
PHYSICAL REVIEW A, VOLUME 61, 033414
Multiphoton radiative recombination of electron assisted by a laser field
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~Received 3 February 1999; published 16 February 2000!

In the presence of an intensive laser field the radiative recombination of the continuum electron into an
atomic bound state generally is accompanied by absorption or emission of several laser quanta. The spectrum
of emitted photons represents an equidistant pattern with the spacing equal to the laser frequency. The distri-
bution of intensities in this spectrum is studied employing the Keldysh-type approximation, i.e., neglecting
interaction of the impact electron with the atomic core in the initial continuum state. Within the adiabatic
approximation the scale of emitted photon frequencies is subdivided into classically allowed and classically
forbidden domains. The highest intensities correspond to emission frequencies close to the edges of classically
allowed domain. The total cross section of electron recombination summed over all emitted photon channels
exhibits negligible dependence on the laser field intensity.

PACS number~s!: 32.80.Wr, 34.80.Lx, 34.50.Rk
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I. INTRODUCTION

It is well known that the laser plasma emits photons w
frequencies which are different from the frequency of t
incident laser beam. For a number of applications an em
sion of high-energy photons is the most interesting phen
enon. The known mechanisms that can be responsible fo
high-energy photoproduction could be identified as the
lowing three: the high harmonic generation, laser-stimula
bremsstrahlung, and laser-assisted recombination. These
cesses differ by the initial and final states of the active e
tron. In the harmonic generation the initial-state electron
cupies a~laser-dressed! atomic bound state; usually it is th
ground atomic state. In the final state of this reaction
electron can occupy either the same bound state, or s
excited or even ionized state. The laser-stimulated bre
strahlung is a free-free transition during which the electron
scattered by an atom in the laser field. During the scatte
the electron emits a high-energy quantum. In the las
assisted recombination~LAR! the electron starts in the lase
dressed continuum, but ends up in the bound state. The
cess of harmonic generation is currently studied v
actively with important advancements both in theory and
periment~for reviews see Refs.@1,2#!. The laser-stimulated
bremsstrahlung plays a very important role in plasma ph
ics; see review@3# and recent experimental@4# and theoreti-
cal @5,6# works.

The subject of the present study is the LAR process.
far as we know, it has not yet received proper attention in
literature, although its importance for kinetics of las
plasma and its emission spectrum was indicated before@7#.
From the point of view of the high-energy photoproducti
the LAR possesses an advantage over the stimulated br
strahlung because in LAR the electron-impact energy is
tally transferred to the high-energy quanta.

The conventional~laser-field-free! radiative recombina-
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tion of the continuum electron to the bound state is a w
studied process which is inverse to the photoionization. T
frequency of the emitted photon is uniquely defined by
energy conservation law. When a similar process occur
the presence of an intensive laser field the radiation spect
becomes much richer since the recombination may be
companied by absorption or emission of laser quanta. Th
fore the emitted photon spectrum represents a sequenc
equidistant lines separated by the laser frequencyv. The
recent review by Hahn@8# on the electron recombinatio
mentions only one very special version of the LAR proce
namely one-photonLAR when the laser is tuned in reso
nance with the energy of free-bound electron transition, a
only emission of photons with this particular energy is co
sidered. The study of this special case was initiated q
long ago@9–13# and remains active in connection with th
processes in the storage rings@14–20#, the formation of pos-
itronium @9# and antihydrogen@21–23#, and even with pos-
sible cosmological manifestations@24#. In all these theoreti-
cal studies the laser field was presumed to be weak an
influence on an initial and/or final electron states was
glected, except Refs.@7,23# which are commented on later i
this paper.

For production of high-energy photons it is interesting
extend the aforementioned studies allowing for the multip
ton absorption during the LAR. Obviously the multiphoto
processes can happen with high probability only in a stro
laser field. From this point of view there arises the neces
to fulfill a systematic study of LAR in a strong laser field
a multiphoton regime. This paper makes a first step in t
direction.

