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Coupling nanocrystals to a high-Q silica microsphere: Entanglement in quantum dots
via photon exchange
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Coupling nanocrystals~quantum dots! to a high-Q whispering gallery mode~WGM! of a silica microsphere,
can produce a strong coherent interaction between the WGM and the electronic states of the dots. Shifting the
resonance frequencies of the dots, for instance by placing the entire system in an electric potential, then allows
this interaction to be controlled, permitting entangling interactions between different dots in a way analogous
to the ion-trap computer of Cirac and Zoller. Thus, a more advanced system of this type could potentially be
used to implement a simple quantum computer.

PACS number~s!: 03.67.Lx, 42.50.2p, 85.30.Vw
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Recent years have seen a dramatic improvement in
ability to experimentally manipulate and measure sin
quantum systems, from modes of the electromagnetic fiel
atoms or ions in traps to increasingly tiny solid-state devic
These efforts have been further spurred by developmen
the field of quantum computation, where it has been sho
that a computer making full use of quantum mechanics
solve certain problems~such as factoring and databa
searching! faster than any known classical algorithm. Buil
ing such a computer requires well-isolated but highly co
trollable quantum systems, with well-defined levels that c
serve as quantum bits~qubits!.

A number of proposals have been made for phys
implementations of a quantum computer. Two of the m
promising involve using the internal electronic states of io
@1# or atoms@2# in a trap as qubits, with single-qubit oper
tions performed by laser pulses; interactions between qu
would involve an intermediate ‘‘bus,’’ which would be th
quantized motion in the case of ions, an electromagn
mode of a high-Q cavity in the case of atoms. In a simila
spirit, Sherwinet al. @3# recently proposed using semico
ductor quantum dots~QDs! as qubits, with interactions me
diated by the field of an optical microcavity. An earlier pr
posal by Loss and DiVincenzo@4# also involved QDs, in that
case using the spin of a single electron in a QD, with c
pling between neighboring dots due to the exchange inte
tion. Recently, a hybrid of these two proposals has also b
suggested by Imamogluet al. @5#, in which interactions be-
tween electron spins of different dots are mediated by
mode of a microcavity.

In this paper we propose and analyze a novel system
deterministic generation of quantum entanglement of t
QDs, using a variant of this same approach. In this syst
semiconductor nanocrystals are attached to the equator
fused-silica microsphere. Exchange of photons between
two nanocrystals through optical interactions between
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1050-2947/2000/61~3!/032307~5!/$15.00 61 0323
he
e
to
s.
in
n
n

-
n

l
t
s

its

ic

-
c-
en

e

or
o

,
f a
he
a

nanocrystal and a high-Q whispering gallery mode~WGM!
of the microsphere leads to creation of quantum entan
ment between the two nanocrystals. Entanglement of nan
rystals with slightly different resonance frequencies can
generated by using an electric field to tune the relevant tr
sition frequency of a given nanocrystal to resonate with
WGM. The ground state and the lowest, dark excited stat
the nanocrystals serve as a qubit, and it is these levels
become entangled. While the current system is unsuitable
general quantum computations, due to relatively h
dephasing rates and the optical frequency difference betw
energy levels of the dots, with carefully tailored QDs th
may be available in the near future, the proposed scheme
the potential to scale up to implement at least a small qu
tum computer.

Fused-silica microspheres are perhaps the best avai
optical microresonators@6#. In these microspheres, WGM
form via total internal reflection along the curved bounda
Slight deformation of typical microspheres also removes a
muthal degeneracy of the WGMs. Lowest-order WGMs a
thus a ring along the equator of the microsphere. For a fus
silica sphere with a diameter of 20mm, the very small mode
volume leads to a vacuum electric field~or field strength per
photon! of order 150 V/cm at the sphere surface (l
'600 nm). Q factors of these microresonators can exce
109, corresponding to a photon storage lifetime near a mic
second and resulting in highest finesse for optical resona
Extremely highQ factors along with very small mode vol
ume are essential for achieving strong coherent light-ma
coupling, and have made fused-silica microspheres an at
tive alternative to the high finesse Fabry-Perot microreso
tors currently used in cavity QED studies of atoms.

