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Coherent dynamics of Bose-Einstein condensates in high-finesse optical cavities
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~Received 7 October 1999; published 15 February 2000!

We study the mutual interaction of a Bose-Einstein condensed gas with a single mode of a high-finesse
optical cavity. We show how the cavity transmission reflects condensate properties, and calculate the self-
consistent intracavity light field and condensate evolution. Solving the coupled condensate-cavity equations we
find that while falling through the cavity, the condensate is adiabatically transfered into the ground state of the
periodic optical potential. This allows time-dependent nondestructive measurements on Bose-Einstein conden-
sates, with intriguing prospects for subsequent controlled manipulation.

PACS number~s!: 03.75.Fi, 03.65.Bz, 42.50.Vk, 42.50.Gy
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Since the first experimental realizations of Bose-Einst
condensation in dilute gases@1–3#, the properties and pos
sible applications of condensates in various situations h
been investigated. Most recently, attention has been draw
the study of condensates in optical lattices@4–8#, as have
been intensely used in the context of laser cooling and t
ping of clouds of noninteracting atoms@9#. But whereas the
occupation of the lattice sites in an optical molasses fo
cloud of laser-cooled atoms at best is one atom per ten w
the atomic densities found in a condensate allow for multi
occupation of each single well, which gives rise to a vari
of new phenomena.

In this paper we investigate the case of a condensate
ing through a driven high-finesse optical cavity. The stro
coupling of the condensed atoms to the cavity mode chan
the resonance frequency of the cavity, which hence is shi
into or out of resonance with the driving field. Consequen
the intracavity field intensity is modified, and this can eas
be measured by detecting the cavity output field. We sh
that according to the collective nature of the condensate
gives a measurable effect even for very low-field intensit
and for detunings from the atomic resonance frequency
large that the spontaneous scattering of photons is neglig
The proposed system should allow us to perform nondest
tive measurements on the condensate. Similar systems
been used recently to predict amplification of matter wa
@10# and the appearance of dressed condensates@11,12#.

Let us first introduce our model system in more deta
which is similar to that used recently to study the effect o
dynamically changing cavity field on the motion of a sing
atom@13–16#. We consider a Bose-Einstein condensate c
sisting ofN two-level atoms of resonance frequencyva and
spontaneous decay rateG falling through an optical cavity.
The atom-cavity coupling is

g~x,t !5g0 cos~kx!e2(vzt)
2/(2w2) ~1!

for a cavity mode in the form of a standing wave in t
longitudinal direction and a Gaussian with waistw transver-
sally. The condensate is assumed to fall with constant ve
ity vz , meaning that we neglect the transverse light forces
the atoms and the gravitational acceleration in the interac
region. Two further assumptions have been made at
1050-2947/2000/61~3!/033609~5!/$15.00 61 0336
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point. First, the spatial extension of the condensate has t
small compared to the waistw of the cavity in order to allow
a quasi-one-dimensional treatment. This condition must
fulfilled during the complete interaction time, which limit
the maximum condensate density. For densities that are
high, the atom-atom repulsion will lead to a fast expansion
the condensate in the transverse direction. However, as
will see below, the transition times required for our sche
are of the order of the recoil time, which means time sca
of 0.1 ms. This should be short enough to allow reasona
high densities without too much transverse expansion. S
ond, we assume that the induced resonance frequency sh
the cavity @17,18# is much smaller than the longitudina
mode spacing, so that we can restrict the model to a sin
longitudinal mode with wave numberk. The cavity with
resonance frequencyvc and cavity decay ratek is externally
driven by a laser of frequencyv with pump amplitudeh and
is treated classically; that is, the intracavity field is describ
by a ~complex! field amplitudea.

As we are interested in the limit where the condensat
not destroyed by the light field, we will assume a large d
tuning Da5v2va@G of the driving laser from the atomic
resonance such that the saturation parameters5g0

2/Da
2!1.

Moreover, we want the cavity decay to dominate over
spontaneous decay ofall atoms, and thus impose the cond
tion

k@NGs. ~2!

In this realistically achievable limit we are not only allowe
to adiabatically eliminate the excited state of the atoms
also to completely omit the effect of atomic decay.