An additional, and rather unexpected inspiration for t
present study arose from the fact that LAR comprises on
the steps in the three-step quantum scheme of high harm
generation. This scheme has recently been firmly establis
see Ref.@25# and the bibliography therein. The major stat
ment of @25# is that the high harmonic generation can
described as the multiphoton ionization of an atomic elect
which is followed by the LAR of this electron with the pa
ent atomic particle. From this point of view the LAR plays
role of ‘‘a part’’ of the problem of the high harmonic gen
eration, which is important not only for the dense las

t.
ss:
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plasma, but also for photoproduction from individual atom
in strong laser fields, where the harmonic generation is
major source for high-energy photons.

The present study is devoted mostly to the patterns
intensities in the emitted photon spectrum depending on
laser field strength. We comment also on the influence of
laser field on the total recombination cross section. Here
well as in other applications, the laser field is intensive a
LAR proceeds in substantiallymultiphotonregime.

Consider an electron in the laser-dressed continuum s
Fp(t) with the translational momentump. Its recombination
to the bound state generally results in the emission of p
tons with the frequenciesṼM defined from

ṼM5
1

2
p21

F2

4v2
2«a1Mv, ~1.1!

where«a is the quasienergy of the field-dressed bound s
Fa(t), F is the amplitude of the electric field strength in th
laser wave,F2/(4v2) is the electron quiver energy in th
laser field, andM is an integer. Hereafter we use an atom
system of units unless stated otherwise. In the zero-la
field limit (F→0) only emission of the photon with the fre
quency

VF→05
1

2
p21uEau ~1.2!

is allowed withEa being the bound-state energy. The pre
ence of an intensive laser field makes possible multipho
processes when laser quanta are absorbed from the fie
transmitted to it, with the amplitude

CM~p!5
1

TE0

T

dt^Fa~ t !uexp~ i ṼMt !d̂euFp~ t !&, d̂e5e•r ,

~1.3!

whereT52p/v is the laser field period, and in the dipo
momentum operatord̂e the unit vectore selects polarization
of emitted radiation. The LAR cross section is

sM~p!5
4

3p

~ṼM !3

c3
uCM~p!u2, ~1.4!

wherec is the velocity of light. The cross section~1.4! refers
to the process ofspontaneousLAR, since it is presumed tha
incidentelectromagnetic field with the frequencyṼM is ab-
sent. In the case such a probe field is present, genera
would be amplified in the course of propagation through
medium containing free electrons. There is a number of t
oretical works devoted to the calculation of related gain
case of one-photon LAR. The recent papers by Zaretskii
Nersesov@7# explore the amplification in case of multipho
ton LAR. Generally these studies imply some assumpti
regarding the medium properties and result in the exp
sions for the rate of stimulated transitions via that of spon
neous transitions and some characteristics of laser beam
the experimental arrangement@10–12,7#. The present pape
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provides analysis of spontaneous LAR whereas issues o
diation amplification are beyond its scope.

II. KELDYSH-TYPE APPROXIMATION

We develop the Keldysh-type approximation where t
interaction of the continuum electron with the atomic core
neglected, i.e., the laser-dressed electron continuum statFp
is approximated by the well-known Volkov state. The las
wave is assumed to be linear polarized with the electric-fi
strengthF(t)5F cosvt. Explicit expression for the Volkov
functions is conveniently cast as

Fp~r ,t !5xp~r ,t !exp~2 iĒpt !, ~2.1!

xp~r ,t !5expH i F ~p1kt!•r2E
0

t

@Ep~t!2Ēp#dt1
p•F

v2 G J ,

~2.2!

where the factorxp(r ,t) is time periodic with the periodT,

kt5
F

v
sinvt, ~2.3!

Ep~ t !5
1

2
~p1kt!

2, ~2.4!

Ēp5
1

TE0

T

Ep~t!dt5
1

2
p21

F2

4v2
. ~2.5!

For the final bound state the field-free expression is e
ployed,

Fa~r ,t !5wa~r !exp~2 iEat !, ~2.6!