Recent experimental attempts to take advantage
WGMs in fused-silica microspheres to achieve strong coh
ent light-matter coupling have included putting a fused-sil
microsphere in atomic vapors@7# or placing a semiconducto
nanostructure in the evanescent waves of WGMs of a mic
sphere@8#. Further development, however, has been hinde
by thermal motion of the atoms in the former case and
©2000 The American Physical Society07-1
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TODD A. BRUN AND HAILIN WANG PHYSICAL REVIEW A 61 032307
significant Q spoiling occurring at the contact area in th
latter case. To avoid these problems, we propose to dire
attach semiconductor nanocrystals to the equator of a fu
silica microsphere, as shown in Fig. 1.

Semiconductor nanocrystals exhibit discrete atomicl
excitonic energy structures@9#. Recent advances in colloida
chemistry have led to synthesis of epitaxially grown, nea
defect free, CdSe/CdS core/shell nanocrystals and synth
of high quality III-V nanocrystals including GaAs, InAs, an
InP nanocrystals@10#. Near unity quantum yield has bee
observed in epitaxially grown CdSe nanocrystals even
room temperature. Photoluminescence studies of single C
nanocrystals have revealed extremely narrow linewidth, l
ited by instrument resolution@11#. Assuming a radiative life-
time of 10 ns for a dipole transition in CdSe nanocrystals,
expect the coherent coupling rate between the dipole tra
tion and a resonant WGM with a vacuum field of 150 V/c
to be of order 109/sec, much greater than the radiative dec
herence rate for the relevant transition.

In semiconductor nanocrystals, the precise excitonic le
spacing depends sensitively on the exact size and shap
the nanocrystals. In general two different nanocrystals w
have different resonance frequencies although these r
nance frequencies can be precisely determined. This non
formity of nanocrystals, however, can be turned into an
vantage. If one could shift the resonance frequencies o
the nanocrystals simultaneously, it would be possible
bring a single nanocrystal into resonance with a cavity m
while the others are all sufficiently detuned to have no s
nificant interaction with the cavity mode.

One way of producing such a shift is to put the ent
system between two microelectrodes and apply a contro
voltage. The level spacings would all be shifted by the qu
tum confined Stark effect of nanocrystals@12#. Provided that
the responses of the various nanocrystals involved have
determined by measurement, it should be possible to tune
system to bring any nanocrystal into resonance on dem
If the voltage changes are slow compared to optical frequ
cies, this resonance shift may be treated adiabatically.~The
voltage change may still be very rapid compared with
timescale of interactions between the internal state of
nanocrystals and the cavity mode.!

It is also possible to drive transitions between the inter
levels of individual nanocrystals by applying laser puls
tuned to their particular resonance frequencies, or poss
by using the applied voltage to bring the dots into resona
with fixed lasers.~Since these frequencies will be distinc

FIG. 1. Schematics of a combined nanocrystal-microsphere
tem where CdS-capped CdSe nanocrystals are attached to th
face of a fused-silica microsphere.
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tightly focusing the beams onto single dots should be unn
essary.! By combining such laser pulses with carefully time
interactions with the cavity mode, one can construct
scheme very similar to that of Cirac and Zoller@1# or Pelliz-
zari et al. @2#, in which laser pulses act as one-qubit ‘‘gates
while two-bit gates use the photon mode as an intermed
‘‘bus.’’ Exploiting the frequency differences between do
may greatly simplify near-term experiments with small nu
bers of dots.

We now consider two nanocrystals interacting with
nearly resonant high-Q WGM. We model the two QDs as
three-level systems as shown in Fig. 2, where statesu0& and
u1& serve as the logical states of the qubit andu2& is an
auxiliary state. Stateu0& is the lowest excited state and a da
state@13#. Other energy levels are far off resonance for t
relevant optical interactions and are thus neglected. The r
nance frequency of the 1→2 transition is assumed to b
close but not equal to the frequency of the cavity mode. T
resonance frequency is assumed to differ for the two dots
an amountDv. The entire system is then placed betwe
two microelectrodes, so that a precisely controlled volta
can be applied, shifting the frequencies of the two nanocr
tals.

The two dots are each coupled to the WGM with
strengthg. It is assumed that the time scale 1/g is long com-
pared to the optical time scales. We change the volt
slowly compared to optical time scales, but quickly com
pared to 1/g; thus, this change can be treated adiabatically
far as the Hamiltonian is concerned, but as instantane
compared to the rate at which photons are emitted or
sorbed.

A product state for this model can then be written

uC&5ufA& ^ ufB& ^ ufg&, ~1!

whereufA& is the state of dotA, ufB& is the state of dotB,
and ufg& is the state of the cavity mode. In a rotating fram
we can then write the Hamiltonian of this system

Ĥ5 ig~ u2&^1u ^ 1̂^ â2u1&^2u ^ 1̂^ â†!

