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Dependence of photon-atom scattering on energy resolution and target angular momentum
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We consider a more correct treatment of photon scattering from randomly oriented atoms, going beyond the
level of description used in currently available results. We focus on cross sections which include an elastic
scattering component. The most sophisticated results available to describe high-energy elastic scattering are
relativistic coherent elasticS-matrix calculations within independent-particle approximation, which, however,
perform an averaging over magnetic substates at the level of the amplitude~averaged-amplitude approach!,
exact only for fully filled subshells. The presentS-matrix calculations also do not consider incoherent elastic
scattering~in which an electron makes a transition to a different magnetic substate in the same subshell!, which
can occur when there are partially filled subshells. A more proper treatment of these situations involves an
averaging over the cross sections for all possible orientations of the target. Here we consider the total elastic
scattering~both coherent and incoherent!, and we also include the unresolved contributions of inelastic~Raman
and Compton! scattering. In particular we consider inelastic Raman scattering between relativistic subshells
that are nearly energy degenerate, which may not be resolved, given finite experimental resolution, and which
may be degenerate in nonrelativistic theory~e.g., Coulombic 2p1/2 and 2p3/2 subshells!. Thus, for example, the
nonrelativistic result for elastic scattering~coherent and incoherent! from excited hydrogen in the 2p state
corresponds to the result obtained by summing relativistic elastic scattering~coherent and incoherent! together
with the relativistic inelastic scattering for transitions between the 2p1/2 and 2p3/2 subshells. The averaged-
amplitude approach does poorly in this case. However, results for scattering from ground-state boron indicate
that the averaged-amplitude approach generally works well for many-electron ground-state atoms, due to the
large coherent contribution from electrons in fully filled subshells.

PACS number~s!: 32.80.Cy
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I. INTRODUCTION

How to obtain accurate predictions for the elastic scat
ing of photons by atomic targets has long been and rem
a subject of interest. See Refs.@1,2# for discussions of the
various theoretical approaches and the comparison of t
retical predictions with experiment. In this paper we wish
go beyond the usual level of description, considering effe
associated with partially filled subshells, and considering
consequences of finite energy resolution. Our particular
terest here is in cross sections involving an elastically s
tering component. The target is assumed to be randomly
ented, and final target orientations are not observed. We
discuss effects of approximations in averaging which h
been used in describing the elastic~coherent and incoheren!
scattering cross section. We will also discuss the inclusion
inelastic scattering cross sections, needed to correspond
experimental observation of finite energy resolution, or
correspond to calculations in a simpler theory~e.g., nonrela-
tivistic theory!.

The most sophisticated calculations describing hi
energy elastic scattering are based on the evaluation o
second-orderS-matrix element in the atomic potential as d
scribed in Refs.@2,3#, following the earlier work of Brown
et al. @4# and Johnson and Feiock@5#. ~The S-matrix ap-
proach has also been applied to the case of inelastic Co
ton scattering@6,7#.! These are relativistic calculations i
independent-particle approximation~IPA!, retaining all sig-
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nificant multipoles in the electron-photon interaction, wi
electron orbitals being obtained in a local relativistic se
consistent Dirac-Slater type central potential. The regime
validity of simpler approximations have often been det
mined by comparison withS-matrix calculations@1,8#, and
the S-matrix calculations have generally been regarded
benchmark calculations for elastic photon scattering from
oms in the x-ray andg-ray regime. It therefore is of interes
to understand how accurate theseS-matrix results are. There
have been investigations of photon polarization effects@9#,
the multipole dependence of scattering@10#, and angular dis-
tributions @11#, all depending in part on theS-matrix calcu-
lations.

There are corresponding analytic nonrelativisticS-matrix
results: The problem of elastic scattering from hydrogenl
atoms has been investigated in detail using the nonrelativ
dipole approximation for then51 @12#, n52 @13–15#, and
n53 @16# shells. In Ref.@17# analytic results are presente
for Raman scattering between then51 and then52,3
shells, as well as for elastic scattering. Retardation effe
@18,19# and relativistic effects@20,21# in scattering from hy-
drogenicK-shell electrons were also considered. In Ref.@22#
numerical results are given for the cross section of ela
coherent Rayleigh scattering from the ground states of r
tivistic hydrogenlike ions withZ51, 30, 50, and 80, and fo
relative contributions of retardation and relativistic effec
The inelastic~Raman! cross sections for transitions betwee
1s1/2 and excited 2s1/2, 2p1/2, and 2p3/2 states were also
calculated.
©2000 The American Physical Society04-1
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We note the extensive theoretical tabulations of ela
scattering which have become available. Many tabulati
are based on the form-factor approximation for describ
elastic scattering, which is attractive because of its simp
ity. There are extensive tabulations of form factors~FF’s!
using nonrelativistic@23# and relativistic@24# nonlocal wave
functions, and also of modified form factors~MFF’s! @25#,
which take account of additional electron binding effec
More recentlyS-matrix results for all elements, angles, a
energies ranging from eV to MeV, as well as results based
the form-factor approximation and on form factors combin
with anomalous scattering factors, have been made avail
online @26#. A tabulation has also been published, based
interpolation on previously publishedS-matrix results, for all
elements in the range 13<Z<104, all scattering angles, an
photon energies in the range 50–1500 keV@27#.

The S-matrix formalism presented in Refs.@2,3# is re-
stricted to the case of elastic coherent Rayleigh scatte
~exactly the same initial and final atomic state!, and an aver-
aging over all magnetic substate contributions at the leve
the scattering amplitude~which we call the averaged-
amplitudeapproach!, weighted by the number of electrons
the subshell, is performed for each subshell. This proced
is exact only for fully filled subshells, where all the magne
substates are occupied; it is approximate when the targe
partially filled subshells, in which case there is both coher
and incoherent elastic scattering. Given our assumptions
cannot distinguish between coherent and incoherent ela
scattering, since this would require making observations
the target.~We note that the same type of amplitude aver
ing is employed in the form factor tabulations@23–25#.!

A more correct procedure is to calculate all cross secti
for atoms with specified numbers of electrons in subshe
averaging over all possible initial orientations of the targ
and summing over final orientations. This corresponds to
eraging and summing the cross sections over all poss
magnetic substate occupations. For each definite magn
substate occupation, the coherent elastic amplitude is
tained by summing over the elastic scattering from each
the electrons. The incoherent amplitudes for transitions
unoccupied substates should be summed at the level o
cross section. The final result is obtained by averaging
cross sections for all possible initial magnetic substate oc
pations with the specified number of electrons in the s
shell. This procedure takes account of incoherent elastic s
tering, in which the initial and final states of the atom a
different, though energy degenerate~i.e., corresponding to
transitions within the same subshell!. Incoherent elastic scat
tering is neglected in the averaged-amplitude approach. N
that for fully filled subshells this more correct procedu
does lead to the averaged-amplitude result, as there is
one possible magnetic substate occupation~all substates oc-
cupied!; the coherent summation is therefore over all ma
netic substates, and there is no incoherent elastic scatte

Our concern here is twofold:~1! How is the accuracy of
the present independent-particle-approximation~IPA!
S-matrix results for elastic scattering affected by t
averaged-amplitude approximation, performing averaging
the level of the amplitude for partially filled subshells, a
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neglecting incoherent elastic scattering~present for partially
filled shells!? ~2! When should one include inelastic Rama
scattering between different subshells that are nearly en
degenerate~e.g., 2p1/2 and 2p3/2 subshells for lowZ), as is
necessary to correspond to the nonrelativistic result for s
tering, or to include inelastic Raman scattering into oth
shells and even Compton scattering, depending on the en
resolution involved?