Hawa~r !5Eawa~r !, ~2.7!

whereHa is the effective atomic Hamiltonian in the sing
active electron approximation. The final bound state~2.6! is
always available if an electron collides with a positive ion.
case of collision with a neutral atom we assume the existe
of a stable negative ion. By substituting formulas~2.1!–~2.6!
into ~1.3! one can see that the integrand is a periodic funct
of time provided the emitted photon frequencyṼM satisfies
~1.1! with integerM and «a substituted byEa . The lowest
possible frequency of theemittedphoton ishv, where

h5
1

v S 1

2
p22Ea1

F2

4v2D 2IntF 1

v S 1

2
p22Ea1

F2

4v2D G ,

~2.8!

with Int(x) being an integer part ofx(0<h,1). In the sub-
sequent development we redefine labeling of emitted pho
channels and instead ofṼM ~1.1! employ the notation

Vm5~m1h!v ~m>0!. ~2.9!

The new labelm differs from the oldM by an additive inte-
ger. We find the labeling bym more convenient since it is
4-2
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rigidly related to the low-frequency edge of the emitted ph
ton spectrum:m50 corresponds to the lowest photon fr
quencyhv.

By using the Fourier transformation formula~1.3! is re-
written as

Cm~p!52
1

TE0

T

dt exp$ i @~m1h!vt2S~ t !#%w̃a
(e)~2p2kt!,

~2.10!

whereS(t) is the classical action

S~ t !5
1

2E
t

dt~p1kt!
22Eat. ~2.11!

The functionw̃a
(e)(q) is defined as

w̃a
(e)~q!5 i ~e•¹q!w̃a~q!, ~2.12!

where w̃a(q) is the Fourier transform of the bound-sta
wave functionfa(r ),

w̃a~q!5E dr exp~2 iq•r !fa~r !. ~2.13!

For the bound-state wave function we use an asympt
expression

fa~r !'Aar n21exp~2kr !Ylmaz
~ r̂ ! ~r @1/k!, ~2.14!

wherek5A2uEau, n5Z/k, Z is the charge of the atomi
residual core (n5Z50 for a negative ion!, l is the active
electron orbital momentum in the initial state,maz is its pro-
jection, andr̂ is the unit vector. The coefficientsAa are tabu-
lated for many negative ions@26#. The Fourier transform
w̃a(q) ~2.13! is singular atq25k2 with the asymptotic be-
havior for q→6 ik defined by the long-range asympto
~2.14! in the coordinate space

w̃a~q!54pAa~61! lYlmaz
~ q̂!

~2k!nG~n11!

~q21k2!n11
, ~2.15!

where (61)l corresponds toq→6 ik. In particular, for a
negative ion (n50) with the active electron in ans state (l
50) we have from~2.15!

w̃a~q!5A4pAa

1

~q21k2!
, ~2.16!

w̃a
(e)~q!52 i ~e•q̂!A4pAa

2q

~q21k2!2
~2.17!

(q̂[q/q is unit vector!.

III. ADIABATIC APPROACH TO STIMULATED
RECOMBINATION

The time integral in Eq.~2.10! can be evaluated using th
saddle-point method. This amounts to the adiabatic appr
03341
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mation when the phase (m1h)vt2S(t) in Eq. ~2.10! is
assumed to be large. The position of saddle points in
complext plane is governed by equation

S8~ tmm!2Vm50, ~3.1!

or, more explicitly,

1

2
~p1ktmm

!25Ea1~m1h!v. ~3.2!

It is convenient to single out in the electron momentum v
tor p5pi1p' components parallel (pi) and perpendicular
(p') to the electric-field vectorF. Then Eq.~3.2! is rewritten
as

1

2
~pi1ktmm

!25Ea2
1

2
p'

2 1~m1h!v. ~3.3!

For each value ofm this equation has a number of solution
tmm distinguished by the extra subscriptsm. In the saddle-
point approximation the time integration in formula~1.3! is
cast as

Cm~p!52
1

T (
m
A 2p

iS9~ tmm!
exp$ i @Vmtmm2S~ tmm!#%

3w̃a
(e)~2p2ktmm

!, ~3.4!

where summation is to be taken over the saddle pointstmm
operative in the contour integration@ktmm

5(F/v)sinvtmm#.
The saddle points are found from Eq.~3.3! as

sinvtmm5
v

F
@2pi6A2~m1h!v2k22p'

2 #. ~3.5!

