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Relativistic semiclassical approach in strong-field nonlinear photoionization
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Nonlinear relativistic ionization phenomena induced by a strong laser radiation with elliptical polarization
are considered. The starting point is the classical relativistic action for a free electron moving in the electro-
magnetic field created by a strong laser beam. The application of the relativistic action to the classical barrier-
suppression ionization is briefly discussed. Further, the relativistic version of the Landau-Dykhne formula is
employed to consider the semiclassical subbarrier ionization. Simple analytical expressions have been found
for ~i! the rates of the strong-field nonlinear ionization including relativistic initial and final state effects,~ii ! the
most probable value of the components of the photoelectron final state momentum,~iii ! the most probable
direction of photoelectron emission, and~iv! the distribution of the photoelectron momentum near its maxi-
mum value.

PACS number~s!: 32.80.Rm, 03.30.1p, 32.80.Fb, 42.50.Hz
se

it
a
n

ns
.
o

el
an

wo
bl
a
a

e
in
la
ec
he
e

t
h

u

e
te
el
ee
l a
pe

e

e-
of
of

o-

a
t.
m-
om
ve
ov
hin
on
ling

nite
ons

uch
ap-
ns.
n-
am-
gth,
n-
his

n
-

he
I. INTRODUCTION

Relativistic ionization phenomena induced by strong la
light have become a topic of current interest@1–8#. In the
nonrelativistic theory it is assumed that the electron veloc
in the initial bound state as well as in the final state is sm
compared with the speed of light. However, the electro
may be accelerated up to relativistic velocities in an inte
electromagnetic field produced by modern laser devices
the ponderomotive energy of the electron is of the order
the rest energy, a relativistic consideration is required. R
tivistic effects in the final states become important for
infrared laser at intensities of some 1016 W cm22. The mini-
mal intensity required for relativistic effects increases by t
orders of magnitude for wavelength corresponding to visi
light. Ionization phenomena connected with relativistic fin
state effects have been studied for the cases of linearly
circularly polarized laser radiation both in the tunnel@6,8#
and above-barrier regimes@1,2,7#. The main relativistic ef-
fects in the final state are@1,2,5–8# ~i! the relativistic energy
distribution and~ii ! the shift of the angular distribution of th
emitted electrons towards the direction of propagation of
cident laser beam. It has been shown that a circularly po
ized laser light produces a large amount of relativistic el
trons @1,2,8#. On the contrary, it has been found that t
ionization rate for relativistic electrons is very small in th
case of linear polarization@6#.

Relativistic effects have also to be taken into accoun
the binding energyEb in the initial state is comparable wit
the electron rest energy@3,4#. A relativistic formulation is
necessary for the ionization of heavy atoms or singly or m
tiply charged ions from the innerK shell. In Refs.@3,4# the
relativistic version of the method of imaginary time has be
employed to calculate the ionization rate for a bound sys
in the presence of intense static electric and magnetic fi
of various configurations. Analytical expressions have b
found that apply to nonrelativistic bound systems as wel
to initial states with an energy corresponding to the up
boundary of the lower continuum.

The present paper is aimed to consider the nonlin
1050-2947/2000/61~3!/033403~8!/$15.00 61 0334
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photoionization connected with relativistic final states v
locities and/or low lying initial states from a unique point
view. Further the current work extends the investigation
relativistic ionization phenomena to the case of arbitraryel-
liptical polarization.

Certainly this may be done in the framework of the s
called strong-field approximation@9#. In the papers of Reiss
and of Crawford and Reiss@1,2,7# a relativistic version of
this approximation has been given for the ionization of
hydrogen atom with linearly and circularly polarized ligh
Within this approximation one calculates the transition a
plitude between the initial Dirac state for the hydrogen at
and the final state described by the relativistic Volkov wa
function. Coulomb corrections are neglected in the Volk
state. Therefore the final results are obtained only wit
exponential accuracy. Analytical results for the ionizati
rate applying to above-barrier cases as well as to tunne
cases have been given in Refs.@1,2,7#. However, the corre-
sponding expressions are complicated and contain infi
sums over all multiphoton processes. Numerical calculati
are needed to present the final results.

In contrast to the more sophisticated investigations, s
as the solution of the Dirac equation or the strong-field
proximation, we aim to obtain simple analytical expressio
From our final formulas the explicit dependence of the io
ization rate and of the photoelectron spectrum on the par
eters, such as binding energy of the atom, field stren
frequency, and ellipticity of the laser radiation may be u
derstood without the need of numerical calculations. In t
sense our approach resembles that of Popovet al. @3,4# and
of Krainov @6,8#.

