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Motion of vortex lines in quantum mechanics
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Exact analytic solutions of the time-dependent Schro¨dinger equation are produced that exhibit a variety of
vortex structures. The qualitative analysis of the motion of vortex lines is presented and various types of vortex
behavior are identified. Vortex creation and annihilation and vortex interactions are illustrated in the special
cases of the free motion, the motion in the harmonic potential, and in the constant magnetic field. Similar
analysis of the vortex motions is carried out also for a relativistic wave equation.
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I. INTRODUCTION

Vortices have been a source of fascination since time
memorial. Empedocles, Aristotle@1#, and Descartes@2# tried
to explain the formation of the Earth, its gravity, and t
dynamics of the whole solar system as due to primord
cosmic vortices. Lord Kelvin@3# envisaged atoms as vorte
rings. Modern science of hydrodynamic vortices began w
the fundamental work of Helmholtz@4# on the theory of
vorticity. The present knowledge of vortex dynamics in flu
mechanics is best summarized in a recent monograph
Saffman@5#.

In our paper we shall be concerned with vortices not
ordinary fluids but in a peculiar fluid—the probabilit
fluid—that can be associated with the wave function o
quantum system. Vortices of that type have been studie
the past in connection with superfluidity, superconductiv
and recently in connection with Bose-Einstein condensa
@6–9#. The main tool in the study of these phenomena is
Ginzburg-Landau~Gross-Pitaevskii! equation. The nonlinea
character of this equation greatly complicates the analysi
time evolution of the vortices, especially in three dime
sions. There are no exact analytic solutions of this equa
with nontrivial vortex structure. One must resort either
approximations which can reveal only some features of
vortex motion~as, for example, in the early work of Fette
@10,11#! or to extensive numerical calculations~see, for ex-
ample, Ref.@12#!. In the present paper we use the stand
time-dependent Schro¨dinger equation to investigate the m
tion of vortex lines embedded in the probability fluid of
quantum particle. The linearity of this equation enables u
obtain a variety of exact, time-dependent analytic solutio
for the wave functions that describe the probability flow w
one, two, or more moving vortex lines. We are also able
study the motion of vortex lines in the presence of exter
forces. Our analysis of many special cases makes it pos
to discover certain general phenomena such as the vo
switchover and the vortex creation and annihilation. The
portant conclusion of our analysis is that quantum effe
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play a crucial role in those phenomena. We believe that
analysis captures the essential features of quantum vo
dynamics that are common to many different situations.
particular, our analysis also extends to the relativistic d
main.

We have to admit that vortex lines associated with wa
functions are rather elusive objects. They might be connec
with physical reality in two ways. First, the vortex lines ca
appear only at those places where the wave function is e
to zero; the vanishing of the probability density definitely h
observable consequences. Second, the wave function
macroscopically populated state of many bosons acquir
direct physical interpretation; vortex lines in this case m
become directly observable as, for example, in BEC@13,14#.

II. VORTEX LINES IN THE HYDRODYNAMIC
FORMULATION OF WAVE MECHANICS

In quantum theory vortex lines arise in the hydrodynam
formulation of wave mechanics. This formulation original
due to Madelung@15# ~see also a review article@16#! em-
ploys the hydrodynamic variables to describe the flow
quantum-mechanical probability for a single particle. T
probability densityr(r ,t) and the velocity fieldv(r ,t) are
connected with the wave functionc(r ,t) through the formu-
las

c~r ,t !5R~r ,t !exp@ iS~r ,t !/\#, ~1!

r~r ,t !5uc~r ,t !u25R2~r ,t !, ~2!

v~r ,t !5
1

m

Re@c* ~r ,t !~2 i\“2eA!c~r ,t !#

uc~r ,t !u2

5
1

m
@“S~r ,t !2eA~r ,t !#, ~3!

wherem is the mass of the particle andA(r ,t) is the elec-
tromagnetic vector potential. The gradient term¹S in Eq. ~3!
does not contribute to vorticity. Thus, thebulk vorticity “