The subscriptm labels solutions differing by the choice o
the sign in ~3.5! and sign in cosvtmm56A12sin2 vtmm.
There are four solutions per the laser field cycle~i.e., for 0
<Retmm,T).

In order to elucidate the meaning of the saddle-po
equation~3.3! we rewrite it as

Ep~ tmm!2Ea5Vm . ~3.6!

It shows that the photons are preferentially emitted at
moment of time when instantaneous continuum electron
ergyEp(t) ~2.4! is separated from the bound-state energyEa
by the energy of the emitted photon (m1h)v. The LAR
process is most effective when this occurs at some real
ment of time, i.e., the saddle pointstmm are real valued. This
regime corresponds to theclassically allowed radiation. It
can happen only for some part of the emitted photon sp
trum, i.e., only in some domain ofm. Outside it, whentmm
possesses an imaginary part, the emission is strongly
pressed. Remarkably, within the classically allowed dom
the intensity of emitted lines could vary very significantly
detailed below.

The necessary condition of classically allowed radiatio
4-3
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FIG. 1. Regimes of fast (pi.F/v) and slow (pi,F/v) electron in the laser-assisted recombination process. For each regim
schematic plots show electron momentum with account for the quiver motion in laser fieldP i(t)[pi1(F/v)sinvt and the effective
instantaneous kinetic energy1

2 P i(t) . As time t varies, the function1
2 P i(t) oscillates in the interval that covers the emitted photon ener

Vm allowed for population classically. Outside this interval only nonclassical~tunneling! population is possible. Figure 1~a! shows that in the
classically allowed domain each value of the photon energyV is passed twice during the laser field periodT if the electron is fast (pi
.F/v). In the slow electron regime (pi,F/v) the classically allowed domain ofVm is subdivided into two regions, as seen from Fig.
The photons with higherVm are again emitted in the double-passage mode, whereas the lower values ofVm are passed four times per th
laser field cycle.
ee
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Eq.
Vm.uEau1
1

2
p'

2 , ~3.7!

makes real the right-hand side of formula~3.5!. Details of
classically allowed emission depend on the relation betw
the electron translational momentum componentpi and the
momentumF/v acquired by the electron in its quiver motio
in the laser field. In the fast electron regime,pi.F/v, the
term 1

2 (pi1kt)
2 never passes zero as timet varies. As a

result, the saddle-point equation~3.2! has two or zero real-
valued solutions per field cycle@in the classically allowed
and forbidden domains, respectively, see Fig. 1~a!#. In the
slow electron case,pi,F/v, the 1

2 (pi1kt)
2 passes via zero

Due to this circumstance, as seen from Fig. 1~b!, for some
interval of photon frequenciesVm the equation~3.2! has four
real-valued solutions whereas for higherVm only two solu-
tions exist. Consequently, in this case the classically allow
domain is subdivided in two parts. The related LAR regim
are discussed below in more detail.

A. Fast electron regime:piÌF Õv

Here one has to choose the upper sign in formula~3.5! in
order to get a real-valued saddle point. The condit
usinvtmmu<1 is straightforwardly reduced to
03341
n
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1

2 S pi2
F

v D 2

1uEau1
1

2
p'

2 <Vm<
1

2 S pi1
F

v D 2

1uEau

1
1

2
p'

2 . ~3.8!

In this photon frequency interval only one pair of real sad
points tmm exists per field cycle, see Fig. 1~a!. These two
saddle points are to be included into summation overm in
Eq. ~3.4!. The phase difference between the two terms in
~3.4! varies withm. As a resultuCm(p)u2 oscillates between
zero and some envelope functionJ(m) defined as

J~m!5
8p

T2S9
uw̃a

(e)~2p2ktmm
!u2, ~3.9!

uw̃a
(e)~2p2ktmm

!u25pAa
2

2~m1h!v2k22p'
2

~m1h!4v4
,

~3.10!