Our discussion here will be more appropriate at high
energies, and/or higherZ, where independent-particle ap
proximation can be justified. There have been recent inv
tigations of the adequacy of IPA assumptions in theS-matrix
results, examining consequences of nonlocal exchange
electron correlation, which become important at lower en
gies, and in lighter elements. Experimental results hi
lighted a discrepancy between theseS-matrix predictions and
experiment for scattering by neon for photon energies in
range 11–22 keV@28# ~the K-shell threshold for neon is
'870 eV!. It was shown that corrections obtained fro
simple form-factor-based calculations could account
these differences in light elements in the above-threshold
gion @28#: the effect of correlations on the elastic scatteri
cross section was small, while nonlocal effects could cha
the elastic scattering cross section by as much as 10%,
pending on the momentum transfer involved.~We shall re-
turn to these results@28# in Sec. II, as they also provide a
example of how experimental energy resolution determi
which inelastic cross sections must be included with the e
tic scattering cross section.! In general theS-matrix results
are also not expected to be accurate too close to resona
where many-electron effects can be large and where fi
level widths become important~the S-matrix calculation ne-
glects level widths, leading to singularities which are r
moved when the finite widths are considered!.

We find that the averaged-amplitude RayleighS-matrix
approach can be expected to provide a good descriptio
elastic scattering from randomly oriented middle- to highZ
ground-state atoms, for photon energies in the x-ray
g-ray regime ~assuming one is including the cohere
nuclear and Delbru¨ck amplitudes when appropriate!. This is
because the elastic coherent amplitude is a coherent su
the contributions from all electrons, most of which are
fully filled subshells, and this accounts for most of the sc
tering cross section. The form-factor-type contribution fro
the valence electrons is dropping much faster with increas
angle than the innershell amplitudes~given that we have
photon energies above the innershell thresholds and
above the valence-shell thresholds!, leading to the~fully
filled! innershell amplitudes being dominant at finite angl
At forward angle the valence electrons contribute sign
cantly but the form factor at forward angle is the sam
whether one uses the averaged-amplitude approach or
~there is no incoherent elastic scattering at forward angle
the form-factor approximation!. As one moves away from
forward angle there will be differences, but these valen
electron contributions are all decreasing rapidly compare
the contributions from the other electrons, so that any diff
ences will be a small effect in the scattering cross sect
Therefore for such elements and energies any correct
4-2
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DEPENDENCE OF PHOTON-ATOM SCATTERING ON . . . PHYSICAL REVIEW A61 042704
associated with performing the more proper averaging o
cross sections for the contribution of the valence electron
the elastic coherent scattering, and including elastic inco
ent scattering, should be small.

We expect that correct averaging, and inclusion of in
herent contributions, will matter most for low-Z elements,
and in particular for excited atoms and ions, where ma
electrons are in partially filled subshells. In the next sect
we generalize the coherent Rayleigh scattering formali
which used the averaged-amplitude approach, exact only
fully filled subshells, and describe elastic scattering from t
gets with partially filled subshells. This involves performin
a more proper averaging over cross sections, including in
herent elastic scattering in which the initial and final atom
states are different, but energy degenerate. We also con
inelastic incoherent scattering between nearly ener
degenerate levels, which may become degenerate in a
pler theory or may not be resolved in energy in a realis
experimental situation. For completeness we also men
the available more general approaches for describing ine
tic Raman and Compton scattering, which may be obser
together with elastic scattering, depending on the ene
resolution. In Sec. III we consider the example of elas
scattering from an excited hydrogen atom in the 2p state,
and we recover the nonrelativistic elastic scattering cr
section from the relativistic viewpoint. Implications for sca
tering from many-electron atoms are discussed in Sec.
and conclusions are presented in Sec. V.

II. DESCRIPTIONS OF SCATTERING

Generally one is dealing with scattering from man
electron atoms, involving many-electron wave functions, a
summations over the spatial coordinates of all the electr
in the expressions for the photon operators. However
independent-particle approximation one can reduce
many-electron problem to a single-electron formalism,
terms of single-electron scattering amplitudes correspond
to an electron making a transition from a definite initial sta
to a definite final state~which may or may not be the sam
state!, through all possible intermediate states, regardles
their occupation@1#. In obtaining the total coherent ampl
tude, one should sum over the amplitudes for scattering f
each electron of the atom. For incoherent scattering
sums instead cross sections for incoherent scattering f
each electron of the atom.

In Sec. II A the formalism for calculating the single
electron scattering amplitudes is developed. Following t
in Sec. II B we show how one then obtains the scatter
cross sections for many-electron atoms, in accordance
Ref. @1#. In Sec. II C we perform a tensor decomposition
the elastic scattering cross section, giving separate exp
expressions for the coherent and incoherent elastic scatte
cross section, and in Sec. II D we discuss consequence
energy resolution.

A. Single-electron scattering amplitudes

We now proceed to describe the evaluation of the sing
electron scattering amplitudes in the second-orderS-matrix
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approach, in which an atomic electron makes a transit
from an initial stateu i &5unik imi& with energyEi to a final
stateu f &5unfk fmf& with energyEf , which may or may not
be the same state. The states are solutions of the Dirac e
tion in the presence of a self-consistent Dirac-Slater ty
central potentialV(r ). The absorbed~emitted! photon has
momentumka (ke) and polarization vectorea (ee), andka
5ukau5va /c (ke5ukeu5ve /c). The angle between the ini
tial and final photon isu and k̂a• k̂e5cosu. We use natural
units \5m5c51 throughout. The relevantS-matrix ele-
ment in the Furry representation is

Sf i522p id~Ef1ve2Ei2va!A2pa

ke
A2pa

ka
Mf i ,

~1!

where

Mf i5X

n

S ^ f uA* un&^nuAu i &
Ei1va2En

1
^ f uAun&^nuA* u i &

Ei2ve2En
D , ~2!

andA5a•eaeika•r, A* 5a•ee* e2 ike•r are the photon absorp
tion and emission operators, respectively. The summat
integration is over all intermediate statesun& ~both bound and
in the continuum! in the atomic potentialV(r ).

We perform a multipole expansion of both photon ope
tors:

A5 (
JaMala

CJaMa

la ~ k̂a ,ea!AJaMa

la ~kar !,

~3!

A* 5 (
JeMele

CJeMe

le* ~ k̂e ,ee!AJeMe

le* ~ker !.

The definitions ofCJM
l ( k̂,e) and AJM

l (kr) are given in Ap-
pendix A. We choose a coordinate system in which thez axis
is directed along the direction of the incident photonẑ
5 k̂a . Now we can write the scattering amplitude as

Mf i5 (
JaMala

(
JeMele

CJaMa

la ~ k̂a ,ea!CJeMe

le* ~ k̂e ,ee!MJa ,Ma ,la

Je ,Me ,le,

~4!

where

MJa ,Ma ,la

Je ,Me ,le5X

n

S ^ f uAJeMe

le* ~ker !un&^nuAJaMa

la ~kar !u i &

Ei1va2En

1
^ f uAJaMa

la ~kar !un&^nuAJeMe

le *
~ker !u i &

Ei2ve2En
D . ~5!

The quantityCJaMa

la ( k̂a ,ea)CJeMe

le* ( k̂e ,ee) depends only on

the scattering angleu and the polarization vectors, wherea
the quantityMJa ,Ma ,la

Je ,Me ,le depends the photon energies and co

tains all the atomic information.
4-3
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As was done for the coherent Rayleigh scattering am
tude @2,4,5#, we write Eq.~5! in the form

MJa ,Ma ,la

Je ,Me ,le5^ f uAJeMe

le* ~ker !u i 1&JaMa

la

1^ f uAJaMa

la ~kar !u i 2&JeMe

le , ~6!

where we have defined the positive frequency

u i 1&JaMa

la 5unik imi1&JaMa

la 5X

n

un&^nuAJaMa

la ~kar !unik imi&

Ei1va2En
,

~7!

and negative frequency
04270
i-

u i 2&JeMe

le 5unik imi2&JeMe

le 5X

n

un&^nuAJeMe

le* ~ker !unik imi&

Ei2ve2En
,

~8!

perturbed orbitals which satisfy the following inhomog
neous Dirac equations (H is the Hamiltonian!:

~Ei1va2H !unik imi1&JaMa

la 5AJaMa

la ~kar !unik imi&,

~9!
~Ei2ve2H !unik imi2&JeMe

le 5AJeMe

le* ~ker !unik imi&.

