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Coherent dynamics of Bose-Einstein condensates in high-finesse optical cavities
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We study the mutual interaction of a Bose-Einstein condensed gas with a single mode of a high-finesse
optical cavity. We show how the cavity transmission reflects condensate properties, and calculate the self-
consistent intracavity light field and condensate evolution. Solving the coupled condensate-cavity equations we
find that while falling through the cavity, the condensate is adiabatically transfered into the ground state of the
periodic optical potential. This allows time-dependent nondestructive measurements on Bose-Einstein conden-
sates, with intriguing prospects for subsequent controlled manipulation.

PACS numbgs): 03.75.Fi, 03.65.Bz, 42.50.Vk, 42.50.Gy

Since the first experimental realizations of Bose-Einsteirpoint. First, the spatial extension of the condensate has to be
condensation in dilute gas¢s—3], the properties and pos- small compared to the waist of the cavity in order to allow
sible applications of condensates in various situations hava quasi-one-dimensional treatment. This condition must be
been investigated. Most recently, attention has been drawn falfilled during the complete interaction time, which limits
the study of condensates in optical lattidds-8], as have the maximum condensate density. For densities that are too
been intensely used in the context of laser cooling and traphigh, the atom-atom repulsion will lead to a fast expansion of
ping of clouds of noninteracting atoni8]. But whereas the the condensate in the transverse direction. However, as we
occupation of the lattice sites in an optical molasses for avill see below, the transition times required for our scheme
cloud of laser-cooled atoms at best is one atom per ten wellgre of the order of the recoil time, which means time scales
the atomic densities found in a condensate allow for multipleof 0.1 ms. This should be short enough to allow reasonably
occupation of each single well, which gives rise to a varietyhigh densities without too much transverse expansion. Sec-
of new phenomena. ond, we assume that the induced resonance frequency shift of

In this paper we investigate the case of a condensate falthe cavity [17,18 is much smaller than the longitudinal
ing through a driven high-finesse optical cavity. The strongmode spacing, so that we can restrict the model to a single
coupling of the condensed atoms to the cavity mode changdengitudinal mode with wave numbeét. The cavity with
the resonance frequency of the cavity, which hence is shiftecesonance frequenay, and cavity decay rate is externally
into or out of resonance with the driving field. Consequently,driven by a laser of frequenay with pump amplitudey and
the intracavity field intensity is modified, and this can easilyis treated classically; that is, the intracavity field is described
be measured by detecting the cavity output field. We shovby a (complex field amplitudec.
that according to the collective nature of the condensate this As we are interested in the limit where the condensate is
gives a measurable effect even for very low-field intensitiemot destroyed by the light field, we will assume a large de-
and for detunings from the atomic resonance frequency stuning A ,= w— w,>T of the driving laser from the atomic
large that the spontaneous scattering of photons is negligibleesonance such that the saturation pararmauteg%/Ag<l.

The proposed system should allow us to perform nondestrugvioreover, we want the cavity decay to dominate over the
tive measurements on the condensate. Similar systems haggontaneous decay afl atoms, and thus impose the condi-
been used recently to predict amplification of matter wavesion

[10] and the appearance of dressed condens$afied?.

Let us first introduce our model system in more detalil, k>NTI's. 2
which is similar to that used recently to study the effect of a
dynamically changing cavity field on the motion of a single In this realistically achievable limit we are not only allowed
atom[13-16. We consider a Bose-Einstein condensate conto adiabatically eliminate the excited state of the atoms but
sisting of N two-level atoms of resonance frequensy and  also to completely omit the effect of atomic decay.

spontaneous decay rakefalling through an optical cavity. Hence we obtain the equation of motion for the field am-
The atom-cavity coupling is plitude
g(x,t)=go cog kx)e~ (v)(2w?) 1) a()=[i1A—iIN(U(X,1))— k]a(t)+ 7 3)

for a cavity mode in the form of a standing wave in thewhere Ac.=w—w. is the cavity-pump detuninglJ(x,t)
longitudinal direction and a Gaussian with waistransver- =g(x,t)?/A, the optical potential per photon, and
sally. The condensate is assumed to fall with constant veloc- (- - - )" denotes the expectation value taken with respect to
ity v,, meaning that we neglect the transverse light forces othe condensate wave functiop(t)) at this time. This term