Hence we obtain the equation of motion for the field a
plitude

ȧ~ t !5@ iDc2 iN^U~ x̂,t !&2k#a~ t !1h ~3!

where Dc5v2vc is the cavity-pump detuning,U(x,t)
5g(x,t)2/Da the optical potential per photon, an
‘‘ ^•••& ’ ’ denotes the expectation value taken with respec
the condensate wave functionuc(t)& at this time. This term
describes the action of the condensate on the cavity field:
refractive index of the condensate shifts the resonance
©2000 The American Physical Society09-1
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quency of the cavity by an amount ofN^U( x̂,t)&. ~With very
high finesse optical cavities this effect has already been
served even for a single atom@16,19,20#; that is, forN51.!
If we require that this effect significantly changes the int
cavity field intensity in order to yield a measurable diffe
ence in the cavity output, then the maximum frequency s
must be of the order of or larger than the cavity line widthk,
which implies

Ng0
2/Da>k. ~4!

From this we obtain an order of magnitude for the requi
detuningDa which we insert into Eq.~2! to obtain the fol-
lowing condition for the cavity parameters:

Ng0
2

Gk
@1. ~5!

The condensate wave function itself obeys a nonlin
Schrödinger equation, known as the Gross-Pitaevskii eq
tion ~GPE!

i
d

dt
c~x,t !5H p̂2

2m
1ua~ t !u2U~x,t !

1Ngcolluc~x,t !u2J c~x,t !, ~6!

where the last term describes two-particle collisions betw
the condensed atoms and is related to the s-wave scatt
length a by gcoll54p\2a/m. The GPE and Eq.~3! for the
cavity field form a set of coupled nonlinear equations d
scribing the dynamics of the compound system formed
the condensate and the optical cavity.

In this work we will only consider the special case whe
the cavity decay ratek is much larger than the oscillatio
frequency of bound atoms in the optical potential of the c
ity. In this limit the intracavity field amplitude adiabaticall
follows the condensate wave function, and hence at any t
is given by

a~ t !5
h

k2 i @Dc2N^U~ x̂,t !&#
. ~7!

Thus, the light intensity of the cavity output, which is pr
portional touau2, provides information about the condensa
wave function. In the following we will investigate this e
fect in certain special parameter limits.

Let us first consider the simple case where the cavity fi
is weak enough and the interaction timet5w/vz is short
enough such that the condensate wave function remains
sentially unperturbed~flat on the length scale of an optica
wavelength!. In this limit the cavity field can be evaluate
analytically by inserting the frequency shift per atom,

^U~ x̂,t !&5
U0

2
e2(vzt)

2/w2
, ~8!
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into Eq. ~7!, where we have introducedU05g0
2/Da . In Fig.

1 the resulting mean cavity photon numberI 5uau2 is plotted
as a function of time for different atom numbers in the co
densate or, equivalently, for different optical potentials. F
the parameters chosen in Fig. 1, the empty cavity is in re
nance with the driving field but is shifted out of resonance
the presence of the condensate. Hence the condensate
tected by theabsenceof light, which further reduces the
action of the cavity onto the condensate. Therefore the ca
provides a nonperturbative method of detection. The ma
mum resolution of the detection is limited, however, by t
cavity waistw, and is not good enough to detect fine stru
tures such as condensate interference fringes. It migh
useful, however, to measure the output of an atom laser
has recently been realized experimentally@21,22#. Note also
that this detection scheme only relies on the density of
condensate, not on its coherence, and thus in principle w
as well with an incoherent cloud of atoms.