II. RELATIVISTIC ACTION AND CLASSICAL BARRIER-
SUPRESSION IONIZATION

Let us start with the classical relativistic action for a
electron of chargee moving in the field of an electromag
netic plane wave with the vector potentialA(t2x/c). Here
and belowA denotes a two-dimensional vector in they-z
plane. The action may be found as a solution of t
©2000 The American Physical Society03-1
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Hamilton-Jacobi equation and reads@10,11#

Sf~j;j0!5mc2H f•
r

c
2a

x

c
2

11a21 f 2

2a
~j2j0!

1
e

mc2a
f•E

j0

j

Adj2
e2

2m2c4a
E

j0

j

A2djJ , ~1!

wherea and f5(a1 ,a2) are constants,r5(y,z); further j
5t2x/c, j0 is the initial value. Assuming a harmonic plan
wave of elliptic polarization with the electric fieldE
5F@eycosvj1gezsinvj# we find the following expression
for the relativistic action

Sf~j;j0!5mc2H f•
r

c
2

a

2S t1
x

cD 2
b2

2a
~j2j0!1

e

av

3@a1~cosvj2cosvj0!1a2g

3~sinvj2sinvj0!#2
e2

8av
~g221!

3~sin 2vj2sin 2vj0!J , ~2!

where the notationb2511a1
21a2

21@(11g2)/2#e2 has been
introduced, the parametere5eF/vmc characterizes the
strength of relativistic effects. Further the vector potential
the laser radiation has been choosen in the form

Ax50, Ay52
cF

v
sinvj, Az5g

cF

v
cosvj. ~3!

By applying the usual Hamilton-Jacobi method we take
derivative of the actionSf with respect to the constant
a1 ,a2, and a and set the result equal to new consta
b1 ,b2, andb3 in order to obtain the electron trajectory u
der the influence of the wave field. We obtain that the el
tron motion in the field and in the laboratory coordinate s
tem is given by the equations (j050),

a2~ t1x/c!2b2j1
2e

v
~a1cosvj1ga2sinvj!

1
12g2

4v
e2sin 2vj5b3 , vx5c

f ~j!21

f ~j!11
,

y5b11
ca1

a
j2

ce

av
cosvj,

vy5
2c

a@11 f ~j!#
$a11e sinvj%,

z5b21
ca2

a
j2g

ce

av
sinvj,

vz5
2c

a@11 f ~j!#
$a22eg cosvj%,
03340
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f ~j!5
d2

a2
1

2e

a2
~a1sinvj2ga2cosvj!1

12g2

a2
e2sin2vj,

~4!

whereb1 ,b2, andb3 together witha1 ,a2, anda have to be
determined from the initial conditions for position and velo
ity. Further we have introduced the notationd2511a1

2

1a2
21g2e2.

Quantum effects may be neglected, for strong enou
fields, i.e.,F@FB5E0

2/4Z ~in a.u., whereE0 is the electron
energy in the initial state andZ is the effective charge of the
atomic core!. In this case the ionization process may be d
scribed by an electron trajectory given in Eqs.~4!. In a pure
classical task the constants of motion may be determi
from the initial velocity and position of the electron at th
beginning of the laser action. However, the initial state
given by quantum mechanics. According to a simple clas
cal picture of ionization, for the barrier-suppression ioniz
tion ~BSI! @12#, the transition occurs from the bound state
that continuum state that has zero velocity at the timet with
the phasej of the vector potentialA(j). From this condition
we have to choose the constants as

a5Ad212e~a1sinvj2ga2cosvj!1~12g2!e2c2sin2vj,

a152e sinvj, a25ge cosvj. ~5!

The maximal ionization rate occurs at the maximum of t
electric field of the laser radiation. For our choice of t
gauge@see Eqs.~3!# the electric field has its maximum at th
phasej50 or atj5p, respectively. From Eqs.~5! we con-
clude that the most probable final state is described by
constants

a51, a150, a256eg. ~6!

Two important results follow from this derivation.
First, consider the components of the final electron d

momentum along the beam propagationpx5c(12a21a1
2

1a2
2)/2a, along the major axispy5ca1, and along the smal

axis of the polarization ellipsepz5ca2, respectively. From
Eq. ~6! we see that the photoelectrons are preferably p
duced with the drift momentum

px5
e2g2

2
c, py50, pz56egc. ~7!