S95FA2~m1h!v2k22p'
2

3A12
v2

F2
@pi2A2~m1h!v2k22p'

2 #2.

~3.11!
4-4
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As could be anticipated, the functionJ(m) has weak singu-
larities at the boundaries of the classically allowed regi
The extension of the classically allowed region on the pho
frequency scale is 2piF/v with its center located atVc
5 1

2 p21uEau1F2/(2v2). For the vanishing laser fieldVc
tends to the limit~1.2! and the classically allowed domai
shrinks to the single line. The condition that a single li
dominates in the photon spectrum could be formulated
2piF/v2;1.

Figure 2 illustrates evolution of the spectrum pattern w
the laser intensityI. We consider electrons with the energ
Eel5

1
2 p2 equal to 1 eV (p50.271) in the laser field with the

frequencyv50.0043 and different intensities. The electr
momentum p is directed along the laser field streng
F (p'50). The electron recombines to the bound state
the H2 ion (k50.2354, Aa50.75 @26#!. The emission am-
plitudes are obtained by numerical evaluation of the ti
integral in ~2.10!. The laser field intensities I
51011, 1010, 109, 108, 107 W/cm2 corresponds to the
values of parameter 2pF/v2, respectively, 49.4, 15.6, 4.94
1.56, 0.494. For the weakest field consideredI

FIG. 2. FactoruCm(p)u2 and cross sectionsm(p) for laser-
assisted recombination of the electron with the energyEel51 eV to
the bound state in H2 ion. The results of numerical integration i
Eq. ~2.10! are shown for the laser field with the frequencyv
50.0043 and the intensitiesI 5107 W/cm2 ~crosses!; 108 W/cm2

~triangles!; 109 W/cm2 ~diamonds!; 1010 W/cm2 ~squares!; and
1011 W/cm2 ~circles!. The symbols are joined by lines to help th
eye.
03341
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5107 W/cm2) the intensity of the principal line in the spec
trum (m514) exceeds more than 50 times these of adjac
satellites. For I 5108 W/cm2 this ratio is substantially
smaller (;5). When the laser field is increased by an ord
of magnitude, the dip in the emitted photon spectrum appe
at m515. This is the first manifestation of the oscillato
structure in the spectrum due to the interference of two c
tributions in Eq.~3.4!. For I 51010 W/cm2 the structure be-
comes well manifested. At last, forI 51011 W/cm2 the struc-
ture is well developed and extended. In the latter case
fact, the situation is beyond the fast electron regime; it w
be discussed in Sec. III B.

The semiclassical formula~3.4! is applicable when the
classically allowed domain is sufficiently broad on the fr
quency scale. Figure 3 shows the photon spectrum in
well manifested semiclassical regime (Eel510 eV, I
51011 W/cm2, p50.857, F/v50.392). In the classically
allowed domain (31<m<187) the quantitiesuCm(p)u2 ob-
tained by numerical evaluation of the integral~2.10! over
time ~circles! oscillate violently due to the interference e
fects. Outside this regionuCm(p)u2 decrease very rapidly
Note that the most efficient emission occurs at the edge

