is indicated. The shaded area, just belovkthe ing factors to high accuracy. However at the bottom of near-
edge, is a region of resonances from tshell into all the  zero dips below thresholds the cross section can be many
unoccupied higher shells, forming a Rydberg sequence dimes the averaged-amplitude value. The proper understand-
resonances with th& edge as the accumulation point. The ing of these near zeroes is important, as they can be used to
details of the resonant elastic cross section are omitted in thigharacterize scattering matrix elemef88§], and they repre-
region. sent windows of transparency in scattering.

Note that in some ways this situation is similar to the For scattering from ions and excited atoms there is always
excited hydrogen case considered earlier, in that we have orige possibility of having many of the electrons present in
electron in the P subshell. But we now have the coherent partially filled subshells, for anyZ. In such cases the
contribution of four other electrons in fully filled subshells, averaged-amplitude approach may be less successful in
which drastically alters the overall picture. Whereas in theyielding accurate elastic scattering cross sections. The effect
averaged-amplitude approach in the one-electron case thepé interference between the scattering amplitudes from dif-
was a near zero in the cross section above mQZp reso- ferent partially filled subshells Complicates the situation con-
nance, this is now only a shallow dip in the cross sectionsiderably, in particular in determining the locations, if any,
due to the contribution of the large coherent background amof near zeroes in the cross sections. In particular one would
plitude (due to the four electrons in fully filled subshellds  expect additional effects in the case that there is a vacancy in
the threshold is approached from above the real amplitude@ne of the inner shells, or in the case of hollow atdmih
are getting smaller in magnitude but approaching a finit¢he inner shells completely vacant
value. Just above threshold the imagin&rghell amplitude
is large, causing the rise in the cross section as the threshold
is reached. Thus, even for atoms with fully filled subshells,
for which the averaged amplitude is correct, one can antici- Circumstances have been identified in which simplified
pate that there will be no near zeroes in the forward crosgnagnetic substate averaging at a matrix element level is in-
sections above threshold in neutral atoms—we have verifieddequate. The approximation used in the uSalatrix for-
this for neon. For hollow atoms with electrons in fully filled mulation of elastic scattering, performing an average over
subshells, as for example C §9, there can be real near magnetic substates at the level of the elastic coherent scat-
zeroes above the downwakd— K resonance transition. tering amplitude, is justified for elastic scattering from ran-

However, below the &—2p resonance we now get a domly oriented many-electron ground-state atoms at energies
cancellation in the real amplitude between the rising resonargbove the inner electron thresholds, due to the dominant co-
contribution in theK-shell amplitude associated with the 1 herent contribution of the electrons in fully filled subshells.
— 2p resonance and the contribution of theshell electrons, However, results for scattering from boron show that near
giving rise to a near zero in the cross section. Note that thesgeroes below threshold in the averaged-amplitude cross sec-
effects are seen in all cross sections in Fig. 3, already beingion are partially filled-in in the more correct treatment,
present in the averaged-amplitude approach. At larger scatvhich includes incoherent elastic scattering and averaging

V. CONCLUSIONS
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over orientations of the target at the level of the cross sec- In the case of the averaged-amplitude approach only the
tions. Though these effects are otherwise generally smalliagonal terms in the product of the multipole expansions of
compared to the typical magnitudes of elastic scatteringhe two photon operators survive, for whichl,M .\,

cross sections in many-electron atoms, they will still be im-=J.M .\

portant in the precision determination of anomalous scatter-
ing factors.

The averaged-amplitude approach is expected to be insuf-
ficient in cases where there is a large fraction of electrons in
partially filled subshells, as in the extreme example pf 2
excited hydrogen. In this case one also has to include inelas-
tic scattering cross sections, involving transitions between
the nearly energy degenerat@,2 and 25, subshells, to
obtain agreement with the results for elastic scattering ob-
tained in the nonrelativistic theory. Lesser energy resolution
would require including inelastic Raman cross sections for
transitions into higher subshells, perhaps even the inelastic
Compton cross section.
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APPENDIX A: MULTIPOLE EXPANSION
The multipole expansion of the photon operatér
=a- X' is =
A= 2, Chy(k@)Ady(k.r), (A1)
JMN
where

Chu(k,&)=4mi? 2 (YQ(k) - e),

=JM\)

2 Chnt(Ka,€)Chn" (ke &)

2J+1 o x
[(6 ef +e € U,

+(ereF*+eref+*>vJ],

Ec 0Ky, €0 Chn" (ke €0)

2J+1 %
8—[(5 2 +6i € )V,

+(ei+ef7*+efef+*)UJ],

UJ:7TJ+TJ, VJ:WJ_TJ,

dP,(cosd) 1

(A4)

(A5)

P;_1(cosé)+ P, 1(cosh)

JJ+1) dcoss 2 2
P3_,(cosé)+ P3, ;(cosh)
23(3+1) !
dPj(cosh) 1

TJ3+1) de 2

P3(cosf)
PJ( cosfh) — m

(AB)

Ak, =a- a5y, (k,r), (A2) We also give explicit results for the case of the electric
dipole amplitude J,=Je=1A,=\=1):
and
- _ . Clm,-+1(Ka, €)Cly - 1(Ke &)
ajm (K1) =Jas(kr)Ysom(r), (A3)

1 .o« 1
€ € §(1+cos¢9)+e(ef E(l—cosﬁ),

(o]
- J+1 . 8w
ajy (k,r)= mJJ—l(kr)YJJ—lM(r)

3 C%Ma= +1( Iza :fa)cﬂ/l;o( ﬁe,ee)
-\ ijH(kr)YJJHM(r)-

In scattering there is an absorbed and emitted photon, and the
quantitycgaM (Ra,ea)Cge:A (Re,ee) is needed. Note that in

3\ v o e
=55 [e e —€ € ]sing, (A7)

R . N
Clm,—+1(Ka,€)Ciy - _1(ke, €)
general it is not trivial to give explicit expressions for this
guantity, and here we consider certain special cases. The 3
photon polarization vectors are written in the fore 8w
=e'e"+e €, wheree' (€) corresponds to right-handed
(left-handedl circular polarization.

1 . o1
€ € E(l—cos¢9)+»s(ef §(1+cosﬁ),

with terms involvingM ;=0 vanishing.
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APPENDIX B: ANGULAR INTEGRALS [IM =M |IM

k'm’,km_ ' —k'm’,—km? k'm’,km

=(=DMI,

km,xk’'m’?

The following angular integral appears in the multipole (B2

decomposed scattering amplitulds:

Rl (400" voq and the following result, used in deriving the scattering am-
k'm’,km w'm’ T IMZEkm plitude in the averaged-amplitude approximation:
_(— 1)@+ /(2J+1)_(2]+1)
4m(2j'+1)
S B A >
XC ]JJ';EOE C(jJj" ;mMm")IT, ., MMM, rem

B1 (2j+1) . 11
( ) :TCZ ]JJ ,EOE H|J|’5JJ’5MM"

wherell,;,=1 if (I+J+1") is even and is zero otherwise.

We note the following properties: (B3)
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