For a laser wavelength ofl5780 nm and for laser intensi
ties of about I 5(1018–1019) W/cm2, the parametere is
equal to e150.65–2.1 for the linearly polarized wave (g
50) and e250.46–1.46 for the circularly polarized wav
(g251). According to the classical barrier-supression io
ization model the photoelectrons are emitted with a rela
istic drift momentum@12# at these laser intensities and fo
sufficiently large ellipticityg. On the contrary, in the case o
linear polarization the photoelectrons have a zero drift m
mentum.
3-2
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Second, the angle between the electron drift momen
components along and perpendicular to the direction of
laser beam propagation is shifted toward the forward dir
tion and reads

tanu5
p'

upzu
5

upxu
upzu

5
eugu

2
. ~8!

For linearly polarized laser light we obtain tanu50. For the
case of circularly polarized light~where tanu5e/2) our re-
sult coincides with that of previous works@2,8#.

III. RELATIVISTIC SEMICLASSICAL APPROACH

Consider now the process of nonlinear ionization o
strongly bound electron with a binding energyEb compa-
rable with the rest energy. Recently the ionization proces
static crossed electric and magnetic fields has been con
ered @3,4#. The results of this paper may be applied to t
ionization in laser fields only for the case of very stro
fields e@1. With an increasing frequency of the laser lig
~especially for a tentative x-ray laser! very high laser inten-
sities are required to satisfy this condition. Therefore it
necessary to generalize the result of@3,4# to the case of non-
zero frequencies. We consider the sub-barrier ionization.
condition to be satisfied is the opposite to the case of p
classical ionizationF!FB , in addition we have the quas
classical condition\v!Eb . No restrictions are applied to
the parametere. Thus we will cover both the regime of rela
tivistic tunnel and multiphoton ionization.

We employ the relativistic version of the Landau-Dykh
formula@3,5#. The ionization probability in quasiclassical a
proximation and with exponential accuracy reads

W}expH 2
2

\
Im@Sf~0;t0!1Si~ t0!#J , ~9!

whereSi5E0t0 is the initial part of the action,Sf is given by
Eq. ~1! @or Eq. ~2!#. The complex initial timet0 has to be
determined from the classical turning point in the comp
half-plane@3,5#:

Ef~ t0!5mc2H 11a21 f 2

2a
2

e

mc2a
f•A~ t0!1

e2

2m2c4a
A2~ t0!J

5E05mc22Eb . ~10!

Explicitly we obtain forl052 ivt0 the following relation in
the case of an elliptically polarized planar wave

sinh2l02g2S coshl02
sinhl0

l0
D 2

5g2~a!, ~11!

where g(a)5hA11a222a«0, or g2(a)5(12a)2h2

1ag2, with the dimensionless initial energy«o5E0 /mc2

and the relativistic adiabatic parameterh5e215vmc/eF.
Equation~9! together with Eqs.~2! and ~11! expresses the
transition rate between the initial state and the final Volk
03340
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state with abitrary momentum within exponential accura
It applies for the case of sub-barrier ionization with ellip
cally polarized laser light.

We are now interested in thetotal ionization rate. Within
exponential accuracy it suffices to find the maximum of t
transition rates between initial state and all possible fi
states. Equivalently, one has to find the minimum of t
imaginary part of the action as a function of the final sta
momentum. The minimization of the imaginary part of th
action with respect to the components of the final state m
mentum leads to the following boundary conditions@13#

~x,r!~ t0!50, Im~x,r!~ t50!50. ~12!

From these conditions we obtain that the most probable fi
state is characterized by the parameters

a2511
1

2h2 S 11g222g2
sinh2l0

l0
2

2
12g2

2l0
sinh 2l0D ,

~13!

a150, ~14!

a256~g/h!~sinhl0 /l0!. ~15!

Substituting the valuesl052 ivt0 and a into the final
state action we obtain the probability of relativistic qua
classical ionization in the field of elliptically polarized las
light. Within exponential accuracy we get

W}expS 2
2Eb

\v
f ~g,g,Eb! D , ~16!

where

f ~g,g,Eb!5S 11
11g2

2g2a
1

mc2

Eb

~12a!2

2a D l0

2S 12g212g2
tanhl0

l0
D sinh 2l0

4g2a
. ~17!