These are still three-dimensional equations, and we nee
expand both sides of Eq.~9! in a spherical basis to obtain th
radial differential equations that will be solved numericall
l

s of the
We consider the action of the photon operatorAJM
l (kr) on a stateunkm&, giving the result in a spherical basis~as was done

in Refs.@3,5#, see also Ref.@29# for details!

AJM
l51~kr !unkm&5 (

k8m8
i
AJ~J11!

2J11
I k8m8,km

JM 1

r

3S Kk8Jnk
l51

~k,r !Vk8m8~ r̂!

iL k8Jnk
l51

~k,r !V2k8m8~ r̂!
D , ~10!

AJM
l50~kr !unkm&5 (

k8m8
2 i

~k81k!

AJ~J11!
I 2k8m8,km

JM 1

r

3S Kk8Jnk
l50

~k,r !Vk8m8~ r̂!

iL k8Jnk
l50

~k,r !V2k8m8~ r̂!
D ,

where the angular integralI k8m8,km
JM is defined in Appendix B, and we have defined

S Kk8Jnk
l50

~k,r !

Lk8Jnk
l50

~k,r !
D 5S j J~kr ! f nk~r !

j J~kr !gnk~r !
D ,

~11!

S Kk8Jnk
l51

~k,r !

Lk8Jnk
l51

~k,r !
D 5S F S k82k2J

J D j J21~kr !2S k82k1J11

J11 D j J11~kr !G f nk~r !

F S k82k1J

J D j J21~kr !2S k82k2J21

J11 D j J11~kr !Ggnk~r !
D ,

where j J(kr) is the spherical Bessel function of orderJ with argumentkr. The corresponding expansions forAJM
l* (kr)unkm&

are obtained by the substitutionM→2M and including a factor (21)M, which follows from the properties of the spherica
harmonicYJM .

Now we expand the perturbed orbitals in the spherical basis in the same way as we expand the driving term
inhomogeneous equations@right-hand side of Eq.~9!#, giving for the positive frequency perturbed orbital

unik imi1&JaMa

la51
5 (

k8m8
i
AJa~Ja11!

2Ja11
I

k8m8,k imi

JaMa
1

r

3S S
k8Janik i

(1)la51
~ka ,r !Vk8m8~ r̂!

iT
k8Janik i

(1)la51
~ka ,r !V2k8m8~ r̂!D , ~12!
4-4
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unik imi1&JaMa

la50
5 (

k8m8
2 i

~k81k i !

AJa~Ja11!
I

2k8m8,k imi

JaMa
1

r

3S S
k8Janik i

(1)la50
~ka ,r !Vk8m8~ r̂!

iT
k8Janik i

(1)la50
~ka ,r !V2k8m8~ r̂!D ,

and similarly for the negative frequency perturbed orbital

unik imi2&JeMe

le51
5 (

k8m8
i
AJe~Je11!

2Je11
I

k8m8,k imi

JeMe
1

r

3S S
k8Jenik i

(2)le51
~ke ,r !Vk8m8~ r̂!

iT
k8Jenik i

(2)le51
~ke ,r !V2k8m8~ r̂!D ,

~13!

unik imi2&JeMe

le50
5 (

k8m8
2 i

~k81k i !

AJe~Je11!
I

2k8m8,k imi

JeMe
1

r

3S S
k8Jenik i

(2)le50
~ke ,r !Vk8m8~ r̂!

iT
k8Jenik i

(2)le50
~ke ,r !V2k8m8~ r̂!D .

With this decomposition Eq.~9! leads to the functionsS
k8Janik i

(1)la (ka ,r ) andT
k8Janik i

(1)la (ka ,r ) satisfying the following radial

differential equations:

@Ei1va212V~r !#S
k8Janik i

(1)la ~ka ,r !1S d

dr
2

k8

r DT
k8Janik i

(1)la ~ka ,r !5K
k8Janik i

la ~ka ,r !,

~14!

@Ei1va112V~r !#T
k8Janik i

(1)la ~ka ,r !2S d

dr
1

k8

r DS
k8Janik i

(1)la ~ka ,r !5L
k8Janik i

la ~ka ,r !,

while S
k8Jenik i

(2)le (ke ,r ) andT
k8Jenik i

(2)le (ke ,r ) satisfy

@Ei2ve212V~r !#S
k8Jenik i

(2)le ~ke ,r !1S d

dr
2

k8

r DT
k8Jenik i

(2)le ~ke ,r !5K
k8Jenik i

le ~ke ,r !,

~15!

@Ei2ve112V~r !#T
k8Jenik i

(2)le ~ke ,r !2S d

dr
1

k8

r DS
k8Jenik i

(2)le ~ke ,r !5L
k8Jenik i

le ~ke ,r !.

The absorption first and emission first radial integrals that encompass all the dynamic and atomic information re
scattering are, respectively,

R
k8JaJe

(1)lale5E
0

`

@K
k8Jenfk f

le ~ke ,r !S
k8Janik i

(1)la ~ka ,r !1L
k8Jenfk f

le ~ke ,r !T
k8Janik i

(1)la ~ka ,r !#dr,

~16!

R
k8JaJe

(2)lale5E
0

`

@K
k8Janfk f

la ~ka ,r !S
k8Jenik i

(2)le ~ke ,r !1L
k8Janfk f

la ~ka ,r !T
k8Jenik i

(2)le ~ke ,r !#dr,

where we have suppressed the implied indicesnik i ,nfk f , related to the initial and final atomic states, and the argume
ka ,ke ,r , on the left-hand side of Eq.~16! to avoid clutter.

In terms of these radial integrals,MJa ,Ma ,la

Je ,Me ,le becomes
042704-5
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MJa ,Ma ,la51
Je ,Me ,le51

5 (
k8m8

AJa~Ja11!Je~Je11!

~2Ja11!~2Je11!
@ I

k8m8,k imi

JaMa I
k8m8,k fmf

JeMe Rk8JaJe

(1)11

1~21!(Ma1Me)I
k8m8,k imi

Je2Me I
k8m8,k fmf

Ja2Ma Rk8JaJe

(2)11
#,

MJa ,Ma ,la50
Je ,Me ,le50

5 (
k8m8

~k81k i !~k81k f !

AJa~Ja11!Je~Je11!
@ I

2k8m8,k imi

JaMa I
2k8m8,k fmf

JeMe Rk8JaJe

(1)00

1~21!(Ma1Me)I
2k8m8,k imi

Je2Me I
2k8m8,k fmf

Ja2Ma Rk8JaJe

(2)00
#,

~17!

MJa ,Ma ,la51
Je ,Me ,le50

5 (
k8m8

2
AJa~Ja11!

~2Ja11!AJe~Je11!
@~k81k f !

3I
k8m8,k imi

JaMa I
2k8m8,k fmf

JeMe Rk8JaJe

(1)10

1~21!(Ma1Me)~k81k i !I 2k8m8,k imi

Je2Me

3I
k8m8,k fmf

Ja2Ma Rk8JaJe

(2)10
#,

MJa ,Ma ,la50
Je ,Me ,le51

5 (
k8m8

2
AJe~Je11!

~2Je11!AJa~Ja11!
@~k81k i !

3I
2k8m8,k imi

JaMa I
k8m8,k fmf

JeMe Rk8JaJe

(1)01

1~21!(Ma1Me)~k81k f !I k8m8,k imi

Je2Me

3I
2k8m8,k fmf

Ja2Ma Rk8JaJe

(2)01
#.
fo

-
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e
e
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T
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The results in Eq.~17! give the amplitude in terms of definite
radial integrals that, together with explicit expressions

CJaMa

l ( k̂a)CJeMe

l* ( k̂e), allow the calculation of the single

electron scattering amplitude corresponding to an elect
making a transition from an initial stateunik imi& to a final
stateunfk fmf&, which may or may not be the same state.