3v(r ,t) in the probability fluid is completely determined b
the magnetic field except at the points where the phaseS is
©2000 The American Physical Society10-1
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singular. This may occur only at the points where the wa
function vanishes. The vanishing of the complex wave fu
tion, in turn, gives two conditions: the vanishing of two re
functions. Each condition defines a two-dimensional surfa
The intersection of these two surfaces defines a line. Thu
addition to the given distribution of vorticity in the bulk o
the probability fluid, that is uniquely determined by the ma
netic field, we may also have isolated vortex lines embed
in the fluid. Along these lines the vorticity has a tw
dimensional Diracd-function singularity in the plane perpen
dicular to each vortex line. It is the dynamics of these is
lated vortex lines that will be the subject of our study. In th
context we shall identify vortex lines with line vortices.

To ensure that the wave function is single valued,
strength of every vortex as measured by the circulationG
along any closed contourC encircling the vortex line

G5 R
C
dl•v~r ,t ! ~4!

must be quantized:

G5
2p\

m
n, n50,61,62, . . . . ~5!

As one approaches the vortex line the velocityv(r ,t) must
tend to infinity in order to satisfy the quantization conditio
~5!.

The circulation is conserved during the time evoluti
@17,18# ~in full correspondence with the Helmholtz-Kelvi
law for ordinary nonviscous fluids@19#!. The creation of vor-
tex lines may proceed through two different scenarios: t
may either appear in the form of a closed vortex line t
springs from a point~Fig. 1! or they can be created in pair
of opposite circulation~Fig. 2!.

The hydrodynamic formulation can also be introduced
wave mechanics of a spinning particle governed by the P
equation@18,20,21#.

Despite all the formal similarities between the hydrod
namics of classical fluids and the hydrodynamic formulat
of quantum mechanics, there is a fundamental difference
tween the properties of line vortices in these two cases
classical hydrodynamics, as pointed out by Saffman@5#,
p. 36, ‘‘the line vortex is a useful kinematic concept, but

FIG. 1. Creation of a vortex at a point. A vortex ring is creat
at a point where the wave function vanishes.
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does not exist as a sensible dynamical limit.’’ In quantu
mechanics the line vortices occur in exact solutions of
Schrödinger equation without any limiting procedure. Th
fact that the velocity becomes infinite as one approaches
line vortex is acceptable, because it is only the probabi
and not any real matter that flows with that velocity.

III. ANATOMY OF A VORTEX LINE

The commonly known examples of vortex lines are tho
embedded in the wave functions that have a fixed value\mz
of thezcomponent of angular momentum~e.g., the spherica
harmonics!. These vortex lines run from2` to ` along the
z axis and have the circulation\mz /m. Usually they are
stationary, due to angular momentum conservation. In a
tion to straight vortex lines, we can also easily produce s
tionary vortex rings by superposing wave functions with t
same energy but different angular momenta. The simp
example is the superposition~with a p/2 phase difference! of
the electronicc200 and c210 states in hydrogen. The vorte
ring is formed inz50 plane and has the radius of two Bo
radii.

In our study we shall discuss a broader class of vorti
that, in general, do not exhibit cylindrical symmetry ev
when they form a straight line. Let us consider an arbitra
vortex linej(s) parametrized by the lengths along the line.
A typical quantum vortex is associated with the line of fir
order zeros of the wave function. Higher order zeros will,
general, lead to vortices that carry more that one unit
vorticity. The local properties of such a vortex at a pointj(s)
are determined by the behavior of the wave function n
this point

c~x,y,z!'@r2j~s!#•“c„j~s!…, ~6!

where we have kept only the lowest terms in the Tay
expansion. Since quantum vortices have zero thickness,
approximation is always valid sufficiently close to the vort
line. At each point on the vortex line let us define a comp
vectorw(s) — the gradient of the wave function

w~s!5“c~r !ur5j(s) . ~7!