the atoms and the gravitational acceleration in the interactiodescribes the action of the condensate on the cavity field: the
region. Two further assumptions have been made at thigefractive index of the condensate shifts the resonance fre-
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quency of the cavity by an amount { U (x,t)). (With very

high finesse optical cavities this effect has already been ob-

served even for a single atoj6,19,2Q; that is, forN=1.) %

If we require that this effect significantly changes the intra- 2 10
[=}

cavity field intensity in order to yield a measurable differ-

ence in the cavity output, then the maximum frequency shift ,
must be of the order of or larger than the cavity line wigth
which implies

t (wfv)
Nga/A,= k. (4) :
FIG. 1. Cavity photon numbela|? vs time for a condensate
From this we obtain an order of magnitude for the requiredalling through the cavity without being perturbed by the cavity
detuningA, which we insert into Eq(2) to obtain the fol- field (see the text for detailsThe optical potential depth is given
lowing condition for the cavity parameters: by NUy= 2« (solid line), 10« (dashey, and 30« (dotted, respec-
tively; A,=0 and 7°=20Nxwg.

>1. (5) into Eq. (7), where we have introduceldozgS/Aa. In Fig.

1 the resulting mean cavity photon numter| «|? is plotted

as a function of time for different atom numbers in the con-

Hensate or, equivalently, for different optical potentials. For

Ahe parameters chosen in Fig. 1, the empty cavity is in reso-

The condensate wave function itself obeys a nonlinea
Schralinger equation, known as the Gross-Pitaevskii equ

tion (GPB nance with the driving field but is shifted out of resonance by
s the presence of the condensate. Hence the condensate is de-
iizp(x t)= p—+|a(t)|2U(x t) tected by theabsenceof light, which further reduces the
dt ' 2m ' action of the cavity onto the condensate. Therefore the cavity

provides a nonperturbative method of detection. The maxi-
mum resolution of the detection is limited, however, by the
+Ngc0,||z//(x,t)|2} P(xb), ©) cavity waistw, and is not good enough to detect fine s){ruc-

tures such as condensate interference fringes. It might be
where the last term describes two-particle collisions betweeHseful, however, to measure the output of an atom laser, as
the condensed atoms and is related to the s-wave scatterifigs recently been realized experimentflg,22. Note also
lengtha by g.o=4mh%a/m. The GPE and Eq@) for the  that this detection scheme only relies on the density of the
cavity field form a set of coupled nonlinear equations de-condensate, not on its coherence, and thus in principle works
scribing the dynamics of the compound system formed byas well with an incoherent cloud of atoms.
the condensate and the optical cavity. Let us now consider the opposite limit of a condensate

In this work we will only consider the special case wherefalling very slowly through the cavity. We will find that un-
the cavity decay rate is much larger than the oscillation der such conditions the condensate is adiabatically transfered
frequency of bound atoms in the optical potential of the cavinto the lowest bound state of the optical potential, and hence
ity. In this limit the intracavity field amplitude adiabatically iS strongly localized. In this case we must use the position
follows the condensate wave function, and hence at any timand time-dependent optical potential
is given by

U(X,1)=Ugq co2(kx)e™ 2)°m? (9)

a(t)= 7

- = . (7) so that the condensate at all times “feels” a periodic optical
k=i[Ac=N(U(X,1))] potential with periodicity\/2. The condensate wave function

. . . ) o is conveniently described in terms of Bloch states,
Thus, the light intensity of the cavity output, which is pro-

portional t0_|a| , provides information about the condensate Ynq(X) =€ 1(X), (10)
wave function. In the following we will investigate this ef-

fect in certain special parameter limits. where the functionsp, ,, n=0, are periodic, and the Bloch
Let us first consider the simple case where the cavity fielgnomentums q is confined to the intervdl—#k,%k]. Note

is weak enough and the interaction time=w/uv, is short  that the coherent interaction of the condensate with the cav-

enough such that the condensate wave function remains egy light only couples Bloch states of different but leaves

sentially unperturpec@fla}t on the !eng_th scale of an optical gtates of different) decoupled, thus is a conserved quan-

wavelength. In this limit the cavity field can be evaluated tjty \we are interested in the adiabatic limit corresponding to

analytically by inserting the frequency shift per atom, small transverse velocities,<w/ 7, where 7 is the in-
verse of the recoil frequencyg="7%k?/(2m). In this limit
(U 1) = ﬁe_(vzt)z/WZ ) the coherent time evolution associated with a potential of the

form of Eg. (99 maps the Bloch energy bandsonto the
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z (W)

FIG. 3. Photon number corresponding to the self-consistent
ground state vs the position of condensate in the cavity mode.
NQeon=0wr, S5wgr, 10wk, and 2@g (from top to bottom, A,
=0, andNU,=10«. [For Rb and Na experimentsl,g., ;= wg COr-
responds to condensate densities of the order of 30 atoms per po-
tential well, i.e., per §/2)3.]