FIG. 3. Same as in Fig. 2, but for the electron energyEel

510 eV and the laser field intensityI 51011 W/cm2. The results of
numerical calculations and plain semiclassical formula~3.4! are
shown, respectively, by circles and squares. The semiclassica
velope function~3.9! is given by the solid line. In the zero-lase
field limit the spectrum shrinks to the single line with the positi
indicated by the vertical arrow.
4-5
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the classically allowed interval. This effect is complete
analogous to enhancement of the probability density near
turning points for the quantum particle moving in the pote
tial well. The envelope function~3.9! ~solid curve! repro-
duces well this overall behavior. The saddle-point appro
mation ~3.4! allows us to describe well the oscillator
structure~squares in Fig. 3!. Within the classically allowed
domain the summation in this formula runs over two re
valued saddle pointstmm . As m varies approaching the do
main border, two saddle points lying at the real-t axis ap-
proach each other and eventually merge at the bound
After that they separate again moving perpendicular to
real axis in the complext plane. The latter situation corre
sponds to the classically forbidden, or tunneling, regi
where only one saddle point is to be included in the summ
tion overm in ~3.5! ~namely, that which ensures exponent
decrease ofuCm(p)u2 outside the classically allowed do
main!. The transition between two regimes could be d
scribed by the Airy function. We do not pursue here t
detailed description of this rather standard situation. In p
ticular, the results shown by squares in Fig. 3 are obtai
using the plain semiclassical formula~3.4! with two or one
saddle points included as discussed above; the devia
from the numerical results are seen to be essential only
very narrow transitions region. Since the numerical eval
tion of integral~2.10! over time is not difficult, we employ
the adiabatic approach in order to obtain better insight i
the pattern of emitted radiation spectrum, but not for prod
ing an alternative method to evaluate the amplitudes.

B. Slow electron regime:piËF Õv

In this case the real-valued result fortmm is provided by
both upper and lower signs in the expression~3.5!. It is easy
to see from Fig. 1~b! that the classically allowed region o
photon frequencies is subdivided in two domains. The firs
them, with one pair of real-valued saddle pointstmm , corre-
sponds toVm lying in the interval~3.8!. At smaller photon
frequencies, another subdomain is defined by the condit

uEau1
1

2
p'

2 <Vm<
1

2 S pi2
F

v D 2

1uEau1
1

2
p'

2 .

~3.12!

Heretwo pairsof real saddle pointstmm exist. The spectrum
for this situation is illustrated by Fig. 4 (Eel50.1 eV, I
51011 W/cm2, p50.0857, F/v50.392). The classically
allowed domain lies in the interval 7<m<32, with the four-
saddle-point regime being operative for 7<m<17, and the
two-saddle-point regime for 18<m<32. The results of nu-
merical calculations shown by circles suggest that the os
lations inuCm(p)u2 or sm(p) proceed with two different fre-
quencies, the higher frequency being characteristic for
four-saddle-point domain. The plain semiclassical form
~3.4! ~squares! essentially reproduces this structure.
course, it is not designed for an accurate description o
transition between the two-saddle-point and four-sadd
point regimes where the deviations are seen to be large
special, more sophisticated treatment is required here,
03341
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such complications are not pursued in the present stud
argued above. The nonstandard situation emerges also a
left edge of the classically allowed interval where all sad
points simultaneously move from the real axis into the co
plex t plane. This transition region could not be described
a simple Airy-type pattern that is known to give a monot
nous decrease in the classically forbidden domain; on
contrary, the numerical results reveal some structure in
region, see Fig. 4. Bearing all this in mind, it is not une
pected that the plain semiclassical approximation~3.4! es-
sentially fails near the left border of the classically allow
domain.

It is worthwhile to mention also another region where t
standard semiclassical approximation fails. Namely, forV
50 the saddle-point positions coincide with the poles of
function w̃a

(e) . The situation when an exact coincidence o
curs is tractable rather easily@27#. Somewhat more effort is
required to obtain a uniform description of a transition b
tween this case and a situation when the saddle point and
pole are well separated, as presumed in simple formula~3.4!.
Again, such sophistication is beyond the scope of the pre
study.

At last, Fig. 5 shows a transient situation between the
and slow electron regimes (Eel51 eV, I 51011 W/cm2, p
50.271, F/v50.392). Here only two harmonics (m
57,8) correspond to the four-saddle-point regime. The
maining part of the classically allowed domain, 9<m<56
corresponds to the two-saddle-point regime. Most of

FIG. 4. Same as in Fig. 3, but for electron the energyEel

50.1 eV and the laser field intensityI 51011 W/cm2.
4-6
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spectrum is well described by the plain saddle-point appro
mation ~3.4! and covered by the envelope function~3.9!,
albeit the highest peak atm59 exceeds it, as being in th
region of the transition between the two- and four-sadd
point regimes.