1 ig~ 1̂^ u2&^1u ^ â21̂^ u1&^2u ^ â†!

1d~ t !1̂^ u1&^1u ^ 1̂

1@d~ t !2Dv#u1&^1u ^ 1̂^ 1̂. ~2!

s-
sur-

FIG. 2. Schematics of the energy level structure used.u1&, the
ground state, andu0&, the lowest excited state and a dark state, se
as a qubit. Theu1& to u2& transition is dipole allowed. Higher exci
tations are neglected.
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FIG. 3. Entanglement of formation vs nois
rate for decoherence betweenu0& and u1& ~solid
line!, radiative decay fromu2& to u1& ~dashed
line!, and cavity loss of the WGM~dotted line!.
The noise rate is given as the fractionG/g, where
g is the dipole coupling strength between th
nanocrystal and the cavity mode.
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The functiond(t) is the detuning produced in the 1→2 reso-
nance due to the time-varying voltage. EitherA or B ~or
neither! can be brought into resonance with the cavity mo
but not both at once. We assume that their frequency dif
enceDv is large compared tog.

We begin in a product state

uC i&5
1

2
~ u0&1u1&) ^ ~ u0&1u1&) ^ u0& ~3!

and apply ap pulse to the 1→2 transition of dotA. ~The
coherent superposition state of each dot can be create
using resonant two-photon absorption.! The voltage is tuned
such thatd(t)5Dv for a timep/2g, thend(t)50 for a time
p/g, then back tod(t)5Dv for anotherp/2g. Finally, a
secondp pulse is applied to dotA. In the absence of noise
the final state becomes

uC f&5
1

2
~ u0& ^ u0&1u0& ^ u1&1u1& ^ u0&2u1& ^ u1&) ^ u0&.

~4!

From a product state, the two dots have evolved to a stat
maximal entanglement. The full set of transformations
summarized here,

u0&u0&u0&→u0&u0&u0&→u0&u0&u0&→u0&u0&u0&,

u1&u0&u0&→2 i u1&u0&u1&→2 i u1&u0&u1&→u1&u0&u0&,

u0&u1&u0&→u0&u1&u0&→u0&u1&u0&→u0&u1&u0&,

u1&u1&u0&→2 i u1&u1&u1&→ i u1&u1&u1&→2u1&u1&u0&.
~5!

In practice, noise or decoherence places severe limits
the entanglement process discussed above. We can mod
effects of noise by replacing Schro¨dinger’s equation with a
Markovian master equation for the system,
03230
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52 i @Ĥ,r#1(

k
2L̂krL̂k

†2L̂k
†L̂kr2rL̂k

†L̂k , ~6!

whereĤ is the Hamiltonian~2! above, and theL̂k are a set of
operators chosen to model the effects of the noise. We c
sider three different cases: decoherence betweenu0& andu1&,
where

L̂15AGu0&^0u ^ 1̂^ 1̂, ~7!

L̂25AG1̂^ u0&^0u ^ 1̂, ~8!

radiative decay betweenu1& and u2&, where

L̂15AGu1&^2u ^ 1̂^ 1̂, ~9!

L̂25AG1̂^ u1&^2u ^ 1̂, ~10!

and cavity loss, where

L̂15AG1̂^ 1̂^ â. ~11!

G represents the noise rate. The important parameter in
sessing the effects of noise is the size ofG compared withg;
if G is small, we expect entanglement to still be possible.~Of
course, in general, all three types of noise might well
present, with differentGs; we are modeling the case whe
one form of noise dominates over the others.!

Figure 3 plots the entanglement of formation@14# as a
function of G/g for the three different types of noise. Wit
G!g, substantial entanglement between the two dots
still be retained. As shown in Fig. 3, the entanglement is
least tolerant to decoherence betweenu0& and u1& and is the
most tolerant to decay fromu1& to u2&, since the latter deco
herence occurs only for the relatively short duration of t
relevant optical transitions. Sinceu0&, the lowest excited
state, is also a dark state, a ratioG/g,1023 can be achieved
for decoherence betweenu0& and u1& if the decoherence is
7-3



th
s
e
h

ta
e
M

a
s
tly
u
s,
go

i

le
er
ve
r

ri
e

e

b
u
t
m

do
e

te
e

se
te
ie
m
o

se
ys
n

e-
te
n

f the
to
nism
le
onon
er
ou-
m-

e or

ith
es-

ity
tly
ro-

en-
est
ies

pure
n in
d to

l-
van-
as
lso
Ds
s-
lly-

ne
gest
for
to
cent
y

s
if-
r-
Y

TODD A. BRUN AND HAILIN WANG PHYSICAL REVIEW A 61 032307
limited by radiative decay. For aQ factor near 109, a ratio
G/g near 1023 is also expected.