(b) and the occupation of the ground state drops to about 90%.
0'8_54 2 0 ) 4 Hence there is a significant occupation of excited modes and
z (w) the corresponding spatial oscillation of the condensate is re-

o . flected in the oscillation of the cavity output. Far,
FIG. 2. Adiabatic transfer of the condensate wave function to:W/(3TR) however, nearly all of the population is trans-
the bound ground stategeo =0, Ac=0, NUg=10k, and v;  forraq into the lowest bound state, and accordingly the os-
=w/(37g) (dashed curves respectively, andv,=w/7y (solid o
cillations are suppressed.

curves. (a) Intracavity photon numbela|?. (b) Population of in- . .
stante?ne(oijs ground ;/ta?te corresponfilingg to(tr)1e pr?oton number at an For the parameters of Fig. ?J'0>Q' and the condensate is
time. The initial condensate wave function is taken as the zeroditracted to thenodesof the light field. Hence the lowest
momentum eigenstai@=0). bound state is localized at these positions which leads to a
much reduced coupling of the condensate to the cavity and
free-space momentum intervals-(n+1)2k,—n7k] and  correspondingly to a much smaller frequency shift of the
[n%zk,(n+1)%k]. This phenomenon is known, and has beencavity resonance. This can easily be seen by comparing the
exploited in the context of laser coolij@3,24. The same results for the cavity field with the solid line of Fig. 1, which
effect can be used in our model to transfer a falling condenis taken for the same parameters, but for a condensate falling
sate with a transverse momentum distribution confined ingg fast that the wave function does not have the time to
[ —#k,7k] into the lowest-energy bana & 0) of the optical  change due to the presence of the optical potential wells.
potential inside the cavity. However, the situation is more  Figure 3 shows the effect of collisions on the intracavity
complex here than for the case of laser cooling for two reapnoton number in the adiabatic regime, €w/rg). The

sons. First, the light intensity itself depends on the condenges are derived from the self-consistent solution of(&x.
sate wave function and hence on time. Second, the condeg—nd the GPE for different values @f.,,. For increasing
. . T coll -

zatueati;vr?vﬁer:lég(:tflgpanObei)(/Smtr:)i]ict)igléng?;hgigrrﬂlgr?se;te Jcon the atoms in the condensate increasingly repell each
(a?n ivén time t,he Ioweystgenerp state has to be found b other, counteracting the confining effect of the optical poten-
seh}-/c?)nsistentl solving Eq7) ar?g the GPH6) ytial. The wave function becomes broader and the coupling of

In Fig. 2 weyshow t%e ti.me evolution of tHe intracavity the condensate to the cavity stronger, which in turn leads to
o o larger shifts in the cavity resonance frequency and a reduced
field intensityl and the overlagP, of the condensate wave A ; ) .

. . cavity field intensity. Hence the decrease in the cavity output

function with the lowest energy band, as the condensate '%rovi)(/jes a directymeasure of the atom-atom int);ract?on

El(l)';]g thrrosui?nh ”tg? Cvtgltzs;v:ltrzzu:hzttomlec irﬁict)ilg?g(r)]%(grlnsatewnhm the condensate. Note that this could be usedrfaitu
) Implicity measurements of Feshbach resonances, if one manipulates
wave function is the free momentum state of zero momen:

tum. The conservation of the Bloch momentupthen en- the swave scattering length by applying a magnetic field