B. Whole-atom cross sections

For a given many-electron atomic configuration~with
definite magnetic substate occupations! one obtains the
whole-atom elastic coherent scattering amplitude by coh
ently summing all the single-electron scattering amplitud
as well as other coherent amplitudes such as the nuc
Thomson amplitude as appropriate~as described in Ref.@1#!.
For the case of a single partially filled subshell~the results
are easily generalized to many subshells!, we denote byI the
set of occupied magnetic substates in the subshell~thus
specifying the state of the atom completely!, and by Ī the
complementary set of unoccupied magnetic substates.
coherent elastic cross section for the configurationI is

ds I

dVcoherent
5U(

i PI
Mi i 1AotherU2

, ~18!
04270
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whereAother represent other coherent contributions, such
the coherent nuclear Thomson amplitude. The incohe
elastic scattering cross section for the configurationI is

ds I

dV incoherent
5 (

i PI , f P Ī

uM f i u2, ~19!

corresponding to the sum of cross sections for sing
electron transitions to the unoccupied substatesĪ , where we
are summing over possible final configurationsI 85I 2 i
1 f .

The inelastic incoherent cross section corresponding
the inelastic transitions to the set of unoccupied substateJ̄
of another subshell~Raman scattering! is

ds I J̄

dV inelastic
5 (

i PI , f P J̄

ve

va
uM f i u2, ~20!

where va (ve) is the incident~scattered! photon energy.
Energy resolution will determine which other subshe
should be considered.
4-6
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In choosing definite integral magnetic substate occu
tions for each of the electrons in partially filled subshe
~and then averaging over the possibilities! we are not gener-
ally dealing with eigenstates of total angular momentum
the atom as a whole. Since we are interested in scatte
cross sections for randomly oriented targets, where each
state in a given subshell has equal weight~rather than deal-
ing with observed initial and final states of definite total a
gular momentum and projection!, this is equivalent to using
and averaging over the allowed eigenstates of total ang
momentum in getting the randomly oriented cross section
specified numbers of electrons in each subshell. Of cours
one instead wanted to consider scattering in which the in
or final total angular momentum of the atom was observ
these states would have to be explicitly constructed. T
would be necessary for describing magnetic scattering, w
the target has a definite orientation, for which there are
periments@30#.

Here we consider the case of scattering from a random
oriented target with final target orientations not being o
served. One should average over initial target orientati
and sum over all final target orientations. This correspond
averaging the above cross sections over all possible in
magnetic substate occupationsI for a given situation. For
example, if we have ap3/2 subshell~with four magnetic sub-
states corresponding tom523/2,21/2,11/2,13/2) with 2
electrons present there are six possible magnetic substat
cupations

I 5S 2
3

2
,2

1

2D ,S 2
3

2
,1

1

2D ,S 2
3

2
,1

3

2D ,S 2
1

2
,1

1

2D ,

S 2
1

2
,1

3

2D ,S 1
1

2
,1

3

2D , ~21!

and the cross sections should be averaged over the diffe
choices forI. For incoherent elastic scattering Eq.~19! has
already summed cross sections over final state configura
I 8.

In the averaged-amplitude approach~exact for elastic
scattering from closed shells! one considers only elastic co
herent scattering~so the initial and final states are the sam
unik imi&5unfk fmf&, and the photon energies are the sam
ka5ke). One sums the amplitude over all magnetic substa
and finally weights the amplitude according to the numbe
electrons actually present in the subshell. This correspo
to taking the weighted summation @Ne /(2 j i
11)#(mimf

dni ,nf
dk i ,k f

dmi ,mf
over the single-electron sca

tering amplitudeMf i , whereNe is the number of electron
actually present in the subshell. A consequence is that o
the diagonal terms in the cross product of the multipole
pansions of the two photon operators survive. Tak
JaMala5JeMele5JMl, nik imi5nfk fmf5nkm, and ka
5ke5k allows us to write the averaged-amplitude res
~which is squared to give the elastic scattering cross sect!
as
04270
-

f
ng
b-

-

lar
r
if
l

d,
is
en
x-

y-
-
s

to
al

oc-

nt

ns

,
,
s
f
ds

ly
-

g

t
n

Mave amp5
Ne

2 j i11(
JMl

CJM
l ~ k̂a!CJM

l* ~ k̂e!MJ,l , ~22!

where CJM
l ( k̂a)CJM

l* ( k̂e) is given explicitly in Appendix A
and

MJ,l515
~2 j 11!

4p (
k8

P lJl 8C
2S jJ j 8;

1

2
0

1

2D J~J11!

~2J11!2

3@Rk8JJ
(1)11

1Rk8JJ
(2)11

#, ~23!

MJ,l505
~2 j 11!

4p (
k8

P lJ l̄ 8C
2S jJ j 8;

1

2
0

1

2D ~k81k!2

J~J11!

3@Rk8JJ
(1)00

1Rk8JJ
(2)00

#.

~In the abovel 8 corresponds to the orbital angular mome
tum eigenvalue of the large component of the total angu
momentum eigenstate specified by the Dirac quantum n
ber k8, while l̄ 8 denotes the corresponding eigenvalue
2k8.) Note here that the scattering cross section depe
only on the sum of corresponding positive and negative
quency radial integrals~rather than each separately!, whereas
this is not true in general. Part of the attraction of using
averaged-amplitude approach is the simplification t
occurs—only the diagonal elements in the products of
multipole expansion of the two photon operators survive, a
this reduces the number of radial integrals that have to
calculated. These calculations are intensive, since for x
andg-ray energies one often needs to calculate many mu
poles to get convergence~as high asJ5100 not being un-
usual!.

It is not necessary to proceed to the full evaluation of
multipoles ~up to the highest multipole needed for overa
convergence! for each subshell in order to estimate the co
rection associated with going beyond the averaged-amplit
result. It is well known that one can describe Rayleigh sc
tering using modified form factors and angle-independ
anomalous scattering factors (MFF1ASF), obtaining results
in good agreement with theS-matrix results@8#. @This is not
the case for large-angle scattering for high-Z elements for
photon energies above the innershell thresholds, but since
amplitude is dominated in this case by the innershell~fully
filled for high-Z ground-state atoms! ASF, we do not expect
large corrections to the averaged-amplitude result here.# The
agreement of (MFF1ASF) with the S-matrix results indi-
cates that the part of the full amplitude corresponding to
ASF at forward angle is dominated by the leading elec
dipole multipole ~which gives an angle-independent ASF!,
while the MFF part will involve higher multipoles, and
falls off more quickly with increasing angle@10,11#. There-
fore one can obtain the correction to the averaged-amplit
approach by evaluating the modified form factor, performi
the proper averaging, and taking the beyond-form-factor c
rection at the electric dipole level. Inner shells may be co
pletely described at the electric dipole level, while ou
shells may be completely described in the form-factor
proximation, depending on the photon energy.~Note that the
4-7
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correction vanishes at the form-factor level for forwa
angle, and the electric dipole corrections for the form fac
vanish in the long wavelength limit, since in both cases
interaction operatorA2→1.)

C. Tensor decomposition of elastic cross sections

The scattering amplitude can be written in terms of a s
over the direct tensor product of the photon multipol
which are themselves spherical tensors@see Eq.~A1!#, or in
terms of a sum of irreducible tensor amplitudes of fixed ra
The coefficients~involving the photon polarizations and th
scattering angle! will have tensor character also, as the sc
tering amplitude must be a scalar. Further, one can show
the cross section for elastic scattering from randomly o
ented targets separates into a sum of positive compon
each being a partial cross section associated with one o
irreducible tensor amplitudes, i.e., there are no cross te
between the irreducible tensor amplitudes in the rando
oriented cross section@31#. This is well known in nonrela-
tivistic dipole approximation, where the amplitude, involvin
the direct product of two dipole operators~of rank 1!, can be
written as a sum over irreducible tensor amplitudes of ra
0, 1, and 2. The randomly oriented scattering cross sectio
that case therefore separates into partial cross sections
ciated with the irreducible tensor amplitudes of ranks 0,
and 2@29,32#. The partial cross section associated with t
irreducible tensor amplitude of rank 0 is often referred to
the scalar scattering cross section, referring to the fact
the corresponding irreducible tensor amplitude is itself a s
lar ~as is its coefficient!.