IV. CONCLUSION

As discussed in the Introduction, the LAR is one of t
processes responsible for emission of high-energy pho
by the laser plasma. Surprisingly, it has not yet received
attention of researchers. This is particularly unsatisfact
since the other processes leading to high-energy pho
~harmonic generation and laser-stimulated bremsstrahlu!
are currently under active scrutiny. The present paper co
be considered as a first step to start filling this gap. T
theory in many aspects is parallel to the treatment of mu
photon ionization~MPI! where the Keldysh approximation i
known to provide an important insight and quantitatively
liable results. The origin of differences between MPI a
LAR lies in the kinematics: in MPI process the allowed ele
tron energy in the continuum are robustly defined by
parameters of the system~initial electron binding energy
laser field frequency and strength!, whereas in the LAR the
continuum electron energy is arbitrary. This rather trivial o
servation results in important consequences of physical c

FIG. 5. Same as in Fig. 3, but for the electron energyEel

51 eV and the laser field intensityI 51011 W/cm2.
03341
i-

-

ns
e
y
ns
g
ld
e
i-

-

-
e

-
r-

acter. They are particularly lucid in the adiabatic regim
when laser frequency is sufficiently small. The ionization i
tunneling process for all above-threshold channels. On
contrary, in the LAR there is a domain of photon frequenc
for which emission is allowedclassically.

The Keldysh-type approximation allowed us to descr
evolution of the LAR spectrum as the laser field varies, fro
the single line with only weak satellites in the low-field lim
to the broad pattern of equidistantly spaced harmonics in
strong field case. In the adiabatic approximation~i.e., the
saddle-point method! the photon spectrum is subdivided in
classically allowed and classically forbidden domains, w
the line intensities being highest at the boundaries of
former region. Concerning the quantitative side of the pro
lem, the adiabatic approach is less efficient for the LAR p
cess as compared with the treatment of above-threshold
ization ~ATI !. The reason is that in the latter case the sadd
point method is well applicable in its most simple form
whereas for the LAR process some technical complicati
emerge. The difference stems from the fact that the A
process always effectively occurs at complex-valued m
ments of time, whereas for LAR this is generally not t
case, and several regimes could be operative with the tra
tion regions between them. Albeit not drastic, these com
cations in our opinion hardly warrant necessary cumberso
analytical involvements, bearing in mind that the numeri
calculations are quite simple and straightforward. Nevert
less the saddle-point method remains very useful for und
standing the intensity patterns in the emitted photon sp
trum.

An additional assumption of the present study, which
principle could be easily abandoned, is the use of
asymptotic expression~2.14! for the final bound-state wave
function. Again, in the LAR process the situation is le
favorable for this approximation as compared with the A
process. This is because, as discussed in detail earlier@27#,
the long-range asymptote of the bound-state wave func
governs ATI amplitudes, whereas the LAR process is m
sensitive to the wave-function behavior in the entire coor
nate space.

As is pictured by Fig. 2, the amount of noticeable lines
the photon spectrum increases with the laser field stren
but the intensity of each individual line decreases in avera
The cross section of the electron transition into the bou
state summed over all emitted photon channels iss tot(p)
5(m.0sm(p). It exhibits only very weak dependence on th
laser filed intensityI @28#. For instance, in the particula
case of Fig. 2 we obtain fors tot(p) the values
3.8531026, 3.8531026, 3.8931026, 3.6431026,
3.431026 for the laser field intensities I
51011,1010,109,108,107 W/cm2. Recent calculations@23# of
the laser-assisted antihydrogen formation in positr
antiproton collisions employed the Coulomb-Volkov wa
function for the initial electron continuum stateFp and the
laser-perturbed wave function for the bound state. The
thors considered only one-photon LAR process and c
cluded that the LAR cross section decreases for the stro
laser fields. The present results indicate that if the multip
ton processes are included, then the total LAR cross sec
4-7
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is essentially independent on laser field intensity.
Thus the effect of a laser on the recombination proc

looks very straightforward. The total cross section of reco
bination essentially is not changed by a laser field, bu
redistributed over an equidistant pattern in photon spect
that becomes broader as the laser intensity increases.
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