We shall show that this vector describes the basic prope
of the vortex. Let us note that since the derivative of t

FIG. 2. Instantaneous creation and instantaneous annihilatio
a vortex pair with opposite circulation along a line.
0-2
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MOTION OF VORTEX LINES IN QUANTUM MECHANICS PHYSICAL REVIEW A61 032110
wave function along the vortex line with respect to the len
parameters is zero, the real and the imaginary parts of t
vector w(s) lie in the plane perpendicular to the tange
vector t(s)5dj(s)/ds,

dc„j~s!…

ds
5t~s!•w~s!50. ~8!

The general complex vectorw has four real components, bu
only two parameters contain the information about the v
tex, since the multiplication of the wave function by a com
plex number does not change, of course, the velocity fi
Indeed, the velocity fieldv(x,y,z) calculated for the approxi
mate wave function~6!

v~x,y,z!5
\

2mi S w

w•r
2

w*

w* •r
D

5
\

2mi

r3~w3w* !

uw•r u2
, ~9!

is a homogeneous function ofw. Therefore,v does not
change whenw is multiplied by any complex number. Fo
simplicity, we have chosen the origin of the coordinate fra
at the pointj(s). Only in the special case, when the real a
imaginary part ofw are mutually orthogonal and of equ
length, the velocity lines follow circles in the plane orthog
nal to the vortex line. In all other cases the vortex
‘‘squeezed’’; the velocity lines follow ellipses. In the dege
erate case, when the real part and the imaginary part ofw are
parallel, the ellipse is squeezed into a line and the velo
disappears. The vectorw will, in general, vary as we move
along the vortex line. However, one may check by a dir
calculation that the circulation~4! calculated for the velocity
field ~9! does not depend onw and is equal to62p\/m ~the
sign depends on the orientation of the contourC). Higher
values of the circulation are obtained when the wave fu
tion has zeros of the higher order but the typical case
course, is the first order zero.

The above analysis shows that the appearance of vo
lines in wave mechanics does not require that some spe
conditions be met. On the contrary, a generic wave func
has vortex lines. The vanishing of the real and the imagin
part of the wave function defines a line. The Taylor expa
sion of the wave function around the point lying on this li
defines the complex vectorw that determines the local struc
ture of the vortex.

The vectorw not only determines the velocity field bu
also plays a crucial role in determining the motion of t
vortex line itself. The velocityu5dj(s,t)/dt of a point
j(s,t) lying on the vortex line can be obtained from th
condition

dc@j~s,t !,t#/dt5u•w1]c/]t50. ~10!

The vectoru is defined only up to a vector parallel to th
vortex line and it can be determined by solving Eq.~10!:
03211
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u5
w3w*

uw3w* u2
3S ]c*

]t
w2

]c

]t
w* D . ~11!

Using the Schro¨dinger equation

i\] tc~r ,t !5F2
\2

2m
D1V~r !Gc~r ,t !, ~12!

we obtain

u5
\

2mi

w3w*

uw3w* u2
3~wDc* 1w* Dc!. ~13!

Let us notice that the potential termV does not appear in the
formula for the velocityu since the wave function vanishe
on the vortex line. The motion of the vortex line at a give
point is completely determined by the local properties of
wave function: its gradient and its Laplacian at this poi
There is no direct relation between the velocityu of the
vortex line and the velocityv of the probability fluid.

IV. GENERAL METHOD OF GENERATING VORTEX
LINES

Let us choose the initial condition for the solution of th
time-dependent Schro¨dinger equation in the form

fk~r !5exp~ ik•r !f0~r !. ~14!

By differentiatingfk with respect to the components of th
vectork any number of times we obtain new wave function
Each differentiation brings down a component of the po
tion vector and in this manner we may generate an arbitr
complex polynomial that multiplies the initial wave function
Carrying out the differentiations, adding the results with a
propriate complex coefficients, and settingk50 at the end,
we arrive at the expression for the initial wave function
the form

@WR~r !1 iWI~r !#f0~r !, ~15!

whereWR andWI are real polynomials in the three variable
x, y, andz.