In fact the averaged-amplitude result corresponds exa
to the scalar partial cross section, which is entirely coher
~since, due to the scalar character of the product of pho
multipoles, transitions to different substates are forbidd
leaving the state unchanged!. Effects beyond the averaged
amplitude result are due to partial cross sections of hig
rank, which include both coherent and incoherent com
nents.

We illustrate this decomposition of the full expansion
multipoles, considering first the single-particle case in wh
the initial ~final! angular momentum of the particle and i
projection is j i ,mi ( j f ,mf). The use of recoupling rules fo
irreducible tensors allows us to express Eq.~4! in the form

Mf i5A2 j i11~21! j i2mi (
p5u j i2 j f u

j i1 j f

C~ j i j f p;mi2mfm!

3 (
Ja ,Je50

`

(
la ,le50

1

Tp2m
Jala ;Jele~ea ,ee* !apJaJe

lale ~ka ,ke!,

~24!

where

Tpm
Jala ;Jele~ea ,ee* !

54p$~YJa

(la)
~ka!•ea! ^ ~YJe

(le)
~ke!•ee* !%pm ,

~25!
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in terms of vector spherical harmonics. Here the ang
independent atomic parameters are

apJaJe

lale ~ka ,ke!5~ i !Ja1la2Je1leA2 j f11FJa~Ja11!

2Ja11 Gla21/2

3FJe~Je11!

2Je11 Gle21/2

(
k8

~21! j 82 j f

3S CS j iJaj 8;
1

2
0

1

2DCS j fJej 8;
1

2
0

1

2D
3H Je Ja p

j i j f j 8J Bk8lale

(1) R
k8JaJe

(1)lale

1~21!p1Ja1JeCS j iJej 8;
1

2
0

1

2D
3CS j fJaj 8;

1

2
0

1

2D
3H Je Ja p

j f j i j 8J Bk8lale

(2) R
k8JaJe

(2)laleD , ~26!

involving the Wigner 6-j symbol, the Clebsch-Gordon coe
ficients, and

Bk811
(1)

5P l 8Jal i
, Bk811

(2)
5P l 8Jel i

,

Bk800
(1)

5~k81k i !~k81k f !P l̄ 8Jal i
,

Bk800
(2)

5~k81k i !~k81k f !P l̄ 8Jel i
, ~27!

Bk810
(1)

5~k81k f !P l 8Jal i
, Bk810

(2)
5~k81k i !P l̄ 8Jel i

,

Bk801
(1)

5~k81k i !P l̄ 8Jal i
, Bk801

(2)
5~k81k f !P l 8Jel i

,

whereP l 8Jal i
51 if l 81Ja1 l i is an even number, and it i

zero otherwise;l̄ 85 l (2k8). As a consequence of parit
conservation,Ja1Je1la1le1 l i1 l f is an even number
( l i , l f denote initial and final parities, respectively!. In the
averaged-amplitude approach only the terms withp50 in
Eq. ~24! survive.~This case, together with the special case
j i5 j f51/2, l i5 l f , is discussed in detail in Ref.@31#.!

Now let us consider the case of elastic scattering by
atom with one closed shell occupied by 2j c11 electrons
with quantum numbersnc ,kc , and one partially filled sub-
shell occupied byNe electrons with quantum numbersni ,k i
(Ne<Nt , whereNt52 j i11 is the number of different one
electron magnetic substates in the partially filled subshe!.
4-8
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In accordance with Eq.~24!, the amplitude of the coheren
scattering is

Acoh5 (
Ja ,Je50

`

(
la ,le50

1 S A2 j i11 (
miPI

(
p50

2 j i

~21! j i2mi

3C~ j i j i p;mi2mi0!Tp2m
Jala ;Jele~ea ,ee* !apJaJe

lale ~ni ,k i !

1~2 j c11!T00
Jala ;Jala~ea ,ee* !apJaJa

lala ~nc ,kc!D , ~28!

whereI is the set of occupied magnetic substates in the s
shell, the radial parametersapJaJe

lale (n,k) correspond to one

electron transitions within the level with quantum numbe
n, k @defined by Eq.~26!#, andka5ke .

The amplitude of incoherent elastic scattering has
form
04270
b-

s

e

Aincoh5A2 j i11 (
Ja ,Je50

`

(
la ,le50

1

(
p50

2 j i

~21! j i2mi

3C~ j i j i p;mi2mfm!Tp2m
Jala ;Jele~ea ,ee* !

3apJaJe

lale ~ni ,k i !, miPI , mf¹I . ~29!

We see that only the partially-filled subshell contributes
the incoherent elastic amplitude.

As was mentioned above, the elastic scattering cross
tion is a sum of terms corresponding to the coherent
incoherent scattering summed over final and averaged
initial magnetic substate occupations. This leads to the
pearance of the factor (Ne

Nt )21 @(b
a) is the binomial coefficient#

in the expression for the cross section

ds

dV
5S Nt

Ne
D 21

(
I

S uAcoh.u21 (
miPI ,mf¹I

uAincohu2D . ~30!

The ‘‘incoherent part’’ of the cross section can be written
the form
t

ally can
(
I

(
miPI ,mf¹I

uAincohu25NtS Nt22

Ne21D (
p51

Nt21

(
(J)50

`

(
(l)50

1

apJaJe

lale ~ni ,k i !apJ
a8J

e8

la8le8 ~ni ,k i !*

3 (
mÞ0

Tp2m
Jala ;Jele~ea ,ee* !Tp2m

Ja8la8 ;Je8le8~ea ,ee* !* , ~31!

where summations are performed over all indices (J)5(Ja ,Ja8 ,Je ,Je8), (l)5(la ,la8 ,le ,le8). Similarly, for the coherent par
of the cross section

(
I

uAcoh.u25 (
p50

Nt21

(
(J)50

`

(
(l)50

1

Tp0
Jala ;Jele~ea ,ee* !Tp0

Ja8la8 ;Je8le8~ea ,ee* !* H dp,0S Nt

Ne
D

3@~Nea0JaJa

lala ~ni ,k i !1~2 j c11!a0JaJa

lala ~nc ,kc!!~same with Ja ,la→Ja8 ,la8!* #

1~12dp,0!NtS Nt22

Ne21DapJaJe

lale ~ni ,k i !apJ
a8J

e8

la8le8 ~ni ,k i !* J . ~32!

After averaging over incident photon polarizations and summing over final photon polarizations, the cross section fin
be written in the form

ds

dV
5

1

4p (
c50

`

Pc~cosu!sc , ~33!

wheres0 is the total cross-section, integrated over scattered photon directions;Pc(cosu) is the Legendre polynomial, andu is
the angle betweenka andke (ka5ke). The partial cross sections are

sc~ki ,kf!5p(
p50

2j i

~2p11! (
(J)50

`

C~Ja8Jac;1210!C~JeJe8c;1210!HJa Ja8 c

Je8 Je pJ
3@Ja ,Ja8 ,Je,Je8# (

(l)50

1

~21!p1c
„11~21!Ja1Ja81la1la81c

…bpJaJe

lale b
pJ

a8J
e8

la8le8 * , ~34!
4-9
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where@a,b, . . . #5A(2a11)(2b11)•••; we also used the notations

b0JaJe

lale 5dJe ,Ja
dla ,le

@Nea0JaJa

lala ~ni ,k i !1~2 j c11!a0JaJa

lala ~nc ,kc!#, ~35!

bpJaJe

lale 5ANe~2 j i112Ne!

2 j i
apJaJe

lale ~ni ,k i !, p.0. ~36!
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The radial parameters withp50 are related to the param
etersMJ,l of Eq. ~23!:

a0JJ
ll ~n,k!5

4p

2 j 11
~21!J1lA2J11MJ,l .

