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Trapped atomic condensates with anisotropic interactions
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We study ground-state properties of trapped atomic condensates with electric-field-induced dipole-dipole
interactions. A rigorous method for constructing the pseudopotential in the spirit of ladder approximation is
developed for general nonspherical~polarized! particles interacting anisotropically. We discuss interesting
features not previously considered for currently available alkali-metal condensates. In addition, to provide a
quantitative assessment for controlling atomic interactions with electric fields, our investigation may also shed
a different light into the macroscopic coherence properties of the Bose-Einstein condensation~BEC! of dilute
interacting atoms.

PACS number~s!: 03.75.Fi, 32.80.Cy, 34.10.1x
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The success of atomic Bose-Einstein condensation~BEC!
@1–4# has stimulated great interest in the properties
trapped quantum gases. In standard treatments of intera

quantum gases, realistic interatomic potentialsV(RW ) are re-

placed by contact formsu0d(RW ) in the so-called shape
independent approximation~SIA! @5#. Such an approxima
tion results in tremendous simplification. To date, the S
has worked remarkably well as recent theoretical invest
tions @4# have successfully accounted for almost all expe
mental observations@6,7#.

Currently available degenerate quantum gases are
and dilute, with interactions dominated by low-energy bina
collisions. When realistic interatomic potentials are assum
to be isotropic and short ranged, i.e., decreasing faster
21/R3 asymptotically for large interatomic separationsR,
the properties of a complete two-body collision are descri
by just one atomic parameter:asc, the s-wave scattering
length. The scattering amplitude is isotropic and energy
dependent:f (kW ,kW8)524pasc for collisions involving inci-
dent momentumkW scattering intokW8. Effective physical
mechanisms exist for control of the atom scattering leng
@8–10#. If implemented, these control ‘‘knobs’’ allow fo
unprecedented comparison between theory and experim
over a wide range of interaction strengths. Indeed, very
cently several groups have successfully implementedFesh-
bach resonance@11#, thus enabling a control knob onasc
through the changing of an external magnetic field. Ot
physical mechanisms also exist for modifying atom-atom
teractions; e.g., theshape resonancedue to anisotropic di-
pole interactions inside an external electric field@12#.

Although fermions with anisotropic interactions are w
studied within the context of3He fluid @13# and in d-wave
high Tc superconductors, anisotropically interacting boso
have not been studied in great detail. In particular, we are
aware of any systematic approach for constructing an an
tropic pseudopotential@5#.

In this Rapid Communication, we study the ground-st
properties of trapped condensates with dipole interaction
rigorous method is developed for constructing the ani
tropic pseudopotential that can also be applied to future p
molecular BEC@14,15#. This Rapid Communication is orga
nized as follows. First we briefly review the SIA pseudop
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tential approximation. We then construct an analogous ef
tive low-energy anisotropic pseudopotential. Numeric
results are then discussed for87Rb @1# inside the externalE
field in the JILA time-averaged orbiting potential~TOP! trap.
We conclude with a brief discussion of prospects for realis
experiments.

For N trapped spinless bosonic atoms in a potentialVt(rW),
the second quantized Hamiltonian is given by

H5E drWĈ†~rW !F2
\2

2M
¹21Vt~rW !2mGĈ~rW !

1
1

2E drWE drW8Ĉ†~rW !Ĉ†~rW8!V~rW2rW8!Ĉ~rW8!Ĉ~rW !, ~1!

where Ĉ(rW) and Ĉ†(rW) are atomic~bosonic! annihilation
and creation fields. The chemical potentialm guarantees the

atomic numberN̂5*drWĈ†(rW)Ĉ(rW) conservation.
The bare potentialV(RW ) in Eq. ~1! needs to be renormal

ized for a meaningful perturbation calculation. For boso
the usual treatment is based on field theory and is ra
involved @5,16–18#. Physically the SIA can be viewed as
valid low-energy and low-density renormalization schem
The physics involved is rather simple: one simply replac
the bare potentialV(RW ) by the pseudopotentialu0d(RW ), such
that its first-order Born scattering amplitude reproduces
complete scattering amplitude (2asc). This requiresu0
54p\2asc/M .

When an electric field is introduced along the positivez
axis, an additional dipole interaction

VE~RW !52u2

Y20~R̂!