The magnitudesa andl0 have to be taken as the solution
Eqs.~11! and~13!. Furtherg5A2mEbv/eF is the common
adiabatic Keldysh parameter from nonrelativistic theory@5#.
Equation~16! is the most general expression for the relat
istic ionization rate in the quasiclassical regime and for fi
strength smaller than the above-barrier threshold. It descr
both the tunnel as well as the multiphoton ionization. It is t
relativistic generalization of previous nonrelativistic resu
@13#.

A. Relativistic tunnel ionization

Consider now some limiting cases. In the limit of tunn
ionizationh!1 we reproduce the static result of Refs.@3,4#
and obtain the first frequency correction

Wtunnel}expH 2
FS

F
FJ ,
3-3
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F5
2A3~12a0

2!3/2

a0
2

3A3~12a0
2!5/2

5a0
h2~12g2/3!1O~h4!,

~18!

where FS5m2c3/e\51.3231016 V/cm is the Schwinger
field of quantum electrodynamics@15# and a05(«0

1A«0
218)/4. In the nonrelativistic regime,«b5Eb /mc2

!1, the parametera0512«b/31«b
2/27, and the probability

of nonrelativistic tunnel ionization including the first relativ
istic and frequency corrections reads

Wtunnel}expH 2
4

3

A2mEb
3/2

e\F F12
g2

10
~12g2/3!

2
Eb

12mc2 S 12
13

30
g2~12g2/3! D G J . ~19!

Here the first two terms in the brackets describe the fam
nonrelativistic ionization rate including the first frequen
correction, the next two terms are the first relativistic corr
tions. It follows from Eq.~18! that the account of relativistic
effects increases the ionization rate in comparison with
nonrelativistic rate. However, even for binding energies
the order of the electron rest energy the relativistic correc
in the exponent is quite small. In the ‘‘vacuum’’ limit Eq
~19! results into W}exp$29FS/2F@129/40h2(12g2/3)#%.
We find a maximal deviation of about 18% in the argume
of the exponential from the nonrelativistic formula. Here t
‘‘vacuum’’ limit shall not be confused with the pair creatio
from the vacuum. It is known that there are no nonline
vacuum phenomena for a plane wave@15#. In contrast to that
we deal here with the ionization of an atom being in rest
the laboratory system of coordinates. Nevertheless,
‘‘vacuum’’ limit should be considered only as the limitin
result of the present semiclassical approach where the ef
of pair production have been neglected. The polarization
the vacuum becomes important if the binding energy of
atom exceeds the electron rest energy. At the binding en
Eb52mc2 the single-particle picture employed in this pap
breaks down ultimately. The electron energy is decrease
to the upper limit for the energy of a free positron, and t
threshold energy for the production of an electron-posit
pair becomes zero. On the contrary, for a weak relativi
initial state«b!1 we expect only a small influence of pa
production effects on the ionization process. An appropr
consideration of vacuum polarization effects can be giv
only in the framework of quantum electrodynamics. Ho
ever, this is beyond the scope of the present paper.

B. Relativistic multiphoton ionization

Consider now the multiphoton limith@1. In this case the
parametersl05 ln(2g/A12g2) ~or l05 ln gA2 lng for g5
61) anda512«b/2l0 and the ionization probability in the
relativistic multiphoton limit read

Wmulti-ph}expS 2
2Eb

\v
f ~g@1,g,«b! D , ~20!
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f ~g@1,g,«b!5 ln
2g

A12g2
2

1

2
2

Eb

8mc2ln 2g/A12g2
,

~21!
gÞ61,

f ~g@1,g,«b!5 ln 2gA2 lng2
1

2
2

Eb

8mc2ln 2gA2 lng
,

~22!
g561.

Again the first two terms in the functionf (g@1,g,«b) reflect
the nonrelativistic result@13#, the relativistic effects that lead
to an enhancement of the ionization probability are co
densed in the third term.