In fact there is only one surviving infinite summations in E
~34!, due to the properties of 6-j symbols and Clebsch
Gordon coefficients. Parity conservation requires thatJa

1Ja81Je1Je81la1la81le1le8 be an even number. If an
atom has more than one closed shell, one should cohere
add amplitudes, weighted by the number of electrons pre
in the shells, to the right-hand side of Eq.~35!.

The terms withp.0 in Eq. ~34! describe contributions
beyond the averaged-amplitude approximation, including
incoherent elastic scattering. It is seen from Eqs.~35!,~36!
that: ~i! if the subshell is filled or empty, so thatNe52 j i
11 or 0, then all terms withp.0 vanish.~ii ! The scalar
scattering cross section grows as the square of the total n
ber of electrons, whereas the tensor scattering is the sam
the case of one electron or one vacancy in the partially fi
subshell, and is greatest for the case of a half-filled subs
~iii ! The averaged-amplitude approach works better
greater the number of electrons in closed shells.

By coherence we here have generally meant cohere
between the different constituents of the atom. In Re
@29,33,34# coherence between atoms, confined in a suita
small space relative to the wavelength of the scattered ra
tion, is also discussed. This is not a practical situation for
x-ray andg-ray energies being considered here. However
note that such a situation would imply that the scalar par
the elastic scattering cross section~the averaged-amplitud
result! would enter with a factorN2, whereN is the number
of atoms from which scattering is taking place coheren
and so would be dominant, as in Refs.@29,33,34#.

D. Further considerations of energy resolution

We finally mention that, if necessary, in addition to R
man scattering as in Eq.~20! one also can calculate inelast
Compton scattering. A general overview of the theories u
in describing Compton scattering has recently been gi
@7#. Since this process is entirely incoherent~as is Raman
scattering!, there is no coherent summation over sing
electron amplitudes, just as in the case of incoherent ela
scattering. TheS-matrix approach has been applied to Com
ton scattering@6#, and results using the impulse, incohere
scattering factor, andA2 approximations are also availab
~details are given in@7#!. Though we concentrate in the fo
04270
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lowing sections on coherent and incoherent elastic cross
tions and on inelastic Raman cross sections for transiti
between nearly-energy-degenerate states, a given finite
ergy resolution may imply other cross sections that are in
tinguishable from the elastic cross section.

As an example of the role of experimental energy reso
tion in defining the processes included in an observed c
section, we refer to a recent experiment involving the sc
tering of 11-22 keV photons from neon@28#. ~Since neon has
only fully filled subshells the averaged-amplitude approa
is appropriate for the elastic cross section.! In this case the
cross sections were separated into elastic~Rayleigh! and in-
elastic~Compton! components. However, the energy reso
tion was such that the inelastic Raman cross section for t
sitions out of theL shell appeared with the elastic scatterin
while the inelastic Raman cross section for transitions ou
the more deeply boundK shell appeared with the inelasti
Compton scattering. At lower energies even the inela
Compton scattering is becoming indistinguishable from
elastic Rayleigh scattering.

III. ELASTIC SCATTERING FROM 2 p
EXCITED HYDROGEN

As an example of a case for which the effects of emplo
ing the averaged-amplitude approximation, instead of av
aging cross sections over initial orientations and summ
over final orientations, are substantial we consider ela
scattering from randomly oriented excited hydrogen atom
the 2p state, with the final orientation of the target not bei
observed. Elastic photon scattering from the~nonrelativisti-
cally energy degenerate! n52 states of atomic hydrogen ha
been analyzed using the nonrelativistic dipole approximat
@14#. The target under consideration is a randomly orien
ensemble of excited atomic hydrogen atoms in the 2p state,
with equal weight being given to each magnetic substate

In the relativistic description the 2p subshell splits into
the 2p1/2 and 2p3/2 subshells, whose relative populations
the ensemble will be according to their number of substa
since they are energetically very close together. The incid
photon beam is unpolarized and we do not observe fi
photon polarizations or final target orientations. We shall
consider scattering for which the target ends up in thes
state ~the cross section for this is small, vanishing in t
dipole approximation!. We note that while in the nonrelativ
istic theory all then52 levels are energy degenerate, in t
relativistic Dirac theory the 2s1/2 and 2p1/2 levels are energy
degenerate, while the 2p3/2 level is less-deeply bound b
(Ryda2/16)54.531025 eV, where Ryd is the Rydberg en
4-10
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DEPENDENCE OF PHOTON-ATOM SCATTERING ON . . . PHYSICAL REVIEW A61 042704
ergy unit anda is the fine-structure constant~see, e.g., Ref.
@35#!. ~The inclusion of radiative corrections in turn remov
the degeneracy between the 2s1/2 and 2p1/2 levels.!

In providing a prediction to compare with an experimen
result for scattering it is necessary to consider the impli
tions of experimental details such as energy resolution.
experimental result purporting to correspond to the ela
scattering cross section in this situation may not have su
cient resolution in energy to resolve the splitting between
2p1/2 and 2p3/2 levels, and it therefore would not distinguis
between elastically scattered photons and inelastically s
tered photons which correspond to a transition between th
subshells. In this case one should compare with the sum
these elastic and inelastic cross sections. Indeed in the
relativistic theory these levels are energy degenerate, an
the ‘‘elastic’’ result within the nonrelativistic framewor
would correspond to this sum also.

Since the target is initially randomly oriented and fin
orientations are not being observed, coherent and incohe
elastic scattering cannot be distinguished, since one ca
say whether the atom has the exact same initial and fi
state or not. As discussed in the previous section,
averaged-amplitude approach gives the scalar coherent
section for scattering, and is therefore only an approxima
to the observable cross section~except for the case of closed
shell atoms where there is only scalar coherent elastic s
tering!.

Therefore the cross sections we are considering are~1!
nonrelativistically, the nonrelativistic elastic cross secti
~coherent and incoherent! for transitions within the 2p sub-
shell and~2! relativistically, the~properly weighted! elastic
cross section~coherent and incoherent! for transitions within
the 2p1/2 and 2p3/2 subshells, and the~incoherent! inelastic
cross sections for Raman scattering involving transitions
tween these two subshells. These will be compared with
averaged-amplitude results.

In Ref. @14# numerical results are given for three atom
parametersB, C, and D, functions of energy only, that de
scribe elastic photon scattering from excited hydrogen in
2p state in the nonrelativistic dipole approximation.~A
fourth parameterA describes elastic photon scattering fro
the 2s state; note that in the dipole approximation there is
two-photon 2p↔2s transition.! The elastic scattering cros
section~coherent and incoherent! in the nonrelativistic dipole
approximation is given in terms of these parameters as

ds

dVelastic
5

1

2
@4B1~11cos2 u!~C1D !#r 0

2 . ~37!

The result obtained using the averaged-amplitude appro
is

ds

dVave amp
5

1

2 F ~11cos2 u!S C1
1

3
~B1D ! D G r 0

2 . ~38!

It corresponds to the~exact! result for elastic scattering in th
case of a fully filled 2p subshell, though weighted accordin
to the number of electrons actually present~one electron in
our case!. This corresponds to the scalar coherent cross
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tion and is therefore an approximation to the elastic scat
ing cross section given in Eq.~37!.

In Fig. 1 the elastic cross section~coherent and incoher
ent! in the nonrelativistic dipole approximation for forward
angle scattering from excited hydrogen in the 2p state is
shown, together with the averaged-amplitude result. N
that ‘‘elastic’’ here means elastic within the framework
the nonrelativistic theory, in which the 2p1/2 and 2p3/2 sub-
shells are energy degenerate.

Turning now to the relativistic viewpoint, we show in Fig
2 ~for the same target, implying a weighting over the 2p1/2
and 2p3/2 subshells! the relativistic elastic cross section~co-
herent and incoherent! and the weighted~relativistically in-
elastic! Raman scattering cross sections corresponding to
atom making 2p1/2→2p3/2 and 2p3/2→2p1/2 transitions,
which, though distinct cross sections, cannot be dis

FIG. 1. Nonrelativistic cross sections for scattering at forwa
angle from 2p excited hydrogen. The elastic~coherent and incoher
ent! scattering cross section in the nonrelativistic theory is sho
together with averaged-amplitude result in the nonrelativis
theory.