R3
~2!

appears, whereu254A(p/5)a(0)a* (0)E 2, with a(0) be-
ing the polarizability andE the electric-field strength. As wa
shown in Ref.@12#, this modification results in a completel
new low-energy scattering amplitude

f ~kW ,kW8!uk5k8→054p (
lm,l 8m8

t lm
l 8m8~E!Ylm* ~ k̂!Yl 8m8~ k̂8!, ~3!
©2000 The American Physical Society04-1
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with t lm
l 8m8(E) the reducedT-matrix elements. They are a

energy independent and act as generalized scattering len
The anisotropicVE causes the dependence on both incid
and scattered directions,k̂ and k̂85R̂.

A general anisotropic pseudopotential can be constru
according to

Veff~RW !5u0d~RW !1 (
l 1.0,m1

g l 1m1

Yl 1m1
~R̂!

R3
, ~4!

whose first Born amplitude is then given by

f Born~kW ,kW8!52~4p!2ascY00* ~ k̂!Y00~ k̂8!

2
M

4p\2 (
l 1m1

g l 1m1
~4p!2

3(
lm

(
l 8m8

T lm
l 8m8~ l 1 ,m1!Ylm* ~ k̂!Yl 8m8~ k̂8!, ~5!

with T lm
l 8m8( l 1 ,m1)5( i ) l 1 l 8R l

l 8I lm
l 8m8( l 1 ,m1). Both

I lm
l 8m8~ l 1m1!5^Yl 8m8uYl 1m1

uYlm&,

R l
l 85E

0

`

dR
1

R
j l~kR! j l 8~k8R!,

can be computed analytically@20#. The 1/R3 form in Eq. ~4!

assures allR l
l 8 to be k5k8 independent~by a change of

variable tox5kR in the integral!. Putting

f Born~kW ,kW8!5 f ~kW ,kW8!, ~6!

one can solve for theg l 1m1
(E), as t lm

l 8m8(E) are known nu-
merically @12,19#. This reduces to the linear equations

2
M

4p\2 (
l 1m1

g l 1m1
~4p!T lm

l 8m8~ l 1 ,m1![t lm
l 8m8 , ~7!

for all ( lm) and (l 8m8) with l ,l 8Þ0, and separatelyasc(E)
52t00

00(E). The problem simplifies further for bosons~fermi-
ons!, as only even~odd! ( l ,l 8) terms are needed to matc
Figure 1 displays the result ofasc(E) for the triplet state of
87Rb. The Born amplitude for the dipole termVE is

f Born~kW ,kW8!5u2

M

4p\2~4p!2T 00
20 (

lm,l 8m8
T̄ lm

l 8m8Ylm* ~ k̂!

3Yl 8m8~ k̂8!, ~8!

with T 00
20520.023 508.

We found that, away fromshape resonances, Table I
agrees~to within approximately a few per cent! with the

same ratiost lm
l 8m8(E)/t00

20(E) from the numerical multichanne
calculations@12#. This interesting observation applies for a
bosonic alkali-metal triplet states we computed:7Li, 39,41K,
and 85,87Rb, for up to a field strength of 33106 ~V/cm!
04160
ths.
t

d

@12,19#. Physically, this implies that the effect ofVE is per-
turbative asE remains small in atomic units. What is remar
able is thatT 00

20(E) and t00
20(E) also agree in absolute value

@12#. For 87Rb, we found

u2

M

4p\2 ~4p!2T 00
20521.49531010Ē2~a0!, ~9!

with Ē in atomic units (5.1423109 V/cm!. a0 is the Bohr
radius, while multichannel scattering gives@19#

~4p!t00
20521.51231010Ē2~a0!. ~10!

The cause of this slight difference~1%! is not entirely clear
but is within numerical error.

We can thus approximate Eq.~4! by keeping only thel 1
52,m150 term in the sum

Veff~RW !5u0d~RW !2u2Y20~R̂!/R3, ~11!

away from theshape resonance. At zero temperature the

condensate wave functionc(rW,t)5^Ĉ(rW,t)& then obeys the
following nonlinear Schro¨dinger equation

i\
d

dt
c~rW,t !5F2

\2

2M
¹21Vt~rW !2m1u0uc~rW,t !u2

2u2E drW8
Y20~R̂!

R3
uc~rW8,t !u2Gc~rW,t !, ~12!

FIG. 1. The field-dependent value forasc. Note the shape reso
nance forE around 8.33105 V/cm.