It has been shown that there is an enhancement of
ionization rate in the relativistic theory for both large an
small h. This should be compared with the results found
Crawford and Reiss. In their numerical calculations they a
found an enhancement of the relativistic ionization rate fo
circularly polarized field and forh@1, but for h!1 their
results suggest a strong reduction of the ionization proba
ity @2#. For the case of linearly polarized light the ionizatio
rate is found to be reduced by relativistic effects@7#. How-
ever, Crawford and Reiss studied the above-barrier ion
tion of a hydrogen atom within the strong-field approxim
tion. In contrast to that we have investigated the sub-bar
ionization from a strongly bound electron level, which yiel
an enhancement of the ionization rate. This enhanceme
connected with a smaller initial timet0. As a result the under
barrier complex trajectory becomes shorter and the ion
tion rate increases in comparison with the nonrelativis
theory. Figure 1 shows the relativistic ionization rate E
~16! and the nonrelativistic Keldysh formula as a function
the binding energyeb and for the case of linear polarization

FIG. 1. Absolute value of the logarithm of the ionization rat
2 ln W vs the binding energy of initial leveleb5Eb /mc2. The solid
line shows the relativistic rate Eq.~16!, the dashed line is the non
relativistic Keldysh formula@Eq. ~23! without the relativistic cor-
rection term#. The curves are shown for a frequencyv5100 and an
intensity I 58.53107 ~in a.u.!.
3-4
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The figure should be considered only as an illustration of
enhancement effect. The frequency and intensity parame
used for the calculations are still not available for the exp
mentalists.

C. The case of weak relativistic initial state

The switch from the multiphoton to the tunnel regim
with increasing field strength may be studied in the nonre
tivistic limit «b!1. Within first order of«b the ionization
probability is found to be

Wweak-rel}expH 2
2Fb

\v
f ~g,g,«b!1!J , ~23!

where

f ~g,g,«b!1!5 f (0)~g,g!1«bf (1)~g,g!.

Here

f (0)~g,g!5S 11
11g2

2g2 D l (0)2S 12g2

12g2
tanhl (0)

l (0) D sinh 2l (0)

4g2
~24!

represents the nonrelativistic result@13#, andl (0) satisfies the
equation

sinh2l (0)2g2S coshl (0)2
sinhl (0)

l (0) D 2

5g2.

Besides,

f (1)~g,g!5
B

8g4 H B14g2

A Fg21
11g2

2
2

cosh 2l (0)

2

3S 12g212g2
tanhl (0)

l (0) D 2g2
tanhl (0)

l (0)

3S 12
sinh 2l (0)

2l (0) D G2S 11g212g2
sinh2l (0)

l (0)2

1
12g2

2l (0)
sinh 2l (0)D l (0)2S 12g2

12g2
tanhl (0)

l (0) D sinh 2l (0)J ~25!

is the first relativistic correction, with

A5sinh 2l (0)22g2S coshl (0)2
sinhl (0)

l (0) D
3Fsinhl (0)2

1

l (0) S coshl (0)2
sinhl (0)

l (0) D G , ~26!
03340
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B511g222g2
sinh2l (0)

l (0)2
2

12g2

2l (0)
sinh 2l (0). ~27!

Equation ~23! is valid in the wholeg domain, i.e., in the
multiphoton regimeg,1 as well as in the tunnel limitg
.1. For small adiabatic parameters, i.e.,g→0, it coincides
with Eq. ~19!; in the case of largeg→` it transforms to Eq.
~20!. We mention that Eq.~23! reproduces the full relativistic
formula Eq.~16! with very high accuracy forEb,mc2.

The expression for the rate of ionization of a weak re
tivistic initial state essentially simplifies in the case oflinear
polarization. Then we have

Wweak-rel}expH 2
2Eb

\v
f ~g,g50,«b!1!J ,

f ~g,g50,«b!1!5arcsinhg1
1

2g2
@arcsinhg2gA11g2#

2«b

g41g222gA11g2arcsinhg1arcsinh2g

8g4arcsinhg
.

~28!

The terms inf (g,g50,«b!1) that do not vanish as«b→0
represent the nonrelativistic quasiclassical ionization r
found by Keldysh@14#; the terms proportional to«b are the
first relativistic correction to the Keldysh formula.