FIG. 2. Relativistic elastic~coherent and incoherent! cross sec-
tion, and inelastic Raman cross sections for 2p1/2→2p3/2 transitions
and visa versa, together with their sum, for scattering at forw
angle from 2p excited hydrogen. The weighted 2p1/2→2p3/2 and
2p3/2→2p1/2 inelastic Raman cross sections cannot be dis
guished on the scale used. The averaged-amplitude result is
shown. The sum agrees with the nonrelativistic elastic cross sec
of Fig. 1; the averaged-amplitude results of the two figures a
agree.
4-11
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guished on the scale shown. The total cross section, ap
priate for comparison with the nonrelativistic total elas
scattering cross section, is the sum of all these relativi
cross sections.~Note that there are details to consider in su
ming elastic and inelastic cross sections in this way to ob
a result corresponding to an ‘‘elastic’’ result in some limit—
one should average over an appropriate energy resolu
How this is done can be important very close to resonan
where the cross sections are changing rapidly, but away f
resonances one can simply add all the cross sections fo
same initial photon energy, since they are changing slo
enough.!

Since we are in a regime where the nonrelativistic dip
approximation is valid we expect agreement between
nonrelativistic and relativistic approaches, if we are comp
ing appropriate cross sections, or sums of cross sections.
total cross section in Fig. 2 agrees with the nonrelativis
elastic cross section~shown in Fig. 1!, and the averaged
amplitude results agree in the nonrelativistic and relativis
descriptions, confirming this. We see that the averag
amplitude result can represent a poor approximation to
more correct results.

In obtaining the total cross section from the relativis
viewpoint it is therefore necessary to calculate the ela
cross section~coherent and incoherent! for the 2p1/2 and
2p3/2 subshells~properly averaged and weighted!, and the
Raman scattering cross sections in which the electron m
a transition from the 2p1/2 to the 2p3/2 subshell and visa
versa. Therefore the nonrelativistic ‘‘elastic’’ cross secti
splits into the relativistic elastic cross section and the ine
tic Raman scattering cross sections.

We now consider some of the characteristic features
the averaged-amplitude approach. As mentioned previou
this approach is exact only for fully filled subshells, bei
approximate for partially filled subshells. In our case of o
electron in the 2p subshell it is seen to be a poor approx
mation. ~Note that the averaged-amplitude approach d
work well for ground-state hydrogen, even though theK
shell is only half filled, since the corrections in this case
solely due to relativistic spin-flip effects, which are known
be small, though they become significant for highZ @21#.!
We see near zeroes above threshold in the avera
amplitude cross section that are generally spurious for
case of partially filled subshells,~but real for configurations
involving fully filled subshells, for which the averaged
amplitude description is appropriate!. These near zeroes i
the averaged-amplitude cross sections are associated
cancellations in the real part of the scattering amplitu
when the single-particle amplitudes from all substates
summed—such cancellations do not occur in many confi
rations with partially filled subshells in the more correct a
proach in which the coherent cross sections are average
all definite magnetic substate occupations. For any gi
magnetic substate occupation one should coherently add
the single-particle amplitudes for the electrons prese
which is only equivalent to coherently adding the amplitud
for all substates in the subshell when that subshell is fu
filled. ~Note these near zeroes are not true zeroes in the c
section due to the small but finite imaginary amplitude.!
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Though the differences seem large for this case, it sho
be remembered that for many-electron atoms there are
ally many electrons in fully filled subshells whose amp
tudes must be added together to get the full elastic cohe
amplitude, so that the effects of partially filled shells w
generally be less important as percentage effects in the
cross section. This is considered in the next section.

IV. ELASTIC SCATTERING
FROM MANY-ELECTRON ATOMS

As we saw in the previous section, the average
amplitude approach can be a poor approximation to the e
tic ~coherent and incoherent! scattering cross section for pa
tially filled shells in the extreme case of a suitable~excited!
one-electron atom. It should be remembered, though, tha
averaged-amplitudeS-matrix Rayleigh results have general
been used to describe elastic photon scattering for medi
to high-Z ground-state atoms for photon energies in the x-
and g-ray regime. In these situations there are many el
trons present in fully filled subshells, which give rise to
large elastic coherent amplitude~for which the averaged am
plitude is appropriate!, and only the valence electrons in pa
tially filled outer subshells are being treated approximate
Further, scattering from these valence electrons, again
photon energies in the x-ray andg-ray regime, can usually
be described using the~modified! form-factor approximation,
for which there is no difference between the averag
amplitude approach result and the more proper avera
cross section result at forward angle~and the incoherent elas
tic contribution vanishes at forward angle!. With increasing
angle the valence electron contribution drops rapidly co
pared to the~fully filled ! inner shell contribution. Therefore
we expect the averaged-amplitude approach to work well
these cases.

This suggests that for scattering from ground-state ato
with photon energies exceeding the outer-electron thre
olds, differences between the two approaches should be
portant only for low-Z atoms, where a greater fraction of th
electrons are in partially filled subshells. For scattering fro
ground-state hydrogen the effects are not large because
effects in that case, associated with a half-filledK shell, are
pure relativistic spin flip effects, known to be small for lowZ
@21# ~the same is true for lithium, with a half-filledL1 sub-
shell!. Therefore boron (Z55) is the lowest-Z ground-state
atom for which these effects can be significant.

In Fig. 3 we give results for scattering at forward ang
from ground-state boron (Z55), showing the relativistic
elastic ~coherent and incoherent! cross section.~Since the
amplitudes are largely dipole dominant at all but the high
energies, we expect the features seen in and below the r
nance region to persist at all angles.! Also shown are the
inelastic incoherent Raman cross sections~properly
weighted! for transitions between theL2 and L3 subshells
and visa versa~which are distinct cross sections, but cann
be separately distinguished on the scale used!. The sum of
the elastic and inelastic cross sections is the total cross
tion, which corresponds to the total~coherent and incoher
ent! cross section obtained in a measurement or calcula
4-12
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where the splitting between theL2 and L3 levels is not ac-
counted for or resolved. The result for elastic scattering
the averaged-amplitude approach is also shown. The pos
of theK edge is indicated. The shaded area, just below thK
edge, is a region of resonances from theK shell into all the
unoccupied higher shells, forming a Rydberg sequence
resonances with theK edge as the accumulation point. Th
details of the resonant elastic cross section are omitted in
region.

Note that in some ways this situation is similar to t
excited hydrogen case considered earlier, in that we have
electron in the 2p subshell. But we now have the cohere
contribution of four other electrons in fully filled subshell
which drastically alters the overall picture. Whereas in
averaged-amplitude approach in the one-electron case
was a near zero in the cross section above the 1s↔2p reso-
nance, this is now only a shallow dip in the cross secti
due to the contribution of the large coherent background
plitude~due to the four electrons in fully filled subshells!. As
the threshold is approached from above the real amplitu
are getting smaller in magnitude but approaching a fin
value. Just above threshold the imaginaryK-shell amplitude
is large, causing the rise in the cross section as the thres
is reached. Thus, even for atoms with fully filled subshe
for which the averaged amplitude is correct, one can an
pate that there will be no near zeroes in the forward cr
sections above threshold in neutral atoms—we have ver
this for neon. For hollow atoms with electrons in fully fille
subshells, as for example C (2p6), there can be real nea
zeroes above the downwardL→K resonance transition.