TABLE I. T̄ lm
l 8m85T lm

l 8m8(2,0)/T 00
20 for small (l ,l 8).

( lm),(l 8m8) ~00! ~20! ~40! ~60! ~80!

~00! 0 1 0 0 0
~20! 1 20.638 89 0.142 87 0 0
~40! 0 0.142 87 20.174 20 0.056 37 0
~60! 0 0 0.056 37 20.081 31 0.030 08
~80! 0 0 0 0.030 08 20.047 07
4-2
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with c(rW,t) normalized toN. The ground state is found b
steepest descent through propagation of Eq.~12! in imagi-
nary time (i t ). For a cylindrical symmetric trapVt(rW)
5M (v'

2 x21v'
2 y21vz

2z2)/2, the ground state also pos
sesses azimuthal symmetry. Therefore the nonlocal t
simplifies to

E drW8uc~r8,z8!u2
Y20~R̂!

R3
5E dz8dr8K~ .,.;.!uc~r8,z8!u2,

with the kernelK(r,r8;z2z8) expressed in terms of th
standard elliptical integralsE@ .# andK@ .#. The kernel is di-
vergent atrW5rW8, so a cut-off radiusRc is chosen such tha
K(r8,r,z82z)50 wheneverurW2rW8u,Rc . We typically Rc
;50(a0), much smaller than the grid size, to minimize n
merical errors. Technical details for numerical computatio
and for handling the singular rapid variation of the kern
over small length scale will be discussed elsewhere@20#.

Figure 2 presentsc(r,z) along r50 ~a! and z50 ~b!
cuts, respectively, for87Rb (asc55.4 nm! at several different
E. We note that the condensate shrinks radially while
stretches along thez axis to minimize the dipole interactio

FIG. 2. ~a! c(r,0) for 87Rb with v'5(2p)70 Hz, vz

5A8v' , andN55000 atoms. Solid, dashed-dot, dashed, and d
ted lines are forE50, 4.03105, 5.73105, and 5.883105 V/cm,
respectively.a' is the radial trap width.~b! Same as in Fig. 2~a!,
but for c(0,z).
04160
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l
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VE . The top-right corner inset shows the electric-fiel
polarized atoms in~radially! repulsive ~a! and ~longitudi-
nally! attractive~b! configurations. An elongated condensa
along thez axis reduces the total energy. The same mec
nism could cause spontaneous alignment of polar molec
condensates inside isotropic traps@14#. For better insights we
try a variation ansatz

cT~r,z!5
k1/2

p3/4d3/2
expF2

1

2d2 ~r21k2z2!G , ~13!

with parametersd and k. In dimensionless units for length
(a'5A\/Mv'), energy (\v'), andl5vz /v' , we obtain

E@cT#5S 11
l2

2k2Dd21S 11
k2

2 D 1

d2 1
4Nk

A2p

asc
eff

a'

1

d3 , ~14!

with the effective scattering lengthasc
eff5asc@12b(k)u2 /

u0#, and

b~k!5
A5p

3~k221!
S 22k2211

3k2 tanh21A12k2

A12k2 D .

Theb(k) is monotonically decreasing, and bounded betwe
b(0)5A5p/3 andb(`)522A5p/3. asc

eff is shown in Fig. 3
as a function ofE for several different values ofk. For in-
creasing electric fieldE, variational calculation results in de
creasingk, and eventuallyk becomes less than 1, i.e., th
condensate changes from oblate~pancake! shaped at zero
field ~for the TOP trap! to prolate~cigar! shaped. We also
note thatb(k)>0 for k<1; thereforeasc

eff becomes negative
at a certain field valueEc in the case of a positiveasc(E
50), causing the collapse of the condensate. This is ind
what we found as illustrated in Fig. 4. A detailed discuss
of the collapse and other interesting features will be giv
elsewhere@21,22#.

We note the energy of dipole alignment

EP;2~2p!~131018!Ē2~Hz!, ~15!

t-

FIG. 3. Typical behavior of the effective scattering lengthasc
eff .