Let us now consider the opposite limit of a condens
falling very slowly through the cavity. We will find that un
der such conditions the condensate is adiabatically transf
into the lowest bound state of the optical potential, and he
is strongly localized. In this case we must use the posit
and time-dependent optical potential

U~ x̂,t !5U0 cos2~kx̂!e2(vzt)
2/w2

, ~9!

so that the condensate at all times ‘‘feels’’ a periodic opti
potential with periodicityl/2. The condensate wave functio
is conveniently described in terms of Bloch states,

cn,q~x!5eiqxfn,q~x!, ~10!

where the functionsfn,q , n>0, are periodic, and the Bloch
momentum\q is confined to the interval@2\k,\k#. Note
that the coherent interaction of the condensate with the c
ity light only couples Bloch states of differentn, but leaves
states of differentq decoupled, thusq is a conserved quan
tity. We are interested in the adiabatic limit corresponding
small transverse velocitiesvz!w/tR , where tR is the in-
verse of the recoil frequencyvR5\k2/(2m). In this limit
the coherent time evolution associated with a potential of
form of Eq. ~9! maps the Bloch energy bandsn onto the

FIG. 1. Cavity photon numberuau2 vs time for a condensate
falling through the cavity without being perturbed by the cav
field ~see the text for details!. The optical potential depth is given
by NU052k ~solid line!, 10k ~dashed!, and 30k ~dotted!, respec-
tively; Dc50 andh2520NkvR .
9-2
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free-space momentum intervals@2(n11)\k,2n\k# and
@n\k,(n11)\k#. This phenomenon is known, and has be
exploited in the context of laser cooling@23,24#. The same
effect can be used in our model to transfer a falling cond
sate with a transverse momentum distribution confined
@2\k,\k# into the lowest-energy band (n50) of the optical
potential inside the cavity. However, the situation is mo
complex here than for the case of laser cooling for two r
sons. First, the light intensity itself depends on the cond
sate wave function and hence on time. Second, the con
sate wave function obeys thenonlinear Schrödinger
equation. Hence, for any givenz position of the condensat
~any given time! the lowest energy state has to be found
self-consistently solving Eq.~7! and the GPE~6!.

In Fig. 2 we show the time evolution of the intracavi
field intensity I and the overlapP0 of the condensate wav
function with the lowest energy band, as the condensat
falling through the cavity without atomic collisions (gcoll
50). For simplicity we assume that the initial condens
wave function is the free momentum state of zero mom
tum. The conservation of the Bloch momentumq then en-
sures that at any time only the Bloch states withq50 are
populated, and the overlap with the lowest energy ban
given by

P05u^cufn50,q50&u2. ~11!

For a condensate falling with a velocityvz5w/tR , the trans-
fer of the free wave function into the optical potential is n
adiabatic~especially not on entering and leaving the cavit!,

FIG. 2. Adiabatic transfer of the condensate wave function
the bound ground state.gcoll50, Dc50, NU0510k, and vz

5w/(3tR) ~dashed curves!, respectively, andvz5w/tR ~solid
curves!. ~a! Intracavity photon numberuau2. ~b! Population of in-
stantaneous ground state corresponding to the photon number a
time. The initial condensate wave function is taken as the ze
momentum eigenstateup50&.
03360
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and the occupation of the ground state drops to about 9
Hence there is a significant occupation of excited modes
the corresponding spatial oscillation of the condensate is
flected in the oscillation of the cavity output. Forvz

5w/(3tR), however, nearly all of the population is tran
ferred, into the lowest bound state, and accordingly the
cillations are suppressed.

For the parameters of Fig. 2,U0.0, and the condensate i
attracted to thenodesof the light field. Hence the lowes
bound state is localized at these positions which leads
much reduced coupling of the condensate to the cavity
correspondingly to a much smaller frequency shift of t
cavity resonance. This can easily be seen by comparing
results for the cavity field with the solid line of Fig. 1, whic
is taken for the same parameters, but for a condensate fa
so fast that the wave function does not have the time
change due to the presence of the optical potential wells