The conditionsWR(r )50 andWI(r )50 define two two-
dimensional surfaces in the three-dimensional space. W
these surfaces intersect, they define a line. This will b
vortex line if the circulation around it is different from zero
which is the generic case. This procedure leads to wave fu
tions that have initially vortex lines of almost arbitrary sha
and topology embedded in them. In other words, the w
function fk serves as the generating function for vort
lines. In practice we are facing technical limitations; f
higher order polynomials the analysis becomes very cum
some. However, if the polynomialWR1 iWI is constructed
as a product of some simple polynomials in the form
0-3
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WR~x,y,z!1 iWI~x,y,z!5@WR8 ~x,y,z!1 iWI8~x,y,z!#

3@WR9 ~x,y,z!1 iWI9~x,y,z!#•••,

~16!

then the initial wave function is easily analyzed: it has s
eral vortex lines, each corresponding to one of the factor
Eq. ~16!. Most of our discussion will be restricted to seco
degree polynomials which already lead to a plethora of
ferent shapes and behaviors.

The time evolution of vortex lines that were embedded
the initial wave function is determined, of course, by t
Schrödinger equation. The advantage of using the genera
function ~14! is that once we find the time-dependent so
tion ck(r ,t) satisfying the initial condition

ck~r ,t50!5fk~r !, ~17!

we may use it to generate all solutions that att50 have the
form ~15!. Since the vectork does not appear in the Schro¨-
dinger equation, the differentiations with respect to its co
ponents do not interfere with the time evolution:k deriva-
tives of the time-dependent wave function are also soluti
of the Schro¨dinger equation. Carrying out the differentiation
with respect to the components ofk on the time-dependen
functionck(r ,t), we shall obtain the time evolution of vorte
lines from the time dependence of the polynomialsWR(r ,t)
andWI(r ,t) introduced in the formula~15!.

Obviously, wave functions are not restricted to those t
have only a finite number of vortex lines described by
polynomial prefactor~15!. For example, replacing the sum o
polynomials by the sum of trigonometric functions cos(x/a)
1i cos(y/b) leads to an infinite ‘‘forest’’ of vortex lines
pointing in thez direction.

V. VORTEX LINES FOR A FREELY MOVING PARTICLE

In this section we shall describe the time evolution
vortex lines for a freely moving particle. The simplest so
tion of the corresponding time-dependent Schro¨dinger equa-
tion, that has att50 the form ~14!, corresponds tof0(r )
51,

ck~r ,t !5exp~ ik•r !exp~2 i\k2t/2m!. ~18!

Such a plane-wave solution is not square-integrable but
can easily be corrected by multiplying~18! by a slowly vary-
ing envelope without affecting significantly the dynamics
vortex lines. We shall return to this problem at the end of t
section.

Let us begin with the simplest solution that initially ha
one rectilinear vortex described by the wave functi
(x cosx1iy sinx)exp(ik•r ). The parameterx measures the
degree of squeezing of the velocity field. Differentiating t
wave function~18! with respect tokx andky we obtain the
wave function with a vortex line. Since the parameterskx ,
ky , andkz in Eq. ~18! can be interpreted as the compone
of the particle momentum,\k5p, it is instructive not to set
03211
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k to zero but keep it finite after the differentiation. This w
result in a free motion of the whole vortex line with th
velocity v5\k/m:

@x~ t !cosx1 iy~ t !sinx#ck~r ,t !, ~19!

wherex(t)5x2vxt and y(t)5y2vyt. Throughout this pa-
per x(t), y(t), andz(t) will always denote a free classica
motion with constant velocity. Equation~19! means that the
vortex line riding on the plane wave is moving uniforml
without changing its shape, with the speed determined by
particle momentum. This was to be expected as a con
quence of the Gallilean invariance of the theory. The sa
free motion of a single vortex line was found in the nonline
Schrödinger equation@10#.

Our next example of a vortex is a ring of radiusR. It can
be obtained, for example, by cutting a cylinder by a plan

WR~x,y,z!5x21y22R2, WI~x,y,z!5az. ~20!

The ratio of the two-dimensional parametersR anda deter-
mines the degree of squeezing of the vortex, tanx5a/2R.
The motion of this vortex is described by the time-depend
wave function

cC~r ,t !5Fx~ t !21y~ t !22R21 iaS z~ t !1
2\t

maD Gck~r ,t !.