Lines corresponds tok55.1,1.7,1.02,0.34,0.017, in descending o
der of asc

eff .
4-3
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becomes much larger than the trap depth at the proposeE
values for 87Rb. Therefore spatial homogeneity forE(rW) is
required. AtE;53105 V/cm (Ē;1024) with a spatial gra-
dient ,1024/cm3, the corresponding force is smaller tha
the magnetic trapping force for typical traps at;100 Hz. For
comparison, the magnetic-field gradient is;1026/cm3 in-
side the Penning trap magnets. Although the proposed e
tric field (105 V/cm,E,106 V/cm! is large, it can be cre-
ated through careful laboratory techniques as breakup
fundamentally limited by field ionization, which typically
occurs atE.107 V/cm @23#. Recently anE field of up to
1.253105 V/cm was used successfully to decelerate a m
lecular beam@24#.

FIG. 4. Electric-field dependence of the width aspect ratio
parameters of Fig. 2. The solid line is the result of our variation
calculation while circles denote exact numerical results. The das

line corresponds toAA8, for a noninteracting gas in a TOP trap
04160
c-
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In conclusion, we have developed a general scheme
constructing effective pseudopotentials for anisotropic int
actions. Our scheme guarantees that the first-order Born s
tering amplitude from the pseudopotential reproduces
complete scattering amplitude obtained from a multichan
computation, including the anisotropic dipole interactio
thus containing no energy dependence at low temperature
the trapped atomic gases@12#. Our scheme is thus more
pleasing than the standard Skyrme-type velocity-depend
effective potentials commonly adopted in nuclear phys
@25#. We also presented results for both the electric-fie
modified atomic scattering parameters and the induc
changes to the condensate for87Rb in the JILA TOP trap.
Our theory can be directly extended to systems involving t
magnetic dipole interaction of atoms/molecules in a sta
magnetic trap and systems of trapped molecules with perm
nent electric dipoles@14,26#. For alkali-metal atoms, typical
magnetic dipole interaction is weak since a Bohr magne
(mB5e\/2mc) only corresponds to an electric dipole o
;(1/2a f)(ea0) ~fine-structure constanta f'1/137), which
is equivalent to the induced electric dipole atE563104

V/cm for 87Rb. Other atoms with larger magnetic dipole mo
ments@27# will display clearer anisotropic effects. Typica
heteronuclear diatomic molecules have a permanent elec
dipole moment of;(ea0), corresponding to an induced mo
ment in 87Rb atE51.63107 V/cm @14#. Trapped molecules
with aligned permanent electric dipoles~by an externalE
field! would give similar results. However, magnetic trappe
molecules@14#, with unaligned electric dipoles interacting
with the spin axis, represent an interesting extension t
requires further investigation.

This work is supported by U.S. Office of Naval Resear
Grant No. 14-97-1-0633 and by NSF Grant No. PHY
9722410.

r
l
ed
.

l

@1# M.H. Andersonet al., Science269, 198 ~1995!.
@2# K.B. Davis et al., Phys. Rev. Lett.75, 3969~1995!.
@3# C.C. Bradleyet al., Phys. Rev. Lett.75, 1687~1995!; 79, 1170

~1997!.
@4# An extensive list of references exists at http:

amo.phy.gasou.edu/bec.html/bibliography.html.
@5# Kerson Huang and C.N. Yang, Phys. Rev.105, 767 ~1957!.
@6# M. Naraschewski and R.J. Glauber, Phys. Rev. A59, 4595

~1999!.
@7# B. Esry and C. Greene, Phys. Rev. A60, 1451~1999!.
@8# P.O. Fedichevet al., Phys. Rev. Lett.77, 2913 ~1996!; J.L.

Bohn and P.S. Julienne, Phys. Rev. A56, 1486~1997!.
@9# A.J. Moerdijk et al., Phys. Rev. A53, 4343~1996!.

@10# E. Tiesingaet al., Phys. Rev. A46, R1167~1992!.
@11# S. Inouye et al., Nature ~London! 392, 151 ~1998!; Ph.

Courteille et al., Phys. Rev. Lett.81, 69 ~1998!; J.L. Roberts
et al., ibid. 81, 5109 ~1998!; Vladan Vuleticet al., ibid. 82,
1406 ~1999!.

@12# M. Marinescu and L. You, Phys. Rev. Lett.81, 4596~1998!.
@13# A.J. Leggett, Rev. Mod. Phys.47, 331 ~1975!.
@14# J.D. Weinsteinet al., Nature~London! 395, 148 ~1998!.
@15# J. T. Bahnset al. ~unpublished!.
//
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