Figure 3 shows the effect of collisions on the intracav
photon number in the adiabatic regime (vz!w/tR). The
curves are derived from the self-consistent solution of Eq.~7!
and the GPE for different values ofgcoll . For increasing
gcoll the atoms in the condensate increasingly repell e
other, counteracting the confining effect of the optical pote
tial. The wave function becomes broader and the coupling
the condensate to the cavity stronger, which in turn lead
larger shifts in the cavity resonance frequency and a redu
cavity field intensity. Hence the decrease in the cavity out
provides a direct measure of the atom-atom interact
within the condensate. Note that this could be used forin situ
measurements of Feshbach resonances, if one manipu
the s-wave scattering length by applying a magnetic fie
@25–28#. Finally, in Fig. 4 we plot the energy of the sel
consistent ground state and of the two lowest collective
citations of the condensate. These excitations are obta
from the investigation of the behavior of small deviations
the condensate wave functionc(x,t) from the stationary,
self-consistent ground state@which we denote byf(x) in the
following#. We thus writec(x,t)5f(x)1dc(x,t) and in-
sert this ansatz into the GPE~6!. After linearization in the
small deviationdc(x,t) for the time evolution we obtain

o

any
-

FIG. 3. Photon number corresponding to the self-consis
ground state vs the position of condensate in the cavity mo
Ngcoll50vR , 5vR , 10vR , and 20vR ~from top to bottom!, Dc

50, andNU0510k. @For Rb and Na experiments,Ngcoll5vR cor-
responds to condensate densities of the order of 30 atoms pe
tential well, i.e., per (l/2)3.#
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i
d

dt
dc5H p̂2

2m
1ua0u2U12Ngcollufu22E0J dc

1Ngcollf
2dc* 2NUf

]ua0u2

]Dc
~^fuUudc&1c.c.!,

~12!

whereE0 is the eigenenergy of the ground statef(x) anda0
the corresponding cavity field given by Eq.~7!. The first two
terms on the right-hand side of Eq.~12! describe the well-
known collective excitations of a condensate in a trap wit
fixed depth@17#, while the additional last term results from
the variation of the optical potential according to the cha
ing cavity field. Equation~12! together with its complex con
jugate form a linear set of equations fordc anddc* which
we solve numerically to obtain the eigenfrequencies plot
in Fig. 4. The difference between these frequencies is
sponsible for the oscillation of the cavity output in the ca
of nonperfect adiabatic transfer of the condensate wave fu
tion into the lowest bound state, as shown previously in F
2.

For gcoll50 the ground state is strongly localized at t
antinodes of the cavity, leading to a large intracavity fie
intensity. Hence the optical potential is well approximated
a harmonic oscillator, and the ground state is the harmo
oscillator ground state and thus an even function of the

FIG. 4. EigenenergiesEn of the self-consistent ground state (n
50, solid curve!, of the first antisymmetric collective condensa
excitation (n51, dotted curve!, and of the first symmetric excita
tion (n52, dashed curve! vs collision parametergcoll for Dc50,
NU0510k, h2540NkvR .
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sition x. Since the first excited state is an odd function w
respect tox, the last term in Eq.~12! vanishes, and this
excited state is also a harmonic-oscillator state. For the n
higher excitation, however, this term is nonzero and lead
a modification of the state and the eigenenergy.

For increasinggcoll the internal~collisional! energy of the
condensate and hence the ground-state energyE0 grow. Si-
multaneously the collisional term in Eq.~12! increases, and
the excitation spectrum changes accordingly. However,
excitations obey the same symmetry as in the case ofgcoll
50, and therefore all odd states are found to be the sam
for a trap of constant depth, whereas the dynamical ca
field changes the energies of the even states. This gives
to the crossing of the lowest two excitation energies
Ngcoll'24vR in Fig. 4.

As the wave function broadens with increasinggcoll , the
cavity field intensity decreases and above a certain va
(Ngcoll'28vR for the parameters in Fig. 4! no bound state
exists in the optical potential. Hence the eigenfunctio
above this critical value resemble free-space momen
states which leads to the significant change in the behavio
the spectrum of excitation energies.

In conclusion we have shown that a high-quality optic
cavity provides a powerful tool to investigate properties
Bose-Einstein condensates in a nondestructive way. For s
initial velocities the condensate is adiabatically transfe
into the self-consistent ground state of the optical potent
which contains ample information on condensate propert

In addition, the system suggests many interesting appl
tions. Using cavities with a decay ratek of the order of the
condensate vibrational frequencies, the finite response
of the cavity implies a damping~or amplification! of the
condensate oscillations, as has been shown for cooling
trapping of a single atom@13,14,16#. By changing the inten-
sity and/or the frequency of the driving laser depending
the cavity output, one gets a handle on the controlled non
structive in situ manipulation of the condensate wave fun
tion. Similarly, changing the magnitic field during the co
densate passage should allow a direct measurement o
effective scattering length and the relaxation dynamics.