: . [25—-28. Finally, in Fig. 4 we plot the energy of the self-
sures that at any time only the Bloch states with 0 are .consistent ground state and of the two lowest collective ex-

p_opulated, and the overlap with the lowest energy band Ritations of the condensate. These excitations are obtained
given by from the investigation of the behavior of small deviations of
Po= (¥ dn=o0g=0)|? (11  the condensate wave functio(x,t) from the stationary,
self-consistent ground statehich we denote by)(x) in the
For a condensate falling with a velocity=w/ 75, the trans-  following]. We thus write(x,t) = ¢(x) + Si(x,t) and in-
fer of the free wave function into the optical potential is not sert this ansatz into the GP(). After linearization in the
adiabatic(especially not on entering and leaving the cayity small deviationsi(x,t) for the time evolution we obtain
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125 sition x. Since the first excited state is an odd function with
- ~ respect tox, the last term in Eq(12) vanishes, and this
100 ; ; . X
excited state is also a harmonic-oscillator state. For the next
’;m 75 higher excitation, however, this term is nonzero and leads to
=~ - a modification of the state and the eigenenergy.
@ 0 For increasingy., the internal(collisiona) energy of the

25 condensate and hence the ground-state eneggyrow. Si-
multaneously the collisional term in E¢L2) increases, and
% 10 20 30 40 the excitation spectrum changes accordingly. However, the
Ng. . (@ excitations obey the same symmetry as in the casg.Qf

. . . =0, and therefore all odd states are found to be the same as
FIG. 4. Eigenenergiek,, of the self-consistent ground state (  for a trap of constant depth, whereas the dynamical cavity
:O, solid CUI’VQ, of the first antlsymmetnc collective condensate f|e|d Changes the energles Of the even states. Th|s glves r|se

excitation =1, dotted curvg and of the first symmetric excita- {5 the crossing of the lowest two excitation energies at
tion (n=2, dashed curjevs collision parameteg,,, for A.=0, Ngeo~24wr in Fig. 4
CcO . .

— 2__
NUo=10k, #°=40Nkwg. As the wave function broadens with increasiyg,, , the

cavity field intensity decreases and above a certain value
(Ngcon=~28wg for the parameters in Fig.)4o bound state
exists in the optical potential. Hence the eigenfunctions
o2 above this critical value resemble free-space momentum
%) states which leads to the significant change in the behavior of
+NGeond?d4* ~NU dA, ((¢lU]oy) +c.c), the spectrum of excitation energies.
In conclusion we have shown that a high-quality optical
(12) cavity provides a powerful tool to investigate properties of
Bose-Einstein condensates in a nondestructive way. For slow
the corresponding cavity field given by B@). The first two !nitial velocities t_he condensate is adiabatical_ly transfer_ed
terms on the right-hand side of E6L2) des.,(.:ribe the well- into the selfjcon5|stent. ground.state of the optical potent!al,
known collective excitations of a condensate in a trap with aWh'Ch contains ample information on condensate. properties.
fixed depth[17], while the additional last term results from . In add!t|on, thg_ systgm suggests many interesting applica-
tions. Using cavities with a decay rakeof the order of the

the variation of the optical potential according to the Chang'condensate vibrational frequencies, the finite response time
ing cavity field. Equatior{12) together with its complex con- q ' P

jugate form a linear set of equations 8¢ and sy* which of the cavity implies a dampingor amplification of the

we solve numerically to obtain the eigenfrequencies plotte ondensate oscillations, as has been shown for cooling and
in Fig. 4. The difference between these frequencies is rex aPPING of a single atorf3,14,18. By changing the inten-

sponsible for the oscillation of the cavity output in the caseSlty and/or the frequency of the driving laser depending on

of nonperfect adiabatic transfer of the condensate wave funéh e cavity output, one gets a handle on the controlled nonde-

o . . _Structivein situ manipulation of the condensate wave func-
tion into the lowest bound state, as shown previously in Fig;. L . e i
2 tion. Similarly, changing the magnitic field during the con-

densate passage should allow a direct measurement of the
effective scattering length and the relaxation dynamics.

i£5l//= E+|a|2U+2Ng |4|2—Eq( 8¢
dt 2m 0 coll 0

whereE, is the eigenenergy of the ground stétéx) and «

For g.o=0 the ground state is strongly localized at the
antinodes of the cavity, leading to a large intracavity field
intensity. Hence the optical potential is well approximated by  This work was supported by the United Kingdom EPSRC,
a harmonic oscillator, and the ground state is the harmonithe Austrian Science Foundation FWiF13435, and the Eu-
oscillator ground state and thus an even function of the poropean Commission TMR netwoilEeRMX-CT96-0077.
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