~21!

The quantum correction~the term 2\t/ma) to the classical
vortex motion that appears here amounts only to a chang
the vortex velocity in the direction of the cylinder axis. I
this example, the vortex ring in the form of a circle has be
produced by intersecting a cylinder and a plane. Howev
there are many other possibilities, even with the use of o
simple surfaces. It is easy to obtain att50 the same shape o
the vortex line choosing different wave functions. The m
tion of these vortices may change dramatically, when o
pair of surfaces is replaced by a different one. The circu
vortex formed by intersecting a cylinder with a plane,
shown above, moves uniformly along the cylinder axis.
the other hand, the same vortex produced att50 by a sphere
and a plane will contract to a point and disappear. The
propriate wave function has the form

cS~r ,t !5Fx~ t !21y~ t !21z~ t !22R21 iaS z~ t !1
3\t

maD G
3ck~r ,t !. ~22!

The circle disappears, i.e., the vortex is annihilated, at
time ta5maR/3\. Extending our analysis to negative valu
of t, we see that this vortex was created at the timetc5
2maR/3\ ~Fig. 1!. A circular vortex obtained by intersect
ing a paraboloid with a plane has again a different moti
after it is created, it keeps expanding and moving along thz
axis to infinity. Other motions of a circular vortex line ca
also be obtained by choosing a second quadratic surf
instead of a plane. In all these cases the motion of the vo
ring has two components. One is the free motion with
0-4
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MOTION OF VORTEX LINES IN QUANTUM MECHANICS PHYSICAL REVIEW A61 032110
velocity v and the other is a quantum correction that m
lead to the vortex annihilation. We would like to stress th
the creation and annihilation of vortex rings are of a pur
quantum origin. These phenomena are not found in the s
ies of motion of the vortex ring based on the semiclass
approximation@10,11#.

The creation and annihilation of vortex rings at a poi
shown in Fig. 1, does not contradict the Helmholtz-Kelv
theorem on the conservation of circulation. This theore
obviously, holds only inside the fluid but the vortex creati
and the vortex annihilation occur at the points where
fluid density vanishes.

The mutual interaction between vortex lines can be s
in the motion of two vortex lines. The initial wave functio
containing two arbitrary rectilinear vortices has the prod
form

fk~r !5@w1•~r2r1!#@w2•~r2r2!#exp~ ik•r !. ~23!

The corresponding time-dependent wave function, obtai
by our method is

c~r ,t !5S $w1•@r ~ t !2r1#%$w2•@r ~ t !2r2#%1
i\t

m
w1•w2D

3ck~r ,t !. ~24!

Thus, the two vortices become, in general, entangled by
quantum correction term: the wave function is not a prod
of factors describing two separate vortices. The coupling
tween the two vortices is due to the interaction between
vortices and it vanishes only whenw1•w250. The time evo-
lution exhibiting the phenomenon of a switchover of the tw
vortex lines is shown in Fig. 3. To simplify the calculation
we assumed that both vortices are nonsqueezed. The co
nate system is chosen in such a way that att50 the vortex
lines lie in thez56a planes with the angle between the
equal to 2w. With this choice, the time-dependent wa
function can be written in the form

c~r ,t !5@W1W22~2i\t/m!sin2w#ck~r ,t !, ~25!

where the two polynomialsW1 andW2,

W1~r ,t !5x~ t !cosw1y~ t !sinw1 i @z~ t !1a#, ~26!

W2~r ,t !5x~ t !cosw2y~ t !sinw1 i @z~ t !2a#, ~27!

FIG. 3. Two vortex lines evolving in time from negative t
positive values oft. At t50 these vortex lines form a pair of non
intersecting straight lines.
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describe the motion of both vortex lines separately, wher
the last term in the square bracket is responsible for th
interaction. Only whenw50 the vortex lines remain un
changed during the time evolution. This behavior is differe
from what can be found in noncompressible fluids@19#. The
quantum interaction between the vortex lines is the strong
when the lines are antiparallel~i.e., the two vortices have
opposite circulation,w5p/2). In this case the vortex line
retain their direction but the distance between them decre
and at timeta5ma2/\ the vortex lines collide and annihi
late. The same wave function describes attc52ma2/\ the
creation of two rectilinear vortices of opposite circulatio
These processes are shown in Fig. 2.