This work was supported by the United Kingdom EPSR
the Austrian Science Foundation FWF~P13435!, and the Eu-
ropean Commission TMR network~FRMX-CT96-0077!.
d.

A

t

@1# M.H. Anderson, J.R. Ensher, M.R. Matthews, C.E. Wiem
and E.A. Cornell, Science269, 198 ~1995!.

@2# C.C. Bradley, C.A. Sackett, J.J. Tollett, and R.G. Hulet, Ph
Rev. Lett.75, 1687~1995!.

@3# K.B. Davis, M.-O. Mewes, M.R. Andrews, N.J.van Drute
D.S. Durfee, D.M. Kurn, and W. Ketterle, Phys. Rev. Lett.75,
3969 ~1995!.

@4# M. Kozuma, L. Deng, E.W. Hagley, J. Wen, R. Lutwak, K
Helmerson, S.L. Rolston, and W.D. Phillips, Phys. Rev. Le
82, 871 ~1999!.

@5# D.-I. Choi and Q. Niu, Phys. Rev. Lett.82, 2022~1999!.
@6# D. Jaksch, C. Bruder, J.I. Cirac, C.W. Gardiner, and P. Zol
,

.

.

r,

Phys. Rev. Lett.81, 3108~1998!.
@7# K. Berg-So”rensen and K. Mo” lmer, Phys. Rev. A58, 1480

~1998!.
@8# K.-P. Marzlin and W. Zhang, Phys. Rev. A59, 2982~1999!.
@9# S. Chu, C. Cohen-Tannoudji, and W.D. Phillips, Rev. Mo

Phys.70, 685 ~1998!.
@10# C.K. Law and N.P. Bigelow, Phys. Rev. A58, 4791~1998!.
@11# E.V. Goldstein, E.M. Wright, and P. Meystre, Phys. Rev.

57, 1223~1998!.
@12# M.G. Moore and P. Meystre, Phys. Rev. A59, R1754~1999!;

M.G. Moore, O. Zobay, and P. Meystre, e-prin
cond-mat/9902293.
9-4



H

ys

ys

G

re

le
.

pe

.

nd

nd

M.

en,

v.

COHERENT DYNAMICS OF BOSE-EINSTEIN . . . PHYSICAL REVIEW A61 033609
@13# P. Horak, G. Hechenblaikner, K.M. Gheri, H. Stecher, and
Ritsch, Phys. Rev. Lett.79, 4974~1997!.

@14# G. Hechenblaikner, M. Gangl, P. Horak, and H. Ritsch, Ph
Rev. A 58, 3030~1998!.

@15# A.C. Doherty, A.S. Parkins, S.M. Tan, and D.F. Walls, Ph
Rev. A 56, 833 ~1997!.

@16# P. Münstermann, T. Fischer, P. Maunz, P.W.H. Pinkse, and
Rempe, Phys. Rev. Lett.82, 3791~1999!.

@17# A.S. Parkins and D.F. Walls, Phys. Rep.303, 1 ~1998!.
@18# L.V. Hau, S.E. Harris, Z. Dutton, and C.H. Behroozi, Natu

~London! 397, 594 ~1999!.
@19# H. Mabuchi, Q.A. Turchette, M.S. Chapman, and H.J. Kimb

Opt. Lett. 21, 1393 ~1996!; C.J. Hood, M.S. Chapman, T.W
Lynn, and H.J. Kimble, Phys. Rev. Lett.80, 4157~1998!.

@20# P. Münstermann, T. Fischer, P.W.H. Pinkse, and G. Rem
Opt. Commun.159, 63 ~1999!.

@21# M.-O. Mewes, M.R. Andrews, D.M. Kurn, D.S. Durfee, C.G
03360
.

.

.

.

,

,

Townsend, and W. Ketterle, Phys. Rev. Lett.78, 582 ~1997!.
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