IV. RELATIVISTIC PHOTOELECTRON SPECTRUM

Consider now the modifications of the energy spectr
induced by relativistic effects. First we will characterize t
most probable final state of the ejected electron. The class
nonrelativistic barrier-suppression ionization predicts a n
zero leaving velocity of the photoelectron. However, relat
istic effects as well as frequency corrections modify this
sult of the classical BSI picture. In the relativist
semiclassical theory employed in this paper we may set
constantsa150 anda256(g/h)(sinhl0 /l0) according to
Eqs.~14! and~15!. From Eqs.~4! we obtain then for the mos
probable emission velocity in the laboratory system of co
dinates

vx, leaving5c

12a21
g2

h2 S 12
sinhl0

l0
D 2

11a21
g2

h2 S 12
sinhl0

l0
D 2

, ~29!

vy, leaving50, ~30!

vz, leaving56
2ac

11a21
g2

h2 S 12
sinhl0

l0
D 2

g

h S sinhl0

l0
21D ,

~31!
3-5
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wherea has to be taken from Eq.~13!. In the tunnel limit
(h!1) we obtain

vx, leaving5c
12a0

2

11a0
2

1O~h2!, ~32!

vz, leaving56gcha0

12a0
2

11a0
2

1O~h3!. ~33!

Here and belowa05(«01A«0
218)/4. The first term in thex

component of the leaving velocity is independent from b
the frequency and the intensity of the laser light. It coincid
with the static result of Muret al. @4#. The leading term in
the z component is proportional to the frequency and
versely proportional to the electric field strength of the la
radiation. From Eqs.~32! and ~33! it also follows that thex
component of the leaving velocity vanishes in the nonre
tivistic limit, whereas thez-component has a nonzero nonre
ativistic limit. For a nonrelativistic atom, we get

vx, leaving5
v2

6c
$11O~v2/c2,g2!%, ~34!

vz, leaving56
v
6

gg$11O~v2/c2,g2!%, ~35!

where v5A2Eb /m is the initial ‘‘atomic’’ velocity of the
electron. In the ‘‘vacuum’’ limit (a051/2), we have

vx, leaving5
3

5
c1O~h2!, ~36!

vz, leaving56
3

10
gch1O~h3!. ~37!

It follows from these equations that a strongly bound el
tron has a relativistic emission velocity along the direction
the laser beam propagation. For a nonrelativistic initial st
«b!1, the emission velocity along the beam propagation
small. Nevertheless, the mean emission velocity seems t
the most sensitive measure of the appearance of relativ
effects in the initial states. In Fig. 2 thex component of the
leaving velocity is plotted versus the binding energy of t
initial state. Though we have choosen the same parame
of the laser beam as in Fig. 1 it should be mentioned that
dependence of the emission velocityx component on the
laser parameters is rather weak. The main parameter d
mining the leaving velocity along the propagation of the
ser beam is the binding energy of the atom.

From Eqs.~13!–~15! we also obtain the most probab
value for each component of the final state drift moment
~which is the full kinetic momentum minus the field mome
tum!. We puta15py,m /mc, a25pz,m /mc, anda5(2px,m

1Am2c21px,m
2 1py,m

2 1pz,m
2 )/mc and get

px,m5
mc

2a H 12a21
g2

h2

sinh2l0

l0
2 J , ~38!
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py,m50, ~39!

pz,m56mc
g

h

shl0

l0
. ~40!

The leading terms in the tunnel limit (h!1) read

px,m5
mc

2a0

g2

h2
, ~41!

pz,m56mc
g

h
. ~42!

For a nonrelativistic initial state and within the tunnel regim
(g!1) we obtain

px,m5
e2F2g2

2v2mc
S 11

g2

3

g211

g2 D , ~43!

pz,m56
eF

vm
gS 11

g2

6 D , ~44!

where we have given the leading terms and the first
quency corrections.

From Eqs.~38!–~40! we easily obtain the most probab
angle of electron emission. Denote byu the angle between
the polarization plane and the direction of the photoelect
drift motion and byw the angle between the projection of th
electron drift momentum onto the polarization plane and
smaller axis of the polarization ellipse. In the case of a n
relativistic atom the most probable angles read

tanum5
px,m

upz,mu
5

eFugu
2mcv S 11

g212

g2

g2

6 D , wm50.

~45!

FIG. 2. Thex component of the emission velocityvx /c vs the
binding energy of initial leveleb5Eb /mc2. The emission velocity
in the nonrelativistic theory is zero. The curve is shown for a f
quencyv5100 and an intensityI 58.53107 ~in a.u.!.
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We conclude that relativistic effects produce a nonzero co
ponent of the mean electron drift momentum along the a
of beam propagation. As a result the mean angle of elec
emission is shifted to the forward direction. However, in t
case of linear polarization the appearance of a nonzex
component of the photoelectron drift momentum is co
nected with relativistic effects in the initial state. The latt
are typically small except the case of ionization from inn
shells of heavy atoms. Notice that for the nonrelativis
atom the most probable value for the drift momentum co
ca

o

o

ea

he
o-
W
e
a-

of
ai
ri-
w

e
is

t f
ro

03340
-
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r
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ponents as well as the expression for the peak of the ang
distribution coincide with the corresponding expressio
within the BSI model~see Sec. II! if one neglects the fre-
quency corrections.