We shall now replace the plane wave solution of t
Schrödinger equation, corresponding tof0(r )51, by a nor-
malizable Gaussian wave packetf0(r )5exp(2r2/2l 2). This
will give us square integrable solutions with vortex line
The generating function for such solutions has the form

ck
G~r ,t !5

exp~2k2l 2/2!

~11 i\t/ml2!3/2
expF 2~r2 ikl 2!2

2l 2~11 i\t/ml2!
G .

~28!

We shall illustrate the influence of the shape of the Gauss
envelope on the motion of vortices in the simplest case
one rectilinear nonsqueezed vortex that is parallel to thz
axis and passes through the point (x0,0) at t50. The motion
of such a line is composed of the free motion with the v
locity v of the center of the Gaussian envelope and the m
tion induced by the shape of the envelope. The tim
dependent wave function in this case is

x~ t !2x01 i @y~ t !2x0\t/ml2#

11 i\t/ml2
ck

G~r ,t !. ~29!

The last term in the numerator represents the quantum
rection to the free vortex motion and it vanishes in the lim
when the width of the Gaussian envelopel tends to infinity.
The speed of this additional motion depends on the sma
distance of the vortex line from the center of the Gauss
but does not depend on the motion of its center.

VI. VORTEX LINES FOR A PARTICLE IN A UNIFORM
MAGNETIC FIELD

In order to determine the motion of vortex lines in a ma
netic field we need the counterpart of the generating func
~18! in the presence of the field. We shall use the Sch¨-
dinger equation in the symmetric gauge

i ] tc~r ,t !5F2
\2

2m
D2

i\eB

m
~x]y2y]x!

1
e2B2

8m
~x21y2!Gc~r ,t !, ~30!

where thez axis is taken along the magnetic field. The so
tion of this equation, that at the timet50 has the form
0-5
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exp(ik•r )exp@2eB(x21y2)/4\# ~a plane wave multiplied by
the ground state Gaussian in thexy plane!, is

ck
M~r ,t !5exp@2eB~x21y2!/4\#exp@2 ivct/2#

3exp@\~e2 ivct21!~kx
21ky

2!/~2eB!#

3exp@ i ~e2 ivct11!~xkx1yky!/2#

3exp@~e2 ivct21!~xky2ykx!/2#

3exp@ izkz2 i\kz
2/~2eB!#, ~31!

wherevc5eB/m is the cyclotron frequency. Since the di
ferentiation with respect to the components ofk brings down
linear terms in the space variables, a single vortex alon
straight line will preserve its form. All that can happen is t
motion of this straight line. For example, a line vortex that
t50 lies in they5a plane at an anglew to the field direction
will move in time according to the following parametric re
resentation:

y~x!5
2a1x sin~vct !~11sinw!

12sinw1~11sinw!cos~vct !
, ~32!

z~x!52
2x tanw1a sin~vct !~secw1tanw!

12sinw1~11sinw!cos~vct !
. ~33!

In Fig. 4 we show the motion of this line during one perio
of the cyclotron motion.

VII. VORTEX LINES FOR A PARTICLE IN A TRAP

The study of vortex dynamics in a trap has a special s
nificance because it may, perhaps, throw some light~as the
first, linear approximation! on the behavior of the atoms tha
form the Bose-Einstein condensate. For simplicity, we sh
consider a trap in the form of a spherically symmetric h
monic oscillator with the frequencyv and choose asf0(r )
in the formula ~14! the ground state wave functio
exp(2mvr2/2\). The time-dependent wave function th
serves as a generator of vortex lines in this case is

FIG. 4. Precession of a rectilinear vortex in a magnetic field
03211
a

t

-

ll
-

ck
T~r ,t !5exp~23ivt/2!expS 2

mv

2\
r2D

3expF ie2 ivtS k•r2
\k2

2mv
sin~vt ! D G . ~34!