To probe whether a nanocrystal is in the ground or
dark excited state, one can, for example, shift the nanocry
resonance near to a given WGM resonance and measur
induced change in the resonant frequency of the WGM. T
WGM resonance remains unchanged when the nanocrys
in a dark excited state since the dipole transition is bleach
Significant change in the resonant frequency of the WG
results when the nanocrystal remains in the ground st
This gives a readout only of the individual qubit state
which does not allow one to detect entanglement direc
However, by examining the statistics of measurement res
as we perform rotations on the internal states of the qubit
should be possible to establish coherence; this is analo
to the procedure used in experiments on entanglement in
traps@15#.

More ambitious quantum computations are in princip
possible, but a number of difficulties would have to be ov
come. For the QDs we have discussed, the excitonic le
are separated by optical frequencies, producing a rapidly
tating relative phase betweenu0& and u1&. Very precise tim-
ing would be required to control for this, making the expe
ments prohibitively difficult. The simplest solution would b
to use QDs with two closely spaced levels to serve asu0& and
u1&; this may be possible with doped nanocrystals in the n
future.

If this problem can be solved, the above scheme could
scaled up for quantum information processing. One co
select and attachN nanocrystals, each with different bu
known resonance frequencies, to the equator of a single
crosphere. Laser pulses could be tuned to any of the
individually, while an applied voltage could bring any of th
dots into resonance with the WGM. Quantum logic ga
such as the one described above could be applied betw
any two dots by exchange of a photon, while laser pul
would enable a large family of rotations of the internal sta
of the QDs. Together, these two kinds of gates are suffic
to perform quantum computation. The length of such co
putations will be limited by inevitable decoherence pr
cesses, of course.

The experimental challenge of implementing the propo
scheme is still considerable. The above theoretical anal
has not included decoherence in QDs due to electron-pho
interactions. While in ideal QDs with strong thre
dimensional confinement and for the lowest excited sta
population relaxation due to electron-phonon interactio
s

t

-
nt
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can be suppressed by the discrete density of states o
system@16#, electron-phonon interactions can still lead
rapid decoherence through a pure dephasing mecha
@17,18#. In this regard, III-V nanocrystals are preferab
since these nanocrystals can feature weaker electron-ph
interactions than II-VI nanocrystals. Nanocrystals with larg
oscillator strength and hence greater coherent dipole c
pling rates are also preferable. By operating at very low te
peratures, smallG/g ratios are still achievable@19#. Other
obstacles are surface related problems, including charg
field fluctuations on the surface of nanocrystals@13# and re-
laxation of optical excitations into or via surface states. W
continued progress toward fabricating ideal nanocrystals
pecially in epitaxial capping of nanocrystals, a microcav
system with nanocrystals or artificial atoms covalen
bounded to a fused-silica microsphere should eventually p
vide a realizable model system for studies of quantum
tanglement of QDs and for implementing at least a mod
number of quantum logic gates. Note that preliminary stud
have already demonstrated an extremely highQ factor for
combined nanocrystal-microsphere systems@20#. It is pos-
sible that suspended nanocrystals may have much lower
dephasing rates than embedded QDs, due to quantizatio
phonon energy. Further experimental studies are neede
assess this and other possibilities.

Finally, we note that the combined nanocrysta
microsphere system discussed above not only takes ad
tage of the long-lived lowest excited state in a QD as well
one of the best available optical microresonators, but a
allows separate fabrication and assembly of individual Q
and microspheres. This unique flexibility of ‘‘quantum a
sembly’’ can be an important advantage over epitaxia
grown quantum-dot-microcavity systems.

In conclusion, we have demonstrated theoretically o
possible scheme for producing entanglement, and sug
that this type of physical system is a promising candidate
quantum information processing. It may well be possible
adapt other procedures to this system, such as the re
proposal of Imamogluet al. that takes advantage of ver
long spin decoherence time@5#. Experiments should bring
answers to the questions that remain.
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