Consider now the relativistic final state spectrum, i.e.,
momentum distribution near the most probable final st
drift momentum. The calculations will be restricted to th
tunnel regimeg!1. Assuming weak relativistic effects in
the initial state«b!1, and puttingdpx5(px2px,m)!mc,
dpz5(pz2pz,m)!mc, andpy!mc, one obtains
Wp}WtunnelexpF2
g

\v

@dpx
222dpxdpzeg1dpz

2~112e2g21e4g4/4!#

m ~11e2g2/2!2 G
3expF2

py,m
2

3m

g3~12g2!

\v
2

py,m
4

4m3c2~11e2g2/2!2

g

\vG , ~46!
he
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th
whereWtunnel is the total ionization rate Eq.~19! in the weak
relativistic tunnel regime. In Eq.~46! only the leading con-
tributions indpx anddpz have been given; in thepy distri-
bution an additional relativistic term proportional topy

4 has
been maintained, which becomes the leading term in the
of static fields withg50. In the nonrelativistic limite!1
andp!c we reproduce the results of Ref.@13#. For the cases
of linear (g50) and circular (g561) polarization our re-
sults are in agreement with recent derivations of Krain
@6,8#.

The first exponent in Eq.~46! describes the momentum
distribution in the plane perpendicular to the major axis
the polarization plane. In the nonrelativistic theory (e50)
the width of the momentum distribution inpx coincides with
the width of the pz distribution. The relativistic effects
~which are measured byeg) destroy this symmetry in the
(x,z) plane. The distribution ofpx becomes broader, thepz
distribution becomes narrower. We also mention the app
ance of a cross term proportional to the productdpxdpz ,
which is absent in the nonrelativistic theory. In Fig. 3 t
distribution of the projection of the photoelectron drift m
mentum on the axis of the beam propagation is shown.
consider electrons that are produced in the creation of N81

(Eb5239 eV) ions by an elliptically polarized laser radi
tion with wavelength l51.054 mm, field strength 2.5
31010 V/cm, and ellipticityg50.707. The relativistic mo-
mentum distribution is compared with the distribution
nonrelativistic theory. From the figure we see that the m
effect is the shift of the maximum of the momentum dist
bution, the broadening remains small for the parameters
have considered.

The first term in the second exponent of Eq.~46! deter-
mines the nonrelativistic energy spectrum for the low en
getic electrons moving along the major polarization ax
whereas the second, relativistic term becomes importan
the high energy tail. A detailed analysis of the photoelect
spectrum will be given elsewhere@16#.
se

v
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e
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In conclusion, in this paper relativistic phenomena for t
ionization of an atom in the presence of intense elliptica
polarized laser light have been considered. The cases of
tivistic classical above-barrier and semiclassical sub-bar
ionization have been investigated. Simple analytic expr
sions for the ionization rate and the relativistic photoelect
spectrum have been obtained. These expressions appl
relativistic effects in the initial state as well as in the fin
state. We have shown that relativistic initial state effects le
to a weak enhancement of the ionization rate in the s
barrier regime. The mean emission velocity has been sh
to be a more sensitive measure for the appearance of rel

FIG. 3. Spectrum of the electron momentum projection alo
the beam propagation for electrons produced in the creation
Ne81 by an elliptically polarized laser radiation with waveleng
l51.054 mm, field strength 2.531010 V/cm, and ellipticity g
50.707; the relativistic spectrum is taken from Eq.~46!, the non-
relativistic one is Eq.~46! with e50.
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istic effects in the initial state. The more important relativ
tic final state effects may cause a sharp increase of the e
tron momentum projection along the propagation
elliptically polarized laser light. This results in a shift of th
most probable angle of electron emission to the forward
rection.

Finally, the expressions obtained in this paper within e
ponential accuracy may be improved by taking into acco
.

f

03340
-
c-

f

i-

-
t

the Coulomb interaction through the perturbation theory. T
results of this paper may be also used in nuclear physics
quantum chromodynamics.
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