As an example we shall choose the vortex line that att50
has the form of a circular ring of radiusR passing through
the center. The wave function describing the time evolut
of such a vortex is obtained by evaluating the appropri
derivatives of Eq.~34!. Settingk50 after the differentiation,
we obtain

Fe22ivtS x21y22
\

mv D1
\

mv
2e2 ivtR~2x2 iz!G

3ck50
T ~r ,t !. ~35!

The time evolution of this vortex line is shown in Fig. 5.

VIII. VORTEX LINES IN RELATIVISTIC WAVE
MECHANICS

The description of vortex lines and their motion presen
in this paper is not restricted to nonrelativistic wave mech
ics based on the Schro¨dinger equation. It can be extended
a relativistic theory based on the Klein-Gordon equation.
us consider a relativistic wave functionf of a free particle in
the form of a plane wave

fk~r ,t !5exp~ ik•r !exp~2 ivkt !, ~36!

where vk5cAk21(mc/\)2. This solution, in full analogy
with the nonrelativistic case, may serve as a generating fu
tion for solutions with all kinds of vortex lines. For exampl
by taking first derivatives we generate a solution with o
rectilinear vortex

@x~ t !cosx1 iy~ t !sinx#fk~r ,t !. ~37!

The only difference between this solution and the nonrela
istic one~19! is due to a different relation between the v
locity and the wave vector. In the relativistic case it isv
5¹kvk5\k/A(\k/c)21m2, instead of just\k/m. Other-
wise, the result is the same: the vortex line moves with
constant velocityv. The motion of two vortex lines can als

FIG. 5. Evolution of a vortex ring in a harmonic trap.
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be determined in the same way as in the nonrelativistic c
In the limit, whenk→0 the relativistic case reduces to th
nonrelativistic case, Eq.~25!.

With the help of the generating function we may al
determine the motion of a vortex ring in the relativist
theory. The wave function that determines the motion of
vortex ring in the relativistic case@the counterpart of the
nonrelativistic wave function~21!# is

cC~r ,t !5F x~ t !21y~ t !22R2

1 iaS z~ t !2
2\@12c2~kx

21ky
2!/v2#

aA~\k/c!21m2
t D Gfk~r ,t !.

~38!

The speed of the vortex depends on the arbitrary paramea
and may exceed the speed of light whena is sufficiently
small. This phenomenon, however, does not contradict
theory of relativity. It is quite similar to the so called supe
luminal propagation in optics@22,23#, when the maximum of
the signal travels with the velocity greater thanc. In the
present case it is the node of the probability density that m
travel at an arbitrarily high speed.

The presence of vortex lines is not restricted to relativis
wave functions with only one component. They can also
found in wave functions with several complex compone
describing spinning particles. However, the freedom of
taching almost arbitrary vortex lines to any wave function
gone. There are stringent condition that must be satisfie
order to have physically admissible solutions. For exampl
tt.
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rectilinear vortex can be attached to a plane wave solutio
the Dirac equation, but only when the direction of the vort
line is correlated with the particle momentum.

Of particular interest are the vortex lines associated w
photon wave functions. Simple states of that category are
well known multipolar states: the eigenstates of the angu
momentum. The corresponding photon wave functions h
rectilinear vortices running from2` to `, as in nonrelativ-
istic wave mechanics. More elaborate vortex lines for pho
wave functions are also possible but their study falls outs
the scope of the present paper.

IX. CONCLUSIONS

In our study of the motion of vortex lines in wave me
chanics we have shown that this motion is determined
four elements: the shape of the vortex line, the shape of
wave function, the interaction between different vortex lin
and the external forces acting on the particle. Complete
lation of these effects is not possible but one can gain so
insight by appropriate limiting procedures. We found th
quantum corrections to the vortex motion are responsible
the mutual interaction between vortex lines and also for
vortex creation and annihilation. We believe that the qua
tative features of the vortex motion will remain valid even
the much more complicated case of the mutually interact
particles, when the linear Schro¨dinger equation must be re
placed by the nonlinear one.
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