However, below the 1s↔2p resonance we now get
cancellation in the real amplitude between the rising reson
contribution in theK-shell amplitude associated with the 1s
→2p resonance and the contribution of theL-shell electrons,
giving rise to a near zero in the cross section. Note that th
effects are seen in all cross sections in Fig. 3, already b
present in the averaged-amplitude approach. At larger s

FIG. 3. Elastic~coherent and incoherent! cross section, and in
elastic Raman cross sections for 2p1/2→2p3/2 transitions and visa
versa, together with their sum, for scattering at forward angle fr
ground-state boron. The weighted 2p1/2→2p3/2 and 2p3/2→2p1/2

inelastic Raman cross sections cannot be distinguished on the
used. The averaged-amplitude result is also shown. The positio
the K edge is indicated and details in the resonance region
below theK edge~shaded region! are omitted.
04270
n
on

of

is

ne
t

e
ere

,
-

es
e

old
,
i-
s
d

nt

se
g

at-

tering angles we expect the near zero to occur at lower
ergy, to the extent that negative form-factor amplitudes
volved in the cancellation are falling-off with increasin
angle. Note that for high-Z atoms the situation is more com
plex as there will be many different subshell amplitudes
volved with different fall-offs, but the resonance transitio
strengths involved~associated with the valence electron!
will be weaker.

Thus we see that, in boron, in the region well above
outer-shell threshold, going beyond the averaged-amplit
approach leads to comparatively small modifications to
cross section, partially washing out the near-zero below re
nance, though the effect is only apparent at the bottom of
dip. Above theK-shell threshold one can also discern a d
ference between the results in the two approaches, but
the effects are relatively small compared with the over
magnitudes of the cross sections. The differences in the
of scattering from ground-state boron are of the same o
as in excited hydrogen (&1r 0

2, both cases involving one
electron in the 2p subshell!. The effects in scattering from
many-electron atoms as percentage effects on the avera
amplitude cross section are generally small, due to the la
coherent contribution involved, which is growing rough
with the square of the number of electrons present, but t
can be important in the determination of anomalous scat
ing factors to high accuracy. However at the bottom of ne
zero dips below thresholds the cross section can be m
times the averaged-amplitude value. The proper underst
ing of these near zeroes is important, as they can be use
characterize scattering matrix elements@36#, and they repre-
sent windows of transparency in scattering.

For scattering from ions and excited atoms there is alw
the possibility of having many of the electrons present
partially filled subshells, for anyZ. In such cases the
averaged-amplitude approach may be less successfu
yielding accurate elastic scattering cross sections. The e
of interference between the scattering amplitudes from
ferent partially filled subshells complicates the situation co
siderably, in particular in determining the locations, if an
of near zeroes in the cross sections. In particular one wo
expect additional effects in the case that there is a vacanc
one of the inner shells, or in the case of hollow atoms~with
the inner shells completely vacant!.

V. CONCLUSIONS

Circumstances have been identified in which simplifi
magnetic substate averaging at a matrix element level is
adequate. The approximation used in the usualS matrix for-
mulation of elastic scattering, performing an average o
magnetic substates at the level of the elastic coherent s
tering amplitude, is justified for elastic scattering from ra
domly oriented many-electron ground-state atoms at ener
above the inner electron thresholds, due to the dominant
herent contribution of the electrons in fully filled subshel
However, results for scattering from boron show that n
zeroes below threshold in the averaged-amplitude cross
tion are partially filled-in in the more correct treatmen
which includes incoherent elastic scattering and averag

ale
of
st
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over orientations of the target at the level of the cross s
tions. Though these effects are otherwise generally sm
compared to the typical magnitudes of elastic scatter
cross sections in many-electron atoms, they will still be i
portant in the precision determination of anomalous scat
ing factors.

The averaged-amplitude approach is expected to be in
ficient in cases where there is a large fraction of electron
partially filled subshells, as in the extreme example ofp
excited hydrogen. In this case one also has to include ine
tic scattering cross sections, involving transitions betwe
the nearly energy degenerate 2p1/2 and 2p3/2 subshells, to
obtain agreement with the results for elastic scattering
tained in the nonrelativistic theory. Lesser energy resolut
would require including inelastic Raman cross sections
transitions into higher subshells, perhaps even the inela
Compton cross section.
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APPENDIX A: MULTIPOLE EXPANSION

The multipole expansion of the photon operatorA
5a•eeik•r is

A5 (
JMl

CJM
l ~ k̂,e!AJM

l ~k,r!, ~A1!

where

CJM
l ~ k̂,e!54p i J2l~YJM

(l)~ k̂!•e!,

AJM
l ~k,r!5a•aJM

l ~k,r!, ~A2!

and

aJM
l50~k,r!5 j J~kr !YJJM~ r̂!, ~A3!

aJM
l51~k,r!5A J11

2J11
j J21~kr !YJJ21M~ r̂!

2A J

2J11
j J11~kr !YJJ11M~ r̂!.

In scattering there is an absorbed and emitted photon, an

quantity CJaMa

la ( k̂a ,ea)CJeMe

le* ( k̂e ,ee) is needed. Note that in

general it is not trivial to give explicit expressions for th
quantity, and here we consider certain special cases.
photon polarization vectors are written in the forme
5e1ê11e2ê2, whereê1 ( ê2) corresponds to right-hande
~left-handed! circular polarization.
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In the case of the averaged-amplitude approach only
diagonal terms in the product of the multipole expansions
the two photon operators survive, for which (JaMala
5JeMele5JMl)

(
M

CJM
l51~ k̂a ,ea!CJM

l51* ~ k̂e ,ee!

5
2J11

8p
@~e i

1e f
1* 1e i

2e f
2* !UJ

1~e i
1e f

2* 1e i
2e f

1* !VJ#, ~A4!

(
M

CJM
l50~ k̂a ,ea!CJM

l50* ~ k̂e ,ee!

5
2J11

8p
@~e i

1e f
1* 1e i

2e f
2* !VJ

1~e i
1e f

2* 1e i
2e f

1* !UJ#,

where

UJ5pJ1tJ , VJ5pJ2tJ , ~A5!

and

pJ5
1

J~J11!

dPJ~cosu!

d cosu
5

1

2 FPJ21~cosu!1PJ11~cosu!

2

1
PJ21

2 ~cosu!1PJ11
2 ~cosu!

2J~J11!
G ,

tJ5
1

J~J11!

dPJ
1~cosu!

du
5

1

2 FPJ~cosu!2
PJ

2~cosu!

J~J11!
G .
~A6!

We also give explicit results for the case of the elect
dipole amplitude (Ja5Je51,la5le51):

C1Ma561
1 ~ k̂a ,ea!C1Me51

1* ~ k̂e ,ee!

5S 3

8p D Fe i
6e f

1* 1

2
~11cosu!1e i

6e f
2* 1

2
~12cosu!G ,

C1Ma561
1 ~ k̂a ,ea!C1Me50

1* ~ k̂e ,ee!

5S 3

8p D @e i
6e f

1* 2e i
6e f

2* #sinu, ~A7!

C1Ma561
1 ~ k̂a ,ea!C1Me521

1* ~ k̂e ,ee!

5S 3

8p D Fe i
6e f

1* 1

2
~12cosu!1e i

6e f
2* 1

2
~11cosu!G ,

with terms involvingMa50 vanishing.
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APPENDIX B: ANGULAR INTEGRALS

The following angular integral appears in the multipo
decomposed scattering amplitude@5#:

I k8m8,km
JM

5E dV Vk8m8
† YJMVkm

5~21!(J1 j 2 j 8)A~2J11!~2 j 11!

4p~2 j 811)

3CS jJ j 8;
1

2
0

1

2DC~ jJ j 8;mMm8!P lJl 8 ,

~B1!

whereP lJl 851 if ( l 1J1 l 8) is even and is zero otherwise
We note the following properties:
en

oc

.

at

. A

at

cu

r.
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I k8m8,km
JM

5I 2k8m8,2km
JM , I k8m8,km

JM
5~21!MI km,k8m8

J2M ,
~B2!

and the following result, used in deriving the scattering a
plitude in the averaged-amplitude approximation:

(
mm8

I k8m8,km
JM I k8m8,km

J8M8

5
~2 j 11!

4p
C2S jJ j 8;

1

2
0

1

2DP lJl 8dJJ8dMM8 .

~B3!
.
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